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TOWARDS THE CONCEPT OF LOGICAL MANY-VALUEONESS

In troduction

A b o lit io n  of the Frogean Axiom by R. Suszko opens a p o s s ib i l i ­

ty for making d is t in c t io n  between reference assignm ents and lo g i ­

c a l va lu a tio n s . Fu rther to th is  one may conclude that each lo g ic , 

i . e .  an in fe rence  re la t io n  conforming T a rs k i's  co n d itio n s , is  lo ­

g ic a l ly  two-valued. Constructing a three-valued in ference  re la t io n  

we show that in trod uction  of the nuncept of lo g ic a l many-valuedness 

is  in e v ita b ly  connected w ith  re v is io n  of the fundamentals of theory 

of consequence operation .

I .  Matrix and consequence1

B y  a p r o p u s i t l o n a l l a n g u a g e we sh a ll 

mean an algebra of formulas

1, * (F o r , f j ,  f 2 1 •••! fp,)

f re e ly  generated by a denumerabla set o f. p rop os it ion a l v a r ia b le s  

Vat s  For, O bviously, L  is  ab so lu te ly  free  in  i t s s im ila r i t y

c la s s .

While in te rp re tin g  a language to each formula a  a semantic 

c o r re la te  h (« )  from a set M is  associa ted  in  such a way that each 

in te rp re ta t io n  s tru c tu re

J .  C z e l a k o w s k i ,  G.  M a l i n o w s k i ,  Key No­
tion s  of T a rs k i's  Methodology of Deductive Systems, "S tu d ia  Log ica " 
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M = (И, F p  F2 , Fn )

is  an algebra s im ila r  to  ̂ and that h: Fo r— * M is  a homomorphism 

from k to M, h g  Hom(L, M). Any couple of the form

M ’ (H , B)

where M is  an algebra s im ila r  to 1  and B c  M is  c a lle d  a m a t- 

t  i  x for Ł,. Elements of В are re fe rred  to as d i s t i n ­

g u i s h e d  v a l u e s  of M, Each such M determines in t. a 

c o n s e q u e n c e  r e l a t i o n  i~ M с  2Гогх For defined for 

any x s  For and a  e For by

X H M a  i f f  fo r every hCHomiL, M )(h (X ) С В im plies ha e b).

Subsequently, the operation  Cn : 2f o r — * 2 lo r  defined fo r every 

X с  For by

CnM<X) = | a  : X t— a j

is  a s t r u c t u r a l  c o n s e q u e n c e  o p e r a t i o n ,

i . e .  s a t is f ie s  the T a rs k i's  cond itions

(TO) X с  C (X ),

( T l )  C (X) £ C (Y ) whenever X c  Y,

( T2) C (C (X )) = C (X ), 

and fo r every endomorphism i . e .  s u b s t i t u t i o n  e of  j*., 

e с E n d (L ) ,

( S )  e C (X ) s C (e X ) .

2. Log ica l and a lgeb ra ic  va luations

I t  was stated  above that homomorphisms i . e .  elements of Hom(l, 

M) represent reference assignements. In  what fo llow s, elements of 

algebra M w i l l  be re fe rred  to as s i t u a t i o n  s and elements 

of В as s i t u a t i o n s ,  w h i c h  o b t a i n 2 . Obviously, 

l o g i c a l  v a l u a t i o n s  i . e .  zero-one valued functions 

defined on For are of q u ite  d if fe re n t  conceptual nature : Given a

2
Cf. R. S u s z k o ,  A b o lit io n  of the Fregean Axiom, [in:}< 

Logic Colloquium. Symposium on Logic held in Boston, 1972-1973, 
ed. R. Pa rikh , "Lecture  Notes in Mathem atics", v o l.  453, pp. 
169-239.



matrix H, the corresponding set of lo g ic a l va lu a tio n s  TVM: For 

jo ,  l ]  may de defined as

TVM = [ t h : h c Hom(L, Я )}

where

th(a )  -

I i f  h (a ) £ В

0 otherw ise.

Consequently

[Г ] i f f  fo r each t s TVm ( t ( X )  С [ i j  im plies ta  * 1).

The construction  of TV may in  a s tra ig h tfo rw ard  way be repea­

ted fo r any s tru c tu ra l consequence operation  С (o r , e q u iv a le n t ly , 

for I— c ) since for each such С there e x is ts  a c la ss  К of m atrices 

such that

С * П {CnH: H e  к } 3 .

This ju s t i f ie s  the thes is  s ta t in g  that e a c h  ( s t r u c ­

t u r a l )  l o g i c  i t ,  C)  i s l o g i c a l l y  t w o -  

- v a l u e d 4 . Notice that that q u a lity  being e n t ir e ly  indepen­

dent from p roperties  of a p a r t ic u la r  o n to lo g ica l in te rp re ta tion  is 

rattier a re s u lt  of the d iv is io n  of the un iverse  of In te rp re ta t io n  

in to  two subsets: the 3et od d is tingu ished  elements and i t s  com­

plement.

One may n a tu ra lly  ask whether and how is  i t  possib le  to find  

recu rs ive  cond itions describ ing  the set of lo g ic a l va lu a tio n s  LV 

fo r .a  given p rop os ition a l lo g ic .  One may a lso  ask for sm all sub­

sets S of For such that any mapping f :  S —* jo, l }  can be exten­

ded to a va lu a tio n . The general answer to these questions is  d i f ­

f i c u l t  3 n d ,  h o p e fu lly , unimportant fo r the alms of the present 

paper - the thorough d iscussion  on th is  problem provided is  c o n f i­

f{. W ó j c i c k i ,  Some Remarks on the Gonsequence Opera­
tion  in Sen ten tia l Log ics , ''Fundamenta Mathematicae" 1970, No. 68 ,
pp. 269-279.

4 R. S u s z k o ,  The Fregean Axiom and P o lish  Mathematical
Logic in the 1920s, "S tu d ia  Log ica" 1977, v o l.  36, No. A. pp. 377-

-380.



ned to f in i t e  tukasiew icz lo g ics  alone^. On the other hand, fo r se­

ve ra l p rep o sitio na l c a lc u l i  lo g ic a l va luations are de finab le  d ir e ­

c t ly  form a lgeb ra ic  va luations and sp ec ia l form ulas. Thia means 

that in  some cases two-valuedness is  an In te rn a l property of lo ­

g ic a l construction .

Example6 .

Consider p rop os ition a l language L * (Fo r, w ith  im p lica ­

tion  ( -*) and negation (~ ) and the n-valued (n > 2 , n f in i t e )  Luka­

siew icz m atrix ;

H * ( |0 , 1/n-l, n-2/n-l, l } , - > ,~  , i l j ) ,

x -* у - m in d , I - x •» у ) and ** x * 1 - x. For every h e Horo(L, 

it) define t^: For — ► jo , l }  putting

t h (oi)  = h ( ~ [ a - » n _ 2'v,Wr*a “ » « i  "♦ « ) апУ a  e  F o r -

Ihen, LVn » 11^: h « Hom(J,, И )} is  the set of lo g ic a l va lua ­

tions for *— n i . e .

X i— n a  i f f  for every t h e LVH ( t h(X ) с  j l }  im plies t h(a )  * l).

3. Three-valued in ference

Where M = (M, F p  F^, . . . ,  F ) is  an algebra s im ila r  to a given

p rop os ition a l language L and A, В are d is jo in t  subsets of M (An В - 

= 0 ) ,  the t r ip le

M - (M, A, B)

w i l l  be c a lle d  a q-matrix fo r L . A and В may be then in terpreted  as

sets of r e j e c t e d  a n d  d i s t i n g u i s h e d  values

of M, re sp e c tiv e ly .

For any such и we define the q - c o n s e q u e n c e  r e -  
For

i  a t i  o n i-- с  2 x For as fo llow s:

5
G. M a l i n o w s k i ,  C la s s ic a l C harac te riza tion  of n- 

-Valued Lukasiewicz C a lc u li ,  “ Reports on Mathematical Log ic" 1477* 
vo l. 9, pp. 44-45.

 ̂ Ibidem.



X|— M a  i f f  for any h e  HomCĵ , M ): hX fi A = 0 im plies h a  « 8.

Obiously, w ith each re la t io n  i—  one may assoc ia te  the opera­

t ion  WnM. 2For ► 2For pu tUng

WnM(X ) * Jot : Xb--H oi}.

Notice that when AUB = M WnM co inc ides w ith  the consequence 

operation  CnH, determined by the m atrix M * (M, B ) .  In  other cases, 

however, the two operations d i f f e r  from each other • to see th is  

consider e .g . any q-matnx of the form ( ( e ^  e^ . Cj]» F j*  •••»

Fn ’ l e l l ' 1ез1
I t  is  easy to see tha t fo r any q-matrix M fo r which Au8 / M no 

c la ss  TV of functions t :  For —► |o, l }  e x is ts  such that fo r a l l  X 

and a ,  X»--M ot i f f  fo r each t e TV ( t ( X )  c l  im p lies t a  = 1 ). The­

re fo re , some p rop os ition a l lo g ics  (J,., WnM> are not lo g ic a l ly  two- 

-valued ( c f .  Section  2 ).

Now, fo r every htHom(L, M) le t  us define  the three-valued 

function  k^: F o r — * |o , 1/2, l }  pu tting

0 i f  h(ot) « A

1/2 i f  h(oi) 6 M-(AuB)

1 i f  h (a ) «  B.

Given a q-matrix N fo r L le t  KVH « jk h : h m Hom(L, H )}. We

obtain

[К] - X1— M Or i f f  fo r every k^ e KVM : kh(X ) П jo j  * 0 im p lies

kh(a )  * 1).

This 13 a kind of three-valued d e sc r ip tio n  of the q-consequen- 

ce r e l a t i o n N o t i c e  that KVM reduces to IVM as w e ll as [к ] to

[ l ]  when AUB « M.

WnM i ntrouuced above is  a prototype of the concept of q-conse-

quence opera tion7. An operation  W: 2F o r--- ► 2Fnr is  a q-conse-

quence provided that for every X, Y c  For 

(W l) W(X) £ W(Y) whenever X c  Y,

(W2) W(XUW(X)) * W (X).

G. M a 1 i  n o w s k i ,  Q-Consequence Operation (to  appear).



I f  for every su b s titu tio n  e e Fnd J,)

(S )  eU(X) Ł  W(eX)

W is  c a lle d  s t r u c t u г a I .

Since for every s tru c tu ra l q-con3equence W there e x is ts  a 

c la ss  of q-matrices К such that

W » n  {UnM: M л к} a ,

taking [к] in to  account we conclude that e a c h  ( s t r u  c t u- 

r a 1) l o g i c  ( L . W )  i s  l o g i c a l l y  t w o  o r  

t h r e e - v a l u e d .

C le a r ly ,  lo g ic a l ly  three-valued lo g ics  ex is t - see the example 

of three-element q-matrix given in th is  Suction .

4 . Prospectus

The concept of lo g ic a l t h r e e - valuedness elaborated in the 

paper is  obviously re la ted  to the d iv is io n  of the universe of in ­

te rp re ta tio n  in to  three subsets of elements: d i s t i n g u i s h e d ,  

r e j u c t e d  and i n d i f f e r e n t .  Then ,if we re ferred  

to elements of algebra M аз s itu a t io n s , c f .  Section  2, we should 

say that three kinds of s itu a tio n s  are considered: those which ob­

ta in , those which do riot obtain and those which are p o s s i b l e .

I t  is  worth to notice  that the two terms " in d if fe r e n t "  and "pos-
9

s ib le "  were used by Lukasiew icz . for supporting on to log ica l base 

of construction  of three-valued lo g ic . Consequently, our proposal 

m irro rs , in  a sense, Lukasiewicz views upon non-class ica l lo g ic .

The g enera liza tion  of T a rs k i's  .concept of consequence opera­

tion  rece ived  as a re s u lt  of in troducing of q-matrices is  con s is ­

tent with common understanding of l o g i c a l  s y s t e m  as 

a set of formulas closed under, su b s titu tio n s , usua lly  defined as 

c o n t e n t  of a lo g ic a l m atrix . Namely, i f  we take a q-matrix 

N - (M, A, B) and the corresponding matrix M' - (И, B ) then

WnM(# ) » CnM,(£).

® Ibidem.

9 J .  L u k a s i e w i c z ,  0 log ice  tró jw arto śc iow e j, "Ruch 
F ilo z o fic z n y " 1920, t , 5, pp. 170-171.



This means that any lo g ic a l system may eq ua lly  w e ll be extended 

to a two-valued lo g ic  (^ , CriHf) as to a three-valued lo g ic  (L,, 

Wn ) .  Andy depending on the q u a lity  and c a rd in a lit y  of M three- 

-valued extensions may take d if fe re n t  shapes. Moreover, fo r some 

extensions defined through three-element a lgebras r e fe r e n t ia l  &s- 

signements h £ HonKL. Ш  and lo g ic a l va lu a tio ns  kh e KV co in c id e . 

Therefore, we may claim  that such extensions s a t is fy  the Fregean 

Axiom re la ted  to a new lo g ic a l paradigm.

U n iv e rs ity  of tód í 
Poland

Grzegorz Malinowski 

W KIERUNKU POJĘCIA WIELOWARTOŚCIOWOÖCI LOGICZNEJ

Obalenie aksjomatu Fregego przez R. Suszko otw iera możliwość 
odróżnienia wartościowań logicznych od odwzorowań re ferency jnych , 
fudązając tą drogą moZna wywnioskować, ze kaZda lo g ika , tzn. r e la ­
c ja  in fe re n c jl sp e łn ia ją ca  warunki Tarskiego, je s t  lo g iczn ie  dwu- 
w arlościaw e. Konstruując tró jw artościow ą re la c ję  in fe re n c ji poka­
zujemy , ze wprowadzenie po jęc ia  w ie low artościaw ości lo g iczn e j je s t  
n ierozerw aln ie  związane z rew iz ją  podstaw t e o r i i  konsekwencji lo ­
g iczne j.


