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" TOWARDS THE CONCEPT OF LOGICAL NANY-VALUEDNESS
Introduction

Abolition of the Fregean Axiom by R. Suszko opens a possibili-
ty for making distinction between reference assignements and logi-
cal valuations. Further to this one may conclude that each logic,
i.e. an inference relation conforming Yarski's conditions, is lo-
gically tuo-valuéd. Constructing a three-véluod.interenca relation
we show that introduction of the concept of logical many-valuedness
is inevitably connected with revision of the fundamentals of theory
of consequanéa dperatioh. : )

1. Matrix and conseguéncat
By & propositional langua Q’o ‘we shall
mean an algebra of formulas R LAl 3. ‘

L =< (FDI‘, ‘l. '2.'-10. t ) 3
treely generated by a denuuerabla uat ot ptopos;ttqnol‘ variables
var ¢ qu. Obvlously. L is -bsolutely ttaq m’ : i”ta similarity
class. ' : \
while 1nterpret1ng a language to gach tornnla o ‘a' semantic

correlate h(x) from a set M is associated in 'auch a uay that each
interpretation structure -

B ——

Y3, czexakowsks Goi WA L b e k1 Key No-
tions of Tarski's Methodology ot Daductiva Systems, “Studle Logica
1985, vol. 44, No. 4, pp, 321-351,
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M= (M By Foy ooy FL)
1s an algebra similar to L and that h: For-— M {s a homomorphism

from L to M, h € Hom(L, M). Any couple of the form

N = (M, B)
where M is an algebra similar to L and B g M is called a ma t-
© i x for . Elements of B are referred +to as distin-

Quished valuwues of M Each such M determines in L a
consequence rel 8 %10 PR 2F°tx for defined for
any X ¢ For and & e For by '

Xt-,, & iff for every heHom(L, M)(h(X) G B implies hux & W),

Subsequently, the operation Cn": 2F°r

X & For by
Cnu(X) ={q: X = a} ;

i1sa structural eonsequence operation,
1.e. satisfies the Tarski’s conditions

ey % T,
(T1) C(X) g C(Y) whenever X < Y,
(12)  c(e(x)) = €(x), )
and for every endomorphism i. e. sub stitution eof L,
& € End(L),

-y 2Fur defined for every

(8) eC(X) g C(ex).

B Logical and algebraic valuations

It was stated above that homomorphisms i.e. elements of Hom(l,
M) represent reference assignements. In what follows, elements of

‘algebra M will be referred toas s i tuations and elements

of B'as s'i tua'tions, which obtali al. Obviously,

10 g're'sl valuations 1i.e. zero-one valued functions

defined on Ffor are of quite different conceptual nature: Given @

2ce. R.o8us2 k'o, Abolition of the Fregean.Aiiou; [in:]i
Logic Colloquium. Symposium on Logic held in Boston, 1972-1973,

ed. R. Parikh, "Lecture Notes in Mathematics”, -~ vol. 453, pp. -

169-239.
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‘matrix M, the corresponding set of logical valuationa lv i GO e
{0 l} nay be detincd as : .

{th- he Hon(L u)}

where
' - 1 if hla) €8
th(a) =
0 othetulse.
Cunacqucntly

[1]  x—,« iff tor each t & rv (t(x) & {1} 1nplles o= ll

The constructxon of Tv . may in a_stra;nhttorqatdAHay be repea-
ted for any ﬁttuctural consequence operation C (or, equivalently,
for - ) since for each such C there exists a class K of matrices
such that ¢

€ =N {to,: Wek}?

This justifies the thesis stating that each !-(s t TV C-
tueal)-'log k(R C #e Y egica 11y two -
‘=value d*. MNotice that that quality being entirely indepen-
dent from properties of a particular ontological Lntarptetat!uvls
rather a result of the division of the universe of interpretation
into two subsets: the gset od distinguished elements and its com-
plement. ) ; s B 5
Dne may natutally ask whether and how is it possible to  find
recursive conditions describing the set of logical valuations LV
for.a given propositional logic. One may also ask for small sub-
sets S of For such that any mapping f: S-—# {0 1} can be exten-
ded to a valuation, Ihe genersl answer 10 these questions is dif-
ficult and, hopefully, unimportant for the aims of the prasent
‘paper - the thorough discussion on this problem provided is confi-

SR W6 ] c ic k- i, Some Remarks on the Consequence Opera-
tion in Sentential Logxcs "Fundamenta Matheuaticae" 1970, No. 68,
pe. 269-279.

AR iBuiS2 k.o, Tne Fregean Axiom- and Poliah Nét.enatlcal
Logic in the 1920s, Studia Logzca“ 1977 vol. 36, Na. 4, pp. 371-
-380. .
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ned to finite tukasiewicz logics alones. On the other hand, for se-
veral propositional calculi logical valuations are definable dire-
ctly form algebraic valuations and special formulas. This means
that in some caoses two-valuedness is an internal property of lo-
gical construction. '

Examgleé. ,

Consider propositional language L = (For, -» ,~ ) with implica-
tion ( -») and negation (~) and the n-valued (n»2, n fipite) tuka-
siewicz matrix:

N = ({0, 1/0=1, ..., n-2/n-1, 1},—,~,{1}),
x -2y =min(1, 1 - x + y) and~ x = 1 - x. For every h e Hom(L,
N) detfine t,: For — {0, l} putting )
t () = hivfa—r veasa)»a))]) sny « & For.

Then, LV, = {'th: h € Hom(L, N)} is the set of logical valua-
tions for —n i.e.

X =N o 1ff for every t € LV, (th(X) < {l} implies th(a) = 1)

A Tpggg-valuéd inference

Where M = (M' Fl' Fz. s vs ) is an algebra similar to a given
propositional language L and A, B are disjoint subsets of M (An B =
= @), the triple

Nz(N A, B)

will be called a gq-matrix for L. A and B may be then 1nterpreted as

sets of re jected and distinguished values

of M, respectively. . ’
Foranysuchuuadafinethe q-consequanca r e-

lation % 2F°"x For as follows:

5 G. Malin o s k i, 'Claasxcal Characterization . of n--
-Valued tukasiewicz Calculi, “Reports on Mathematical Logic" 1977}
vol. 9, pp. 44-45, . { ;

Ibidem.
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Xi--, o iff for any h e Hom(L, M): hX N A = @ implies ha B,

Obiously, with each relationi--, one may Qisoclnto the opefl-

tion Hn”: 2for ——ozFor putting

W (X) = fos X b= u}

Notice that when AUB = M Hn“ coincides u!th the  conseguence
operation Cnyyr determined by the matrix M = (M, B). In other cases,
however, the two operations differ from each other - to see this
consider e.g. any g-matrix of the form ({el, °2' e,] F sz A

n' {Bl} {83})

It is easy to see that for any gq-matrix M for which AUB # M no
class TV of functions t: For — {0, l} exists such that for all X
and &, Xk= o iff for each t & TV (t(X) | implies tx = 1). The-
refore, some propositional logics - (L, wn") are not logically two-
-valued (cf. Section 2). ‘ ; :

Now, for every heHom(L, M) 1let us define the three-valued
function ky: For — {0, 1/2, 1} putting

\ i 8 g n(a)en"
kylo) = f1/2 it nlw) e M-(AUB)
L1 it hla) & B.

Given @ q¥u${r1i' N for | let xv" = {kp: h e ,Nol(y; g)}. We
ocbtain . ¢ AG
(K] = Xi==y o L1 for every ky & kv, -kh(X) n {o} s n inpliaa

: ' K (a) 1) ‘ § g

This is a kind of three-valued doscriptinn of the g-consequen-~
ce ralatxon--“. Notice thlt KV, tednces to IV'. as uell as [K] to~
[1) when AuB = M. ol ~

Wny introduced sbove is a prototypo of, tha concept -0of g-conse~
quence operatxnn’ An operation W: 2F°’ 2‘0' is a  g-conse-
quence provided that for every X, Y'c for: : ; [

(M1) ¥(x) & wiy) whenever X ¢ Y

(w2) - u(xuu(x)) z u(x) ;

] G. IM1d linows k'i,. O—Congequgnca.ﬂperatfon‘(to'éﬁpear)u5
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If for every substitution e « End L)

(5) eM(X) < W(eX)

M is called s tructural. ;
Since for every structural gq-consequence W  there = exists a
‘class of g-matrices K such that ' ;
. . W=N {un":'u = K}S,I'A |
‘taking [K] into account we conclude that each (s tr u‘c,t'u-
eI PRigit 60 (EyMY, is -kegteadly,dtwa or
three-valued, \ :

Clearly, logically three-valued logics exist - see the example
of three-element g-matrix given in this Section,

4. Prnsgactus

The concept of logicai three-valuedness elaborated in  the
papér is obviously related to the division of the universe of in-
_terﬂretation into three subsets of elemehts: distinguished,
rejected and i'ndif ferent, Then, if we referred
to elements of algebra M as situations, cf. Section 2, we should
say that three kinds of situations ace considered: those which ob-
tain, those which do nat obtain and those which are possible
It is worth to notice that the two terms "“indifferent" and “pos-
sible" were used by Luka;ibwicz9. for supporting ontological base
of construction of thtee-valued logic. Consequently, our proposal
mirrors, in @ sense, Ltukasiewicz views upan non-classical logic.
The generalization of Tarski's . concept of consequence opera-
tion receivedas a result of  introducing ' of d~matrices is consis-
tent with common understending of logical sys tem as
a set of formulas closed umder substitutions, wusually defined as
cantent of a logical matrix. MNamely, if we take a g-matrix
M= (M, A, B) and the corresponding matrix M' = (M, B) then

Wn, (@) = Cn (¢).
.s'lbidem.

? Jide U ke siitie i.i ¢ z, 0 logice tréjwartosciowej,  "Ruch
Filozoficzpny™ 1920, t, 5, pp. 170-171. °
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This means that any logical system may oquillyvuoll be ex tended

to a two-valued logic (L. Cn“) as to 8 three-valued lagic (L,
Nn“). And; depending on the quality and cardinality of M three-
-valued extensions may take different ahapeaﬁ Moreqvgn. for some
extensions defined through three-element algebras referential &s-
signements h € Hom(L, M) . and-logical vuluit;ona *h € KV“ coincide.
Therefore, we may claim that sueh extensions satisfy the Fregean
Axiom related to a new logical paradigm. - :
University of tdoz
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W KIERUNKU POJECIA WIELOWARYOSCIOWOSCT LOGICZNED

Obalenie sksjomatu Fregego przez R. Suszko atwiera mozliwodé
vdrdézpienia wartosciowad logicznych od odwzorowad referency jnych,
Foog2ajqe ts drogy mo2na wywnioskowaé, ze kazda logika, tzn. rela-
cja inferencji spelniajagca warunki Tarskiego, 3ast logicznie dwu-
wartosciawa, Konstruujac trdjwartodciowy relac g inferencji poka-
zujemy, 2e wprowadzenie pojecia wielowartodciowosci logicznej jest
nierozerwalnie zwigzane z  rewiz}y podstaw teorii konsekwencji lo-
plozne . b s ; i



