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is referred to as a p_a; of inference of L, or unply a mlo. Uluu- e
e L and a€l, instead of R(X,a) we shall Sometimes write /ucn. i

and call h a sequent of R, Any rule of the form
(2) - so(*/a) - {’xlgq 1 e is a substitution of l.} ¢

will be called sequential. All rules of the form (2) where X is
the empty aet. X = @#, 1.6, rules of the form Sb('f/a) will  be

called ce . In that case the olmnta : ot tho set {eq:

.ee End (L) ere called axioms,

; Given a set of mln of inference 6 of a zlvcn sententul hn— y
~ guage L, let us define an operation Cng on 21'_ as follows: for
every XSL, Cng(X) is ‘the . least superset of X clond ‘under the ru~
les in 6. Cng is a comcquoncc operation on L, and, moreover, for’
every consequence operntion on L, there. oxuta a set ;ulu 8,
such that C = Cng, of. [a], bny such 6 will be called a basis for

c.woalsohave \ W ot

LEM 1, (of. [29]). A conaequenco Conk 1s ltmctural e
and only if it has a nqncntm baus. ) .

| ‘Given a sontontul languaao L, - (L,t...tz, ..., & ). aw couplo
(3) - SRR n- (A,,, IM>. 2 %

where A, = (AH.r,.tz. N g t ¥iid an alg-bn . similar - ta 1, .aaj‘l,
IG Ay, 1is called an (eicmtagg) matrix ‘corresponding to 1,. and
the elements 6f L, are sometimes called the distinguished values

of M, of. [5], In turn,’ et us use the synbol W(&-Au) to deno~
te the class of all hommm.m of L into All the cleunts P

Hon(L, A“) are ‘called valustions of L nH. nor om-y x:z. ht usi_' 5
put : Ly G -'. AT i 5 bt

) Cnﬂ(x) u{acl. ] to.r ovory hc Hon(jg.A“), ha-lﬁ

,,,,,

Cn“' is a stwcmrsl Opontlou on ], u' K u . ag" og lltt‘““'--';'

corresponding o a given lunguo;o k. ‘then by a consequence Operg-

tion determined by K on ],. vy lhall undarstnnd thp pperatqu cn‘
'dotinod as xouon (ox. [28]); For ovory x:x.. ‘_'._-- AR

CHeE uQx cryfxe

s



o Sk 5 At !lo !r»id ol dqgodl wt n:u-m: X

{ : l"‘.;" l.
{ b

-',.:It t\mu out. ct. [29]. .’ﬂut tbr every ntmcmz‘al .v'nmoqmcu c

)

_._tlun 1s a set of matrices K such that C = Cux.

«vacn a consequence c donned an L, denote by Hatr (c) tho ut
ot 111 mtrl.cu oomspond.tu to L such that c< Cnna. - We thon havu

LB 2 (ct. [2&]). Each struo'cural comequenco Cis un:l.quely
',.dctcmined by Matr(C), i,e. for any two structural consequen-
. ce operations C, C' a.nmd onL,C= C'if and only if mtr(c) . :

- Motr(c )o : : g

~Two matrl.cu M, N corresponding to the same Imguage are gg b L Cda o

|

~valent, M~N, provided that the consequence oporations wh.tch thav X

define are identical, i.,e, if Cny = Cng, If w is 8 con=

- (_5:‘) i -(L,C), 2

  ('7_).‘ '~ ‘ a-nbUnnAonlyitaa-ob, u-.,ac Iu

: “’ Alx“(ﬂ- [ "/'u P ue uatr(c)] e .
| m uewm ot ug“(c) will be can.a e!geb (c:. [,73’ [za]) i

sk calculus s - (L. c) 1; nniquely doumimd

gruence ot the algebra 5,“ such that la| & IH for any ac I’u, »

then it is called a congruence of the matrix M« (A\,,.I )e It turns

out that for any matrix congruence s of M, the quOthnt mtrix

Wa = Chyses Tyy) is equ.lvalcnt to iy , ~ My .
Any couple s )

,vhera g 13 a ununthl languaso and c: is a8 stmctural con,sequome
~ operation on L, is celled s sentential celculus, In. ‘the sequel

the elements of the clau Matr(C) for a given calculus s - { L,c)
will be called S-matrices of. [28], /| ,
' De&ing with the calculi mpucative in the : senso ot R a-

:'i 1o0wa [17] (ef. also [28]), one can improve Lemma 2. nplacusg :'.,;
the class of s-matri.cn, Matr(C), Dby a cl-ss ot quotlont mtrl.-: ¢

ces. Assume that 5= (L, €)is en meueative calcnlua. Leét—>de=

‘wote the implication connective of L, Then tor overy M s uatr(c)
f.the nlation donned on Au as tollova:

: ‘v."ta a opngmonce of ll, and ﬂuutorc ll,_ ~ u. l.ct us put A= |

13“(0 ).

>
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52. 'rwokindaotlt ' s of 8 sentential ' 'f"
notion of degree of maximality versus the not ﬂ' g!‘m of .
completeness. Given a sentential 1uns\uso L. the chn of -u
structural consequence operations on L, to be denoted lun ay
g(L), forms a oonplctc llttloo with the om.rc defined as m.-
dows: -

e o Y : 3 .x

(9) €)% Cy 4f ana only if c,(x) G cz(x) for ovox-y XeL,

ot [29]. 1In the paper the symbols sup (c,.cz) and ing (c,.cz)
will be used wdonotethommmdma-uofc, mcz. res=
pcouvely. In the case when Cy § cz (CqeCpeC L)y cz is called a
| Btrengthening of Cq. 'If, moreover, for some X & L, Cy(X)§Cp(X),
. then we say that €, is a proper stn:gth-ng of c, . and mu
‘-.1 < Cz. In the sequel ﬂn sywbol L will also be used to domto
~ the so-callcd hwomistont consoquonco dunud as tou.ovn o ‘

(10) . % k : L(x)- L tor ovory x: L. ;

Obviously, L is the srutnt olmnt o: o(L), xvnrr oouoqumc
' operation onm L which is not 1nconsiatmt is called g_qnnutg_nt.
~ Finally, a consequence C @ C(L) will be said to ‘be maximal pnv.b
~@ed that it doos not have proper consistent atmtmmko. : .' o
; Very orcon the notions mtmducod in tho last pangnph urn-
~ also to sentential calculi - ‘w correspondence - bptvun structus
< rel consequence opantiona of a given language L M nntmtul
. calculi formslized in that uncuage isy ° undu' ﬂu dqumn.
- Quite obvious, Thus, given a calculus S = (Ly: c).- we ahau ur
that a c.alculua 8" = (Ly C') ia & strengthening O! 5 pmld.d that

. csc', and 50 Ofles In this sensc all notions vhJ.ch wo are

O Lo

sgm going to introduce will ala«p be used a-blmly. s ST N
\‘.': According to Lemma 1, every stronxthonlng of a sonuntm
"calculus S« (Ly C) can be obtained from $ by odd!.ng to ‘the set ot
~ rules of C some set of uquoutid Tules & = this ltnwtbonu‘
! will be demtedusan(h. ca)andttﬂ {R}leo 5“ L w
= (L, ¢®), Wnen 211 rules in 6 ere axiomatic, i (0’) ym “be
~ called en axiomatic 5t23§tm195 of s ( of c). Iu ‘that case thp

| '.set C(A), wherc i ;

A . {swm an('/q)- G}






42 Grsegors Malinovski
butions to the topic are listed in the chronological order and the
main methods for proving theorems on degrees of maximality are

briefly reported, All undefined notation concerning nevalued  Lu~
kasiewicz sentential calculi comes from [8], :

The paper by W é § ¢ 1 ¢ k &, [27], in which the ‘notion of
degree of maximality was introduced wes, at the same time,  the
fipst contribution to the studies on the problem, The main theorem
of [27] says that the degree of maximality of the three-valued Lu-
kaslewlce sentential calculus &y = (L, C 3)equals 4, l.e.

i e o dmliy) - 4,

The crucial point of the original method of proof applied by R,
W6joicki 1s the reduction of the whole problem to the problem of
strengthenings of L, which can be obtained by the use of mlu of
inference determined by sequents of the sublanguago of L gonorated
by @ single sentential variablo P k{m (L s~y V5 Ay 7). Accore .
vdingly, the tirat step was to prove to lowing uzerl:ion; '_, '

-~

(p) For evory ae L, xr.l., u-c,(x) 1f and only u tox' cvcry ;
suvstitution e: L-’Lp eq & C5 (QX). e ¥t '

Next, using some pmp.rthl of c,. | u 18 'poasl.bu to danne_
an. equivalence relation havinx the two ' properties: (1) an, 3
"Af and only if hio) = h(B) for every m };—-’A (11) ' am’p_
then Cy(a) = Cy(@)y ~ 7

It tumed out that t.ho quoticnt aet p/m3 had 12 olmntc - in: :
[27] their representatives were danoted 85 (1) @30 +eey ?12. Sub=
sequently, rm the pmpex-nu of . it follows : that . every
strengthening L, t.., by a soquontm rule R = sb( /u) dotomindd £
by @ sequent /a of is oqual to some strengthening of L, by a -
rule of the form Sb (?1@3). Thus, the full investigation of m %
set of all sequeutial ‘Tules of L dcton!.nod by sequents. o{ Lg i
~ be repla$ed by a study ot the sn of 144 rules of tutgnncc th. it
“form 5b ( /(pdl. To do this, _the author of [27] used sowe matrix
methods and fina ronc)ud. the oomlmion that uﬁh ot ﬂu mln__--_-_
R of the form Sb(" /1' ) talls into on. or tlu c-tnorxn ' defined
by the rolloving comitions: G R T e AT




AR Bo¥ = F ‘..‘,A‘ "Ardtoglo 7 g
: n-#»hn:«m ot-ttntttLT “"f';" ‘
(a)au-moou., thul.gnl.',_ s
‘ (b)b’-&z ‘

R

(d) t.g o t4,

where i3 = (L, c3) with c; defined as follows:

Cx(X) 4 Cp(X) 4 L.
C(x) - R,
B otherwise,

- Thus L ba; at lcast four strengthcn.mgs: 3. $ .4 30 Lz, L1 - L
The fact tﬁat these are the only possible stroﬂsthenmga of LB'
and thus that dm(l.s) = 4, follows easily from vthe following rew

sults: oot ek g S s e

: = Cy < c, < €, < L and therefore, by the use of (p) one can
prove that every pmper strengthenina of C3 ‘43 not weaker than C; o
. - l.e is consistent if and only t( 9 is the set of ruies of Cos -
R J is {ﬂ] - complete ( Theorem 2 ln [27]). » aud thcmtoro for
every C">CY, C(P) R Cy(0); | ‘ :
. = Ly 1s the only proper consistent strengi:hening of }.3 (vaas-
bcrg's thcom on degroes of completemsa of L.3 s SR

: Next, using the ract that Lukasiewicz sentential celcuu L

- are implicative in the sense of K a s 1 o wa [17], the author o: '

' the present reviev gave in [10] an algebraic pmor of (1) and, mo= -

- reover, . showed that the degree of maximality or thc toux\-valued i
Lukauwl.cz c.lculus Lk also equola lo, e e

(n) : i‘- £k dn(L“) SR

: Both the nthnd ani the n;ults of [10] were mucqucntly gonou-'

nzoq 1n [11] for a wider class of Lukasiewicz logiol. namely, for
 those cnlcuu L for: uhioh n=1 u pm-. ‘l‘ho n!.n rewlt of [11]1;'
: says that. = .- : ; it

_._(III) d'(t' )' " ‘°" "“’ “ ’ 2 8“011 thtt n-‘l 1 prnm Pt f,_ s

S 'rhe orlgin o.t t.he pmot or (III) gl’n m [11] ia the usc oz s
: © 4

a A "‘7”."'-,."-' s SSE T
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. S g‘"pﬁ‘ Mitnovakt Lt
ksou unbruc mnm oomm:\dﬂu to Ma).m‘ lnlpﬂ
utrion, namely so-called MV, -mom. introduced w ¢ W o:-s-
‘alu. Given finite uaz. mn-m.bu is a ltmcm "o .

= (Ay#yy=40,1) of the type (2.2.1,0.0) fulfiling a mbar of
oquntl.onn. of. [3])s The primary bomapondomo between Lukesie
!ltoz ‘matrices and MV algebras mns as follows: For cvory Luka-
siewicz matrix "h ?An,—v. ViiA ey [1}) one can define MV, ' al-
gobn it

' S An (An' ’-'o‘voo 1)

i

/

puttl.ng X+yw 1x-oy. X+ ym= 1(x-o1y) ‘and ! = VX ,Homv.x_-,'.

_ this correspondence is one-to-one,  since conversely: x+y = X + ¥y,
Xy = x o F+ ¥, xAy«(x+¥) .y and, obV;ously;.jk- %, Se-.
comny. we have (efy [3D5 il ' ,

~ (Rt) Every MV aIxebri vith move thsn om oionnt is (-o- 1)
mmh.lo with a aubcureot product of a number of copin of alnbrn sk
L.. where mgn’ and -1 15 a divuor of n-1,

Therefore, it tumns out ﬂut cach uv llsobn n can b. ooumnd )
_as the algebra of the form = (A.—o, Uy Ny=sl), vhere—, U, Ny =
are the natural counterparts of —o, Ve ha Ty ‘respectively, doun,odi ’

; J.n the appropriate algobras In the sequel we shsll use the -
lymbol Cy to denote the conuquemo Cy# determined on the huun‘q
L ot Lukasiewicz untontul caleul by the matrix (n*, {1}).,

Given n3>2, 1qt ; bo tlu nlatidn on }, - (l..-o,v,a,-;) dcﬂm
as ronown For wcry a. p € l.. N '

e oEte SRR T g

a~ a Lf and only it a-oo,pm q c (ﬂ). "Aj

.

Da!.ng thc fact that An cormlatod with thn l-ukuliowicz utrlx Hn
p an MV ‘algebra, one can usuy voruy thnt thc undonl;u\- Al
pbn /'11 is an WV a.l;cbu. Iow. mm thpt ﬁhe !akuuucz ¥
mculus b, = (!,.c ) is !.npnoattvq. Thusy .' d ‘_fpart&whv cage
fanaral rcault of R 8 Q i o y l ot. [17]. p.~’ 184 g. th; -
t X/~ uazmalgebn lnthno;aung (c )pt mg.q %
gebras. Uslng ‘thig. fact snd the’ rcpr«mtatm _theorem (a?) ond R
‘sen prove thst for a unu uaz. w ‘sXass | of . .<.§u l‘n-.lgobm?f_- '
: coxncma mn ta. c1m nv ot un m uu»m, 1,00 mt e

g . ARTRA IR, MO EH

\ ARG ¥4 oty
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R R v .-...u mnmu

'vh-rd IIS?(%) dmm ﬂu vcrtcty mnhd hy m u-valuod lukn-
‘slevicz matrix (the least class of metrices containing "n ~and
closed under the operations of roni.u direct products, subal-
gebras and homomorphic images), Notice, that (16) is another ver-
- sion'of (15), In turn, using the one=-to-one  correspondence bete
wun u.np.lo MV algebras A, and matrices %. and - the equatioe
nal donnabnity of MV algebras, it 15 possible to trqmll_tc
Orlgolu 's ropnnntation result (Rt) into s

' | asp(nn) - sp(un). A
Jmu. of. (121), for ovary n>2

i (17)' ‘ dn(!.u) u oam{x : K & SP(%),J

Hh.ra aeAls an element of some nlgobra A= (A."’.V.A,‘l, [1])
u usp(lw. let us denote by [a] the subalgebra of A genergted by
a, tor every & -algobra AcSp(Hn) it is possible to find an elew
ment a¥ in A a 'chnnctorutic element* of A. cf. [31]. with the
tonovl.m two propertiosz : , .

100[ ]"A [ A X -
2?. There are pouviu du:tcmt mhutrlcu H.’. Mo,

% _ : ""z ;.
....Hﬁ‘oru such that [- ]~u'1 u.z- ."”H‘k. : :

Therefore, danoting vy v the set of all direct pmduetl of m
form X que X or u\uu wromnt mbmatruu ot N
g T My eee t By o v , _ | H“'

e may pass tmu (17) to

azy - - YLt an(E, )< cam{x P KS /...} |
and. since V. .ts nn.lte. d‘“‘n) u ﬂnito. ‘X‘hil ends th. pmr ot '
Si7AR Nov," we are golng to- di.ibuq“:s '[9].- 1n vhich thl . sélutm‘n‘. to

novdm-pmblem for some non-imucuﬂvo sontentul calcull was ;1- ¥
‘ene * As the title of [9] makes plain,” the p.p.r concerns tbo 50w
-callod dual counterparts of n-valued mxumm [ calouli, . ofy

'26), and [12), where L = (+yvy4s7) 1s the language of Lukaslewicz
salewd i and n>2, the nlculus dual to t‘u’ dkn. i,t o pofr.






48 : cmpn mu-mp o 1

' (19) n-tr"(ac )- w(un).

compare (16), Moreover, there is a one~to-one oomlpondam
 between matrices from HSP(ﬂh) and those from HSP(M.): For every
Mm (A, I ) e HSP(ﬂa) ond M, = (A,,. 1,) and for sny uu.. xr.x.,

o & Cny(X) .1.: and onlruna-(:nn (ax) s

(+) ' ’
' -u:chH(-nx) unnd on:lyu'aﬂ.‘m (x).
,whon qx denotes tlu set of onwlu rnulti.u from x by pmo-
ding each of its formulas by 5, In turn, let V, be the "natural®
counterpart of the set of pmﬁuct ntricu V uud on Pp. 46,
Then, using (19) and (+) one can prove that mr every n-n-tr“(dcn)
there is a matrix ud-v such th-t "d !4_. Comnquqnuy, (1_8‘)9.“
be improved to. ‘ AN

Ge _ d-(dt.n)- cm{u i xc "/.,}
_ and ainco V, is :nuta. d-(l.n) u tuuto.

~ The method of [9] ducrtbod in tm 1ut uquono- ot p-mnplu

. was also used to some extent in [8] to give a -characterization of

: nmgmnma of the so=called Lukasigwicz~1like ' mmm calous
14" "n' which are dotomuad by n-nluod I-ukulntoz utm»

ML with superdesignated logical values; 1 € I, 0 ¢ T, The main.

- result of [8] says that the degree ag uxmnty of any n-nlund
"m.auuoz.lne sentential celculus if tzuu- -nd -qun to the

- degree of uxhality ot tho oomlpoluuu u-nluod wmunqa
‘c.mu‘o X gl ol : LA R

’;‘,‘j"(u‘)‘ d-u.n) - ““‘n) cvuy uuto n>2. wuy Ist,,.
R e R i o L-’_'-uxmot_:,

Inhuab-tuct[ﬁj, uadnch ‘feproted briefly ' some re-

 sults of studies on pure hvlmuoml sentential caloull of m.., ;

| é“"lm:lcz. Gim 4 twto n)t. the t-nluul mkuhuu 1&11“-

- tional caleulus i¥. umm(uc‘,)m of the pue .‘
T inpucltional sentential m - (L’—v) and cf - °°n:'
vhm % 15 the apm.mm reduct’ os w wmmm tpix .
'-‘ ,un. : othm. _m eon. 104’ u{c J a. Mlmu tmm. Sy
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50 Moml lh'ul;mukl € |y
Step 4, Steps 2 aml 3 togcthor dmply that c" ig © the only-.A

!
atructural conseauence operation botweon ¢ and cz On the othor
hand, C, is meximal and therefore c,. c, and (.2 are all consistent

.;tmngthanings of ¢3, Thus, dm(C§) = 4,

45 early as in [27] Véjeic ki posed the follewing ocon-
Jecture: : : ol €2V Y

"(H) The degree of maximality of any atrongly finite sontontial ,

calculus is tinite.
/

Recall, of. [30], that a calculus S = (Ly C) is strongly finite
1f there is a finite set of finite matrices K strongly adequate to

‘Cy i.es such that C = c':ﬁ(.' Incidentally, it was proved in [25]

that the degree of completeness of a strongly ﬂ.n.l.to sentential
calculus is always finite. 3

The conjecture (H) appeared to ve not true-Tokarz suce
ceded [23] in constructing a strongly finite logic, whose degree
of maximality is infinite, more pxaqf,ly. he showed that the con=
sequence operation determined by the four-velued 'impiicatlonai-
~negational Sugihara matrix (INSA) has infinitely many . structural
strengthenings,. The basic Tokarz's idea was subsequently modified §
by VWrofiski, who in [32] have a similar oountaroxnmplo to
(H) by the use of a thne-clmnt matrix, From the two umlca,:.':_
Wroriski’s is much easier to describe, It runs as rollows: BT

Let A = ({0,1 2},~) ‘be an algebra of type (2),  whose binary
operation - is defined by the conditl.ons: 0:0'= 22 =2, 11 - | I

‘and x-y'= O otherwise. It is easy to see that B= ( [0,2}, *) is a-

subalgebra of A, In the sequel we ahall oonsidor the two utriou 4R
A-(A,{O}) BMB- (B.fO}). y
Far every n= 1, 2, wes deune 8 ut ot sequantul mlu o

R = {(x,a): (1) X is: a muu ut of touulal mut up tmn
: st most n_ untnnthl vari.abloa p1. sorp Ph,. %
(u) cn,(x)- 1.} A DGR | "

Subsequently. 1ot us pnt Qn - ‘“ cnﬁn(gn 15 tho stmﬂmun; ot' SR

! Cn, by the set of m:ln Bn)' Ono can prove that for lny n >1, e






sz
LT Ay uu-u".{-n.muuhn-mm such tm for

every be A, there is a rum;m I, mmblb h‘u m ﬂut
~fy(a) = b, thon Cnn u ulwst-uxiul. ; , b .

Amthqr critorion. vhioh. or!.;.tmuy, was ntatod urlm by Héa.
_cickl and Wrofski, can be tmtod as a com;.lary to M‘: :

-

AM, (Hédcloki-blmﬁam, w:pnuimd ). Let A“ hlvo no propor
7 subalgobra and lot ae AH Then Cn(AH {.“ h llmct-uxin.l

Notice that it a qonuquaneo oporation C is n-on-wm and
Clp) 4 #, then C is maximel, ‘Thus,’ any meximal sentential calcu-

. lus can serve as sn example of almost=maximal c.lqulus w.lth ‘the
degm of maximality 2. H.mny. tho tonowm thoom um to
be oz some 1ntorut: v -

. THEOREM 1. (Wrosski, unpuuum). u', u 1- atw-olmnt na= .
- trix, then CnM is nlmoat-uxunl R e O e R e

A proof or 'rheom 1 cen bc tound 1n [21].

+  Structural oomotmu. Givon a unuﬂtm HMO L. q m-
1¢ of inference R ot L is called g_t_mga; i nnd only AL .tor
every soquent x/u. /ci € R implies that *%/eq €eR for evox-y sn'bu
.stitution ee End(L), Where C is a conuqucuoo opcut.lon on Ly R
u called permissible in (@) if and only ' if for . a\mv Xl & u,
‘aec(p) whenever X ¢ C(#)s A untonthl oalculus S L- c). i P ~.
Atmcturally complete, ety [183. lnd qnly it wtlv stmotuul
ule which is permissible in C(#) is a rule of- Qo ' &P .

A very useful cutarion ot ntmcwm eoqlctmu n; gxun
byD. Makimom ; e T T A S N ‘

R e (ety L?]). '.- (g, c) u stxuqtuuny ooqnm u: m onxy: U

AL fof every structural oonuqumﬂq opomtm c' on L. c'm -

- c(p) nplios thlt c GC. : o a :

hsg ‘the dcgm of naxiuuty ln ‘.f'."f_. , g_p_quol g&- mla

wul bo d;.scuaud in two mnpln, nmly for n-nw :
calcu.u and tor n-valuad wn hpucattoml _Lukniwtc:- o.mn,
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(b)) »(Neog(#): N 15 @ submatrix of M and X & cn“(ﬁ)}

Given a finite n»2, one can casily vorixy that the purely
1@1.1.catior.a1 Lukasiewicz matrix MY has the following subtmatricess
ng. M 12 seey Mis In turn, one dakt also verify that

i C*<C:L1<...V<cg<c'."-_.l.'
b C (ﬁ) S Cn_-,(ﬂ) G eee § c2(¢) % c’(ﬁ) = L.

)hld.ng nn of Theorem 2, from the latter hm.luaion ve obtain that

m invariant system of cn must be equal to one of the . rouowin;
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