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1. Introduction

The problem of option pricing is one of central issues in financial mathematics. As a Euro-
pean call option, we understand the right, without the obligation, to buy a stock on a par-
ticular date T (the expiry date) for a guaranteed price K (the strike price). The strike
price is determined at the moment ¢ = 0. The holder of a call option has to pay a premi-
um for getting this right (the option price).

The following definition presents a European call option.

Definition. A European call option is a pair (T,CT) where T >0 and C, () R, >R
is the function:

s—K if s>K

_ for some K €fR, .
0 ifs<K

€ (5)=(s-#) =

In 1979, Cox, Ross and Rubinstein (Cox, Ross, Rubinstein, 1979) presented a dis-
crete time option pricing formula (CRR model). They assumed that changes in the up-
per and lower stock prices are the same at each point in time, and they got the following
possible changes of the stock price:

Sy =5,

S,=u-S, jorS,=d-S, ,1<t<T,teN,

t-1

where:

T is a fixed natural number of short period (the expiry date),

t is the number of the present point in time,

s, is a positive constant (the stock price at the moment 0),

u is the upper stock price change during one short period,

d is the lower stock price change during one short period.

Cox, Ross and Rubinstein (1979) proved the following theorem describing option
pricing:

Theorem 1.1. CRR option pricing. In the CRR model, the fair price C, (SO) at the mo-
ment 0 of a European call option with the expiry date T and the strike price K = s,u'ed”
for a certain k, =0,1,..,T is given by:

Co(so)zsoD—f—TD , (1)

where:
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lnﬁ—T-lnd . R
S, « r=d .« u-r — ~u - .d
k, = ,P=p —,9=9q —,
u—d r r

0 (uj 'p:u—d’q:
In| —
d

r is the value of one unit of money in a bank account at the time t = 1.

Moreover, it is assumed that: 0<d <7 <u (Jakubowski, 2006).

Remark 1.1. The formula (1) is not dependent on the correlation between the upper
and lower stock price change.

Cox, Ross and Rubinstein (1979) have proven that their formula converges to the fol-
lowing Black-Scholes formula (Black, Scholes, 1973) when the number of moments of port-
folio change between the moment 0 and the expiry date T is large:

Theorem 1.2. Black-Scholes option pricing. The time 0 fair price C;’ (s, ) of a Eu-
ropean call option with the strike price K and the expiry date T in the Black-Scholes mod-

2 2
In;{°+T[r+(;j X 1nj§+T(r—Zj
Cgs (So)=50¢ - ¢

oT e’ o~T ’

el is given by:

where ¢() is the cumulative normal distribution function.
Black and Scholes (1973) considered a continuous-time market in which the stock
price S(t) at the time t is defined as:

2

S(t):so.exp[(y—%jt—i—dwt], t>0,

where W, is a Wiener process, s, >0, 0 >0 and u are constants, s, is the stock price
observed at the time 0 and o is the volatility. Moreover, the instantaneous interest rate
r >0 of a bank account is also assumed to be constant (Jakubowski, 2006).

The literature on option pricing is abundant and presents the CRR model (Hull, 1998;
Shreve, 2004; Elliot, Kopp, 2005; Jakubowski et al., 2006; Musiela, Rutkowski, 2008;
Capinski, Kopp, 2012), the CRR model with transaction costs (Cox, Rubinstein, 1985; Stet-
tner, 1997), the estimate of the rate of convergence of the CRR formula to the Black-Scholes
formula (Walsh, 2003; Ratibenyakool, Neammanee, 2019), modified CRR models (Rend-
leman, Bartter, 1979; Rachev, Ruschendorff, 1994; Karandikar, Rachev, 1995; Rubinstein,
2000; Jabbour, Kramin, Young, 2001), and its asymptotic formulas (Heston, Zhou, 2000;
Diener, Diener, 2004; Leisen, Reimer, 2006; Chang, Palmer, 2007; Joshi, 2010; Xiao, 2010).
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In chapter 2.6 of the paper entitled Financial Markets in Continuous Time (Dana, Jean-
blanc, 2007), there are similar assumptions for the possible upper and lower stock price
change to the one presented by the author, however, there are different transformations
of random variables used.

The aim of the article is to show the proven formula for option pricing in the gener-
alised Cox-Ross-Rubinstein (CRR) model (Fraszka-Sobczyk, 2014; 2020) and to calculate
limiting cases of this formula’s asymptotics, which is the Black-Scholes type formula, us-
ing probability theory. The next objective is to compute these limiting cases based on real
data from the Warsaw Stock Exchange and check if the same limits will be obtained.

The proposed generalised CRR model assumes that the expected value of the random
variable In(S(n)/s,) is p, p€R (S(n) is the stock price after n moments of portfolio
change during one time unit, s, is the beginning stock price). This assumption
E[ln S(n)/ SO] =p gives the following formula for stock price changes u, and d,:

1 1 2/’% IR SR
=g Vn -ep;, where o is the standard deviation of In(S(n)/s,),

n is the number of moments of portfolio change in each time unit. In the known CRR
1
-

model, the possible stock price changes u_and d, are given by formulas: u, = e and

1 o
dn:_:e \/E
u

n

. These formulas are the consequences of the following assumptions:

E{ln@} =0. The famous CRR formula for option pricing is given according
0

to the risk-neutral measure. By contrast, in the proposed generalised CRR model, the ex-
pected value of the random variable In(S(n)/s,) o is calculated according to the meas-
ure of probability based on historical data. This measure makes the difference between
the presented generalised CRR model and the CRR model. The starting point for both
models is the assumption that probabilities of the upper and lower stock price changes
are the same and they equal 0.5. The presented generalisation of CRR model involves
the coefficient o which describes the tendency for stock price changes in the financial
market. In comparison to the CRR model, this assumption reflects reality. An investor
(a holder of a call option) observes stock price changes and defines the coefficient p.
Then the investor decides to buy or not to buy a call option.

The paper consists of five parts. The second section describes the generalised CRR
model: its assumptions, option pricing and the limit of option pricing (the Black-Scholes
type formula). In the third section, there is an analysis of limiting cases of the Black-Scholes
type formula. The author also demonstrates limiting cases when the coefficient p is
equal to zero (limiting cases for the Black-Scholes formula). The next section includes
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empirical research which focuses on determining the presented limits. This study is
based on data obtained from the Warsaw Stock Exchange and concerns two periods
of time and two options with different strike prices. The last part of the article contains
conclusions.

2. Generalised CRR model

Let T denote the number of time units to the expiry time (for example, the number
of months) and let n be the number of moments of portfolio change in each time unit.
Then T =n-7 is the expiry date. The stock price S(n) after n moments totals:

S(n) =S 'urf" _d’r;—S,, )

where S, is the random variable describing the number of stock price rises during
one-time unit (for example, during one month), u, is the upper stock price change be-
tween next moments of portfolio change and d, is the lower stock price change between
next moments of portfolio change. There is the assumption that empirical probabilities
of the upper and lower stock price change are the same and they are equal to 0.5.

First, the generalised CRR model will be considered. It assumes that the expected

. . : 2 _ 2|y S(n)
value of the random variable ln(S(n) / SO) is p, p € and the variance o“ =D [lns—}.
0

This assumption results in the new following formulas for the upper u, and lower d,
stock price changes:

In the CRR model, it is assumed that E[lnS(n) / 50] =0 and the upper and lower stock
price changes are as follows:

1 1
o —-o—F—=

u =e " and d=—=e '
ui’l
From this and Remark 1.1, the following corollary is obtained:
Corollary 2.1. The pricing for a European call option in the generalised CRR model

is described by the following formula:
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g K *

Co,n(so):SOD”_em D,, (2)

where:
— nr nrt —k —nr—k
ooz [

* _ nr nT * *nr—k
D”_Zk—koyn(kj.pn "q, ’

lnf—r-n-lndn x/glnf+0'~r~n— n-t-p

0 0
kO,n: = !
ln[u”J 20
dn
_'n n _ “n n _ n _ n
pn_ d lqn_ d ipn_pn'f\_; qn_qn A
u,—a, n_ Yn n r
1
oL 1 TS S |
u=e V".e'mandd =—=e e,
u,
1
A r—
=e n

r is the interest rate of the bank account (or credit) for one-time unit.
The option pricing formula of the generalised CRR model in Corollary 2.1 converges
next to n— oo to the Black-Scholes type formula (Fraszka-Sobczyk, 2014; 2020):
Theorem 2.1. For a European call option with the strike price K, the number =
of time units to the expiry time, the beginning stock price s,, the interest rate of the bank
account (or credit) for one-unit r, the coefficient p and the volatility o, defined in (2),
the following limit is given:

s o?
ln;o'l"[ r—p-l-? K
limC, ,(s,)=S,$ -—¢
‘ e

n—o0 U\/;

S ( o2
Int+zir-p——
K 2

oz '

where:
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s o’
lnI?'FT(r—p—zj

Y :d, .

3.  Limiting cases

Letus note that C, (so) =1limC, (so ) This section will present an analysis of some limits
of C, (S0 ), taking into account the coefficient P, which can be interpreted as the average
change of logarithm of stock prices after one time unit (for example, after one month).

Lemma 3.1. There are the following limiting cases of the Black-Scholes type formu-
la that is the asymptotics (next to n— o0 ) of the option pricing formula in the general-
ised CRR model:

a) }L%}CO(SO)z(sO ~-K)';

s, if o?>2(p-r)
b) limC,(s,)=5 0 if o’<2(p-r);

T—>0

%SO if o’=2(p-r)

0 if s,<

e(rfp)f

o—0

d) lim |:CO(SO)—(SO — Ii ﬂ =0.
So—>® e

The following property of normal distribution that will be used in the proof of d) will
be shown before the proof of Lemma 3.1.

Property 3.1. Let ¢() be the cumulative normal N(0, 1) distribution function and
s>1. For fixed a R, b >0, we have the following limit:

lim[s-¢(a—b-1ns)] =0.

§—>0
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Proof of Property 3.1. Let f () be the density of the standard normal distribution and
y <0. Then:

Iy f (X)dx—fO - e%m"]zdu— L eiyzjo e‘”‘-e%uzdu<
(3)
<1 e_;yzjo erdu=—te 7. L.

Let us note that there exists s, >0 such that a—blns <0 forall s> s, (because b>0).
From this and (3) for s=s,:

0<¢(a—b-Ins)-s< e 2 —_— 5=

—a+b1ns.

N2
1 L& —lns(%bz lns—ab—lj 1 0
: — 0.

N2 —a+blnss—o=

Finally:
lim[gzﬁ(a —b-lns)-s] =0.

S—>0

Remark 3.1. Let us note that if f () is the density of the standard normal distribu-
tion and y <0, then the following estimate is given:

Proof of Lemma 3.1. Denote: ¢(OO) = lim¢(t), ¢(—oo) = lim ¢(t).

t—o0 t——o0

a) The following limit will be calculated

limC,(s,)=(s,—K)".

70"
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Let us observe that:

lnﬁ

r p 1
1 _] 1-— _ - —
Tlrgltl ( ) im s, 1/ \/_ ( +26j

K .
$0(1=9()) =5 (1-¢(=))  ifs, <K { 0 ifs,<K
s,—K

=(s,—-K)".
if s,>K (5 =K)

b) This limit will be proven

limC,(s,)=1 0 if o*<2(p-r).

T—>0

Next equalities are given:

In—
limC, (s,)=lims,| 1-¢

0
o\>0 0 —
T—>0 T—>00 G ,Z-

_Ifr 1_¢ _SO _\/;(L_E_lgj =
e o

(
o(1-¢(0))-0 if o’=2(p-r)
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c) The following limit will be calculated

0 if so<L
ol P)
laiilgco (SO): SO e” lf SO >W .
1( Kj . K
—| S, — if s,=——
2 e’ e(r p)r
The following two cases will be considered.
. —=ze .
SO
Then:
lnE 1
. ) S rop
limC (s,)=lims, | 1- 0 —\/; — L+ |||-
o—0 o( O) o0 0 ¢ 0\/; (G o 2 j
K lni 1
- rc 1_¢ SO _\/;(L_E__Uj
e o~NT o o 2
lnﬁ

. 1] s 1
:ng(}so 1_¢; \/;O—r\/;+p\/_ —E\/;O' -

K
K 1 ln?
= 1= —| —
e

1
- + + =/
o| 77 rNT p\/; > 7o

50(1—¢(oo))_eli(1—¢(oo)) 0 if %lnsﬁ—r\/;+p\/;>0
so(1- (_w))_elf,(l—(/ﬁ(—oo)):s kK 1

K =
ln——r\/;+ \/;<0
o s, P

_ K
0 if In ; >(r-p)z 0 if s, <W
S if In—< (r - )T S if s,> K
0 rr s, P 0 rc 0 (r-p)r
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i, K _glror,
SO
Then
lnﬁ .
limC, (s,)=lims,| 1-¢ % _\/;(L_E""_Gj -
o0 o0 o~T o o 2
K
K ln? r 1
o 1_¢ 2 _\/;(__E__O-J =
OoNT o o 2

= 0.5-(50 - Iij
e
a) The following limit should be proven
lim {Co(so)—(so - Iri ﬂ =0.
Sp—>®© e

1 l K -
From Property 3.1, where b=—7-=>0, & \/—(r j itis given:
or 2

: zm_

Sloigrgo{Co(So)—(So‘fnﬂ:}}ﬂ[s( ( PN o [(

e zm(j]

=5,-1-0- Ir(r —(50 - Irij:O.
Corollary 3.1. For p =0, the following limiting cases for the Black-Scholes formula
are given:

e e

a) limC,(s,)=(s,—K)";

o
70"

s, if o’>-2r
b) LimC,(s,)=1 0 if o”<-2r;

T—>0

%so if o’=-2r
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Taking into account r >0 and o >0, itis given: limC, (SO) =5,.
T—>0

0 if s, <—
e
K K
0) IGiL%CO(SO)z S0~ if $0> 5
0 if s _K

d) Sliirgo{Co(so)—(so —~ eli H =0.

4.  Empirical analysis

The research presented focuses on determining the limits in Lemma 3.1 using data ob-
tained from the Warsaw Stock Exchange. The study of option pricing covers the period
from 22" December 2021 to 215t January 2022. For this period of time, the option price
has been calculated according to the generalised CRR model. The expiry time of the op-
tion OW20A222200 with the strike price K =2200 is 215 January 2022. The number
of days from 22" December 2021 to the expiry time totals 30 (7 =30/360). On 22™ De-
cember 2021, the WIG20 index was equal to 2212.32 points (the beginning stock price
S, =2212.32) and the WIBOR reference rate (Warsaw Interbank Offered Rate) for PLN
deposits in the Polish interbank market for the one-month (WIBOR 1M) tenor was equal
to 1.95% (r=0.0195). The daily coefficient p and the daily volatility o are calculated
from 22" September 2021 to 215t December 2021. Next, they are multiplied by 250
(the number of trading sessions in one year) to get the annual p and o which equal
-0.16474 and 0.03214 respectively.

Empirical analysis approaches for calculating the option price according to the gen-
eralised CRR model and its limits are presented next. Results are given in the tables
and figures presented below.

In the first case, the limit of the option price is calculated when the period of time
to the expiry time is very short.
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Table 1. The limit of the option price OW20A222200 nextto 7 — 0"

The
num- The
ber limit
S, K o | ofdays | r p d o) d, |¢(d,) | option | (s-K)*
to the price
expiry C,(s,)
time

2212.32| 2200 | 0.03 | 30.0000 | 0.02 | -0.16 | 0.43 | 0.67 0.38 | 0.65 52.37 12.32

2212.32 | 2200 | 0.03 | 14.0000 | 0.02 | -0.16 | 0.38| 0.65 0.34 | 0.63 38.11 12.32

2212.32 | 2200 | 0.03 | 1.0000| 0.02 | -0.16 | 0.65| 0.74 0.64 | 0.74 15.97 12.32

2212.32| 2200 | 0.03 | 0.2500| 0.02 | -0.16 | 1.21| 0.89 1.21 | 0.89 12.95 12.32

2212.32| 2200 | 0.03 | 0.0156 | 0.02 | -0.16 | 4.74| 1.00 473 | 1.00 12.32 12.32

2212.32| 2200 | 0.03 | 0.0020 | 0.02 | -0.16 | 13.38 | 1.00 | 13.38 | 1.00 12.32 12.32

2212.32 | 2200 | 0.03 | 0.0001 | 0.02 | -0.16 | 53.50 | 1.00 | 53.50 | 1.00 12.32 12.32

Source: the author’s own elaboration

60

40 \
\ option price
30
\ .......... max {50— K' O}
20

10

o

N
n N
OO NOOWOITNO D
nmAaaNNANANCdddddo 0Ot NAdAO0O OO

0.0625

0.03125
0.015625
0.0078125
0.00390625
0.001953125
0.0009765625
0.00048828125
0.000244140625
0.0001220703125

number of days to the expiry date

Figure 1. The limit of the option price OW20A222200 nextto 7 — 0"

Source: the author’s own elaboration

Considering a lot of numbers of time units to the expiry time (a very long period
of time to the expiry time) and data obtained from the Warsaw Stock Exchange, the fol-
lowing calculations of the limit of the option price next to 7 — relate the case
when o’ >2(p-r).
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Table 2. The limit of the option price OW20A222200 nextto 7 —

nurll‘rlllser ’.I‘h(.e
of days lm.nt
S, K G to the r p d, ¢d) d, ¢(d,) opt.lon
expiry Er(lsc(;
time DEC
2212.32 | 2200 | 0.03 30 | 0.02 | -0.16 0.43 | 0.67 0.38 | 0.65 52.37
2212.32 | 2200 | 0.03 120 | 0.02 | -0.16 0.70 | 0.76 0.60 | 0.72 93.31
2212.32 | 2200 | 0.03 960 | 0.02 | -0.16 1.84 | 0.97 1.55| 094 17791
2212.32 | 2200 | 0.03 7680 | 0.02 | -0.16 5.17 | 1.00 4.34 | 1.00 761.03
2212.32 | 2200 | 0.03 61440 | 0.02 | -0.16 | 14.60 | 1.00 | 12.26 | 1.00 | 2133.42
2212.32 | 2200 | 0.03 491520 | 0.02 | -0.16 | 41.29 | 1.00 | 34.66 | 1.00 | 2212.32
2212.32 | 2200 | 0.03 | 7864320 | 0.02 | -0.16 | 165.15 | 1.00 | 138.65 | 1.00 | 2212.32

Source: the author’s own elaboration

2500

2000 K

1500 //
1000

500

option price

O O OO OO0 o O o o o o o o 9o o o
88N<"00®N<I‘OOLDN<I'OOLDN<I'OOLON
- N S O OO 0 O M N < 0N 1N O O d 9 m

- M N 1N O 4 N In 4 »mn O o <

- N O N < O 0 W om O

I N < OO O O 0

— ™ N~

number of days to the expiry date
Figure 2. The limit of the option price OW20A222200 nextto 7 —> o0

Source: the author’s own elaboration

Taking into account data from the Warsaw Stock Exchange and considering very
small volatility o — 0, the inequality s, >K /e is given, so the limit of the option
price nextto o — 0 is equal to s,—K /e (Lemma 3.1).

FOE 2(363) 2023 https://www.czasopisma.uni.lodz.pl/foe/ 14
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Table 3. The limit of the option price OW20A222200 nextto o —0

The The
number . .
of days lm}lt
s, K o to the r P d | ¢d) d, ¢d,) opt.lon
expiry price
time C"(S")
2212.32 | 2200 | 0.0321 30.00 0.02 |-0.16| 043 | 0.67 | 0.38 | 0.65 52.37
2212.32 | 2200 | 0.0206 30.00 0.02 |-0.16| 0.53 | 0.70 | 0.49 0.69 43.06
2212.32 | 2200 | 0.0105 30.00 0.02 |-0.16| 0.72 | 0.76 | 0.69 0.76 32.37
2212.32 | 2200 | 0.0054 30.00 0.02|-0.16|1.00| 0.84 | 098 | 0.84 24.77
2212.32 | 2200 | 0.0028 30.00 0.02 |-0.16 | 1.39 | 0.92 1.37 0.92 19.71
2212.32 | 2200 | 0.0014 30.00 0.02 | -0.16| 193 | 097 1.92 0.97 16.95
2212.32 | 2200 | 0.0005 30.00 0.02 |-0.16| 3.37 | 1.00 | 3.37 1.00 15.90
Source: the author’s own elaboration
60
50 \\
40 \
30
\ option price
K
20 \ .......... o
10
N R
9838332538858 88888838338¢35
O O O O O O O OO O O o o o o o o o o o
volatility

Figure 3. The limit of the option price OW20A222200 next to o =0

Source: the author’s own elaboration

Next, a simulation where the initial stock price is very large is presented.
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K
Table 4. The limit of C, (SO)—(SO —~

rt

J next to s, — o for the option price

OW20A222200
The The
number . .
of days lm?lt
s, K c to the r P d, ¢d) d, ¢(d,) opt_lon
expiry price
time CO(SO)
2212.32 | 2200 | 0.03 30.00 0.02 |-0.16| 0.43 0.67 0.38 0.65 52.37
2256.79 | 2200 | 0.03 30.00 0.02 | -0.16 | 0.82 0.79 0.76 0.78 81.05
2325.17 | 2200 | 0.03 30.00 0.02 |-0.16| 1.39 092 1.34 091 | 136.03
2395.63 | 2200 | 0.03 30.00 0.02 | -0.16 1.97 0.98 1.92 0.97 201.19
2468.22 | 2200 | 0.03 30.00 0.02 | -0.16| 2.55 0.99 2.49 099 | 272.20
2543.00 | 2200 | 0.03 30.00 0.02 | -0.16| 3.12 1.00 3.07 1.00 | 346.64
2646.26 | 2200 | 0.03 30.00 0.02 | -0.16 | 3.89 1.00 3.84 1.00 | 449.84
Source: the author’s own elaboration
40
35
30
25
20 K
Co(so)—so—e—n
15
10
5
0

2212 22432271 2302 2332 2363 2393 2424 2455 2485 2516 2546 2577 26082636

Figure 4. The limit of C, (50)—(30 -
OW20A222200

Source: the author’s own elaboration

rt
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The subsequent empirical analysis concerns a longer period of time from 17* Decem-
ber 2021 to 16™ December 2022. A new option OW20X222100 is considered with
the strike price K =2100 and the expiry time 16" December 2022. On 17" December
2021, the WIG20 index equalled 2194.56 points and the WIBOR reference rate for PLN
deposits in the Polish interbank market for the one-year (WIBOR 1Y) tenor equalled
2.82% (r=10.0282). The daily coefficient p and the daily volatility o are calculated from
17™ September 2021 to 16™ December 2022. The annual p and o equal -0.24904
and 0.03485 respectively.

Results of calculating the option price according to the generalised CRR model and its
limits for the option OW20X222100 with the expiry time 16" December 2022 are pre-

sented in the following tables and figures.

Table 5. The limit of the option price OW20X222100 nextto 7 —>0"

The The
number ..
limit
of days . .
s, K c to the r p d | ¢d)| d, | ¢(d)| option | (s -K)
expiry price
time Co(s0)
2194.56 | 2100 | 0.03 | 364.0000 | 0.03 | -0.25 | 1.82 0.97 1.63 | 095 | 182.77 94.56
2194.56 | 2100 | 0.03 | 84.6548 | 0.03 | -0.25| 1.25 0.89 1.16 | 0.88 | 133.40 94.56
2194.56 | 2100 | 0.03 | 23.6256| 0.03 | -0.25| 1.33 091 1.28 | 090 | 106.48 94.56
2194.56 | 2100 | 0.03 | 16.4067 | 0.03 | -0.25 | 1.44 093 1.40 | 092 | 102.13 94.56
2194.56 | 2100 | 0.03 79122 | 0.03 | -0.25| 1.83 0.97 1.80 | 0.96 97.10 94.56
2194.56 | 2100 | 0.03 45788 | 0.03 | -0.25 | 2.27 0.99 2.25 | 099 95.58 94.56
2194.56 | 2100 | 0.03 2.2081 | 0.03 | -0.25| 3.14 1.00 3.12 | 1.00 9493 94.56
Source: the author’s own elaboration
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Figure 5. The limit of the option price OW20X222100 nextto 7 — 0"

Source: the author’s own elaboration

Table 6. The limit of the option price OW20X222100 nextto 7 —

option price
max {s,— K, 0}

nu'Il‘ll:;er '.rh?

of days lm_nt
s, K c to the r P d, ¢(d) d, ¢() optllon

expiry [C)'r(l::):

time 0

2194.56 | 2100 | 0.03 364 | 0.03 | -0.25 1.82 | 097 1.63 | 0.95 182.77
2194.56 | 2100 | 0.03 1456 | 0.03 | -0.25 3.29 | 1.00 292 | 1.00 323.14
2194.56 | 2100 | 0.03 11648 | 0.03 | -0.25 9.02 | 1.00 796 | 1.00 | 1351.31
2194.56 | 2100 | 0.03 93184 | 0.03 [-0.25| 2541| 1.00 | 22.41 | 1.00 | 2193.14
2194.56 | 2100 | 0.03 7454721 0.03 | -0.25| 71.84| 1.00 | 63.34 | 1.00 | 2194.56
2194.56 | 2100 | 0.03 | 5963776 | 0.03 | -0.25| 203.17 | 1.00 | 179.14 | 1.00 | 2194.56
2194.56 | 2100 | 0.03 | 95420416 | 0.03 | -0.25|812.66 | 1.00 | 716.56 | 1.00 | 2 194.56

Source: the author’s own elaboration
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Figure 6. The limit of the option price OW20X222100 nextto 7 —

Source: the author’s own elaboration

Table 7. The limit of the option price OW20X222100 nextto o —0

nuT:lll(:er '.rh?

of days lm_ut
s, K o to the r P d | ¢d) d, ¢() opt_lon
expiry gr(n:;

time 0

2194.56 | 2100 | 0.0348 | 364.00 | 0.03 | -0.25| 1.82| 0.97 1.63 | 095 | 182.77
2194.56 | 2100 | 0.0223 | 364.00 | 0.03 | -0.25| 2.24| 0.99 2.08 | 098 | 163.54
2194.56 | 2100 | 0.0114 | 364.00 | 0.03 | -0.25| 3.07 | 1.00 297 | 1.00 | 154.35
2194.56 | 2100 | 0.0058 | 364.00 | 0.03 | -0.25| 4.26 | 1.00 418 | 1.00 | 153.60
2194.56 | 2100 | 0.0030 | 364.00 | 0.03 |-0.25| 592 | 1.00 5.87 | 1.00 | 153.59
2194.56 | 2100 | 0.0015 | 364.00 | 0.03 | -0.25| 8.26 | 1.00 8.22 | 1.00 | 153.59
2194.56 | 2100 | 0.0005 | 364.00 | 0.03 | -0.25|14.41| 1.00 | 14.38 | 1.00 | 153.59

Source: the author’s own elaboration
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Figure 7. The limit of the option price OW20X222100 nextto o —0

Source: the author’s own elaboration

K
Table 8. The limit of C, (SO)—(SO —~

rt

j next tos, — o for the option price

0OW20X222100
The The
number . .
of days lm_ut
expiry price
time Co(s))
2194.56 | 2100 | 0.03 364.00 0.03 |-0.25| 1.82 0.97 1.63 0.95 182.77
2283.22 | 2100 | 0.03 364.00 0.03 | -0.25| 2.03 0.98 1.85 0.97 260.58
242297 | 2100 | 0.03 364.00 0.03 | -0.25| 2.35 0.99 2.16 0.98 390.49
2571.28 | 2100 | 0.03 364.00 0.03 [-0.25| 2.67 1.00 2.48 0.99 533.91
2728.66 | 2100 | 0.03 364.00 0.03 |-0.25| 2.98 1.00 2.79 1.00 689.09
2895.68 | 2100 | 0.03 364.00 0.03 | -0.25| 3.30 1.00 3.11 1.00 855.20
3134.37 | 2100 | 0.03 364.00 0.03 | -0.25| 3.72 1.00 3.53 1.00 | 1093.51
Source: the author’s own elaboration
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Source: the author’s own elaboration

Conclusions

After comparing the limiting cases of the Black-Scholes type formula (Lemma 3.1) with

the limiting cases of the Black-Scholes formula (Corollary 3.1), the following conclusions

can be drawn:

1.

Limiting cases of both formulas are the same when the number of time units
to the expiry time is close to 0 (for short call option contracts).

Limiting cases of both formulas are different when the number of time units
to the expiry time is very large (for long call option contracts). In the generalised
case, three formulas (not one) are obtained according to the comparison between
the volatility, the interest rate of a bank account and the coefficient p (the average
change of logarithm of stock prices after one-time unit).

Limiting cases of both formulas are different when stock price volatility is close to 0
(the stock price after one-time unit is close to the beginning stock price at the mo-
ment 0). This approximate formula is simple and can be applied to financial markets
with small volatility.

The limiting case (when the beginning stock price is very large) of the difference be-
tween the Black-Scholes option price C.° (SO) and s,— Ke'* is the same as the limiting

case of the difference between the Black-Scholes type option price C, (50) and s, -Ke"".
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Empirical analyses of option pricing and its limits in the generalised CRR model which
are based on data obtained from the Warsaw Stock Exchange confirm the limits in Lem-
ma 3.1. The limit next to s, — o0 and the limit next to o — 0 relate untypical situations
in the financial market when the initial stock price is very high or stock prices almost
never change. However, it is worth considering these cases because trading sessions are
unpredictable and they involve extreme price fluctuations.
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Przypadki graniczne przejScia granicznego typu Blacka-Scholesa
wyceny opcji kupna w uogolnionym modelu CRR

Streszczenie: Artykut przedstawia uogo6lniony model Coxa-Rossa-Rubinsteina
(CRR) wyceny opcji, uwzgledniajgcy nowe formuty na gérne i dolne
zmiany cen akcji. Zaprezentowano formute na wycene opcji w roz-
wazanym modelu oraz jej przejscie graniczne typu Blacka-Scholesa.
Gléwnym celem artykutu jest wyznaczenie przypadkéw granicz-
nych uzyskanego przejscia granicznego z wykorzystaniem teorii
prawdopodobienstwa, a nastepnie danych z Gietdy Papierow Warto-
Sciowych w Warszawie. Empiryczne badania wyceny opcji w uogél-
nionym modelu CRR potwierdzajg uzyskane granice.

Stowa kluczowe: model Coxa-Rossa-Rubinsteina (model CRR), model dwumianowy,
formuta Blacka-Scholesa, wycena opcji
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