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ON A GENERALIZED INFERENCE OPERATION

I .  The aim of the paper is  to present some formal operation  

usefu l fo r a fo rm aliza tion  of the la rge  c la ss  of reasonings. The 

an a ly s is  of various kinds of lo g ic a l ly  va luab le  reasonings employed 

in  science and everyday s itu a t io n s 1 re s u lts  in th e ir  e sse n tia l cha

r a c te r iz a t io n :

(1 ) The accepted premise must not be re jected  in the re su lt  

of in fe rence . Therefore, i t  gets the sta tus  of conclusion.

(2 ) The enlargement of the in co n s is ten t set X of premises must 

not remove in consistency .

(3 ) I f  a p roposition  a  is  in fe rre d  from the set X of prem ises, 

i t  can be a lso  concluded from every la rg e r  set of premises Y i f  

only Y U { a }  is  co n s is ten t.

(4 ) A p roposition  at cannot be in fe rred  from a con s isten t set X 

of promises, when X U { a }  is  in co n s is te n t .

I t  is  s t г в i ght forward that any deductive reasoning possesses 

the above p ro p e rtie s . For induction , le t  us consider the w e ll-  

-known swan's example. The set of premises!

X = jswan no. i is  white and i t s  neck is  long: i  * I ,  2, . . . ,  100}

From X there can be in d u c t iv e ly  drawn th a t:

(a )  Every swan is  white.

((3) Every swan's neck is  long.

Next premise: ( j )  Swan no. 101 is  grey and i t s  neck is  long, 

is  added to the set X. The new set of premises X u { j }  s t i l l  al-
� . .. . . .  ••/. _ • V. • * \  *  • . ‘
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lows to in fe r  (o ) s ince X u j j }  U Ц 1 is  co n s is ten t, but (ot) is  

no more a conclusion, s ince (X U y j )  U is  in co n s is ten t. That 

proves that (3 ) and (4 ) re fe r  to induction .

Now we sh a ll provide another example to i lu s t r a t e  non-monotonic 

reasoning. The set of premises:

X = Ia  patien t has a sharp aćhe on the r ig h t side of h is  b e lly |

makes the doctor to draw the conclusion: (ot) the p a tien t has 

a p p en d ic it is . I f  X is  enlarged by (p ) the p a tien t cannot r is e  h is  

leg , a  is  s t i l l  v a lid  fo r (X и ) U is  con s is ten t. Hereby 

(3 ) .  But when the next premise is  tha t: (Jf) the p a tien t had the 

appendix cut o f f ,  then no doctor can in fe r  ( a ) .  Notice that 

u { f } )  u j a }  ie  in co n s is ten t, thus (4 ) is  obviously f u l f i l l e d .

We conclude that ( I )  - (4 ) cond itions are necessary fo r 

reasoning to be lo g ic a l ly  va lu ab le . A lb e it  a l l  the p r a c t ic a l ly  used 

reasonings posse3 many other p ro p e rtie s , however the fo rm aliza tion  

of the c la ss  of a l l  the reasonings for which (1 ) - (4 ) are v a lid  

seems to be ju s t i f ie d .

I
2. Where £ * (S , F j ,  . . . ,  Fn) is  a p rop os ition a l language and 

P (S )  is  the power set of 5 we s h a ll say that a function  C: P(S)-~* 

—* PCS) is  a q e n e r a l i z e d  i n f e r e n c e  o p e 

r a t i o n  (g .i.- o p e ra t io n  fo r sho rt) on £ i f f  fo r any X, Y £ S,

«. e S the fo llow ing  cond itions are s a t is f ie d :

( i )  X £ C (X ),

( i i )  C (Y ) = S whenever X c  Y and C(X)  ̂ S,

( i l l )  c t e C (X ) ,  X £  Y , C(Y , a ) / S imply that o t « C ( Y ) ,

( i v )  a  t  C (X ) whenever C (X) / S and C (X ,« ) = S, 

set of formulas X £  S is  c a lle d  i n c o n s i s t e n t  w i t h  

r e s p e c t  t o  C (С - in co n s is ten t) whenever C (X ) = S.

Lemma I .  For any function  C: P ( S ) — ► P (S )  such that ( i i )  holds 

tru e , ( i i i )  and ( i v )  are a lso s a t is f ie d  i f  and only i f  fo r any 

X c  S the fo llow ing  cond itions are equ iva len t:

( . )  C (X ) / S,

( .  . )  C (X ) = u {y  G S: C(X U Y) i  S and 3 2 S X :  Y £C(2) J .

P ro o f:

Denote fo r any X c  S, U { y c  S: C(X u  Y) / 5 and 3 Z s  Х Г '

Y C C (Z )} = К ( X ) .

(♦}. Assume that the cond itions ( i i ) ,  ( i i i ) ,  ( i v )  hold fo r C,



suppose that C (X ) / S and le t  c x e C (X ) .  So C ( X , a )  i  S due to 

( i v ) , thus a  e K (X ) . '

On the other hand assume that cx e K (X ). Then fo r  some Y c  S 

we have: a. e Y, C(X U Y) / S, 3 Z с  X: Y с  C (Z ). .So a  e C(Z>, 

Z C X  and according to ( i i ) :  C (X, a )  / S. Thus a e C ( X )  due to

( i i i ) .

Now assume th a t: ( . . )  C (X ) * K (X ) and C (X) = S fo r some 

X c  S. So fo r any Y с  S , CCX U Y) = S due to ( i i ) ,  thus K (X ) = 0. 

A co n trad ic t io n .

(«=) Assume that ( i i )  holds true fo r С and the cond itions ( . ) ,  

( . . )  are e q u iva le n t.

Ad ( i i i ) :  suppose that a  e C (X ), X C Y, C(Y, a )  t S . Then, 

according to ( i i ) :  C (Y ) / S, hence a lso  C (X ) i  S. So C (Y ) = K (Y ) 

and C (X ) - K (X ) . Hence we obtain that a  e C (Z ) for some Z с  X. 

Thus a  6 C (Y) s ince X C Y and C(Y, cx) / S.

Ad ( i v ) :  le t  a  e C (X ) and C (X ) / S. Then we have: oc « K(X), 

so due to ( i i ) :  C (X ,o t) / S .  D

Let R, T be b inary  re la t io n s  on P (S ) .  Consider the fo llow ing  

cond itions:

(A>R R is  r e f le x iv e ;

( B ) R <X, У> s ( |  i f f  fo r each 0 e  Y: ^X, {o}> « R;

(A )T <X, Y> «  T and X U Y S  ť  II Y' imply that <X* , Y'> с T;

(A ) <X, X> e T i f f  <X, S> « R;

(В У  ^X., X> jť T and <X, R imply that <X, T;

(C ) <X, {<*[>« R, X C Y, <Y, {<*}>* T imply that <Y, | a }> « R ;  

fo r any X, X * , Y ,  Y ' c S ,  a « S .

Let CR T: P (S )  — *• P (S )  be a function  defined as fo llo w s : fo r 

any X c  S

S i f  < X, X > e  T

U { y  b  S: <X, Y> fí T and 3 Z £ X: <Z, Y > e R } '  oth ,

Lemma 2 . For any b inary re la t io n s  R, T on P (S )  f u l f i l l i n g  (B )R>

(A ) j ,  (А ) ,  ( В ) ,  (C ) and any X, Y c  S the fo llow ing  cond itions are 

s a t is f ie d :

(1 ) <X, Y> e T i f f  CR T(X U Y) = S;

( 2) <

P ro o f:

(2 ) <X, Y> e R i f f  Y C C R T(X ) .

We f i r s t  show that fo r any X С 5,



(3 ) U j y t S :  <X, Y> # T and 3 Z С X: <Z, Y> « r }  / S which 

im plies ( * )  CR T(X ) » S i f f  <X, X> 6 T.

Suppose that (3 ) does not hold. Then according to (A )T and

( B ) R fo r some X c  S, fo r  any c x « S ,  <X, {л ]> )ГТ  and <Z, ja }> eR  

fo r зоюе Z с  X. So fo r any a  « S ,  <X, {« }>  « R due to (C ).  Hence 

according to ( B )R and (A ) we have: <X, X > e j.  Thus a co n trad ic 
t ion  by (A )T .

Now, we immediately have ( I )  by (A ) j  and ( * ) .

To prove (2 ) assume that <X, Y> « R and CR T(X ) i  S. Then 

from (# ) :  <X, X> 4 T and from (B )R : <X, e R for any oi <• Y.

Thus Y с  CR T (X ) due to the d e f in it io n  of CR T> On the other side 

assume that ’ y с  Cr t (X ) ,  I f  CR T(X ) = S, then from ( * )  and (A ): 

<X, S> e R, hence according to ( Ś ) R : <X, Y>6 R. So suppose that 

^R, T^*^  ̂ Ihen <X, X> 4 T due to (# ) and fo r any ct e  Y there 

e x is ts  U c  S 3uch that c*« U, <X, U> *  T and <2, U> « R  fo r some 

Z Ł  X. Hence fo r any a  « Y, <X, |a }>  fŕ T due to (A ) ? and

{^ J > e R from (B )R . Therefore, according to (C ),  fo r any oíe Y, 

<X, {oi]> e R, thus <X, Y> e R by ( B )R . Q’

Using lemma I and the cond ition  ( * )  from the proof of lemma 2 

one may prove the fo llow ing

\.j For two b inary re la t io n s  R, T on P (S )  f u l f i l l i n g

(A )R , ( B ) r , (A)^r, (A ),  (Ö ), (C ), CR j  is  a generalized In ference  

operation  on S. ’ Q

Now, denote by Я  the fam ily  of a l l  p a irs  <R, T> об re la t io n s  

fo r which the cond itions (A )R , ( B )R , <A) T , (A ),  (0 ) ,  (C ) are 

s a t is f ie d  and by 2 the c la ss  of a l l  g . i.-o p era tio n s  on S.

Theorem 2. For any С « 3  there e x is ts  a p a ir  <R, T>e £  such 

that С = CR T. Moreover, the coriespúndence <R, T> — is  
unique. ’ '

P ro o f:

Using lemma I one may choose fo r given gЛ .-operation  С th4 

p a ir  <R, T> such that C = CR j  in  the following way: fo r any X, Y E S -

<X, Y> e T i f f  C(X g Ý) = S,

<X, Y> e fi i f f  у £ C(X).



I t  is  easy v e r if ic a t io n  that <R, T> « £ .  F in a l ly ,  i t  is  obvious 

due to lemma 2, that fo r any <R1 , Tl> , <R2 , T2>e J i ,  CRl =

= CR2 T2 im plies tha t Hi = R2 and T1 = T2. О

3, Each consequence on § i ’ e - 3 function  C: P ( S ) — » P (S )  such 

that fo r any X, У c  S, X c C ( X ) ,  C (X ) q  C (Y ) whenever X t Y  and 

C (C (X )) с  C (X ) proves to be a g .i,- o p e ra t io n , Therefore the re 

la t io n a l d escr ip tio n  of consequence operation  is  p oss ib le . To get 

the a d d itio n a l cond itions fo r <R, T>*s, the fo llow ing  lemma is  

u s e fu l.

Lemma 3. An operation  C: P ( S ) — > P (S ) defined fo r every X c S  

by the condition:

S ' i f  X 4t p

C (X ) = -

K(X ) i f  X e i )

w ith  с  PCS) and K: P ( S ) —* P (S )  being any fun ctio n , is  a con

seq u e n t on S. i f  and only i f

C l) fo r any X, Y ь  S, X c  Y, V* ip , K (X ) / S imply that X e

(2 ) for any X * J3  , K (X )e  p  whenever K (X ) / S,

(3 ) the r e s t r ic t io n  К [  s a t is f ie s  the cond itions fo r a closure 

operation .

Proof by easy v e r i f ic a t io n .  °

Theorem A g . i  .-operation  CR T on 5, fo r <R, T> e Ä  is  a 

consequence operation  i f  and only i f  the fo llow ing  cond itions are 

s a t is f ie d  fo r any X, Y, Z C S:

(C )R <Z, Y> e R whenever <X, Y> « R and X G, Z,

(0)д R is  t r a n s it iv e ,  „ -

(В /  <X, X> 4 T and <X, Y> e R imply that <X, Y> *  T.

E rq o f :

(-*) According to lemma 2, the cond itions (C )R , C0)R , (0 /  follow 

immediately from the ussumtion that j is  a consequence opera

tio n . ’

( f )  Assume that <R, T> c X  f u l f i l s  the cond itions (C )R , (0 )R ,

(B ) '  . Due to lemma 3 i t  is  s u f f ic ie n t  to show that the cond itions

(1 ) ,  (2 J ,  (3 ) from i t  hold true for

P  • {X  t  S: <X, X> i  T } and (using  (CR)>

K (X ) « и { ¥ C S: <X, Y> e R - f } ,  X C S.



Notice that fo r any X c  S , К ( X ) / S ( c f .  the proof of lemma

2 ).

So the cond ition  (1 ) fo llow s immediately from (A )y . To prove

(2 ) assume that X «  J) , that is  <X, X> i  T. N o tic»  that fo r any 

ot e K (X ), <X, |a }>  i S  by ( B )R , so a lso  from (B )R : <X, K (X )> c  R, 

thus <X, K(X)>  ft T by (B ) '  , 30 from (A ) j : <K(X), K (X )> *  T i . e .  

К ( Х ) б £  .

N a tu ra lly , for any Х « Р ,  X с  K (X ) due to (A )R .

To prove the m onoton icality of k [  %) assume that <У, Y> t  T, 

X C Y and ot « K (X ). Hence <X, {<*}> *  R by and there fo re ,

according to (C )R we have: <Y, { “ }> c R- Moreover, due to ( 8 ) ' ,  

<Y, |a}>  4 T, thus a  e K (Y ) .

To the end assume that <X, X> ?  T and об e K (K (X )) .  Then 

< K (X ){o t}> ^  t and <K(X), {a t} > e R due to (A )T and ( B )R . Since 

X Q K (X ), so according to (A )y : < X ,{a }>  £ T. Moreover, from ( B )R 

we have: <X, K(X)> £ R which together w ith <K(X), { t t } > с  К, leads 

by (0 )R to the conclusion that <X, {a }  > c R. Thus c r e K (X ) .  О
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O UOGÓLNIONEJ OPERACJI INFERENCJI

Celem pracy je s t  ana liza  formalna .pewnych ogólnych własności 
charakteryzujących wnioskowania. Autorzy tw ierdzę, że posiadanie 
tych w łasności je s t  warunkiem koniecznym, aby wnioskowanie było 
lo g iczn ie  wartościowe. Wprowadzają aksjomatycznie p o jęc ie  "uogól
n ionej op erac ji in fe r e n c j i " ,  które form aln ie ujmuje wnioskowanie 
mające owe cechy. Następnie reprezentują uogólnioną operację in fe 
re n c j i przy uZyciu r e la c j i  binarnych określonych na podzbiorach 
języka. Podają również taką reprezentację  d la lo g iczn e j op erac ji 
konsekwencji (każda logiczna operacja konsekwencji je s t  uogólnio
ną operacją in fe r e n c j i ) .


