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THE PROBLEM OF DEGREES OF MAXIMALITY 
(A survey)

The рзр ег  i s  a complete survey o f  the  methods f o r  proving 

theorems on degrees o f mexlmality and o f  the r e s u l t s  ob ta ined  up 

to  1979 by the  au thors working in  the  a rea . In  the  f i r s t  twô sec-
tio n s  th e  reade r w ill  f in d  th e  whole conceptual and n o ta tio n e l ap-

p ara tu s necessary  fo r  th e  fu r th e r  d iscu ss io n  o f the problem of
s treng then ings and, in  p a r t i c u la r ,  o f degrees o f  moxiniality o f 

s e n te n t ia l  c a lc u l i .

^1. P re lim in a rie s . Let L be a s e t1 o f  form ulas formed by means 
o f s e n te n t ia l  v a r ia b le s  p , q, r ,  . . .  and a f i n i t e  number o f  con-
nec tiv es  f 1 , f 2 , . . . »  f n. Then th e  algebra

(1 ) L »  (L , f •]»^2 * •••  V

i s  c a lle d  a s e n te n t ia l  language. Endomorphisms e o f L are  ca lled  
s u b s t i tu t io n s  (e  « End(L)) . For every XcL we s e t  Sb(X) »' j e a s a e X  

and ее  EndC^)}» By a consequence o p e ra tio n  on o r  simply з  con-
sequence on L, we understand an o p e ra tio n  С defined  on 2. (the  po-
wer s e t)  o f L such th a t  f o r  any X, Y £  L

X E CÍX) -  C(C(X)) and X C Y —*-C(X) £  C<Y).

A consequence С i s  sa id  to  be s t r u c tu ra l  provided th a t  f o r  any 
s u b s t i tu t io n  eeEnd(L), and f o r  any X c L ,  eC(X ) £ C(eX).

Every r e la t io n

Ft £  2L x L
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за

i s  re fe r re d  to  as a ru le  o f in fe ren ce  o f  L, o r  simply a ru le .  When
" ' " "" 1 Г......  " "r 11 xr

X C L and a  e L, in s te ad  o f  R(X,a) we s h a ll  sometimes w rite  / a  e R,
у

and c a l l  /tu a sequent o f  R. Any ru le  o f th e  form

( 2 )  Sb(X/ a )  » | eX/eoi j e i s  a s u b s t i tu t io n  o f  L j

w ill  be c a lle d  sequen tial*  A ll ru le s  o f  th e  form ( 2 )  where X is  

th e  empty s e t ,  X -  0 , i . e .  ru le s  o f th e  form S b (^ /a )  w il l  be 

c a l le d  axiom atic. In  th a t  case the  elem ents o f th e  s e t  j e a  t 

е е  End (L)J  are  c a lle d  axioms.

Given a s e t  o f  ru les  o f  in fe ren ce  й o f  a g iven s e n te n t ia l  la n -

guage L, l e t  us d e fin e  an o p e ra tio n  Cn^ on 2** as fo llow s: f o r  

every X £ l ,  Cn0( X ) i s  the  l e a s t  su p e rse t of X clo sed  under the ru -

le s  in  6 . Cne is  a consequence opera tio n  on L, and, moreover, fo r  

every consequence o p e ra tio n  on Ł* th e re  e x is ts  a s e t  ru le s  в , 

such th a t  С « Cn^, c f .  [4 ] ,  Any such в w ill be c a lle d  a b a s is  fo r  

C. We a lso  have

LEMMA 1. ( c f ,  [2 6 ]) , A consequence С on i s  s t ru c tu ra l  i f  

and only i f  i t  has a seq u en tia l b a s is .

Given a s e n te n t ia l  language J. •  ( L , f 1 #f 2 , . . . »  f n ), any couple

M •  ( Aj^ Ij^),
, • ' .  • ' ' . ' i' ’ • i • \ • • • • • ■ _ •

where Ajj, -  ( A ^ , f j , f 2 , **»f f a ) I s  an algebra s im ila r  to  ^  and 

I С A..,, i s  c a lle d  an (elem entary) m atrix corresponding to  L, and 

th e  elem ents o f  1M are  sometimes c a lle d  th e  d is tin g u ish ed  values 

o f  M, o f .  [5 ] .  In  tu rn ,  l e t  ue use th e  symbol HOM(fc,^,) to  deno-

te  th e  c la s s  o f  a l l  homorphisms o f L in to  A.̂  -  th e  elem ents o f  

Hom(L, Aj,j) are  c a lle d  v a lu a tio n s  o f J. in  M. For eveiy X cL  l e t  us 

put

(4 )  Cn^(X) * ^aeL í fo r  every he Hom(i.,AM), hctcl^

wherever h U )  с

Cn^ i s  a s t r u c tu r a l  o p e ra tio n  on Ł, I f  К i s  e o la ss  o f  m atrlcea 

corresponding to  a g iven language L, then  by a consequence opera-

t io n  determ ined by К on it« we s h e ll  understand th e  o p e ra tio n  Cn^ 

defined  aa fo llow s (o f ,  [2в]){  For evexy X cL ,  7

(5 ) C n ^ X ). Clbi(x ) ,



I t  tu rn s  o u t, c f .  [2 9 ], th a t  f o r  every s tru c tu ra l  consequence С 

th e re  i s  a s e t  o f  m atrices К such th a t  С -  Cn^.

•Given a consequence С defined  on L, denote by Matr (C ) th e  s e t  

o f .a l l  m atrices corresponding to  L such th a t  C^Crij,,. We then have

LEMMA 2 ( c f .  [2 8 ] ) . Each s t ru c tu ra l  consequence С i s  uniquely 

determ ined by M atr(C), i . e .  f o r  any two s tru c tu ra l  consequen-

ce o p era tio n s  С, C*defined on L,C -  C ' i f  and only i f  Katr(C) «

-  M a tr iC ) .

Two m atrices M, N corresponding to  the same language are  eq u i-

v a le n t . M~N, provided th a t  th e  consequence op era tio n s  which they 

define  are  id e n t ic a l ,  i . e .  i f  Cn.̂  -  CnfJ. I f  -  la  a con-

gruence o f the algebra  ^  such th a t  I a I S  IM fo r  any a e  IM, 

then  i t  i s  c a lle d  a congruence o f t he m atrix  M » ( *Ц, 1{.) .  I t  t u mb  

out th a t  fo r  any m atrix congruence w o f M, th e  q u o tien t m atrix  

*M/*̂  i s  ^ u iv a l^nt to  M} ~  M .

Any couple

( 6 ) S -  ( L,C ),

where L i s  a s e n te n t ia l  language and С i s  a s t r u c tu ra l  consequence 

o p e ra tio n  on L, i s  c e lle d  a s e n te n t ia l  c a lc u lu s . In th e  sequel 

th e  elem ents o f  th e  c la ss  Matr(C ) fo r  a g iven ca lcu lu s  S ■« (l^C ) 

w ill be c e l le d  S -m atrices c f .  [2 8 ]. >'

Dealing w ith th e  c a lc u l i  Im p lica tiv e  in  th e  sense o f R a-

5 1 o w a [17] Ccf. a lso  [2 8 ] ) ,  one can improve Lemma 2 rep lac ing  

th e  c la s s  o f  S -m atrices , M atr(C), by a c la s s  o f  q u o tien t m atri-

ces . Assume th a t  S •  (L , C) i s  an im p lic a tiv e  c a lc u lu s . Let—►de-

note th e  im p lica tio n  connective o f L, Then fo r  every M « M atr(C) 

th e  r e la t io n  defined  on AM as fo llow s:

(7 )  а b i f  and only  i f  a —»-b, b —*-a e

i s  a congruence o f  M, and th e re fo re  M, ~  M. L et us put

. ■ • H :

( 8 ) » M « M atr(C )|.

The elem ents o f  A lg ^ C ) w il l  be c a lle d  S -a lgeb ras ( c f .  [1 7 ], [28]).

LEMMA 3 ( c f .  [.17]). A consequence С o f im p lic a tiv e  S e n te n tia l 

-. ca lcu lu s  S «' (Ł» C) i s  uniquely  determ ined by the c la s s  

AlgH(C).



§2. Two k inds o f  s tre n g th e n ings o f  a s e n te n t ia l  c a lc u lu s . The

notion  o f  degree o f  maxima l l t y  versus th e__ no tio n  o f degree o f

completeness. Given a s e n te n t ia l  language t ,  th e  o la ss  o f  a l l  . 

structural consequence opera tions  on L, to  be denoted here au 

C(L),  forms a complete l a t t i c e  w ith  th e  o rd e r < defined  не fo l-
low s: • ;

(9 )  G1 < C2 i f  and only i f  C1(X ) S C2 (X) f o r  every X C L,

c f .  [2 9 Í . In  th e  paper th e  symbols sup (C.j,C2 ) and in f  (C^,CZ) 
w ill  be used to denote th e  supremum and in f  Длил o f  C, and C2 , re s-

p e c tiv e ly . In  th e  case when $  c2  ̂ ,C2 * C L ) ,  C2 i s  c a lle d  a 
s treng then ing  o f  СЦ. I f ,  moreover, f o r  some X s  L, C.j(X)$C2 (X),  
then  we say th a t  C2 i s  a p ro p er s tren g th en in g  o f  C.j, and w rite ' 
G-j < C2 . In  th e  sequel th e  symbol L w il l  a lso  be used to  denote 
th e  s o -c a lle d  in c o n s is te n t consequence defined  as fo llow s:

(Ю ) L(X) * Ĺ f o r  every X E L.

O bviously, L i s  th e  g re a te s t  element o f  C(L). Every consequence 

o p era tio n  on L which i s  no t in c o n s is te n t i s  c e lle d  c o n s is te n t. 
F in a lly , a consequence С * C(L) w il l  be sa id  to  be maximal p ro v i-
ded th a t  i t  does not have p roper c o n s is te n t strengthenings«

Very o f te n  the  no tions in troduced in  th e  l a s t  paragraph r e f e r  
a lso  to  s e n te n t ia l  c a lc u l i  -  th e  correspondence between s tru c tu -
r a l  consequence o p e ra tio n s  o f  a g iven language L and s e n te n t ia l  
c a lc u l i  form alized in  th a t  language i s ,  under th e  d e f in i t io n ,  
q u ite  obvious. Thus, g iven a ca lcu lu s  S ■ (Ł , C), we s h a l l  say 
th a t  a c a lcu lu s  S' -  (L , C') i s  a s treng then ing  o f  S provided th a t  
С < C‘, and so o n . . .  In  th i s  aenar a l l  no tions which we e re  
s t i l l  going to  in troduce w ill a lso  be uaed ambiguosly. .

According to  Lemma 1 , every s treng then ing  o f  a s e n te n t ia l  
ca lcu lu s  S -  (L , С ) can be o b ta ined  from $ by adding to  ther s e t  o f  

ru le s  o f С some s e t  o f  se q u e n tia l ru le s  в -  th i s  s treng then ing  
w ill  be denoted as S& -  (JL, C®) and i f  в  •  { r }  a lso  as sP •

•  (L , C*). When a l l  ru le s  in  ö a re  ax iom atic , JjP ( ( ^ )  w il l  = b* 

c a lle d  an axiom atic s tren g th en in g  o f  S (o f  C). In  th a t  case the  
s e t  C(A), where

A « { s b ( a )  i Sb(fy«> •  ®}



i s  an invariant systém o f C, i . e .  the follow ing holdst

C(A) -  Sb(C(A)) and C(C(A)) •  C(A)

and*Cö can be defined  as fo llow ai fo r  every XC L, C®(X) -

•  С (X U A).
Given a s e n te n t ia l  c a lcu lu s  S -  ( L» C), th e  c a rd in a l number o f  

a l l  ax io n a tic  s treng then ings o f  S i s  c a lle d  th e  degree o f comple» 
te n ess  o f S , d c ( s ) ,  c f .  T a r  8 k i  [1 в ] . On th e  o th e r  hand, by 

th e  degree o f maxlmallty o f  S , dm(S), we s h a ll  understand , fo l lo -

wing W ó j c i c k i  [ 2 7 ] ,  th e  c a rd in a l number o f  a l l  strengthe-

nings o f  S, i . e .  both  axiom atic and non-axiom atic. Obviously, 

dm(S) i s  a t  l e a s t  as g re a t as th e  degree o f com pleteness o f  3 and 

i t  tu rn s  ou t th a t  in  mony cases dm(s) > d c (s ) .

Given a s e n te n t ia l  ca lcu lu s  S ■ (L , С ), from Lemma 2 i t  fo l»  

lows th a t  any s tru c tu ra l  consequence o p e ra tio n  С1 > С la  determ i-

ned by somo su bclass o f  M atK c). Consequently,

(11) dm(S) < card  {k 1 K C Matr(C)~ }  

o r ,  more p re c is e ly ,

(12 ) dm(5) -  card |  Cn^ 1 K S r ia t r ( c V ~ ) «

And, according to  Lemma 3, fo r  th e  case o f  im p lica tiv e  senten* 

t l a l  c a lc u l i  tho  l a s t  form ulas can be improved to

(111) dm(S) «S card[K  1 КС A18Í4 c V ~}

and *

(12I ) dm(3) -  oard { CnK 1 КС  AlgR(C)/~ ) i

re sp e c tiv e ly . v.y '• .V  V  '
F in a lly , th e  co u n te rp a rts  o f (12) and (121)  f o r  th e  no tion  o f  

degree o f  com pleteness a re  th e  follow ing*
•Л •

(13)* do(3) .  card  I 00^ (0 ) t K c  ,
... JU,

■ i M

(14 ) dc(S ) * o a r d j C iy í ŕ )  i K C AlgR(c)A } ,

• ■**. Л ' -V .. V, Л.. .‘w*- - *r Л •• __* • *. ’ ,v* ‘ •!*•*< *“ía
í §3 . H letorlca l aocount o f p articu lar  atudl— o f the problem oj

• degrees o f  maxlmallty. In the present sec tio n  e l l  ex p lio t  co n tr i-
■ : : 1 г-" : ■. г.щ • \ v ; ,ľ‘-ľ \ ' 5 »v ......  ■

. • . ... . •- ..--л • ;• • • •. ■ . - 4\:



butions to  th e  to p io  ar* l i s t e d  In  th e  ch rono log ica l o rd e r  and th e  

main methods f o r  proving theorems on degrees o f  maxim ality are 

b r ie fly  rep o rted . A ll undefined n o ta tio n  concerning п-valued Lu-

kasiewicz s e n te n t ia l  c a lc u l i  comes from [8 ] .

The paper by W ó j c i c k i ,  [ 2 7 ] ,  in  which th e  no tion  o f 

degree of maximality was in troduced  was, a t th e  same tim e, the  

f i r s t  c o n trib u tio n  to  th e  s tu d ie s  on the problem. The main theorem 

o f [ 2 7 ] says th a t  th e  degree o f  maximality o f th e  th ree -v a lu ed  Lu-

kasiewicz s e n te n t ia l  c a lcu lu s  -  (L , C^)equals 4 , i . e .

Cl) - dm(Lj) « 4 .  ‘ .

The c ru c ia l p o in t o f  the  o r ig in a l  method o f  p roof app lied  by R. 

W ójcicki i s  th e  reduction  o f  th e  whole problem to  th e  problem o f 

s tren g th en in g s o f  L^ which can be ob ta ined  by th e  use o f  ru le s  o f 

in fe ren ce  determined by sequents o f th e  sublanguage o f  L generated  

by a s in g le  s e n te n t ia l  v a r ia b le  p , * (L v , л , i ) .  Accor-

d ing ly , th e  f i r s t  s tep  was to  prove th e  fo llow ing a s s e r tio n ;

(p ) For every a  * L, XCL, a « C 3 (X) i f  and only  i f  f o r  every

s u b s t i tu t io n  e t Ł -^ Ł p  o a  •  C^ieX).

Next, using some p ro p e r tie s  o f  C^, i t  i s  p o ss ib le  to  define  

an equivalence r e la t io n  ^  having th e  two p ro p e r tie s :  (1 ) a  (3 

i f  and only i f  h(oł) -  h ( ( 3 ) f o r  every h: L —*A  ̂ Ш )  I f  а  * (̂3 

then  Cj(o») ■ C^((3).

I t  tu rned  out th a t  th e  q u o tie n t s e t  Lp/«^ had 12 elem ents -  in  

[27] t h e i r  re p re se n ta tiv e s  were denoted as (fy, <f2 , . . . ,  <р12* Sub-

sequ en tly , from th e  p ro p e r tie s  o f  i t  fo llow s th a t  every 

s tren g th en in g  Lj o f  Lj by a se q u e n tia l ru le  R » Sb(X/<* ) determ ined 

by a sequent X/ a  o f 1̂  i s  equal to  some s treng then ing  o f  by a 

ru le  o f th e  fo re  3b ( ^ V f y ) .  Thus, th e  f u l l  in v e s t ig a tio n  o f th e  

s e t  o f  a l l  seq u en tia l ru le s  o f  L determ ined by sequents o f  ^  can 

be rep laced  by a atudy o f  th e  s e t 'o f  144 ru le s  o f  in fe ren ce  o f th e  

form 3b ( V<Pj). To do t h i s ,  th e  au th o r o f  [ 2 7 ] used some m atrix  

methods and f in a l ly  reached th e  conclusion  th a t  each o f  th e  ru le s  

R o f the  form Sb( V«pj) f a l l «  in to  One o f  th e  c a te g o rie s  defined  

by th e  fo llow ing co n d itio n s:



(a )  R la  a rule o f L̂  thus L  ̂ ■

(b )  l £ .  Ц

( c )  L* .  Ц

( d )  » Ł * ,

where L* ■ (L , C*) w ith C* defined  as fo llow s:

C3 (X) 1Г C2 (X) 4 L

L o therw ise .

Thus Lj has a t  l e a s t  fo u r s tren g th en in g s: L^» Ł*, Ц  -  L. 
The f a c t  th a t  th e se  a re  th e  only p o ssib le  s tren g th en in g s o f L^, 

and thus th a t  dm(L,) » 4 , fo llow s e a s ily  from th e  fo llow ing re»-
J  \

s u i ts :

” C3 < C3 < C2 < L and th e re io re * ЬУ th e 'u s e  o f (p )  one can
prove th a t  every p roper streng then ing  o f C„ i^  not weaker than  C*; 

e-  Ц  i s  c o n s is te n t i f  and only i f  ö i s  th e  s e t  o f пие& o f C^j

-  Ł* i s  { ÍÍ } -  complete (Theorem 2 in  [2 7 ] ) ,  and th e re fo re  fo r  
every С >C *. C(0) ?  Cj ( 0 ) í »

-  ł~> i s  th e  only proper con sisten t stren g th en in g  o f  L̂  (Wajs- 
b e rg 's  theorem on degrees o f  com pleteness o f Ł* ),

Next, using the  fa c t th a t  Lukasiewicz sen ten tia l c a lc u li Ln 
are  im p lica tiv e  ln the sense o f h a s i  o w a [ 1? ] ,  the au thor of 
th e  p re sen t review gave ln  [1 0 ] an a lg e b ra ic  p roof o f ( I )  and, mo-
reover, showed th a t  th e  degree o f maximality o f  th e  fouivvalued 
Lukasiewicz ca lcu lu s  L^ a lso  equals 4 ,

Both th e  method an l th e  r e s u l t s  o f [Ю] were subsequently genera-

liz e d  In [ 1 1 1 fo r  a wider claaa o f  Lukasiewicz lo g io s ,  namely, fo r
those c a lc u l i  Ln fo r  which n-1 i s  prim e. The main r e s u l t  o f  [11] 
says th a t

The o r ig in  o f th e  p roo f o f  ( i l l )  g iven in  [11] i s  th e  use o f

( I I ) dm(L^) •  4 .

( I l l )  dm(LQ) -  4 fo r  any n > 2 such th a t  n-1 i s  prim e.



some algebraic structures corresponding to »-valued Lukasiewicz 

m atrices, namely so -ca lled  MVn-algebraa introduced by R. 3. Ori- 

g o lia . Given f in i t e  n > 2 , MVn-algebra i s  a structure n •  .
-  ( A , 0, 1)  o f  the type (2 ,2 ,1 ,0 ,0 )  fu l f l l in g  a number o f  

equations, c f .  [ 3 ] . The primary correspondence between Lukasie- 

vloz matrices and MVn algebras runs аз fo llow s: For every Luka-

siew icz m atrix MQ -  U n , - * ,  V , л , T , {1}) one can define MVR a l -
gebra

Ад * ( An , ♦ ,  • , - ,  0 ,  1)

putting x ♦ у -  тх-+ у , x • у ■ i ( x - n y )  and 3c -  i x ,  Moreover, 
th is  correspondence i s  one-to-one, sin ce  conversely: x-*y * 5 ♦ y f 
xvy -  x • у ♦ y , x л у ■ (х  + У) - у and, obviously, nx •  x. Se-

condly, we have ( c f .  [3 ])»

• \ %

(R t) Every MVQ algebra with more than one element i s  iso -

morphic with a subdirect product o f  a number o f copies o f  algebras 
Ąm, where m^n end »-1 i s  a d iv iso r  o f  i>-1.

T herefore , i t  tu rn s  out th a t  each MVR algebra  n can be considered 

as th e  algebra  o f  th e  form rt*- ( А , - * ,  и ,  0 , - , 1 ) ,  w h e r e и ,  Л , -  
его th e  n a tu ra l co u n te rp a rts  o f  -+, v , a , i , re s p e c tiv e ly , defined  
in  th e  ap p ro p ria te  a lgebras Ад. In  the  sequel we s h a ll  use the 

symbol' CR to  denote th e  consequence Сл * determ ined on th e  language 
L of Lukasiewicz s e n te n t ia l  c a lc u l i  by th e  m atrix  (rt*, 0 } ) »

Given n > 2 , l e t  * be the re la tio n  on L m ( L,*+,v,Af -») defined  
as fo llow st For every a ,  (3 « L,

a «* ß i f  and only i f  e С ( 0 ) .

Using th e  f a c t  th a t  AR correlated  with th e  Lukasiewicz matrix 
i s  an MVR a lg eb ra f one can e a s ily  v er ify  that the j^ndenbatmi a l-

gebra -/*»n i s  en Win  algebra, Now, r ec a ll that th e  Lukasiewicz 
calcu lus LQ -  (L»Cn ) ie  L aplicatlve. Thus, as a p articu lar  case  
Of a g en era l resu lt o f  R e « 1 o v a o f . (1 7 ] , p* 184 we obtain  
th at - / * n le  a free  algebra in  the clasa  AlgR(CQ) o f  all" : l^ -a l-  
gebreb. Using th is  fa c t and the representation theorem (R t) oná 

cen prove that fo r  a given n > 2 , the d a * *  o f  a l l  Ln-algebras

coincides with the c la ss  ИУ o f e l l  MY algebras, i . e .  that
i. n n ■ . \  . Щ



(15) AIgą (Cn) -  MVn.

Now, l e t  us assume th a t  n i s  a n a tu ra l number such th a t  n-1 

I s  prim e. I f  aot has only  one n o rv -triv ia l subalgebra -  A2. 

изing th i s  f a c t  and ( Rt )  one can prove c f .  [113  th a t  f o r  any MVn 

algebra n , th e  consequence o p era tio n  Cn co inc ides w ith  one o f  the  

follow ing consequence o p e ra tio n s:

CV  CV  “W  cV
where denotes th e  d i r e c t  product o f  and Дп» In  tu rn , we

have

L ■ Cn, > Cn. > Cn. „ . > Cn. .
-1  ~2 —2 ^ n  ~n

And th e re fo re
‘ . • Л, , < . w A »V Á' * l’ ’ \ ŕ • *. •* v-:lW

d’an> ■ ( СгУ ' K - "V.} - {cn4i. c„v v  C»4 J .

This ends a sketch  o f  th e  p roof o f  ( I I I ) .

REHAHK. To-give a s im ila r  p roof o f  ( I )  and ( I I ) ,  ln  [10] the  

au tho r usee th e  so -c e lle d  th ree-and  foui>valued Lukasiewicz a l -

gebras in troduced by M o i  s i  1 c f .  e .g . [13 ]. In c id e n ta ly , ' i t  

can b i proved th a t  in  th e  cases n»3* and r*4 , both th e  no tions -  

th a t  o f  n-valued Lukasiewicz ,H oisil a lgeb ra  and th a t o f  NVn a l-

gebra -  co in c id e .

*■- ■ ’ ' . 'rt -
The exam ination o f th e  problem o f  degrees o f m aximality in  th e  

whcle c la s s  o f  n-valued Lukasiewicz c a lc u l i  was c a r r ie d  o u t ’ by 

W ó j c i c k i  ln  [31]» where th e  fo llow ing r e s u l t  was proved;

dm(Lft) i s  f i n i t e  f o r  every f i n i t e  n ^ Z ,

To g e t th i s  r e s u l t ,  W ójcicki m odified th e  a lg e b ra ic  technique o f

[ 11 ] and in troduced  a very handy n a tio n  o f th e  c h a ra c te r i s t ic  e le -

ment o f  an Ln-a lg e b ra .  Below, a ske tch  o f  th e  method used in  [31] 

i s  g iven .

F i r s t ,  u sing  p ro p e r tie s  o f  th a  consequence Ш  I t  i s  p o ss ib le  

to  g ive  a pu re ly  lo g ic a l  p roof o f  the  fo llow ing  e q u a lity )

(16) • AlgHCjj) •  H SPÍíW  ,



k6 Or*« e»» U tli im k l

where HSP(Mn) denote« the v ariety  generated by the »«valued 

ßiewloz matrix (the le a s t  c la ss  o f  matrice* containing MJ1 and 
closed under the operations o f  foraing d irect producta, subal-
gebras and homomorphio images). N otice, th at (16) i s  another ver-

ween simple MVn algebras AR and matrices f^ , and the equatio- 
nal d e f in a b ility  o f  MVn algebras, i t  i s  p ossib le  to  tran sla te  
C rig o lia ’s representation resu lt  (Rt) into

Where a e A i s  an element o f  some algebra-A > (A,-% v , a , t ,  {1 )) 
in  HSPÍMj )̂, l e t  us denote by [a ]  the subalgebra o f A generated by 
a , fo r  every Ln-algebra AeSp(Mn ) i t  i s  p ossib le  to  find  an e le -
ment a* in  A a "characteristic  element" o f Ą, c f ,  [31]» with the 
fo llow ing two properties)

Therefore, denoting b / Vr  the s e t  o f  a l l  d irect products o f  the 
form * . . .  * Hjj o f pairwise d ifferen t suboatrices o f  Мд,

i* may p ass from (1 7 ) to  ,

Jid sin ce Vn i s  f in i t e ,  dmtł^) i s  f in i t e .  This ends the proof o f  
IV).

Now, we a re  going to discuas [93» In which the so lu tion  to  
ne di*-proble<n fo r  some non-im plicative sen ten tia l c a lc u li  was g i -  

/en* As the t i t l e  o f [9 ]  makes p la in , the paper concerns the so- 

-c a lle d  dual counterparts Of n-valued Lukasiewicz c a lc u li ,  o f .  

26], and [1 2 ] . Where L -,(-*, v, л,т) i s  the language o f  Lukasiewicz 

-a lc u li  » M  n > 2 , the calcu lus dual to  L^, dt^, i s  a pair

sion  o f (1 5 ). In turn, using the one-to-ofie correspondence bet-

HüP(Mn) -  SP(Hn) .
n

Thus, c f ,  (12*), fo r  every n > 2

(17)

С17О dm(L ) < card { K i К С ПД,}»



<łŁn -  (L , Cn ).

where Čn ie  th e  consequence o p e ra tio n  determ ined by th e  m atrix  
Mn » (Ą^, An -  [1 j ) ,  c f .  [1 2 ]. The f a c t  th a t  th e  c a lc u l i  dL^ are  

not im p lica tiv e  e a s i ly  fo llow s from th e  d e f in i t io n  o f  th e  c la s s  S 

o f R a s i  o w a c f .  [1 7 ] , p . 179. In  s p i te  o f  t h i s ,  th e  main 
theorem o f [ 9 ] saying th a t  th e  degrees o f maxim ality o f  a l l  calcu-

l i  dL a re  f i n i t e ,  i . e .  n '

IV) dm(dLn) i s  f i n i t e  f o r  every f i n i t e  n > 2  ,

was obta ined  by th e  use o f  m atrices analogous to  S -algebras (^ n-  
-a lg e b ra s )  o f  Rasiowa. In  th e  sequel th e  c la s s  o f  a l l  such m atri-

ces w ill  be denoted as Matr**(dCn ).

Given n > 2 ,  f o r  every x « A n , l e t  us put

0 i f  x •  1

IX ■. V * .. iy'
1 o therw ise .

Using th e  c r i t e r io n  in  [1^3, i t  Í 3 easy to  v e r ify  th a t  4 i s  defL- 
nable in  Afi. By th e  same symbol, n , we s h a ll  denote a s e n te n t ia l  
connective in  L corresponding to  1 . Where M » (£вд» 1 ^ )« Matr (dC^), 

l e t  us p u t;

a b i f  and only  i f  ч ( а - *Ь ) ,  ч ( Ь- *а )  e 1^.

M • v
A i s  a congruence o f th e  m atrix  И and th e re fo re  M«y Conse-

qu en tly , the  c la s s  .

MatrR(dCn) -  J M/*  s M «M atr(dC^)J

can be used to  rep lace  Matr(dCn > in  (1 1 ), and thus we g e t:

(18) da(dLn ) .  card  { K i K C Matr^ ídCn )/~ } .

I t  tu rn s  ou t th a t  a l l  m a trices in  Matr (dCn ) have, among 

o th e rs ,  a very  sp e c ia l p ro p erty  -  In  every M«MatrR(dCn ) th e re  
i s  a sub se t V,̂  such th a t  th e  q u o tie n t s e t  M/^ i s  th e  o n e -e le -

ment s e t ,  namely, VM/j{ " 1ц end th * t  (A^» 1 ц )в ИЗР(1^) o f , p . 46. 
Using th i s  f a c t  and th e  re p re se n ta tio n  theorem f o r  HííPÍM^), on», 

can prove th a t



(19) M«tx^(dCn ) •  HSPÍÍ^),

compare (16 ). Moreover, there le  •  one-to-one correspondence 

between m atrices from HSP(Mn ) and those from HSPiM^i For every 
M m (ĄM, IM) e HSPi^) and M̂ -  ( ^  1M) and fo r  any <*«L, XSL,

where ч X denotes the s e t  o f  formulas resu lting  froe X by prece-
ding each o f i t s  formulas by n . In turn, l e t  Vn be the "natural" 
counterpart o f  the s e t  o f  product n atrlces used on p. 46. 
Then, using (19) and (♦ )  one oan prove that fo r  every M*Mati^4dCn ) 
there Is a matrix Md « ? n such that Md ~  M, Consequently, (18 ) can ’ 
be improved to

and sin ce Vn i s  f in i t e ,  «*»(1^> le  f in i t e .

The method o f [9  ] described in  the la s t  sequence o f  paragraphs 
was a lso  used to  some extent in  [8  J to g ive  a characterization  o f

wun auperaesJLgnatea lo g ic a l valuesi 1 « I ,  0 $ I* The main 
resu lt o f [ 8 ]  says that the degree o f maximality o f  any »-valued  
L ukasiew icz-like sen ten tia l calcu lus i f  f in i t e  and equal to  the 
degree o f maximality o f  the corresponding ».valued Lukasiewicz 
ca lcu lu s.

(VI) d a (L ^ ). d«(Ln) every f in i t e  n > 2 ,  aveiy I&An, v

1 «Z  and О й l .

In h is  abstract [ 6 ] ,  M a d u c  h reproted b r ie f ly  some re-
s u lt s  o f  stu d ies on pure liqpU eational sen ten tia l c a lc u li o f  toko* 
s iew lcz . Given a f in i t e  n > 2 ,  the »-valued Lukasiewicz Laplica- 

t io n a l calcu lus i s  the p a ir  (fc, C* ) con sistin g  / o f  the pu-
re im plications! sen ten tia l language ),* •  <L*~+) and C* -  Cr^#,

where 1« the Ix p lica tlo n a l reduct o f  the Lukasiewicz 1 matrix 
Mn. Among o th ers, one can fin d  in  { é  3 the fo llow ing theorem: : ;

(♦)

a e C i ^ i X)  i f  and only i f  •» a « Ci^ (чХ)  

ч а е  Cn̂  ( *» X) i f  end only I f  a  e Cr  ̂ ( X ),

ť18*>



(VII )  dm(L*) -  dc(L*) •  n (Гог every f i n i t e  n > 2 ) ,

The o r ig in a l  method o f p roo f iß  based on some r e s u l t s  conoex*- 

nlng Lindenbaum '3  a lgeb ras determ ined by th e  s o -c a lle d  ir re d u c ib le  

th e o rie s  o f L*. U nfo rtunate ly , th e  p roof co n ta in s  some gaps not 

easy to  remove. The r e s u l t ,  however, i s  c e r ta in ly  v a lied  -  a 

very  sim ple proof o f  (VII)  w il l  be g iven in  Section  4.

M. T o k a r  z in  [20] examined th e  problem o f  s t r u c tu ra l  

s treng then ings o f  th e  Donsequence o p e ra tio n s  C® and C® determ ined 

by th e  so -c a lle d  Suglhara m a trices and M®, re sp e c tiv e ly  (m | •

•  ( { - 1 , 0 , 1 } , - ,  v ,  A ,  - I ,  {o,l}) and mJ - ( { - 2 , - 1 ,1 ,2 ) , -*,V,A0 ,{1 ,2 ft 

where ix  ■ - x ,  x v y »  m ax(x,y), x a  у -  m in (x ,y ), x-*y •  -x  v у i f  

x ^ y  and x-+y m - х л у  o th e rw ise ). The main r e s u l t  o f  [2 0 ]  says 

th a t  th e  degrees o f  m aximality o f  C® and are  both equal to  4 ,

(VI I I )  dm (c |) -  dm(cj )  -  4.

The d e tc i i s  o f proof o f ( VI I I )  a re  s tro n g ly  based on p a r t ic u -

l a r  p ro p e r tie s  o f  Sugihara m a trices. The method, however, seens 

to  be more u n iv e rsa l -  i t  has some p o in ts  o f  co n tac t w ith Wójo lc -  

k i ’ s method o f proof o f  ( I ) .  A ccordingly, the  p roo f f o r  th e  case 

o f  c |  can be sketched so as to  c o n s is t  o f th e  fo llow ing fo u r 

s tep s :

Step 1. I f  c®< C, where С i s  a c o n s is te n t s t r u c tu ra l  conse-

quence o p e ra tio n , then  C í  Cg (Cg being the  c la s s ic a l  consequence 

o p era tio n  -  Lemma 2 in  [2 0 ]) .

Step 2. I f  i s  used to  denote th e ,s tx u tu ra l ly  complete con-

sequence c f .  [15] f o r  which c|*(0) -  C j(0 ) , th en  f o r  every C, 

Cj< C<C2 we have C < C® * (a  p a r t io u la r  case o f  th e  genera l rf tsu lt 

concerning s t r u c tu ra l  com pleteness, c f .  S ec tion  4 , p . 521

Step 3. Let us now assume again  th a t  C^< C< Cg, Then, i f  f o r  

some a  « L, XC L,cx •  c(X ) anda*C®(X), th en  by Lenaa 4 in  [20 ] we 

g e t CgiX) 4 L and th i s  to g e th e r  w ith  Lemma 8  in  [2 0 ]  im plies  th a t  

f o r  some s e n te n t ia l  v a r ia b le s  p0 and p1# ? Qe С (p . n P l) ,  F in a lly , 

th e  s tren g th en in g  ) o f  c j  by th e  ru le  £ - { p1 p1/ p J i s  s tru c -

tu r a l ly  com plete, and thus -  c |*  (Lemma 7 o f (°20j>. So, 

C |% C , ;•



Stor- A. Steps 2 and 3 to g e th e r  Imply th a t  C^* i s  the  only 

structural consequence o p era tio n  betv/een and C2 . On th e  o th e r 

han-1, C'2 i s  maximal and th c re fo ro  Cy- and C’2 a re  a l l  c o n s is te n t 

strengthenings o f  c j .  Thus, dra(Cj) «■ 4.

As early  as in  [27] W ó j c i c k i  posed th e  fo llow ing con-

jectures

(H) The degree of maxim ality o f  any s tro n g ly  f i n i t e  s e n te n t ia l

calcu lus i s  f i n i t e .

R ecall, o f. [ 3 0 ] ,  th a t  a ca lcu lu s  S -  (L , C) i s  s tro n g ly  f i n i t e  

i f  there i s  a f i n i t e  s e t  o f f i n i t e  m atrices К s tro n g ly  adequate to  

C, i . e .  such th a t  С •  Cn^. In c id e n ta l ly ,  i t  was proved in  [25]  

that the degree o f com pleteness o f  a s tro n g ly  f i n i t e  s e n te n t ia l  

calculus i s  always f i n i t e .

The conjecture (H) appeared tp  be not tru e  - T o k a r z  sue- 

ceded [ 2 3 ] in  co n stru c tin g  a s tro n g ly  f i n i t e  lo g ic ,  whose degree 

o f mfcximallty i s  in f in ite ^  more e x a c tly , he showed th a t  th e  con-

sequence o p e ra tio n  determ ined by th e  fourwvalued im p lic a tio n a l-  

-negational Sugihara m atrix (INSA) has in f in i t e ly  many s tru c tu ra l  

strengthenings. The basio  T okarz 's  idea was subsequently  modified 

by W r o ń s k i ,  who in  [ 3 2 ] have a s im ila r  counterexample to  

(H) by the use o f  a th ree-e lem en t m atrix . From th e  two examples, 

Wronski’s i s  much e a s ie r  to  d esc rib e . I t  runs as fo llow s;

Let A ■ ( { o ,1 ,2 } ,* ) ' be an algebra  o f  type ( 2 ) ,  whose b inary  

operation • i s  defined  by th e  co n d itio n s : 0*0 = 2*2 * 2 , 1*1 * t  . 

and x*y •  0 o therw ise . I t  i s  easy to  see th a t  B - (  { o ,2 } ,* ) is  a . 

subalgebra o f A. In  th e  sequel we s h a ll  con sid er th e  two m atrices

A * CA*{o}) and В .  ( B ,{o}) .

For every n - 1 ,  2 , . . .  d efin e  a pet o f  se q u en tia l ru le s

Rn * { í * » 01)* (A) x i s  a f in i t e  s e t  o f  form ulas b u i l t  up from 

a t  most n s e n te n t ia l  v a r ia b le s  p^, . . . ,  pn , 

( U )  СПд(Х) * L}.

Subsequently, l e t  us pu t Cn  » Cn^nC^ i s  the  s treng then ing  o f  

Cn^ by th e  s e t  o f ru le s  K^). One can prove th a t  f o r  any n  •> 1 ,



CnA ** e n ^  £n+1*

c f .  [ 3 2 ] -  Lemma 1 .1 . This immediately Im plies th a t  Спл has i n f i -

n i te ly  many s tru c tu ra l  s tren g th en in g s.

§4. Some re la te d  to p lc ą . In  the lo g ic a l l i t e r a t u r e  th e re  i s  a 

number o f r e s u l t s  which provide из w ith  very convenient methods of 

e s ta b lish in g  degrees o f m aximality o f some sp e c ia l s e n te n t ia l  c a l-

c u l i .  E specia lly  im portant are th e  r e s u l t s  concerning such no-

tio n s  as m axim ality, alm ost maximality and s t ru c tu ra l  complete-

ness fo r  the  extended d iscu ssio n  o f  th i s  s o r t  o f th ings  see e , g. 
[21 ].

M aximality. I f  S > (L , С ) i s  a maximal s e n te n t ia l  c a lc u lu s , 

i . e .  i f  С does not have proper s t r u c tu ra l  s tren g th en in g s except 

L, then  obviously  dm(S) m 2 . In [22 ]  one con f in d  a very u sefu l 

m atrix  c r i t e r io n  o f m aximality o f consequence o p e ra tio n .

M1 ( c f .  [ 19] ) ,  I f  every co nstan t fu n c tio n  o f  A., i s  d e fin ab le
kvl

in  th e  m atrix  M * then  Cr^ i s  maximal,

A very i l l u s t r a t i v e  example o f the  use o f th e  c r i t e r io n  (M1) 

i s  a p re t ty  sh o rt p roo f o f m aximality o f th e  c la s s ic a l  s e n te n t ia l  

ca lcu lu s  Lg ■ (L , C2 ), A ccordingly, we have th a t  th e  matrLx A2 r-

* ( {0, 1) »~ л » i s  s tro n g ly  adequate fo r  C2 , Cn4 * C2

and both th e  co n stan ts : 0 and 1 a re  d efin a b le  in  M2 , e , g. as 0 *>

•  T ( x - *x )  and 1 » x-»x.

Alm ost-m axlm allty. Given a s e n te n t ia l  language L l e t  us put

(19)
0 i f  X -  0 

L o therw ise .

H  A* a ( s t r u c tu r a l )  consequence o p e ra tio n  on L and i t  i s  c a l le d , 
c f .  [2 2 ] ,  a lm o s t- in c o n s is te n t. In  tu rn ,  a consequence С on L w ill 
be c e lle d  almost-maxlroal whenever f o r  every s t ru c tu ra l  consequence 
С ',  C< С * im plies th a t  C* •  L  ̂ o r  C ' •  L, c f .  [2 2 ], From the de-
f in i t io n  i t  immediately fo llow s th a t  th e  degree o f m axim ality of 

any almost-maximal s e n te n t ia l  c a lcu lu s  S *> (L , C ) equals 3 o r  2, 
The follow ing m atrix  c r i t e r io n  o f  alm ost-m axim ality  can - be found 
in  [2 2 ]: . '



AM-)• I f  M •  ( Лм, {a}), where ®*АМ 1* a m atrix  *uch th a t  f o r  

every b«AH th e re  i s  a fu n c tio n  f b d e fin a b le  in  ĄM such th a t

f b ( a )  в b, then  Cn^ i s  almost-maximal.

Another c r i t e r io n ,  which, o r ig in a l ly ,  was s ta te d  e a r l i e r  by WdJ- 

c io k i and Wroiísk i, oan be t re a te d  as a c o ro lla ry  to  AM̂ j

AM2 ( Wójcicki-W roriaki, unpublished). Let A  ̂ have no proper 

subalgebra and l e t  a e A M. Then la  almost-maximal.

N otice th a t  i f  a consequence o p era tio n  С i s  almost-maximal and 

C(0) i  0 ,  th en  С i s  maximal. Thus, any maximal s e n te n t ia l  ca'lcu- 

lu s  can serve as an example o f  almost-maximal ca lcu lu s  w ith th e  

degree o f maximality 2. F in a lly , th e  fo llow ing theorem seems to  

be o f some in te r e s t :
•

THEOREM 1. (W roński, unpublished)« I f  M i s  a two-element ma-

t r i x ,  then Cn^ i s  almost-maximal.

A proof o f  Theorem 1 can be foiled in  [2 1 ].

S tru c tu ra l com pleteness. Given a s e n te n t ia l  language L, a ru-

l e  o f In ference  R o f L i s  c a lle d  s t ru c tu ra l  i f  and only  i f  f o r
v y “  --------  aV '

every sequent л/а»  A/c< e R im plies th a t  eA/ e a  e R fo r  every sub-

s t i t u t i o n  e eEnd(L) .  Where С i s  a consequenoe o p era tio n  on L, R 

is  c a lle d  perm issib le  ln  C(0) i f  and only i f  f o r  every X/oi e R, 

a e  c (0)  whenever X с  C(0). A s e n te n t ia l  ca lcu lu s  S -  (L , С ) i s  

s t r u c tu ra l ly  com plete, c f .  [1 8 ], i f  and only  i f  every s tw c tu r a l  

ru le  which i s  perm issib le  in  C(0) i s  a ru le  o f  C.

A very  u se fu l c r i t e r io n  o f  s t r u c tu ra l  - com pleteness was g iven 

by D. Makinson:

SC (c f .  [ 7 ] ) .  S -  (L , C) i s  s t r u c tu r a l ly  complete i f  and only 

i f  f o r  every s tru c tu ra l  consequence o p era tio n  C* on L, СЧ0 ) •  

m c ( 0 )  im plies th a t  c '<  C* •

The p ro p erty  mentioned in  SC can sometimes be used f o r  e s ta b l i s -

hig  th e  degree o f  maxim ality -  in  th e  sequel th i s  problem 

w ill be d iscussed  in  two examples, namely f o r  revalued  Gödel’« 

c a lc u l i  end f o r  n-valued pure im p lic a tio n a l Lukasiewicz ca lcu li*



Given a f i n i t e  n > 2 ,  th e  n-valued m atrix  o f  Gödel i s  defined- 

as follow s c f .  e . g , [ 2 ] t

gn » ( { l , 2 , . # . , n } , - ^ ,  $ ,  A » 4»» {1}),

where fo r  every x ,y  « { l , . . , , n j

I
n i f  x<n f  1

♦ x -^y  -  j

1 i f  x-n { у

i f  x>y 

у i f  x<y

and xvy •  max(x,y),  x k y  •  min(x,y) .  Where L i s  th e  app ro p ria te  

s e n te n t ia l  language, 

defined  as th e  p a ir

s e n te n t ia l  language, th e  n-valued G ödel's c a lc u lu s , Gn , can be

S„ -  Cb,o„)

w ith G ■ Cn , c f .  [30] p. 65. I t  i s  immediately seen th a t  f o r  
n e n

every n > 2 ,

( . ) Gn < ^ Og ^  •  L

and, in  p a r t i c u la r ,  a lso

(•  •) G î 0 ) <* . < . ф Ggi 0 )?G  ̂(0 ) •> L.

Secondly, A n d e r s o n  proved in  [1 ] th o t  th e  degree o f  com-

p le ten ess  Of Gn equals n , dc(Gn ) ■ n , what to g e th e r w ith ( . . )  

im plies th e t  th e  c a lc u l i  G  ̂ w ith k < n  are  th e  only axiom atic

streng then ings o f Gn. On th e  o th e r  hand, a l l  Gödel's  c a lc u l i  Gn  

ore s t r u c tu ra l ly  com plete, c f ,  [ 2 ] ,  and -thus, according to_(SC) 

th e  number o f  s t r u c tu ra l  s tren g th en in g s  o f  G^ i s  not g re a te r  than  

n. F in a lly , u sing  ( • )  we o b ta in

(IX) dm(Gn ) -  dc(Gn ) •  n f o r  every f i n i t e  n > 2  ,

An extended v e rs io n  o f th e  method app lied  f o r  th e  p roo f o f

( IX)  can a lso  be used fo r  proving Maduch’s r e s u l t  (VI I ) ,  p . 49. 

Now, we s h a l l  a lso  use some r e s u l t  by P. W ojtylak, namely, th e  

fo llow ing:

THEOREM 2 ( c f ,  [2 4 ] ) .  Let M be a m atrix  corresponding to  » 

given s e n te n t ia l  language L. Then, f o r  every XCL, ".



СПц(ЗЬ(Х)) rO [c n jj(0 ) : M i& n submatrix o f M and X S  Сп^(0)}.

Given o f in i t e  n > 2 , one can c o s ily  v er ify  that the purely 

im p l ic a t io n  Lukasiewicz matrix M* has the follow ing submatriceej 

M*. M*- 1 , « . . ,  k J*, ln turn, one can also v er ify  that

Cn < cr£*1 < • ••  < **2.. < C1 “ L

cn(^ ) 9 cn-1(r>) 9 ••• 9 cz ^ ) 9 m L,

Making use o f  Theorem 2 , from th e  l a t t e r  in c lu s io n  we o b ta in  th a t  

any in v a ria n t system o f Cn must be equal to one o f th e  follow ing 

Cn(0 ) ,  •••» L. Thus, d c ( L*) »  n. F in a lly ,

a l l  Lns are  s t r u c tu ra l ly  com plete, c f .  [16 ], so , by th e  same type 

o f argument as f o r  Gödels c a lc u l i  we o b ta in  dmO.,*)» n.

N£t£> The no tion  o f s t r u c tu ra l  completeness o f  a s e n te n t ia l  

ca lcu lu s  can be understand in  two waya, according to  how th e  no-

tio n s  o f a ru le  o f in fe ren ce  i s  d efin ed . F i r s t ,  i f  we r e s t r i c t  

th e  no tion  o f  a ru le  to  i t s  f in i te r y  sense assuming th e  ru le  to  be 

a subse t o f  Ln x L fo r  some f i n i t e  n , then  we o b ta in  th e  no tion  

o f  s t r u c tu ra l  completeness in  th e  f ln i t a r y  sense. And, i f  th e  ru le  

i s  assumed as in  our paper, as a subse t o f  2L, we o b ta in  th e  no-

tio n  o f s t r u c tu ra l  com pleteness in  the  in f in i ta r y  sense. An exten-

ded d iscu ss io n  o f  th i s  d is t in c t io n  can be found e . g. in  [ 7 ] .  I 

would l ik e  to  s t r e s s  th a t  th e  no tion  o f  s t r u c tu ra l  com pleteness 

was used here in  th e  l a t t e r  sense . In c id e n ta l ly , one can show by 

an easy argument th a t  th e  two notion« co incide in  th e  case o f 

s tro n g ly  f i n i t e  s e n te n t ia l  c a lc u l i  -  J u s t  f o r  th i s  reason we could 

use th e  r e s u l t s  o f  Dzik-Wrońaki and Prucnal concerning f in i ta r y  

s tru c tu ra l  com pleteness o f  Cödel' s and Lukasiewioz c a lc u l i .
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