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Introduction 

Economic, demographic, social or biometric research frequently faces the problem of classify-

ing objects into one of two subpopulations. For example, in credit scoring, such subpopulations 

may consist of borrowers who default on their loans or not. In clinical trials, the groups may 

comprise individuals who test positive or negative for a given condition. 

The first concept of the classification method was developed by Ronald Fisher (1936), 

with the aim of finding a certain linear function of the measurements by which the populations 

are best distinguished. The discrimination function was defined by Fisher as a linear combina-

tion of physical measurements that separates two species of irises, i.e., Iris setosa and Iris versi-

color. Between 1936 and 1940 Fisher published four articles on statistical discriminant analysis 

that became a common method used in statistics. 

David Durand recognized in 1941 that a similar method can be employed to distinguish 

between good and bad loans (Thomas, 2000). In the 1980s, good credit card scoring results 

convinced banks to use statistically derived models in lending decisions. In the 1990s, the rise 

of direct marketing led to the use of scorecards to improve the response rate to advertising 

campaigns. Today, classification methods are used in many business decision-making practices, 

including credit scoring, bankruptcy prediction, fraud detection, or medical diagnostics, among 

others. A wide range of methods and their improvements have also been proposed. Such meth-

ods include, among others, linear, quadratic, and logistic discriminant analysis. 

In the classic medical setting, the notions ‘sensitivity’ and ‘specificity’ were defined to 

distinguish between two groups of individuals, i.e., with positive and negative outcomes, based 

on a binary predictive marker. They are mainly used to measure validity of diagnostic tests 

(Godyn et al., 1991; Tetrault, 1991; Altman & Bland, 1994; Dickie, 1994). The first one (sensi-

tivity) means the probability of correct classifying an individual with a positive outcome, while 

the second one (specificity) refers to the probability of correct classifying of a subject with 

a negative outcome. Both probabilities are estimated as respective empirical proportions. Sensi-

tivity could be estimated by the observed true-positive fraction (TPF) and specificity – by the 

true-negative fraction (TNF). 

When the predictive marker 𝑌𝑌 is continuous, the threshold criteria 𝑌𝑌 ≥ 𝑐𝑐, 𝑌𝑌 < 𝑐𝑐 are used 

to define sensitivity and specificity. When multiple predictors are involved, the 𝑌𝑌 variable is 

usually represented by the probability of a positive outcome, either using logistic regression 

conditioned by the values of the explanatory variables, or using any increasing function of this 

probability. In medical research, the predictive marker may also be established from a linear 

combination of biomarkers and other medical measurements (Zhang & Yu, 1998; McNutt et al., 
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2003; Diaz-Quijano, 2012; Patil & Durairaj, 2015). In credit scoring, 𝑌𝑌 can be developed from 

various financial or economic characteristics of the loan applicants (Crook et al., 2007; Hu 

& Ansell, 2007; Thomas, 2009). In predicting corporate failure, a financial, micro- or macroe-

conomic measures are employed (Altman, 1968; Ohlson, 1980; Kovacova & Kliestik, 2017; 

Kovacova et al., 2019) etc. 

The correct predictive threshold 𝑐𝑐 of the predictive marker 𝑌𝑌 plays an important role in 

the classification problem, since the number of correctly classified units depends on the select-

ed threshold value. There are two types of misclassification errors in any classification method: 

a type-I error, i.e., the probability of misclassifying a bad unit as a good one, and a type-II error, 

the probability of misclassifying a good unit as a bad one. Most comparative studies utilize 

these two types of error rates as accuracy measures of classifiers (Jamain & Hand, 2008). For 

the continuous predictive marker, it is possible to calculate the Gini index or certain measures 

of information gain for various cutoff points (Breiman et al., 1984) or to apply a more compre-

hensive approach based on the Receiver Operating Characteristic curve (ROC) (Green 

& Swets, 1966; Lloyd, 1998). The ROC curve displays the sensitivity versus 1-specificity for 

all the possible cutoff points 𝑐𝑐. It allows both to find the optimal threshold of 𝑐𝑐 and to evaluate 

basic classification summaries (Baker, 2003). 

In many studies, the primary goal is to predict the onset of some phenomenon of interest 

(e.g., the onset of a default, failure, disease, remission, etc.) in a certain period. For instance, 

a patient may not be considered as cancer-free when the remission time is less than five years, so 

cancer-free patients can be recognized when their remission time will be at least five years. In 

such cases, dynamic sensitivity and specificity should be computed for different time points 𝑡𝑡. 

However, in practice, the time to event of interest, 𝑇𝑇, is often right-censored. It means, that for 

some individuals, it is not possible to know whether 𝑇𝑇 < 𝑡𝑡 or 𝑇𝑇 ≥ 𝑡𝑡 for some fixed points 𝑡𝑡. 

Various approaches have been proposed to deal with the time-dependent classification. 

Heagerty et al. (2000) used the Kaplan−Meier survival estimator (Kaplan & Meier, 1958) in 

defining sensitivity and specificity. To ensure the monotonicity of both measures, they consid-

ered the nearest neighbor estimator of the bivariate distribution of the random pair (𝑇𝑇,𝑌𝑌). 

Chambless and Diao (2006) proposed a model for estimating sensitivity and specificity as well 

as the so-called AUC measure conditioning on the observed times-to-event, i.e., in a similar 

way as in the Kaplan−Meier estimator. Other estimators were derived directly from a fitted 

conditional survival function, given the decision variable 𝑌𝑌. Uno et al. (2007) proposed an in-

verse probability of censoring weighting method, Pepe (1997, 1998, 2000) used different re-

gression models and adopted the generalized linear model methods in the statistical inferences, 
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Hung and Chiang (2010a, 2010b) used generalized linear models with time-varying coefficients 

to characterize the conditional distribution of the time-to-event variable and to derive the time-

dependent AUC as a function of covariate values. 

This study proposes a novel classification method for assigning individuals to two sub-

populations based on a time-to-event outcome using a continuous predictive marker. The 

optimal threshold is determined via time-dependent ROC curves, accounting for right-

censored data through sequential sampling and Kaplan−Meier estimation, conditional on the 

subsets 𝑌𝑌 ≥ 𝑐𝑐  and 𝑌𝑌 < 𝑐𝑐 . Sequential sampling treats observations incrementally, ensuring 

efficient use of available information and reducing bias due to censoring. 

The main research hypothesis is that the proposed method provides an effective and reli-

able approach to determining the optimal classification threshold in the presence of right-

censored time-to-event data. 

The general concept of the binary classification 

Suppose that there is a population, 𝒢𝒢, consisting of disjoint subpopulations 𝒢𝒢0 and 𝒢𝒢1, such that 

𝒢𝒢 = 𝒢𝒢0 ∪ 𝒢𝒢1, 𝒢𝒢0 ∩ 𝒢𝒢1 = ∅. For simplicity, individuals in the set 𝒢𝒢1 will be termed cases, while 

the others will be termed controls. 

Assume that a unit randomly drawn from 𝒢𝒢 has to be assigned to one or the other set 

based on a certain variable 𝑌𝑌 in such a way that when the observed value of 𝑌𝑌satisfies the ine-

quality 𝑌𝑌 ≥ 𝑐𝑐, then an individual goes to 𝒢𝒢1, otherwise it goes to 𝒢𝒢0. Therefore, 𝑌𝑌 and 𝑐𝑐 will be 

termed the predictive marker and the predictive threshold, respectively. 

To classify individuals as controls or cases, the following two phases can be defined. 

First, available information is integrated to generate a numerical value of the predictive marker, 

𝑌𝑌, e.g., a score. Then, the score is compared with the predictive threshold 𝑐𝑐. 

Let 𝑌𝑌0 and 𝑌𝑌1 denote the continuous marker 𝑌𝑌 in the subpopulations 𝒢𝒢0  and 𝒢𝒢1 , respec-

tively, i.e., 

𝑌𝑌0 = 𝑌𝑌|𝒢𝒢0, 𝑌𝑌1 = 𝑌𝑌|𝒢𝒢1. 

Let 𝐻𝐻0 and 𝐻𝐻1 be the distribution functions of variables 𝑌𝑌0 and 𝑌𝑌1, respectively, and let 

𝐻𝐻 denote a distribution function of 𝑌𝑌; hence 

𝐻𝐻0(𝑦𝑦) = P(𝑌𝑌0 < 𝑦𝑦) = P(𝑌𝑌 < 𝑦𝑦|𝒢𝒢0), 

𝐻𝐻1(𝑦𝑦) = P(𝑌𝑌1 < 𝑦𝑦) = P(𝑌𝑌 < 𝑦𝑦|𝒢𝒢1), 

and 

𝐻𝐻(𝑦𝑦) = P(𝑌𝑌 < 𝑦𝑦). 
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For a given threshold 𝑐𝑐, the probabilities 

𝐻𝐻‾1(𝑐𝑐) = 1 −𝐻𝐻1(𝑐𝑐) = P(𝑌𝑌 ≥ 𝑐𝑐|𝒢𝒢1) 

and 

𝐻𝐻0(𝑐𝑐) = P(𝑌𝑌 < 𝑐𝑐|𝒢𝒢0), 

reflect sensitivity and specificity of the marker 𝑌𝑌, respectively.  

The main challenge is to choose an appropriate threshold value of 𝑐𝑐. If we choose the 

smallest value of 𝑐𝑐 possible, all individuals will be assigned to cases, regardless of which sub-

population they actually belong to. In this case, the probability of being classified into 𝒢𝒢0 and 

𝒢𝒢1 will be 0 and 1, respectively. Conversely, if the value of 𝑐𝑐 is the highest possible, all indi-

viduals will be classified to controls, so the probability of being classified into 𝒢𝒢0 and 𝒢𝒢1 will 

be 1 and 0, respectively. Therefore, 𝑐𝑐 must be carefully selected to ensure that both probabili-

ties of correct classification are relatively high. In selecting the optimal threshold value of 𝑐𝑐, the 

Receiver Operating Characteristic Curve (ROC) seems to be a very useful and comprehensive 

tool. This concept will be discussed in the next section. 

ROC curves 

The ROC curve analysis is a well-established method, especially in clinical trials, to investigate 

the discriminatory capacity of diagnostic tests or prognostic clinical markers. In the continuous 

settings, the ROC curve is a set of points in the (𝑝𝑝0,𝑝𝑝1) plane, where 𝑝𝑝0 = 𝐻𝐻‾0(𝑐𝑐) and 𝑝𝑝1 =

𝐻𝐻‾1(𝑐𝑐), and 𝑐𝑐 runs over the set of real numbers, i.e., 

𝑅𝑅𝑅𝑅𝑅𝑅 = {(𝐻𝐻‾0(𝑐𝑐),𝐻𝐻‾1(𝑐𝑐)),  𝑐𝑐 ∈ 𝑹𝑹}. 

Another way to look at the ROC curve is to view it as a monotone increasing function 

[0,1] → [0,1] built using functions 𝐻𝐻‾0 and 𝐻𝐻‾1. The general formula for the ROC function is 

then as follows 

𝑅𝑅𝑅𝑅𝑅𝑅(𝑐𝑐) = 𝐻𝐻‾1(𝐻𝐻‾0−1(𝑐𝑐)),  𝑐𝑐 ∈ 𝑹𝑹. 

Figure 1 illustrates an example of the ROC curve corresponding with some distribution 

functions. 
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Figure 1.  

The ROC curve for two cumulative distribution functions 𝐻𝐻0 (top left) and 𝐻𝐻1 (top right) 

Source: Original figure prepared by the author for demonstration. 

It is an instrumental tool in finding a value of 𝑐𝑐 that minimizes the risk of misclassifica-

tion of units into controls or cases. The higher is the ROC curve in the unit square [0,1] × [0,1], 

the better is the capacity to distinguish both subpopulations 𝒢𝒢0 and 𝒢𝒢1 (see e.g., Heagerty et al., 

2000). However, creating a ROC curve is not possible if the cumulative distribution functions 

𝐻𝐻‾0 and 𝐻𝐻‾1 are not known. The problem is usually solved by estimating the curve from two ran-

dom samples of controls and cases. Then, the estimated ROC curve takes the form 

𝑅𝑅𝑅𝑅𝑅𝑅� = ��𝐻𝐻‾�0(𝑐𝑐),𝐻𝐻‾�1(𝑐𝑐)�,  𝑐𝑐 ∈ 𝑹𝑹�, 

where 𝐻𝐻‾�0(𝑐𝑐) and 𝐻𝐻‾�1(𝑐𝑐) are respective estimators of 𝐻𝐻‾0(𝑐𝑐), 𝐻𝐻‾1(𝑐𝑐), determined from random 

samples 

𝑌𝑌01,𝑌𝑌02, … ,𝑌𝑌0𝑚𝑚, 

and 

𝑌𝑌11,𝑌𝑌12, … ,𝑌𝑌1𝑛𝑛, 

where 𝑌𝑌0𝑖𝑖, 𝑖𝑖 = 1,2, … ,𝑚𝑚, 𝑌𝑌1𝑖𝑖, 𝑖𝑖 = 1,2, … ,𝑛𝑛 are independent copies of variables 𝑌𝑌0 and 𝑌𝑌1 sam-

pled from subpopulations 𝒢𝒢0 and 𝒢𝒢1, respectively. 
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It is worth noting that 𝐻𝐻‾�0(⋅), 𝐻𝐻‾�1(⋅) are complement to the well-known empirical distri-

bution functions 𝐻𝐻�0(⋅),𝐻𝐻�1(⋅), respectively, so they can be defined for any 𝑐𝑐 ∈ 𝑹𝑹 as the fol-

lowing sums 

𝐻𝐻‾�0(𝑐𝑐) =
1
𝑚𝑚
�𝟏𝟏
𝑚𝑚

𝑖𝑖=1

(𝑌𝑌0𝑖𝑖 ≥ 𝑐𝑐), 

𝐻𝐻‾�1(𝑐𝑐) =
1
𝑛𝑛
�𝟏𝟏
𝑛𝑛

𝑖𝑖=1

(𝑌𝑌1𝑖𝑖 ≥ 𝑐𝑐). 

where 𝟏𝟏(𝐴𝐴) is the characteristic function of an event 𝐴𝐴, taking values 1 if the event 𝐴𝐴 occurs, 

and 0 otherwise. 

In the classical approach, it is assumed that membership status of a unit in 𝒢𝒢0 or in 𝒢𝒢1 

does not change over time. In many problems however, individuals’ status changes over 

time when it is predicted whether a subject will or will not experience an event (e.g., de-

fault, death, remission). 

Suppose that the time to event of interest is a continuous random variable 𝑇𝑇 with the 

distribution function 𝐹𝐹 . We will assume that the subpopulation 𝒢𝒢0  consists of units with  

𝑇𝑇 ≥ 𝑡𝑡, and the subpopulation 𝒢𝒢1 is formed by units with 𝑇𝑇 < 𝑡𝑡. As the 𝑇𝑇 variable is usually 

not known at the time of classification, the criterion for classifying individuals into 𝒢𝒢0 or 𝒢𝒢1 

will be a random continuous variable 𝑌𝑌 related to 𝑇𝑇. We need to find the optimal predictive 

threshold 𝑐𝑐 for 𝑌𝑌 to determine the possibly optimal classification of subjects into both sub-

populations depending on whether the time-to-event is at least 𝑡𝑡 or not. Naturally, the value 

of 𝑐𝑐 will fluctuate with 𝑡𝑡. Thus, a sequence of ROC curves for possible time points 𝑡𝑡 can be 

considered rather than a single ROC curve. 

The sensitivity and specificity of the marker 𝑌𝑌 should be now expressed by relating it to the 

probability distribution of 𝑇𝑇. To express the dynamic sensitivity and dynamic specificity, Heager-

ty et al., (2000) used the Bayes formula combining the probability distributions of 𝑇𝑇 and 𝑌𝑌, i.e., 

𝐻𝐻‾ (𝑐𝑐|𝑇𝑇 < 𝑡𝑡) = P(𝑌𝑌 ≥ 𝑐𝑐|𝑇𝑇 < 𝑡𝑡) =
P(𝑌𝑌 ≥ 𝑐𝑐,𝑇𝑇 < 𝑡𝑡)

P(𝑇𝑇 < 𝑡𝑡)
=

P(𝑇𝑇 < 𝑡𝑡|𝑌𝑌 ≥ 𝑐𝑐)P(𝑌𝑌 ≥ 𝑐𝑐)
P(𝑇𝑇 < 𝑡𝑡)

, 

𝐻𝐻(𝑐𝑐|𝑇𝑇 ≥ 𝑡𝑡) = P(𝑌𝑌 < 𝑐𝑐|𝑇𝑇 ≥ 𝑡𝑡) =
P(𝑌𝑌 < 𝑐𝑐,𝑇𝑇 ≥ 𝑡𝑡)

P(𝑇𝑇 ≥ 𝑡𝑡)
=

P(𝑇𝑇 ≥ 𝑡𝑡|𝑌𝑌 < 𝑐𝑐)P(𝑌𝑌 < 𝑐𝑐)
P(𝑇𝑇 ≥ 𝑡𝑡)

. 
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The expressions can also be written as: 

𝐻𝐻‾ (𝑐𝑐|𝑇𝑇 < 𝑡𝑡) =
𝐹𝐹(𝑡𝑡|𝑌𝑌 ≥ 𝑐𝑐)𝐻𝐻‾ (𝑐𝑐)

𝐹𝐹(𝑡𝑡)
, 

𝐻𝐻(𝑐𝑐|𝑇𝑇 ≥ 𝑡𝑡) =
𝐹𝐹‾(𝑡𝑡|𝑌𝑌 < 𝑐𝑐)𝐻𝐻(𝑐𝑐)

𝐹𝐹‾(𝑡𝑡)
. 

In the further part, we will consider two equivalent expressions resulting from the Total 

Probability Rule applied in the denominators of both formulas. The transformed formulas take 

the form: 

𝐻𝐻‾ (𝑐𝑐|𝑇𝑇 < 𝑡𝑡) =
𝐹𝐹(𝑡𝑡|𝑌𝑌 ≥ 𝑐𝑐)𝐻𝐻‾ (𝑐𝑐)

𝐹𝐹(𝑡𝑡|𝑌𝑌 ≥ 𝑐𝑐)𝐻𝐻‾ (𝑐𝑐) + 𝐹𝐹(𝑡𝑡|𝑌𝑌 < 𝑐𝑐)𝐻𝐻(𝑐𝑐)
, 

𝐻𝐻(𝑐𝑐|𝑇𝑇 ≥ 𝑡𝑡) =
𝐹𝐹‾(𝑡𝑡|𝑌𝑌 < 𝑐𝑐)𝐻𝐻(𝑐𝑐)

𝐹𝐹‾(𝑡𝑡|𝑌𝑌 ≥ 𝑐𝑐)𝐻𝐻‾ (𝑐𝑐) + 𝐹𝐹‾(𝑡𝑡|𝑌𝑌 < 𝑐𝑐)𝐻𝐻(𝑐𝑐)
. 

The reason underlying such a transformation is that the estimators of both expressions, 

introduced in the next section, ensure to be bounded in [0,1]. 

The time-dependent ROC curve is now defined as follows 

𝑅𝑅𝑅𝑅𝐶𝐶𝑡𝑡 = {(1−𝐻𝐻(𝑐𝑐|𝑇𝑇 ≥ 𝑡𝑡),𝐻𝐻‾ (𝑐𝑐|𝑇𝑇 < 𝑡𝑡)),  𝑐𝑐 ∈ 𝑹𝑹}, 

or equivalently 

𝑅𝑅𝑅𝑅𝐶𝐶𝑡𝑡 = {(𝐻𝐻‾ (𝑐𝑐|𝑇𝑇 ≥ 𝑡𝑡),𝐻𝐻‾ (𝑐𝑐|𝑇𝑇 < 𝑡𝑡)),  𝑐𝑐 ∈ 𝑹𝑹}. 

In practice, the time to event, 𝑇𝑇, which determines the true membership status of the  

𝑖𝑖-th individual to one of the subpopulations 𝒢𝒢0 or 𝒢𝒢1, is often right-censored, therefore esti-

mators of 𝐹𝐹(⋅ |𝑌𝑌 ≥ 𝑐𝑐),𝐹𝐹‾(⋅ |𝑌𝑌 ≥ 𝑐𝑐) and 𝐹𝐹(⋅ |𝑌𝑌 < 𝑐𝑐),𝐹𝐹‾(⋅ |𝑌𝑌 < 𝑐𝑐) adapted to right-censored data 

are required. Such estimators will be proposed in the next section. They are based on the se-

quential right-censored random samples and the well-known Kaplan-Meier estimation 

(Kaplan & Meier, 1958). 

Sequential random sampling and the Kaplan-Meier estimator 

It is usually expected that random copies 𝑇𝑇𝑖𝑖 of time-to-event variable 𝑇𝑇 are fully observable. 

However, this assumption becomes problematic when it cannot be satisfied due to right-

censoring. Further, we will assume that censored survival times are observed, i.e.  

𝑋𝑋𝑖𝑖 = min(𝑇𝑇𝑖𝑖,𝑍𝑍𝑖𝑖) instead of 𝑇𝑇𝑖𝑖, where 𝑍𝑍𝑖𝑖 are the so-called censoring times. 
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To estimate 𝐹𝐹(⋅ |𝑌𝑌 ≥ 𝑐𝑐),𝐹𝐹‾(⋅ |𝑌𝑌 ≥ 𝑐𝑐)  as well as 𝐹𝐹(⋅ |𝑌𝑌 < 𝑐𝑐),𝐹𝐹‾(⋅ |𝑌𝑌 < 𝑐𝑐) , we propose 

adopting a sequential sampling scheme which allows for an unbiased estimation of the afore-

mentioned functions for any 𝑡𝑡 < 𝑡𝑡0 where 𝑡𝑡0 is a positive real number fixed in advance, as op-

posed to the negatively biased standard Kaplan-Meier estimator 𝐾𝐾𝐾𝐾(𝑡𝑡) which is undefined for 

some 𝑡𝑡 if the largest observation in the sample is right-censored. 

Suppose that there is given a fixed period 𝑡𝑡0 of observation of individuals in a study. In-

dividuals enter the study at random times, and the observation finishes at the end of that period. 

If the interesting event occurs for an 𝑖𝑖-th individual, than it yields the true time-to-event 𝑇𝑇𝑖𝑖, 

otherwise one observes a partial time to event, say 𝑍𝑍𝑖𝑖, such that 𝑍𝑍𝑖𝑖 < 𝑇𝑇𝑖𝑖. In such a case, we say 

that 𝑍𝑍𝑖𝑖  right-censors the true time 𝑇𝑇𝑖𝑖 . Variables 𝑍𝑍𝑖𝑖  are usually called censoring times. From 

a formal point of view, one observes the so-called censored survival times, which can be ex-

pressed as pairs (𝑋𝑋𝑖𝑖, 𝛿𝛿𝑖𝑖), where 

𝑋𝑋𝑖𝑖 = min(𝑇𝑇𝑖𝑖,𝑍𝑍𝑖𝑖), 

and 

𝛿𝛿𝑖𝑖 = 𝟏𝟏(𝑇𝑇𝑖𝑖 ≤ 𝑍𝑍𝑖𝑖) = �1, if 𝑇𝑇𝑖𝑖 ≤ 𝑍𝑍𝑖𝑖 ,
0, otherwise. 

is the censoring indicator. 

If the censoring times 𝑍𝑍𝑖𝑖 are random and independent of survival times 𝑇𝑇𝑖𝑖 then the model 

(𝑋𝑋𝑖𝑖, 𝛿𝛿𝑖𝑖) is well known as the random and independent right-censorship model. 

We will assume that the times-to-event, 𝑇𝑇𝑖𝑖, as well as the censoring times, 𝑍𝑍𝑖𝑖, are contin-

uous, mutually independent random variables with common distribution functions 𝐹𝐹  and 𝐺𝐺, 

respectively. These assumptions imply that variables 𝑋𝑋𝑖𝑖 = min(𝑇𝑇𝑖𝑖,𝑍𝑍𝑖𝑖)  are independent and 

have a distribution function, say 𝐾𝐾, satisfying the relation 𝐾𝐾 = 1 − 𝐹𝐹‾𝐺𝐺‾. 

The sequential random sampling scheme will be defined as follows. Let 𝑡𝑡0, 𝑐𝑐0 be real 

fixed values, such that 0 < 𝑡𝑡0 < sup{𝑡𝑡:𝐾𝐾‾ (𝑡𝑡) > 0}, 𝑐𝑐0 < sup{𝑐𝑐:𝐻𝐻‾ (𝑐𝑐) > 0}, and let 𝑘𝑘 ≥ ℎ ≥ 2 

be some predefined integers. Assume that individuals arrive at random during the study and we 

record  (𝑋𝑋𝑖𝑖,𝛿𝛿𝑖𝑖) as well as 𝑌𝑌𝑖𝑖 until for 𝑘𝑘 individuals the following inequalities hold 

𝑋𝑋𝑖𝑖𝑗𝑗 ≥ 𝑡𝑡0, 𝑗𝑗 = 1,2, … ,𝑘𝑘, 

and for ℎ of them, the following inequalities are satisfied at the same time 

𝑌𝑌𝑖𝑖𝑗𝑗 ≥ 𝑐𝑐0, 𝑗𝑗 = 1,2, … , ℎ. 
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It is worth noting that the size 𝑁𝑁 of the random sample 

(𝑋𝑋1, 𝛿𝛿1,𝑌𝑌1), (𝑋𝑋2, 𝛿𝛿2,𝑌𝑌2), … , (𝑋𝑋𝑁𝑁 ,𝛿𝛿𝑁𝑁 ,𝑌𝑌𝑁𝑁), 

obtained in such a sampling scheme is a random variable. 

Since we need a sorted sample, let us also define the ≤𝑙𝑙 relation as follows 

(𝑋𝑋𝑖𝑖, 𝛿𝛿𝑖𝑖 ,𝑌𝑌𝑖𝑖) ≤𝑙𝑙 (𝑋𝑋𝑗𝑗, 𝛿𝛿𝑗𝑗 ,𝑌𝑌𝑖𝑖) ⇔ (𝑋𝑋𝑖𝑖 < 𝑋𝑋𝑗𝑗) or �𝑋𝑋𝑖𝑖 = 𝑋𝑋𝑗𝑗  and 𝛿𝛿𝑖𝑖 ≥ 𝛿𝛿𝑗𝑗�. 

An 𝑖𝑖 -th observation in the sample reordered according to this relation will be denoted by 

(𝑋𝑋𝑖𝑖:𝑁𝑁 ,𝛿𝛿[𝑖𝑖],𝑌𝑌[𝑖𝑖]), where 𝛿𝛿[𝑖𝑖] = 𝛿𝛿𝑗𝑗 and 𝑌𝑌[𝑖𝑖] = 𝑌𝑌𝑗𝑗, if 𝑋𝑋𝑖𝑖:𝑁𝑁 = 𝑋𝑋𝑗𝑗. 

Then, the sequential Kaplan−Meier-type estimator 𝐾𝐾𝐾𝐾(𝑡𝑡) of the probability 𝐹𝐹‾(𝑡𝑡) takes 

the form 

𝐾𝐾𝐾𝐾(𝑡𝑡) = � �1 −
𝛿𝛿[𝑖𝑖]

𝑁𝑁 − 𝑖𝑖
�

𝑖𝑖:𝑋𝑋𝑖𝑖:𝑁𝑁≤𝑡𝑡

,        𝑡𝑡 ≤ 𝑡𝑡0, 

with the initial assumption that 𝐾𝐾𝐾𝐾(𝑡𝑡) = 1 whenever the set {𝑖𝑖:𝑋𝑋𝑖𝑖:𝑁𝑁 ≤ 𝑡𝑡} is empty. It is 

worth noting that such a sequential estimator is an unbiased estimator of the cumulative distribu-

tion function 𝐹𝐹,‾  even in the presence of right-censoring (see Rossa, 2008, 2009 for more details). 

By analogy, the sequential Kaplan−Meier estimators 𝐾𝐾𝐾𝐾(𝑡𝑡|𝑌𝑌 < 𝑐𝑐), 𝐾𝐾𝐾𝐾(𝑡𝑡|𝑌𝑌 ≥ 𝑐𝑐) of the 

respective probabilities 𝐹𝐹‾(𝑡𝑡|𝑌𝑌 < 𝑐𝑐) and 𝐹𝐹‾(𝑡𝑡|𝑌𝑌 ≥ 𝑐𝑐) are as follows 

𝐾𝐾𝐾𝐾(𝑡𝑡|𝑌𝑌 < 𝑐𝑐) = � �1 −
𝛿𝛿[𝑖𝑖]

𝑁𝑁1 − 𝑖𝑖�
𝑖𝑖:𝑋𝑋𝑖𝑖:𝑁𝑁≤𝑡𝑡,𝑌𝑌[𝑖𝑖]<𝑐𝑐

,  𝑡𝑡 ≤ 𝑡𝑡0,  𝑐𝑐 ≤ 𝑐𝑐0, 

and 

𝐾𝐾𝐾𝐾(𝑡𝑡|𝑌𝑌 ≥ 𝑐𝑐) = � �1−
𝛿𝛿[𝑖𝑖]

𝑁𝑁2 − 𝑖𝑖�
𝑖𝑖:𝑋𝑋𝑖𝑖:𝑁𝑁≤𝑡𝑡,𝑌𝑌[𝑖𝑖]≥𝑐𝑐

,  𝑡𝑡 ≤ 𝑡𝑡0,  𝑐𝑐 ≤ 𝑐𝑐0, 

where 

𝑁𝑁1 = #{𝑖𝑖:𝑌𝑌[𝑖𝑖] < 𝑐𝑐}, 𝑁𝑁2 = #{𝑖𝑖:𝑌𝑌[𝑖𝑖] ≥ 𝑐𝑐}. 

For a fixed value of 𝑡𝑡 ≤ 𝑡𝑡0, the empirical ROC curve takes the form 

𝑅𝑅𝑅𝑅𝑅𝑅�(𝑐𝑐, 𝑡𝑡) = ��𝐻𝐻‾�(𝑐𝑐|𝑇𝑇 < 𝑡𝑡),𝐻𝐻‾�(𝑐𝑐|𝑇𝑇 ≥ 𝑡𝑡)�,  𝑐𝑐 ≤ 𝑐𝑐0�, 

where 𝐻𝐻‾�(𝑐𝑐|𝑇𝑇 < 𝑡𝑡) and 𝐻𝐻‾�(𝑐𝑐|𝑇𝑇 ≥ 𝑡𝑡) are defined as follows 

𝐻𝐻‾�(𝑐𝑐|𝑇𝑇 < 𝑡𝑡) =
[1 − 𝐾𝐾𝐾𝐾(𝑡𝑡|𝑌𝑌 ≥ 𝑐𝑐)]𝐻𝐻‾�(𝑐𝑐)

1 − [𝐾𝐾𝐾𝐾(𝑡𝑡|𝑌𝑌 ≥ 𝑐𝑐)𝐻𝐻‾�(𝑐𝑐) + 𝐾𝐾𝐾𝐾(𝑡𝑡|𝑌𝑌 < 𝑐𝑐)𝐻𝐻�(𝑐𝑐)]
, 
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𝐻𝐻‾�(𝑐𝑐|𝑇𝑇 ≥ 𝑡𝑡) = 1 −
𝐾𝐾𝐾𝐾(𝑡𝑡|𝑌𝑌 < 𝑐𝑐)𝐻𝐻�(𝑐𝑐)

𝐾𝐾𝐾𝐾(𝑡𝑡|𝑌𝑌 ≥ 𝑐𝑐)𝐻𝐻‾�(𝑐𝑐) + 𝐾𝐾𝐾𝐾(𝑡𝑡|𝑌𝑌 < 𝑐𝑐)𝐻𝐻�(𝑐𝑐)
, 

with the convention that 0/0 ≡ 0.  

The functions 𝐻𝐻‾�(𝑐𝑐) and 𝐻𝐻�(𝑐𝑐) appearing in the numerators and denominators of both es-

timators, are defined as follows 

𝐻𝐻‾�(𝑐𝑐) =
1

𝑁𝑁 − 1
�𝟏𝟏
𝑁𝑁−1

𝑖𝑖=1

(𝑌𝑌𝑖𝑖 ≥ 𝑐𝑐),        𝐻𝐻�(𝑐𝑐) = 1 −𝐻𝐻‾�(𝑐𝑐). 

Note that estimators 𝐻𝐻‾�(𝑐𝑐|𝑇𝑇 < 𝑡𝑡) and 𝐻𝐻‾�(𝑐𝑐|𝑇𝑇 ≥ 𝑡𝑡) are bounded in [0,1]. 

Now, based on the estimator of the ROC curve it is possible to find an optimal predictive 

threshold 𝑐𝑐 of the marker 𝑌𝑌 that ensures as high classifications accuracy as possible. This pro-

cess will be illustrated in more detail using a credit-scoring application. 

Application of the new class of ROC curve estimators in credit scoring 

Credit scoring is the term used to describe formal statistical methods used for classifying 

applicants for credit into ‘good’ and ‘bad’ risk classes. Such methods have become im-

portant with the significant growth in consumer credit in recent years. A wide range of sta-

tistical methods has been applied to address this issue (see e.g., Hand & Henley, 1997; 

Abellan & Castellano, 2017, among others). One of them is based on time-dependent ROC 

curves. In the practice of credit-risk management, the models based on the receiver operat-

ing characteristic (ROC) curves are helpful in assessing e.g. the discriminatory power of the 

so-called scorecards. 

Among consumers borrowing money from banks, there are almost always those who do 

not repay their loans according to the scheduled payments; such loans are called defaults. In 

this example, we consider the simple case of a fictitious bank that classifies 12-month loans as 

‘good’ or ‘bad’ based on the probability that they will be fully repaid or will not be repaid be-

fore a fixed number of 𝑡𝑡 months have passed. Typically, the classification should be performed 

before a decision to grant the loan is made, i.e., at the application stage. Since the bank cannot 

know in advance whether the loan will be repaid, creditworthiness has to be established using 

other available information, and typical sources for this are the loan application form, the appli-

cants’ financial history and other characteristics. 

To keep our presentation simple, let us consider 12-month loans and assume that the 

predictive marker 𝑌𝑌𝑖𝑖 is the monthly income of the 𝑖𝑖-th applicant. The classification rule is as 

follows: an 𝑖𝑖-th loan will be classified as ’good’ when the value of 𝑌𝑌𝑖𝑖 is at least 𝑐𝑐, where 𝑐𝑐 
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is some decision threshold. The main problem with this approach is that we first need to 

find the optimal value of 𝑐𝑐 that is based on the most recent data and has the highest proba-

bilities of correctly classifying loans as repaid before 𝑡𝑡 months have elapsed. To solve this 

problem, the time-dependent ROC curve will be employed. However, a random sample of 

the most recent loans approved by the bank is needed in order to establish a correct classifi-

cation rule. 

Let 𝑇𝑇𝑖𝑖 represent the time between the date an 𝑖𝑖-th loan was approved and the date of its re-

payment, and let 𝑍𝑍𝑖𝑖 denote the time between the approval date and the current date (censoring 

time). The repayment time 𝑇𝑇𝑖𝑖 of the loan longer than censoring time 𝑍𝑍𝑖𝑖 are not observable, which 

means that we can observe the smaller one, i.e. 𝑋𝑋𝑖𝑖 = min(𝑇𝑇𝑖𝑖,𝑍𝑍𝑖𝑖). We will call 𝑋𝑋𝑖𝑖 the censored 

repayment time for the 𝑖𝑖-th loan. Observations are collected sequentially, and after each new loan 

is included, the sample is evaluated against a predefined stopping rule. The data collection con-

tinues until at least 𝑘𝑘 observations satisfy the condition 𝑋𝑋𝑖𝑖 ≥ 𝑡𝑡0, ensuring sufficient information 

about loans with relatively long durations, and simultaneously at least ℎ observations satisfy the 

condition 𝑌𝑌𝑖𝑖 ≥ 𝑐𝑐0, ensuring adequate representation of individuals with higher values of the pre-

dictive marker.  

This stopping rule ensures that the sample contains enough information to reliably esti-

mate time-dependent classification measures. In the illustrative example, the parameters are set 

to 𝑘𝑘 =  ℎ = 2, 𝑐𝑐0 = 2.2 (Euro 1,000) and 𝑡𝑡0 = 27 (months). The sample censored repayment 

times 𝑋𝑋𝑖𝑖, censoring indicators 𝛿𝛿𝑖𝑖, and monthly incomes 𝑌𝑌𝑖𝑖 yielded by the experiment are shown 

in Table 1. 

Table 1.  

Input data 

Censored time 
𝑿𝑿𝒊𝒊 

Censoring 
indicator 𝜹𝜹𝒊𝒊 

Income per 
month 𝒀𝒀𝒊𝒊   

(Euro 1,000) 

4 1 1.4 

6 0 1.8 

7.4 1 1.5 

8 0 1.7 

9.5 1 1.5 

10.1 1 1.3 

10.6 0 1.9 

11 0 2 
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Censored time 
𝑿𝑿𝒊𝒊 

Censoring 
indicator 𝜹𝜹𝒊𝒊 

Income per 
month 𝒀𝒀𝒊𝒊   

(Euro 1,000) 

11.5 1 1.6 

12.3 1 1.6 

12.5 0 1.8 

13 1 1.8 

13.2 1 1.6 

13.5 1 1.7 

13.9 0 1.8 

14 0 1.8 

14.2 0 1.9 

14.5 0 1.9 

15.1 1 1.9 

16 0 1.8 

17.8 0 1.9 

18 0 1.9 

18.5 0 2 

20.5 1 2 

20.8 1 1.9 

21 0 2 

22 1 1.7 

24 0 1.9 

27.1 1 2 

27.5 1 2 

28 0 2.2 

29 1 2.5 

Source: author’s own elaboration (sample data). 

Table 2 reveals specificity and sensitivity values obtained using the data in Table 1 for 

some selected values of 𝑡𝑡 ≤ 𝑡𝑡0. 
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Table 2.  

Classification accuracy via sensitivity and 1-specificity measures 

c 1-spec. sens. c 1-spec. sens. 

t=12 months t=20 months 

1.3 1 1 1.3 1 1 

1.4 1 0.8106 1.4 1 0.9148 

1.5 1 0.6212 1.5 1 0.8296 

1.6 1 0.2269 1.6 1 0.6569 

1.7 0.9231 0 1.7 1 0.3738 

1.8 0.8212 0 1.8 0.9407 0.2455 

1.9 0.5895 0 1.9 0.7199 0.1131 

2 0.2735 0 2 0.3735 0 

2.1 0.039 0 2.1 0.0523 0 

2.2 0 0 2.2 0 0 

t=15 months t=27 months 

1.3 1 1 1.3 1 1 

1.4 1 0.9013 1.4 1 0.9486 

1.5 1 0.8026 1.5 1 0.8971 

1.6 1 0.6018 1.6 1 0.7938 

1.7 1 0.2652 1.7 1 0.6336 

1.8 0.9453 0.1224 1.8 1 0.4463 

1.9 0.7387 0 1.9 1 0.2474 

2 0.3382 0 2 0.5886 0.0652 

2.1 0.0482 0 2.1 0.0934 0 

2.2 0 0 2.2 0 0 

Source: Author’s calculations based on sample data from the Table 1. 

Based on data in columns 2 and 3 of Table 2, the coordinates of the ROC curve corre-

sponding to some selected values of 𝑡𝑡 can be plotted using the linear interpolation method (Fig-

ure 2). The optimal value of the predictive threshold 𝑐𝑐 of the income per month is given by the 

point on the ROC curve, which is the nearest to the left upper corner of the unit square, i.e., 

whose coordinates are (0,1). In our example, the optimal value of 𝑐𝑐  is 1.7 (Euro 1,000) if  

𝑡𝑡 = 12 (months), 1.8 (Euro 1,000) if 𝑡𝑡 = 15 or 𝑡𝑡 = 20 (months) and 𝑐𝑐 = 1.9 (Euro 1,000) if 

𝑡𝑡 = 27 (months), as these values ensure relatively high probabilities that loans have been cor-

rectly classified into good or bad ones. 
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Figure 2.  

Estimated ROC curves for four selected values of 𝑡𝑡 

Source: author’s own elaboration. 

Final remarks 

The proposed approach offers several advantages over traditional classification methods. First, 

it incorporates the time-to-event dimension, allowing classification to depend on whether an 

event occurs before or after a specified time 𝑡𝑡, rather than treating outcomes as static. Second, it 

properly handles right-censored data using the Kaplan−Meier estimator, avoiding information 

loss and potential bias. Third, time-dependent ROC curves enable a dynamic evaluation of clas-

sification performance across different time horizons. Fourth, the sequential sampling scheme 

ensures that the sample contains sufficiently informative observations, improving estimation 

efficiency. Fifth, the method allows for data-driven selection of the optimal threshold 𝑐𝑐, maxim-

izing classification accuracy. From a credit scoring perspective, this enables more accurate as-

sessment of default risk over a specified time horizon, supporting better-informed lending deci-

sions and risk management. 

However, the approach has some limitations. It relies on the assumption of independent 

right-censoring. Violation of this assumption may lead to biased estimates. Moreover, the 

procedure can be computationally demanding when multiple thresholds or time points are 

considered. 
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In summary, the proposed classification method, incorporating time-dependent ROC 

curves, sequential sampling, and Kaplan−Meier estimation, provides a more accurate and relia-

ble determination of the optimal threshold for a continuous predictive marker in the presence of 

right-censored time-to-event data than traditional static classification approaches. 
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