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Abstract: The issue of conducting multiple statistical tests on the same dataset is
widely discussed in the statistical literature. As the number of hypothe-
ses tested increases, so does the probability of committing a type I error.
The aim of this article is to present a proposal for a permutation test that
allows for testing the significance of the relationship between k variables
as a whole. The application of this test yields a single hypothesis test,
allowing the type I error to be controlled at the accepted significance
level a. The article ends with an empirical analysis based on data from
2014 to 2023. For the years 2014-2017, the existence of statistically sig-
nificant dependencies were confirmed for a set of three variables (gini
coefficient, GDP per capita and unemployment rate).
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The Significance of Dependency for a Set of k Variables

1. Introduction

In economical, social, medical studies and other disciplines, there is a need to perform multiple
comparisons across groups simultaneously. The performance of many simultaneous statistical
tests is connected with the multiple hypotheses testing problem. With each successive verified
hypothesis, the probability of committing a type I error increases, which consists in rejecting
the true hypothesis H . Various methods have been proposed in the literature to address this
issue, including the Bonferroni and Holm methods. This article aims to verify the significance
of the dependency of k variables, considering the dependency of a set of k variables, not vari-
ables individually.

Existing dependencies between individual variables may not be significant, but a set of k vari-
ables as a whole may create significant dependence. An empirical analysis using the proposed
method was conducted for macroeconomic data taken from the Eurostat database (Gini coeffi-
cient, GDP per capita, and unemployment rate).

2.  Significance of Pearson’s Linear Correlation Coefficient

The verification of the significance of the dependency between two variables is based on the Pear-
son linear correlation coefficient test. The null hypothesis Hy : p = 0is verified against the alter-
native hypothesisH; : p # 0(p > 0or p < 0). For samples taken from a population with a two-di-
mensional normal distribution with a size of n < 100, assuming hypothesis H, the test statistic
(Fisher, 1925) decribed by formula (1):

tzl—_ﬂ\/n—2 (1)

has a Student’s t-distribution with n - 2 degrees of freedom.

In Table 1, the minimum value of Pearson’s linear correlation coefficient is presented, which
leads to the recognition of dependence as a significant one for a given sample size, at a given
significance level a.

Table 1. Critical values r, for given n and «

a

5 0.01 0.05 0.10
5 0.9587 0.8783 0.8054
10 0.7646 0.6319 0.5494
15 0.6411 0.5139 0.4409
20 0.5614 0.4438 0.3783
27 0.4869 0.3809 0.3233
37 0.4182 0.3246 0.2746
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a
n
0.01 0.05 0.10
47 0.3721 0.2875 0.2428

Source: own elaboration based on Krysicki et al., 1999.

3. Typeland Type Il Error

The verification of statistical hypotheses is intrinsically linked to the possibility of making an in-
correct decision. In the process of hypothesis verification, a distinction is made between two
types of errors: type I error and type II error. The first one involves rejecting the null hypoth-
esis when in fact it is true. The type Il error is an error made when it is said that there are no
grounds for rejecting the null hypothesis when it is false, and thus it is an error consisting in fail-
ing to detect a given effect. Danel (2016) states that it is more disadvantageous to reject the null
hypothesis when it is true - that is, to commit a type I error.

With type I error, the concept of test size should also be taken into account. The test size is
defined as a maximal (real) probability of rejecting the true null hypothesis (Holm, 1979). A sin-
gle statistical test, when certain assumptions are met, ensures that the test size will not exceed
the assumed significance level a. Differently, it is in the case of multiple hypothesis testing.

In practice, researchers can often encounter multiple hypothesis testing. It involves per-
forming multiple tests on one dataset. Then the probability of making a type I error increases
with each subsequent test (Danel, 2016). It is much more common for the true null hypothe-
sis to be incorrectly rejected.

In studies, it is usually assumed that the maximum risk of rejecting the true null hypothesis
can be equal to 0.05. The probability of committing one or more type I errors (rejecting at least
one true null hypothesis) while performing multiple comparisons (k tests) can be described with
aformula 1 — (1 — )", where « is a significance level (Zar, 2010). In the case of performing 14
tests, the test size exceeds 0.5.

4.  Selected Methods for Controlling Type I Error in Multiple
Hypothesis Testing

Many methods have been developed to allow to control the type I error. Some of those are Bon-
ferroni, sequential Bonferroni-Holm, Tukey, and Hochberg methods (Danel, 2016; Verma, Ab-
del-Salam, 2019).

In the Bonferroni method (Shaffer, 1995), the significance level a and the number of per-
formed statistical tests k must be defined. Each p-value obtained during hypothesis testing
has to be compared to % value (Bonferroni correction). If the p-value is less than or equal to
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g, the decision is made to reject the null hypothesis. Otherwise, there is no ground to reject
it. The Bonferroni method is conservative, which means that using it makes it harder to obtain
a statistically significant result.

The Bonferroni-Holm sequential method is a modification of the Bonferroni method and is
a less conservative alternative. Testing n hypotheses is being considered. For each of the hy-
potheses Hyy, Hyo, . . ., Ho, p-value is assigned (Holm, 1979). P-values are sorted in an increasing
order. The smallest p-value is compared to ﬁ_ Ifp < %, H, is rejected in favour of H;. Other-
wise, there are no grounds to reject the null hypothesis and the algorithm stops. No significant
effects (differences, dependencies, etc.) are found for the remaining hypotheses. If the null hy-
pothesis is rejected in favour of the alternative hypothesis, the next smallest p-value is selected
for comparison. Its value is considered with #ﬂ value (where i is the iteration number).
The algorithm is performed until the stop criteria are met or until the last hypothesis is rejected.

5. Simultaneous Verification of Dependencies for a Set
of k Variables

In multiple hypothesis testing, a specified number of hypotheses are tested in a sequence. Sta-
por and Konczak (2025) have proposed a method that allows the type I error to be maintained
at a predetermined level a. To achieve this goal, they used a sequence of permutation tests.
In this proposition, based on a given solution, the goal is to state using only one test whether
there are any dependencies among k variables. Each relationship is not considered separately,
but rather the significance of the dependency within a set of variables. The aim is to determine
whether certain relationships exist in a given set of variables.

The proposed method refers to the verification in the permutation Fisher-Pitman model
(Konczak, 2020). Berry, Johnston, and Mielke (2014; 2018), and Berry et al. (2021) indicate that
these methods are suitable for analysing data that are not necessarily random samples taken
from a specific population. Further differences include no dependence on assumptions related
to parametric tests, such as normality or homogeneity of variance, and the possibility of using
it with non-random samples, which are so common in many studies. Moreover, Koniczak (2016)
describes permutation tests as those that depend only on the observed data and emphasises
their usefulness in studies with small samples.

To verify the significance of the dependency for the set of k variables (X, X,, ..., X)), a test
is proposed based on a correlation matrix R. In the case of independent variables, this ma-
trix is the identity matrix I. The algorithm of the proposed test was described for the case
in which dependencies are examined in a set of k variables as follows (Efron, Tibshirani, 1993;
Good, 2005):

Formulating hypotheses and setting a significance level a.

Hy : p = I (variables are independent),
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H; : p # I (there are dependencies between variables)

where:
p - correlation coefficient matrix
I- unit matrix

1 pi2 - puk 0
par 1 . P2k 0

p= 1=
Pr1 Pr2 - 1 00 ---1

Choice of the test statistic T (specified by formula 2).

TZE > Iril, (2)

i—1 j=it1
where:
ri- linear correlation coefficient for variables X, X,6,7=12,...,ki <]

Calculation of the test statistic value T for the original dataset N-times (N = 1000) permu-
tation of variables (assuming HO) and calculation of the test statistic value for each permuta-
tionT;(: = 1,2,...,N).

Calculation of the ASL value assessment described in formula (3):

card{i : T; > T}

ASL = Py, (T > Tp) ~ =

(3)

6. Making a decision
6.1. Multiple Dependency Testing — Empirical Analysis

In the analyses, one of the variables considered will be the Gini coefficient, a measure of income
inequality. They are defined as unequal incomes of individuals and groups within one society.
Income inequalities can be significant, which is undesirable. Highly unequal incomes can be-
come a source of social unrest and a sense of injustice, leading to protests or rebellions against
the authorities. At the other end of the spectrum, equal incomes for all - although an unrealistic
situation - or low levels of income inequalities are also not expected. In such conditions, a sense
of injustice may also arise - after all, every profession is different and has a different level of re-
sponsibility and risk - as well as stagnation, and reluctance to become more involved or to be-
come an employee in certain professions. There is no optimal level of inequality. In principle,
however, the aim of state policy is to reduce it.
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A level of income inequality can be presented graphically by constructing a Lorenz curve
(Figure 1). The OX axis shows the cumulative percentage of the population (households)
and the OY axis presents the cumulative share of the i-th group in total income (Bellu, Libe-
rati, 2005). The curve is created by connecting points with coordinates on the OX and OY axes.
The closer the line is to a diagonal of the square formed (the egalitarian division line), the lower
the level of income inequality.

Figure 1. Lorenz curve
Source: own elaboration.

The Gini coefficient is used to measure the level of income inequality. It takes values from 0
to 1. The higher the index value (closer to 1), the greater the income inequality. The closer the in-
dex value to 0, the lower the inequalities. Zero describes a state in which incomes in groups are
equal. The formula (4) presents how to calculate the Gini coefficient (Przekota, 2021):

a

G = pa 0,1], (4)

where:
a - the area under the egalitarian distribution curve (perfect equality) and the Lorenz curve,
b - the area under the Lorenz curve.

The Gini coefficient is a measure calculated on the basis of income or consumption ex-
penditure (Haddad et al., 2024). In the following section, empirical analyses consider the Gini
index based on equivalent disposable income. Equivalent disposable household income is de-
fined as total income after tax and other charges, divided by comparable household size. It
can be allocated to savings and expenditure on consumer goods and services. Household in-
come is understood as the individual incomes of household members and the income allocated
to the household. In order to determine the comparable size of the household, the following
weights (Eurostat, n.d., Glosary...) are used:
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1) 1 - the first adultin a household,
2) 0.5 - every other adult and a person aged 14 or over in a household,
3) 0.3 - each kid aged less than 14 in a household.

Assigning weights and summing them up allows to depicture differences in the size and com-
position of a household, enabling comparisons to be made, and in this case, comparable equiva-
lent disposable income to be determined, and then on its basis, the Gini index to be calculated.

In the preliminary analysis of dependency of variables, there can be a question asked whether
there are some significant correlations. To do this, the dataset from the Eurostat database (Eu-
rostat, n.d., Database) was created, consisting of the five following variables.

1) country,

2) year,

3) gini - the Gini coefficient calculated on the basis of equivalent disposable income [in per-
centage],

4) unemploy - unemployment rate [in percentage],

5) gdp - GDP per capita [in USD].

The following figures show the development of the level of income inequalities (Figure 2),
unemployment rate (Figure 3) and GDP per capita (Figure 4) in the European Union countries
in 2023. The highest income inequalities occurred in Southern European countries (Bulgaria,
Portugal, Spain, Italy and Greece), and Lithuania, Latvia and Estonia as well. On the other
hand, some of the lowest inequalities were noted in Slovakia, the Czech Republic, Belgium,
and Poland.

Figure 2. Income inequality in the European Union in 2023
Source: own elaboration based on data from Eurostat, n.d., Database.
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In terms of unemployment, Greece and Spain had the highest rates, while Central European
countries (Poland, the Czech Republic and Germany) as well as the Netherlands had the lowest.
This seems to be determined by geography.

Figure 3. Unemployment rate in the European Union in 2023
Source: own elaboration based on data from Eurostat, n.d., Database.

The highest GDP per capita was recorded by Luxembourg and Ireland. At the same time, Fig-
ure 4 shows that Eastern European countries form a group of countries with the lowest GDP per
capita values. Bulgaria recorded the lowest value.

The scatterplot matrix (Figure 5) was created from the presented variables. There was
anegative linear correlation between the Gini coefficient and GDP per capita. The same was true
for GDP per capita and the unemployment rate. A positive linear correlation was observed be-
tween the Gini coefficient and the unemployment rate. None of these correlations was strong.
They were weak, and one of them was moderate at best. This is important for the proposed
method due to the fact that none of the considered correlations would be recognised as statis-
tically significant using a parametric test (even if the method’s assumptions were met).
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Figure 4. GDP per capita in the European Union in 2023

Source: own elaboration based on data from Eurostat, n.d., Database.

Figure 5. Gini coefficient, GDP per capita and unemployment rate in the European

Union countries in 2017
Source: own elaboration.
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Correlation coefficients between the considered variables in 2014-2023 (Table 2) confirm

this view. The majority of these dependencies are weak or moderate at best. With 27 EU coun-
tries and 0.05 significance level, the Pearson linear correlation coefficient would be considered

statistically significant if it were at least 0.3809. In Table 2, this would only be four positions.

Table 2. Pearson’s linear correlation coefficient between the Gini coefficient, GDP per

capita and the unemployment rate in 2014-2023

Pearson’s linear correlation coefficient
Year Gini - GDP per capita _ u:e]ﬁ,pq(e);g(frf :‘:'ate Gini - unemployment rate
2014 -0.385 -0.377 0.487
2015 -0.382 -0.312 0.376
2016 -0.318 -0.274 0.423
2017 -0.283 -0.264 0.356
2018 -0.188 -0.209 0.291
2019 -0.188 -0.169 0.276
2020 -0.167 -0.186 0.312
2021 -0.280 -0.197 0.275
2022 -0.243 -0.240 0.302
2023 -0.185 -0.212 0.321

Source: own elaboration.

In empirical analyses, the proposed permutation test was used to analyse dependencies

among the variables gini, gdp, and unemployment for the years 2014-2023 (27 European Union
countries). Estimated ASL values were presented in Table 3. Correlations for the years 2014-

2017 were statistically significant, but not for the other years.

Table 3. Estimated ASL

Year Estimated ASL
2014 0.000
2015 0.005
2016 0.015
2017 0.029
2018 0.139
2019 0.205
2020 0.149
2021 0.102
2022 0.077
2023 0.117

Source: own elaboration.
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Analysing the year 2017 is especially interesting. Correlations between the following vari-
ables: Gini index (var. gini), unemployment rate (var. unemploy) and GDP per capita (var. gdp)
were calculated. Results were presented in a correlation matrix (Table 4). None of the cor-
relations would be considered significant using a t-test of significance (with a sample size n =
27, the critical value r, = 0.380).

Table 4. Correlation matrix for three variables

Correlation gini unemploy gdp
gini 1 0.356 0.283
unemploy 0.356 1 0.264
gdp 0.283 0.264 1

Source: own elaboration.

In order to verify the hypothesis Hy : p = I against H; : p # I, the proposed method was
used. The empirical distribution of T; statistic was obtained (Figure 6). The value of T} statis-

tic is marked in red.
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Figure 6. Empirical distribution of T statistic

Source: own elaboration.

Estimated ASL was equal to 0.029. It was less than the assumed significance level a. The null
hypothesis is rejected in favour of the alternative hypothesis. There are certain dependencies

between the variables.

7. Conclusions

In the article, a method was proposed for verifying the significance of dependencies among a set
of k variables. The proposed method uses a permutation test and provides type I error control
atthe alevel. A Monte Carlo study was used to estimate the ASL, and the calculations were based

on proprietary procedures implemented in R.
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The proposed method was used to verify the statistical significance of dependency for a set
of three variables: gini coefficient, GDP per capita and unemployment rate. Analyses were con-
ducted for 27 European Union countries for the years 2014-2023. The existence of statistically
significant correlations was confirmed for the years 2014-2017. In particular, in 2017, none
of the individual correlations were significant (even if the assumptions of multivariate normal-
ity were met), but the set of three variables showed statistically significant dependencies, not
random ones.

The proposed method allows to verify existing dependencies for a set of k variables. It is
a different way of looking at the issue of multiple hypothesis testing and constitutes an extension
of statistical methodology. This method can be particularly useful for initial analyses and re-
search focused on the occurrence of dependencies within a larger set of variables.
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[stotno$¢ zaleznosSci dla uktadu k zmiennych

Streszczenie:

Stowa kluczowe:

Zagadnienie przeprowadzania wielu testéw statystycznych na tym sa-
mym zbiorze danych jest szeroko opisywane w literaturze statystycznej.
Wraz ze wzrostem liczby weryfikowanych hipotez ro$nie prawdopodo-
bienistwo popetnienia btedu I rodzaju. Celem artykutu jest przedstawienie
propozycji testu permutacyjnego, ktory pozwala na sprawdzenie istotno-
$ci zalezno$ci uktadu k zmiennych jako cato$ci. Zastosowanie tego testu
prowadzi do weryfikacji tylko jednej hipotezy, co pozwala utrzymac kon-
trole btedu I rodzaju na przyjetym poziomie istotnos$ci a. Artykut koniczy
empiryczna analiza oparta na danych z lat 2014-2023. W latach 2014-
2017 potwierdzono istnienie istotnych statystycznie zaleznosci dla ukta-
du trzech zmiennych (wspo6tczynnik Giniego, PKB na mieszkanca i stopa
bezrobocia).

testy permutacyjne, poréwnania wielokrotne, zaleznos¢, istotnos$¢
statystyczna
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