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ELEMENTS OF CONTROL THEORY APPLIED TO AN INVESTMENT
PORTFOLIO IN THE CAPITAL MARKET.
THE OPTIMAL TIME HORIZON FOR SELLING A PORTFOLIO

Abstract. The article presents a concept of capital managerior assembling investment
portfolios. Two optimization variants of a portilto be purchased are discussed. Portfolio | is
structural, using the ,traditional model”. To assgenPortfolio 1, elements of reliability theory
and the dynamic programming method were used. Tiedeaalso analyses the sale of a portfolio
with respect to the demand for financial instrursantthe capital market. The presented concept
dealing with rational investment decisions durirapsactions at the Warsaw Stock Exchange can
also be used by managers to create an effectiv®loiof financial instruments.
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1. INTRODUCTION

In optimising an investment portfolio in the capiaarket, not only is the
future rate of return is important, but also theeefiteness of the invested
capital. The latter criterion can be used to selecipéimal portfolio.

2. CONTROL PROCESSES

To develop a sound and effective investment styafi@gthe capital market,
the investor must be aware of various decision-ngakinethods that allow
maximisation of profits from the projected investment.

Let us assume that an investor hasSamount of capital at time (St)),
which decreases with successive purchases of postfim the capital market.
Hence [Pdsko 2000: 37]:
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e

pm (1)

where:
E(t) — the rate of capital depletion.

Let us now take investor’s utility functidd(E), the value of which depends
on the amount of capit&(t) consumed. This function is controlled by variable
E(t), because the investor can freely set the rataifad depletion ané&(t) has
an obvious effect on the amount §t). The problem of portfolio optimisation
can be presented as follows:

.

maxJ'U (E)e ™dt, for E(t) :%, (2)
0

where:

St) — the amount of capital,

R - the rate of return on the purchased portfolio,

S0) =S (S — the initial amount of capital),

T - the period under investigation.

Example

The amount of capital available to the invest@iven by a trend function:

S() =y + oy t— a,t 3

(hence,dig =oy - 2ot =—E(t)).

Assuming that the function estimated with historical dstae following:
S(1) =400+ 40— 4Q°
we have: S(0)= § =400, U(E)=[S - H}] — the initial capital decreased
according to the rate of depletion. By integratfugction U(E) in conformity

with the model of continuous capitalisation, the followprgsent value of utility
flow is obtained:
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TJ'U (E)e Rdt (4)
0

where:
R - the rate of return on the purchased portfolio.

Let us optimise the portfolio using a modified apgmh. For control
parameterf = 10%,T = 10,R= 10% andTl = 10 periods, the maximal present
value of utility flow is the following:

maxTJ'U (E)edt, (5)
0

where:

U(E) — the value of capital consumed by market traisas. Fort = 0
(i.e.the time when transactions are made), the vatde U(E) is
U (0)=400- 0= 40(. Hence relationship (5) should be interpreted as th

effectiveness of capital invested in the market ovee Tim

In simple terms, the maximisation procedure comeendmo calculating the
integer:

j400e R it= 400j e dt= ‘;00 e’ = ‘;00( goR_ = 4_20(1_ )

Under the assumed parameter valles (L0%,T = 10 periods), the present
valueK of a continuous flow of income (utility) is:

=%, 1(1 e %1% = 4000 (- 0,3679% 2528.units.

In optimising an investment portfolio, not only must the adteeturn on the
optimised portfolio be taken into account, but atke effectiveness of the
invested capitalThe latter criterion is also instrumental in chogsihe optimal
portfolio.

To understand the nature of the criterion, one nhestaware of the
occurrence of the conditional maximum problem, beeathe valueof

:
J'U(E)e’tht depends orR®, the amount of which represents the rate of return
0
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on the optimised portfolio (assuming that the ratm be determined for
maximised income or minimised risk at the expectad of return). When the
investor chooses an alternative optimal portfoliomhen a different expected
optimal rate of returnR) varying the present value of utility flow depemglion
T is taken, the amount oinvestor's capital also changes (increasing or
decreasing); the rate of capital depletk(t) is also likely to change over time.
The initial amount of capital and tinleare precisely set by the investor, which
reduces the range of possible solutions and liwitstrol over the portfolio
optimisation process

Let us evaluate the effectiveness of capital irecsh two alternative
optimal portfolios, which have been created usiraglstprices and rates of
return yielded by selected companies (specific esmlare provided in the
annexe).

Portfolio | created using ,a conventional” approddhjuga i Jajuga 1998],
contains the stocks of four companies (PKM, GTC, RInd WWL) in the
following proportions:

-1.336PKM + 1.714GTC + 0.673 RPC — 0.052 WWL.

By substituting the 11-month averages of the stqatises into the formula
(see Table 1 in annexe), the following value ofptbefolio at purchase (at= 0)
is obtained:

—1.336+124.2 + 1.714 + 166.3 + 0.673 » 22.0 — 0.052 » 155.5 = 125.8

In evaluating the effectiveness of the investeditahpthe possibility of
short selling should be taken into account. If thet©f the transaction was 1.7
units, the investor would spend 124.1 units from their owouees.

Portfolio 1l [Tyminski i Zawilak 2008] consists of the stocks of three
companies (GTC, RPC and WWL) in the following prdmors: 0.9; 0.1; 0.0.
Hence

0.9GTC + 166.3RPC + 0.0WWL
In this case, the investor will spend:

0.9¢166.3+0.1+23.0=151.9

L A state variable is an argument of the objectivecfion (i.e. a time function). A state can
be changed only indirectly (see®®&o [2000: 36]). In the presented analysis, theestariable is
the amount of capital used to purchase a portfio the control variable is the rate of return on
the optimized portfolio.
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For the first portfolioR = 15% and for the second portfoligy = 9.57%
[Tyminski i Zawislak 2008]. According to the proposed concept, thewarnof
capital increase in the respective optimised portfdsahe following:

10
Portfolio I: j 124,28 dt= 642, wnits,
0

10
Portfolio II: j151, @098 gt— 978, units.
0

The results of the evaluation allow a more profgtortfolio to be selected.
They point out that portfolio II should be prefairdbecause of the higher
productivity of capital allocated to its purchasbe objective function is a model
of continuous capitalisation that shows the preseatue of income flow.
The model can easily be modified by replacing theoeential function
f(t)=e ™ with a logarithmic function, a power (radical) ajugre function,
etc., in accordance with the investor’s utility fuoati In this case, the procedure
proposed for assessing whether the choice of amalgportfolio was right may
also be used to establish how practical a projeted of investment is (bank
deposits, real estate, a factory, etc.).

To ensure that investment decisions in the capitalket are optimal,
the best time for selling a portfolio must also be estimated

3. THE OPTIMAL TIME FOR SELLING A PORTFOLIO - T®

One aspect of the decision-making process may besétte of a stock
portfolio in the capital market. To this end, theimat sale timet® must be
determined, i.e. the most advantageous moment for migirg income
represented by net present valgt)). Let the time-varying market value of the
portfolio be denoted a®¥\/(t) and the present value &¥(t)e™, where W)
stands for a specific amount of income (utility) for titne

In estimating the portfolio value, investors mushgider whether waiting
for the optimal sale timet9) will not deprive them of profits because of the
unavailability of other sources of income such askbdeposits. The investor
could earn an alternative incomsgif the amount of W could be invested in
periodst. Therefore, the opportunity cost given by ritetands for a rate of
return on alternative investments and it is a aortstiow, the rate of which is
ke* (a= R-sis a constant parameter that does not depend @nltimonly on
the rate of returrR). Then the total present value of opportunity caster
T periods is:
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K(t) = Tfkea e dt (6)

A single amount of capital spent to purchase afglastcan be considered
to represent the opportunity cost of an alternaiiveestment(e.g. a bank
deposit). It can also be assumed that the amoumt spethe portfolio is an
alternative cost (A). Hence the optimisation model:

maxN (t)= rqa{w tet- ] ké e® dt % (7)

To find a portfolio maximising the present net \wluhe extreme of
functionN(t) must be calculated. Therefore:

maxN (t)= rp&a{{w (t)r%} e‘R‘—k—I_f— A} (8)

In maximisingN(t) we need to find such a valuet8fthat:

dN(t)

1) the derivative? equals zero (a necessary condition for the extreme

to occur); in other words, the following equality must tplace:
W' (t®) = RW(t®) + ke? 9)

wheree ™ always takes a positive value.
2) N"(t®) <0 (a sufficient condition for the maximum to occumfich is
equivalent to the following inequality:

W" (t®) - 2RW' (t®) + RAW(t®) + Rké < 0

The potential sale value of the portfolio may also be expdess:

W(t°) = ke™ (10)

where ke denotes a greater opportunity cost of capital ciitathto the
portfolio. According to (10)W(t) depends on the rate of retuR time t and
a positive constaniy that represents change in the portfolio’s rateedfirn at
t=0, 1, 2,..,T. Let us notice that fot = 0 we haveN(0)= 0 (because
W(0)= A, see formula (7)). This means that the sale value qfortfolio
(i.e. return) is equal to the amount of the initial investime



Elements of Control Theory Applied to an Investment 173

Another aspect that an investor planning the shtheair portfolio needs to
take into account is the market situation. The best for selling a portfolio is
when the transaction is likely to bring maximumffiso To estimate the amount
of maximum profits that could be realised by sellgtocks at the optimum time,
function (10) should be substituted into formulg. (&fter transformation,
we have:

ke’ - bR=kbR&Y + ke (11)
or
t? :é(a—ln R(b-1) forb>1 (12)

Example

Let us consider our problem with two optimised portfolicand I1). In both
cases the alternative investment is bank depdstsus assume that the long-
-term interest on the deposits is 6%.

Ris 15% and 9.57% for portfolio | and Il respectivefor both portfolios
the values of parameteasandb must be calculated. Paramedgs derived from
formulaa=R- s soa =0,09anda, =0,0358

Parameterb is a measure of variations in the portfolio effieamess
understood as a pace of change in the rate ofhretyg, (or, in algebraic terms,
in the rate of relative change in the cumulativetribution functionf(R) with
respect td-(R)).

As regards portfolio |, stocks of companies PKM andlvVL should be
omitted from further analysis, given that they were obthine short sale.

The trend in the value d¥(R) is identified by carrying out extrapolation
with polynomials of order 3. The values bfare derived according to the
proportions of stocks of the companies used in the asalysi

The F(R) function for GTC and RPC stocks is respectivekge(Table 2 in
annexe):

F(R)gre = 0,21850+ 0,02732B+ 0,0005F6-  0,00001%,

F(R)gpe = 0,329938 0,0467758+ 0,000685

For portfolio | (optimised in the traditional manhea rate of change in the
cumulative distributive function is calculated:

f(R
Ve Ry = % = 0137(Rerc = 10.07%),
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for
7F(R)RPC = 0147 (RPRC: 516%)

Considering the structure of stocks in portfolio I, we mbta
Ve (portey = 0.127-1.714+ 0.147-0.673= 0.3166(=by) .
For portfolio 1l (optimised using the bi-criteriaoakelling approach), we have:
Ve Ryl (portiey = 0127-09+0147-01=0129(=by, ).
Let us notice thab depends on three factorg; g, the structure of the

portfolio and time ). Henceb = b'xt. After transformation, formula (11) can be
written as:

ke"RCR(b't - 1) = ke?.
By substituting specific values into formula (12), we obta

1241e°31%°9%° . 015(0.3166° —1) =12416°*.

By solving this equation, we arrive at the optimuime for selling
the portfolio 1:t° = 6.4 (months).

For portfolio Il, we have:

1519e%129.00958 5 09590129 ° —1) = 1519,

In this case, the optimum selling time horizorjis=14.4 months.

The value oft® arises from the particular market situation deteea by
the values ofR, b anda. It is noteworthy thak = zero is a boundary on the
positive effectiveness of capitéd and a negative value & points in the
presented model to a declining market value oftahphn this case, the investor
should opt for another investment, e.g. a bank deposit.

4. SUMMATION AND CONCLUSIONS

Under the assumed criterion m&¥{® )}, portfolio Il is more profitable in
a longer term. Two factors play a decisive role: th&e of return R) and
the measure of changes in portfolio effectivendys The faster their values
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grow, the shorter the optimal time horizon in whibtle portfolio can be sold
(i.e. the investor needs less time to achieve a returnednvhstment).

However, a shorter period after which the portfidicold carries a greater
risk that the transaction will be less profitable.

The presented analysis corroborates a generathadnigher profits involve
greater risks. It must be stressed, however, ttadttp from reinvestments that
the investor might realize by having the investagdital back after a shorter time
have been omitted from the analysis, likewise ffectiveness of short sale
in portfolio I.
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Jerzy Tymiski

ELEMENTY TEORII STEROWANIA ZASTOSOWANE DO PORTFELA
INWESTYCYJNEGO NA RYNKU KAPITALOWYM. OPTYMALNY MOME ~ NT
SPRZEDAZY PORTFELA

W artykule przedstawiono koncepcgterowania kapitalem w procesach nabycia portfeli
inwestycyjnych. Nabywany portfel zostat zoptymalismy wedtug dwoch wariantow. Portfel |
wyliczony zostat przy zastosowaniu metody tradyeyjriPortfel 1l skonstruowany zostat z wy-
korzystaniem elementow teorii niezawodcioi metody programowania dynamicznego. Artykut
zawiera rownig analiz odsprzeday posiadanego portfela w aspekcie popytu na insriyn
finansowe na rynku kapitatowym oraz wyznaczenikarajystniejszego dla inwestora momentu
tej transakcji. Przedstawiona koncepcja dadgazracjonalnych decyzji inwestycyjnych w transa-
kcjach na Gietdzie Papierow Wastiowych w Warszawie me@ by stosowana przez mene-
dzeréw przy okrélaniu efektywnego portfela instrumentéw finansowych

Stowa kluczowe:sterowanie, optymalny moment, sprzegartfela.
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ANNEXE
Table 1. Prices of stocks of selected companies listedS& W
Price (PLN)

1June| 1Jduly | 1Aug. | 1Sept.| 10ct. | 1Nov. | 1Dec. 1Jan. | 1Feb. | 1 March| 1 April

2005 2005 2005 2005 2005 2005 2005 2006 2006 2006 2006
IAPL 3.12 3.10 3.00 2.96 2.89 2.63 3.52 4.02 4.42 6.60 6.15
BDX 4550 46.90/ 43.00| 43.30[ 40.00| 40.00| 36.00f 38.00| 45.00| 45.00( 46.80
GRJ 2249 21.85| 22.30| 21.30| 26.40 27.50| 34.70| 35.10/ 37.00{ 35.70| 38.00
GTC| 114.30 112.00{ 122.00| 135.00| 144.00{ 136.00| 145.00| 172.00| 203.00| 260.50| 286.00
INT 10.21 9.70 11.70 11.65 11.15 9.90 18.10 18.90 27.90 28.00 30.20
JTZ 69.50| 70.00| 74.20| 79.00| 81.90 74.90( 75.00| 86.50| 77.00[ 29.10| 73.80
KRS 11.20 12.00 10.50 8.45 8.90 8.00 7.60 7.95 8.00 7.00 7.25
PEO 141.90 143.50| 150.50| 163.50| 181.50| 157.00| 176.00| 174.50| 173.30| 188.50[ 190.50
PKM| 100.35] 99.00/ 111.50| 116.00| 116.00| 123.00| 127.50| 136.50| 140.00| 149.00| 147.50
RPC 16.90 18.55| 20.80| 20.30| 20.20 21.00f 20.80| 24.40| 25.50( 26.00| 27.50
ISKA 25.65| 27.30| 24.60| 24.50| 22.30 23.30| 25.20| 26.60| 28.00f 27.60| 29.80
WWL| 118.75] 119.50| 120.00| 122.50| 139.00| 136.00f 150.00{ 168.00f 171.00| 232.00| 234.00
IWIG |29539.21{28308.71)30408.01{31479.57|33898.06{31937.43|34012.14 35466.39| 37423.17| 3902590|40199.06|

Source: developed by the author based on data derived feofRARKIET” periodical.
Table 2. Rates of return on for 10-month periods
Monthly rates of return on stocks (from 1 June 2005 to 1 March 20D6;
Rate of | Rate of | Rate of | Rate of | Rate of | Rate of | Rate of | Rate of | Rate of | Rate of E;(aazcé?c
returnry | returnr, | returnrg | returnry | returnrs | returnrg | returnr; | returnrg | returnrg | returnryo returnr;

APL -0.64 | -3.23 -1.33 —2.34 -9.00 33.84 14.20 9/95 49.32 —6.82 8.39
BDX 3.08 | -8.32 0.70 —7.62 0.00 -10.0p 5.96 18.42 0/00 4.00 .58
GRJ -2.46 2.06 —4.48 23.94 4.17 26.18 1.15 5/41 -3.51 b.44 5.89
GTC -2.01| 18.75 1.50 6.67 -5.56 6.62 18.62 18J02 28.33 b.79 10.07
INT -5.00 | 20.62 -0.43 -4.29 -11.21 82.43 4.42 47162 0.36 1.86 14.28
JTZ 0.72 6.00 6.47 3.67| -8.5 0.18 15.33 -10/98 -10.26 6.80 0.93
KRS 7.14 | -12.50| -19.52 5.3 -10.11 -5.00 4.61 0j63 -12.50 B.57 +3.84
PEO 1.13 4.88 8.64 11.01 -13.50 12.10 -0.85 —0169 8.77 1.06 3.25
PKM -1.35 12.63 4.04 0.00 6.0 3.6p 7.06 2.56 643 -1401 4.01
RPC 9.76 12.13 —2.40 -0.49 3.96 -0.95 17.81 4151 1.96 b.77 5.16
SKA 6.43 | -9.89 -0.41 -8.99 4.4 8.15 5.96 5.6 -1{43 7.97 72
WWL 0.63 0.42 2.08 12.47 -2.14 10.2p 12.90 1.79 35]67 a.86 .51
WIG -4.17 7.42 3.52 7.68 —5.7¢ 6.5p 4.28 5.52 428 301 3.23

Source: developed by the author based on data derived feofRARKIET” periodical.



