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O P E

Tarek Sayed Ahmed

OMITTING TYPES IN FRAGMENTS
AND EXTENSIONS OF FIRST ORDER LOGIC

Abstract

Fix 2 < n < w. Let L, denote first order logic restricted to the first n variables.
Using the machinery of algebraic logic, positive and negative results on omitting
types are obtained for L, and for infinitary variants and extensions of Ly, .

Keywords: Algebraic logic, multimodal logic, omitting types, completions.

1. Introduction

Let £ be an extension or reduct or variant of first order logic, like first
logic itself possibly without equality, L,, as defined in the abstract with
2 < n < w, Ly w, L, as defined in [10, § 4.3], ..., etc. An omitting
types theorem for £, briefly an OTT, is typically of the form ‘A countable
family of non-isolated types in a countable £ theory T' can be omitted in
a countable model of T. From this it directly follows, that if a type is
realizable in every model of a countable theory T, then there should be a
formula consistent with 7" that isolates this type. A type is simply a set of
formulas I' say. The type I is realizable in a model if there is an assignment
that satisfies (uniformly) all formulas in I". Finally, ¢ isolates I' means that
THF ¢ — 1 for all Y € I'. What Orey and Henkin proved is that the OTT
holds for L, ., when such types are finitary meaning that they all consist
of n-variable formulas for some n < w. For L,,, as defined in the abstract,
the situation turns out drastically different. It is known [2] that the OTT
fails in the following (strong) sense. For every 2 < n <[ < w, there is a
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countable and complete L,, theory T, and a type that is realizable in every
model of T', but cannot be isolated by a formula using [ variables.

In this paper we prove other negative OTTs for L, when types are
required to be omitted with respect to certain generalized semantics.

By imposing extra conditions on theories and / or types required to be
omitted (like quantifier elimination and maximality, respectively), we ob-
tain positive OTTs for L,, theories; addressing possibly uncountably many
types. Also, we study OTTs for algebraizable extensions of L, ,, namely,
the (algebraizable) so—called infinitary logics of infinitary relations studied
extensively in [10, § 4.3]. In this context, we prove negative results on
OTTs. Here semantics are the usual Tarskian semantics respecting com-
mutativity of cylindrifiers. Sometimes such logics are referred to as typless
logics; the adjective typless pointing out to dropping the arity of relation
symbols in their formalism.

Conversely, we prove positive OTTs for logics corresponding to variants
of w—dimensional polyadic algebras with equality (PEA,s) with equality
studied in [8, 18] by taking reducts and/or weakening the axioms of PEA,,.
In the logics studied in [8], Tarskian semantics are relativized, and con-
sequently we do not have full fledged commutativity of cylindrifiers. The
logic studied in [18] can be regarded as a classical algebraizable extension
of L . without equality; here by classical we understand that Tarskian
semantics are preserved in such extensions.

We follow the notation of [1] which is in conformity with the notation
in the monograph [10]. In particular, for any pair of ordinal o < 3, CA,,
stands for the class of cylindric algebras of dimension «, RCA, denotes
the class of representable CA,s and Nr,CAg(C CA,) denotes the class
of arneat reducts of CAgs. The last class is studied extensively in the
chapter [20] of [1] as a key notion in the representation theory of cylindric
algebras. S denotes the operation of forming subalgebras and P denotes
the operation of forming direct products. For any ordinal «, Cs, denotes
the class of cylindric set algebras of dimension o whose top elements are
a—dimensional cartesian spaces and Gs, denotes the class of generalized
cylindric set algebras of dimension «, whose top elements are generalized
a—dimensional cartesian spaces. An a—dimensional cartesian space is a
set of the form *U (U a non-empty set) and a generalized a—dimensional
cartesian space is a disjoint union of « dimensional cartesian spaces. By
definition RCA, = SPCs, and it is known (and indeed not hard to show
that) RCA, = IGs,, where I is the operation of forming isomorphic images.
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In cylindric—polyadic algebras of dimension « (« an infinite ordinal) studied
in [8], units are unions of cartesian spaces that are not necessarily disjoint.
We assume familiarity with the basics of duality theory of Boolean algebras
with operators BAOs, like atom structures and complex algebras. A more
than an adequate reference is [12, Chapter 2]. Throughout the paper,
unless otherwise indicated, we fix 2 < n < w.

Layout

e In § 2 we recall the needed basic concepts to be used in the sequel.

e In § 3 we prove negative results on OTT for L, algebraically by
proving that infintely mjany varities of CA,s are not atom-canonical
(to be defined below).

e In § 4 we prove positive results on OTT for L,, and a multitude of
algebraizable versions of L, ;.

2. Some basics
We fix the notation, in the process recalling some basic needed definitions:

DEFINITION 2.1. Let a be an ordinal and A be a cardinal.

(1) A weak space of dimension « is a set V' of the form {s € *U : |[{i €
«: 8; # pi}| < w} where U is a non-empty set and p € *U. We denote V
by “U®). We write Gws, short hand for the class of generalized weak set
algebras as defined in [10, Definition 3.1.2, item (iv)]. By definition Gws, =
SPWs,,, where Ws,, denotes the class of weak set algebra of dimension a.
The top elements of Gws,s are generalized weak spaces of dimension «;
these are disjoint unions of weak spaces of the same dimension. Plainly
when a < w, Ws, = Cs, and Gws, = Gs,, in which case we use the
notation Cs, and Gs,.

Fix A € RCA,,.

(2) Let K € {Gs,,Gws,}. If X = (X; : ¢ < A) is family of subsets of 2,
we say that X is omitted with respect to K if there exist in € € K, and
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an isomorphism f : A — € such that () f(X;) = 0 for all i < \. When we
want to stress the role of f, we say that X is omitted in € via f.

(3) If X C A and [[X = 0, then we refer to X as a non-principal type
of 2.

(4) If K € {Gs,, Gws, }, 2 is atomic and the non-principal type consisting
of co-atoms (a co-atom is the complement of an atom) omitted in € € K
via f, then we say that € is a complete representation of 2 via f or simply
a complete representation of 2, and that 2 is completely representable with
respect to K.

Let K € {Gs,, Gws,}. It is known that an atomic 2 € CA, is com-
pletely representable with respect to K via f <= there exists € € K
such that for all X C 2, f(3>°X) = U,cx f(7), whenever ) X exists in
2A, hence the term complete representation. We note that in the last part
(after the equivalence) atomicity is redundant, cf. [11].

For some time we fix 2 < n < w. The subtle phenomena of complete
representability is closely related to the algebraic notion of atom—canonicity
of (certain supervarieties of) RCA,, (like SNr,,CA,, for 2 < n < m < w),
and to the metalogical property of omitting types in n—variable fragments
of first order logic [19, Theorems 3.1.1, 3.1.2, p. 211, Theorems 3.2.8, 3.2.9,
3.2.10], when non-principal types are omitted with respect to (relativized)
semantics.

Atom-—canonicity is an important persistence property in various modal
logics, that applies to the class of their modal algebras; for example the vari-
ety RCA,, viewed as the class of modal algebras of the (modal formalism) of
L,, is not atom—canonical, because applying the complex algebra operator
to countable atom structures of RCA,s, can give non-representable CA,s,
more succintly, €m(AtRCA,,) ¢ RCA,,. The term algebra on any such atom
structure At say, cannot be completely representable, for a complete rep-
resentation of TmAt (the term algebra) induces a representation of CmAt.
This implies that OTT fails for L,, as indicated in the introduction when
n =1[. That OTT fails for L,, in the stronger sense indicated also in the in-
troduction when n < [ < w, follows from the fact that forall2 < n <[ < w,
there exists a countable 2 € RCA, N Nr,,CA; that is not completely rep-
resentable. The last statement is proved in [2]. We start by showing that
infinitely many varieties of CA, s (containing and including RCA,,) are not
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atom—canonical. This will imply that OTT fails strongly but in a differ-
ent way; the OTT fails for L, with respect to so—called clique guarded
semantics [13] which is a form of generalized semantics. Here the class
of models allowed to omit non-principal types is broadened considerably.
Models can be only n+ 3—flat a notion to be defined below. To get an idea
of the how much broadening the permissable models is occuring here; for
2 <n <m <1l < w, the notion of /- flatness is not finitely axiomatizable
over the notion of m—flatness in a precise sense given in theorem 3.9 below,
and that ordinary countable models coincide with w—flat models. We show
that even one—non principal type in a complete and countable L,, theory
may not be omitted in any n 4+ k—flat model when k& > 3.

3. Non-atom—canonicity of SNr,CA, ., for k£ > 3 and
failure of OTT with respect to clique-guarded
semantics

For sequences f, g having the same domain an ordinal « say, and ¢ € domf,
we write f =; g <= f and g agree off of i, that is to say f(z) = g(x) for
all z € dom(f) ~ {i}.

DEFINITION 3.1. Let 2 < n < w and assume that 2 € CA,, is atomic.

(1) An n-dimensional atomic network on an A is a map N : "A — At
where A is a non-empty set of nodes, denoted by nodes(NN), satisfying the
following consistency conditions for all i < j < n:

o Ifz € "nodes(N) then N(f) < dij = T; =Ty,
e If 7,7 € "nodes(N), i < n and z =; y, then N(Z) < ¢;N(7),

(2) Assume that m,k < w. The atomic game G}'(At), or simply G},
is the game played on atomic networks of 2 using m nodes, each node
only once, so that any node being used is not alllowed to be reused; and
having k rounds [13, Definition 3.3.2], where V is offered only one move,
namely, a cylindrifier move: Suppose that we are at round ¢ > 0. Then V
picks a previously played network N; (nodes(N;) C m), i < n, a € At2,
x € "nodes(Ny), such that N;(Z) < c;a. For her response, 3 has to deliver a
network M such that nodes(M) C m, M =; N, and there is § € "nodes(M)
that satisfies § =; T and M(g) = a, cf. [12, Definition 12.5(2)] for the
notation M =; N.
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(3) We write G (At), or simply Gy, for GJ*(AtA) if m > w.

(4) The w-rounded game G™ (At2l) or simply G™ is like the game G (At2l)
except that V has the option to reuse the m nodes in play.

For BAOs, 2l and 9B say, having the same signature, we say that 2
is dense in B if A C B and for all non-zero b € B, there is a non-zero
a € A such that ¢ < b. An atom structure will be denoted by At. An
atom structure At has the signature of CA,, « an ordinal, if €mAt has the
signature of CA,,.

DEFINITION 3.2. Let V be a completely additive variety of BAOs. Then V is
atom—canonical if whenever A € V and 2 is atomic, then
ECmAtl € V. The Dedekind—MacNeille completion of 2 € V, is the unique
(up to isomorphisms that fix 21 pointwise) complete B such that 2A C B
and 2 is dense in B.

From now on fix 2 < n < w. If A € CA,, is atomic, then €mAt2 is the
Dedekind—MacNeille completion of 2. If A € CA,,, then its atom structure
will be denoted by At2l with domain the set of atoms of 2l denoted by At2l.

LEMMA 3.3. Let 2 <n < m < w and assume that A € CA,, is atomic. If
A € S¢Nr,,CA,,,, then 3 has a winning strategy in G™(Atl). In particular,
If A is finite and V' has a winning strategy in G (At2l), then A ¢ SNr,,CA,,.

PROOF: [23, Lemma 4.3]. O

In the next theorem 3.5, we show non-atom canonicity of the varieties
SNr,,CA, 1k for k > 3. The gist of the idea is a combination of the model-
theoretic techniques of Hodkinson’s used in [15] conjuncted with a blow up
and blur construction in the sense of [2]. The idea of a ‘a blow up and blur’
construction is simple, but powerful and subtle. We give the general idea.
One starts with a finite algebra ® € CA,,, blowing its atom structure, by
splitting one or more of its atoms into infinitely many thereby obtaining a
new infinite atom structure, call it At, such that ® embeds into €mAt. If ®
is not representable, or even has only finite representations (representations
on finite bases) and TmAt happens to be representable, then the Dedekind—
MacNeille completion €mAt of TmAt will not be representable, because
a representation of the infinite algebra €mAt necessarily has an infinite
base, inducing an infinite representation of ©, since ® embeds in CmAt
and RCA, is a variety. So one thereby obtains a weakly representable atom
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structure At, that is not strongly representable. But this same idea can
also be applied to the varieties Vi = SNr,,CA,, 1, for k£ > 1, approximating
RCA,,. One blows up and blur a finite algebra ® outside the (larger) Vi
(when k < w), thereby obtaining a weakly representable atom structure
At, such €mAt is outside Vi because ® embeds into €mAt. If for some
ko > 1, the atom structure At obtained after blowing up and blurring the
finite algebra that is outside Vy, is representable, it will readily follow that
Vi, for all k > kg is not atom—canonical. The term blur refers to the fact
that the algebraic structure of ® is blurred at the level of TmAt, it does not
embed into ¥mAt prohibiting its representability, but it it is not blurred
on the ‘global level’ of €mAt, in the sense that © embeds into €mAt.

One might be tempted to think that our next result can be obtained
by ‘lifting somehow’ to higher dimensions the construction for RAs proving
that SRaCAy, & > 6 is not atom—canonical proved in [12] using a blow
up and blur construction for relation algebras. In [12], an representable
atomic relation algebra R, whose Dedekind—MacNeille completion is out-
side SPRaCAg, is constructed. But this cannot be done with the lifting
construction in [18] as it stands, for given an atomic R € RA, it does not
necessarily embed in the Ra reduct of the atomic CA,, constructed from the
R as described in op.cit if n > 6. It can only be done for n = 3. We briefly
review the blow up and blur construction in [12, 17.32, 17.34, 17.36] for
relation algebras proving that S9RaCAy, for k£ > 6 is not atom canonical.
We need some preparation. Let 2 <n < w and r < w. Let R be an atomic
relation algebra. Then the r—rounded game GI'(AtR) [12, Definition 12.24]
is the (usual) atomic game played on networks of an atomic relation algebra
R using n nodes.

Let L be a relational signature. Let G (the greens) and R (the reds) be
L structures and p,r < w. The game EFZ(G, R), defined in [12, Definition
16.1.2], is an Ehrenfeucht—Fraissé forth ‘pebble game’ with r rounds and p
pairs of pebbles. In [12, 16.2], a relation algebra rainbow atom structure is
associated for relational structures G and R. We denote by R4 g the (full)
complex algebra over this atom structure. The Rainbow Theorem [12,
Theorem 16.5] states that: If G,R are relational structures and p,r < w,
then 3 has a winning strategy in Gﬁf(RG,m) <= she has a winning
strategy in EFE(G,R).

For 5 <1 < w, RA; is the class of relation algebras whose canonical
extensions have an [-dimensional relational basis [12, Definition 12.30]. RA,
is a variety containing properly the variety SRaCA;. Furthermore, 3 has
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a winning strategy in G (AtR) = R € RA,, cf. [12, Proposition 12.31]
and [12, Remark 15.13]. We now show:

THEOREM 3.4. For any k > 6, the varieties RA; and SRaCAy are not
atom—canonical.

PROOF: We follow the notation in [12, lemmas 17.32, 17.34, 17.35, 17.36]
with the sole exception that we denote by m (instead of K,,,) the complete
irreflexive graph on m defined the obvious way; that is we identify this
graph with its set of vertices. Fix 2 < n < m < w. Let R = R, ,,. Then
by the rainbow theorem V has a winning strategy in G%ﬁ(AtD‘{), since it
clealy has a winning strategy in the Ehrenfeucht—Fraissé game EF} (m,n)
because m is ‘longer’ than n. Then R ¢ RA,,;2 by [12, Propsition 12.25,
Theorem 13.46 (4) <= (5)], so R ¢ SRaCA,,12. Next one ‘splits’ every
red atom to w—many copies obtaining the infinite atomic countable (term)
relation algebra denoted in op.cit by T, with atom structure «, cf. [12, item
(4) top of p. 532]. Then €ma ¢ SRaCA,,+2 because R embeds into Ema
by mapping every red to the join of its copies, and SPRaCA,, ;2 is closed
under S. Finally, one (completely) represents (the canonical extension of)
T like in [12]. By taking m = 4 and n = 3 the required follows. O

We next blow up and blur a finite rainbow CA,,(2 < n < w). The proof,
otherwise, is presented in a model-theoretic framework as done in [15],
where it is proved that RCA,, is not atom—canonical. We briefly review
rainbow constructions for CAs [11, 13]. Fix 2 < n < w. Given relational
structures G (the greens) and R (the reds) the rainbow atom structure of a
CA,, consists of equivalence classes of surjective maps a : n — A, where A
is a coloured graph. A coloured graph is a complete graph labelled by the
rainbow colours, the greens g € G, reds r € R, and whites; and some n — 1
tuples are labelled by ‘shades of yellow’. In coloured graphs certain triangles
are not allowed for example all green triangles are forbidden. Some (but
not all) of the red triples are forbidden. cf. [11, 4.3.3]. The equivalence
relation relates two such maps <= they essentially define the same graph
[11, 4.3.4]. We let [a] denote the equivalence class containing a. The
accessibilty (binary relations) corresponding to cylindric operations are like
n [11]. Special coloured graphs typically used by V during implementing
his winning strategy are called cones: Let i € G, and let M be a coloured
graph consisting of n nodes xg,...,Tp—2,2. We call M an i — cone if
M (o, 2) = g§ and for every 1 < j <n —2, M(z;,z) = g, and no other
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edge of M is coloured green. (xo,...,T,—2) is called the base of the cone,
z the apex of the cone and i the tint of the cone. For 2 < n < w, we
use the graph version of the games G™(8) and G™ () where 3 is a CA,
rainbow atom structure, cf. [11, 4.3.3]. The (complex) rainbow algebra
based on G and R is denoted by g r. The dimension n will always be clear
from context. For relation algebras the relation algebra Ry 3 was blown up
and blurred, now we blow up and blur CA, 11 5,

THEOREM 3.5. Let 2 < n < w. Then there exists B € Cs, such that
CmAtB ¢ SNr,,CA, 3. In particular, SNr,,CA, 1 is not atom canonical
forallk >3

PROOF: We finish off with the second part modulo the first. Then we prove
the first part. We have B € RCA,, = SNr,CA,, 1+, but CmALSB ¢
SNr, CA, 4 for all £ > 3.

The proof of the first part is divided to three parts:

m>0

(a) Blowing up and blurring a finite rainbow algebra: Take the
finite CA rainbow algebra © as defined in [13] where the reds R is the com-
plete irreflexive graph n, and the greens are G = {g; : 1 <i <n—1}U{g} :
1 < i < n+ 1}, endowed with the polyadic operations. Denote © by
CA,+1,» and for the sake of brevity, denote its finite atom structure by
Aty; so that Aty = At(CAp41,n). One then replaces the red colours of
the finite rainbow algebra of CA, 11, each by infinitely many reds (get-
ting their superscripts from w), obtaining this way a weakly representable
atom structure At. The resulting atom structure after ‘splitting the reds’,
namely, At, is like the weakly but not strongly representable atom struc-
ture of the atomic, countable and simple algebra 2 constructed in [15], the
sole difference is that we have n 4+ 1 greens and not infinitely many as is
the case in [15]. We denote our algebra also by 2. No confusion is likely
to ensue. We will go further by showing that €mAtA ¢ SNr,CA,,13. The
rainbow signature [13, Definition 3.6.9] L now consists of g; : 1 <i <mn—1,
gh:1<i<n+1lw:i<n-1,r,:k<Il<n,t€E w, binary rela-
tions, and n — 1 ary relations yg, S C n 4+ 1. There is a shade of red p;
the latter is a binary relation that is outside the rainbow signature, but
it labels coloured graphs during a ‘rainbow game’. 3 can win the rainbow
w-rounded game and build an n-homogeneous model M by using p when
she is forced a red; [15, Proposition 2.6, Lemma 2.7]. From now on, forget
about p; having done its task as a colour to (weakly) represent 2, it will
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play no further role. Having M at hand, one constructs two atomic n—
dimensional set algebras based on M, sharing the same atom structure and
having the same top element. The atoms of each will be the set of coloured
graphs, seeing as how, quoting Hodkinson [15] such coloured graphs are
‘literally indivisible’. Now L, and L7, , are taken in the rainbow signature
(without p). Continuing like in op.cit, deleting the one available red shade,
set W ={ae"™:ME (A, p@iz;))(a)}, and for ¢ € LT, ,, let
W ={s € W : M [= ¢[s]}. Here W is the set of all n—ary assignments in
™M, that have no edge labelled by p. We note that p is used by 3 infinitely
many times during the game forming a ‘red clique’ in M [15]. Let 2 be the
relativized set algebra with domain {¢" : ¢ a first-order L,, — formula}
and unit W, endowed with the usual concrete operations read off the con-
nectives. Classical semantics for L,, rainbow formulas and their semantics
by relativizing to W coincide [15, Proposition 3.13] but not with respect
to L, ,, rainbow formulas. This depends essentially on [15, Lemma 3.10],
which is the heart and soul of the proof in [15], and for what matters this
proof. The referred to lemma says that any permutation x of w U {p},
©X as defined in [15, Definitions 3.9, 3.10] is an n back—and—forth system
induced by any permutation of wU{p}. Let x be such a permutation. Thee
system ©X consists of isomorphisms between coloured graphs such that the
superscripts of reds are 're-shuffled along’ x in such a way that rainbow red
labels are permuted p is replaced by a red rainbow colour, and all other
colours are preserved. One uses such n-back-and-forth systems mapping a
tuple b € "M ~ W to a tuple ¢ € W preserving any formula in the rainbow
signature not containing the non-red symbols that are 'moved’ by the sys-
tem, so if b € "M refutes the L,, rainbow formula ¢, then there is a ¢ € W
refuting ¢, as well. The rainbow algebra 2{ is then isomorphic to cylindric
set algebra having top element "M, so 2 is simple, in fact it can be shown
that even its diagonal free reduct is simple. Let € = {¢"' : ¢ € L7 }
[15, Definition 4.1] with the operations defined like on 2l the usual way.
¢mAt is complete and, so like in [15, Lemma 5.3] we have an isomorphism
from €mAt to € defined via X — [JX. We have At2l = AtTm(AtA) = At
(where Tm(At2l) denotes the subalgebra of €mAt2 generated by the atoms;
the term algebra) and TmAt2l C 2, hence TmAt2 is representable. The
atoms of 2, TmAt2 and EmAtA = CmAt are the coloured graphs whose
edges are not labelled by p. These atoms are uniquely determined (syntacti-
cally) by MCA formulas in the rainbow signature of At as in [15, Definition
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4.3]. The expression blow up and blur is an indicative term introduced in
[2]. Blowing up means splitting the atoms of a finite algebra; in our context
CA,, 41, each into infinitely many obtaining a new atom structure denoted
above by At. Blurring, means that the algebraic structure of CA, 1, is
blurred in TmAt, its algebraic structure is disorganized or distorted in such
a way that it does not embed into TmAt. Nevertheless, it reapperas in the
Dedekind—MacNeille completion of TmAt, namely, in €mAt as we shall see
in a moment; CA,,11,, embeds into ¢mAt by mapping every splitted ‘red
atom’ to the suprema of the subatoms into which it was split. This sprema
exists because (the Boolean reduct of) €mAt is a complete algebra, which
is not the case with TmAt. The last is not complete,

(b) Embedding CA, 41, into the complex algebra ¢mAt: Now to
embed CA, 41, into CmAt = CmAt, we need some preparing to do. To
start with, we Identify r with r, so that we consider that Aty C At. Let
CRGy be the class of coulored graphs on Aty and CRG be the class of
coloured graph on At. By the above identification, we can assume that
CRGy C CRG. Write M, for the atom that is the (equivalence class of the)
surjection a : n — M, M € CGR. Here we identify a with [a]; no harm
will ensue. We define the (equivalence) relation ~ on At by M, ~ N,
(M,N € CGR)

o M,(a(i),a(j)) =r" <= Ny(b(i),b(j)) = r*, for some I,k € w,
o M, (a(i),a(j)) = Np(b(i),b(j)), if they are not red,
o M,(a(kp),...,a(kn—2)) = Np(b(ko),...,b(kn—2)), whenever defined.

We say that M, is a copy of Ny if M, ~ N, (by symmetry N, is a copy of
M,.) Indeed, the relation ‘copy of’ is an equivalence relation on At. An
atom M, is called a red atom, if M has at least one red edge. Any red
atom plainly has w-many copies (including itself); furthermore (as is the
case with splitting arguments) all such copies are cylindrically equivalent, in
the sense that, if N, ~ M}, with one (equivalently both) red, witha : n — N
and b: n — M, then we can assume that nodes(N) = nodes(M) and that
foralli <m,a | n~{i} =b[n~ {i}. In mAt, we write M, for
{M,} and we denote suprema taken in €mAt, possibly finite, by > .. If
Ny is a red copy of M,, then we may denote N; by Méj) (j € w). Note
that a red atom M, has w many copies forming a countable (infinite) set
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{Méj) t j € w} of red graphs. If M, is a red atom, then by 3_; MY we
understand the infinite sum of its copies evaluated in €mAt. If M, is not
red, then it has only one copy, namely, itself. Now we define the map ©
from CA; 11, = EmAty to EmAt, by O(X) = U,ca, O(7) (X C Aty), by
(4.

specifing first its values on Aty, via M, — Z Mg’ ; each atom maps to the

suprema of its copies. If M, is not red, then by Z Ma] ), we understand
M,. This map is well-defined because CmAt is Complete We check that f
is an injective homomorphim. Injectivity follows from M, < f(M,), hence
f(z) # 0 for every atom = € At(CA,41,,). Now we check presevation of
operations. The Boolean join is obvious.

e For complementation: It suffices to check preservation of comple-
mentation ‘at atoms’ of Aty. So let M, € Aty with a : n — M,
M € CGRf C CGR. Then:

o~ M)=0(J M)= |J ran) = J >’

[b]#[a] [b]#[a] [b]#[a] 7
U Z JV= U ~ 2~
#la] [b]#a] J
—U/\M =N\ U M7=\~ Moy =~ (30 M3)
[b]#[a] J J [bl#lal J
=~ O(a).

e Diagonal elements. Let [ < k < n. Then:

M, < f(dmA%) = M, <> |J MY
J ar=ap
— M, < U ZML@
aj=ar j
— M, = MY for some a : n — M such that
a(l) = a(k)
== M, €di™At.

e Cylindrifiers. Let ¢ < n. By additivity of cylindrifiers, we restrict our
attention to atoms M, € Ate witha : n — M, and M € CRGs C CRG.
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Then:
fle™ M) =f( U M= | fm

[C] ila] [c]=ila]
- U Su-y Yo
[c]=ila] J J [c]=ila]

— ZCiCmAtMéy) — CiQmAt ZMa])
J J

_ CgmAtf(Ma)

We have proved that CA,,;1 , embeds into €mAt, so that it is not blurred
at the level of the last complex algebra.

(c) V s winning strategy in G""?(AtCA,,11.,): It is straightforward to
show that, like in the relation algebra case that V has a winning strategy in
the Ehrenfeucht—Fraissé forth private game played between 3 and V on the
complete irreflexive graphs n + 1 and n, namely, in EFZﬁ(n +1,n) (using
n + 1 pebble pairs in n + 1 rounds). This game lifts to a graph game [11,
pp-841] on At ¢ which in this case is equivalent to the graph version of G" 3,
but here V does not need to re-use pebbles, so that the game is actually
G"*3 but of course it ends after only finitely many rounds. V lifts his
winning strategy from the private Ehrenfeucht—Fraissé forth game, to the
graph game on Aty = At(CA,4+1,,) using the standard rainbow strategy
[11]. He bombards 3 with cones having the same base with green tints,
demanding that 3 delivers a red label each time for the succesive appexes of
the cones he plays. It is not hard to show that he will need two more nodes
in the graph game to win. Thus by lemma 3.3, CA,11, ¢ SNr,CA, 3.
Since CA,41,, embeds into €mAt2, hence CmAt is outside SNr,,CA, 3,
too. U

Remark 3.6. One can describe CA,, 1, differently as a subalgebra of the
algebra € in [15, Defnition 5.1] as foillows. Let Z be the finite subsignature
of L obtained by deletng all 7“;- . for i > 0 but keeping r?k. For each Z7 ,

formulu ¢, Define the L., formula E(b) to be the result of replacing each
subformula T?k (z,y) in ¢ by V., r;-k(w, y). Tt is clearly a finite subagebra
of € with atoms &" where « is an MCA Z" formula as defined in [15].
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COROLLARY 3.7. There are infinitely many subvarieties of CA,, containing
RCA,, that are not atom-canonical.

Proor: It is known that for any pair of ordinals a@ < 3, SNr,CAg is a
variety, and that for £ > 1 an 2 < n < w, SNr,CA, .1 r+1 & SNr,CA, 1k
[12, Chapter 15] O

Using the previous algebraic result on non atom canonicity, we adress
algebraically a version of the omitting types theorems in the framework of
the clique guarded n—variable fragments of first order logic. We define the
notion of clique guarded semantics.

DEFINITION 3.8. Let 2 < n < m < w. Let M be the base of a relativized
representation of 2 € CA,, witnessed by an injective homomorphism f :
A — p(V), where V-C "M and |,y mg(s) = M. We write M |= a(s) for
s € f(a). Let £(A)™ be the first order signature using m variables and one
n—ary relation symbol for each element in A. Let £()7 , be the infinitary
extension of £(2A)™ allowing infinite conjunctions. Then an n—clique is a
set C C M such (ay,...,a,) € V = 1M for distinct ay,...,a, € C.

Let C™(M) = {s € ™M : rng(s) is an n—clique}. C"™(M) is called the
n-Gaifman hypergraph of M, with the n—hyperedge relation 1M,
The clique guarded semantics =, are defined inductively. For atomic for-
mulas and Boolean connectives they are defined like the classical case and
for existential quantifiers (cylindrifiers) they are defined as follows: for
5€™M,i<m, M5, Jr;¢ < thereisatec C"(M), t=; 5 such that
M.t = ¢.
(1) We say that M is an m-square representation of 2, if for all 5 €
C™(M),a € 2, i < n, and injective map | : n — m, whenever M |=
cia(S1(0ys - - - » Si(n—1)), then there is a t € C™(M) with ¢ =; 5, and M |=
a(tio), -+ tin-1))- M is a complete m-square representation of A via f,
or simply a complete representation of 2 if f(3 5 X) = U,cx f(z), for all
X C A for which > X exists. (Like in the classical case this is equivalent
to that 2 is atomic and that (J, e f(2) = 1M).

(2) We say that M is an (infinitary) m—flat representation of 2 if it is m—
square and for all ¢ € (£(20)% ,)L(R)™, for all 5 € C™(M), for all distinct

i,j <m, M {=; [Fz;,3z;¢ +— Jz;3z,¢](5). Complete representability is
defined like for squareness.
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The proof of the following lemma can be distilled from its RA analogue
[12, Theorem 13.20], by reformulating deep concepts originally introduced
by Hirsch and Hodkinson for RAs in the CA context. cf. [12, Definitions
12.1, 12.9, 12.10, 12.25, Propositions 12.25, 12.27].

THEOREM 3.9. [12, Theorems 13.45, 13.36]. Assume that 2 <n <m < w
and let A € CA,,. Then A € SNr,,CA,, <= 2 has an infinitary m—flat
representation <= A has an m—flat representation. In particular, the
variety of algebras having m + 1-flat representations is not finitely axiom-
atizable over the variety of algebras having m—flat representations.

PrOOF: We give (more than) a glimpse of the ideas used. We prove first
that the existence of m—flat representations, implies the existence of m—
dilations. Let M be an m-flat representation of 2. We show that 2 C
Nr,,®, for some ® € CA,,, For ¢ € £(A)™ (as defined above), let pM =
{a € C"(M) : M [=. ¢(a)}, where C"™(M) is the n—Gaifman hypergraph.
Let © be the algebra with universe {¢™ : ¢ € £(2)™} and with cylindric
operations induced by the n-clique-guarded (flat) semantics. Recall that
for r € A, and T € C"™(M), we identify r with the formula it defines in
£()™, and we write r(2)M <= M,z . r. Then certainly ® is a
subalgebra of the Crs,, (the class of algebras whose units are arbitrary
sets of m—ary sequences) with domain p(C™(M)), so ® € Crs,, with unit
1® = C™(M). Since M is m-flat, then cylindrifiers in ® commute, and so
D € CA,,. Now define 0 : A — D, via 7 = 7(Z)M. Then exactly like in the
proof of [12, Theorem 13.20], € is a neat embedding, that is, 6() C Nr,D.
It is straightforward to check that 6 is a homomorphism. We show that 6
is injective. Let r € A be non-zero. Then M is a relativized representation,
so there is @ € M with r(a), hence a is a clique in M, and so M = r(Z)(a),
and a € 6(r), proving the required. M itself might not be infinitary m—flat,
but one can build an infinitary m-flat representation of 2, whose base is
an w-saturated model of the consistent first order theory, stipulating the
existence of an m—flat representation, cf. [12, Proposition 13.17, Theorem
13.46 items (6) and (7)]. The inverse implication (existence of m—dilations
— existence of m—flat represenations) is harder. One constructs from
the given m—dilation, an m—dimensional hyperbasis (redeined to adapt to
CA,;s without too much difficulty) from which the required m~— relativized
representation is built. This can be done in a step—by step manner treating
the hyperbasis as a ‘saturated set of mosaics’, cf. [12, Proposition 12.37].
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The last part follows from [13, §15.1-3] where it is proved that SNr,,CA, 1
is not finitely axiomatizable over SNr, CA,,. O

LEMMA 3.10. Let 2 <n < m < w, and A € CA, be an atomic algebra.
Then A has a complete m-square representation <= 3 has a winning
strategy in G (AtL).

PROOF: [22, Lemma 5.8]. O

COROLLARY 3.11. There exists 2 € Cs,, such that €mAt2l does not have
an n + 3-square representation.

PRrROOF: This follows from the previous Lemma, together with the proof
of (c) in Theorem 3.5 by observing that V has a winning strategy in
G 3CAp 11, (in finitely many rounds of course) without the need to reuse
nodes. The game G™ is stronger than what is really needed. O

LEMMA 3.12. if > € CA,, has a complete m—flat representation, then 2 is
atomic and CmAtA has an m-flat representation. An entirely anhalogous
result holds by replacing m-flat by m-square.

PROOF: Atomicity is like the classical case [11]. Now let f : A — p(V)
be a complete m—flat representation 2 with V' C "M where M is the base
of the representation, so that M = |J .y rg(s). For a € CmAt, let
al={r € At : x < a}. Define g : EmAtA — p(V) by g(a) = U,¢,, f().
Then g is a complete m-flat representation of EmAt2l with base M. O

For an L, theory T, §my, denotes the Tarski-Lindenbaum quotient
RCA,, corresponding to T" where the quoitent modulo T is defined seman-
tically. Given an L, theory T and m > n, by an m—flat model of T, we
understand an m— flat representation of Fmy when m < w, and an ordinary
representation of §my if m is infinite. An atomic L,, theory T is one for
which Fmr is atomic. A co-atom of T is a formula ¢ such that (—¢)r is an
atom in gmy.

COROLLARY 3.13. There is a countable, atomic and complete L,, theory T'
such that the non-principal type consisting of co—atoms cannot be omitted
in an n 4 3-square, a fortiori n + 3-flat model.

PRrROOF: Let 2 € Cs, be countable (and simple) such that its Dedekind—
MacNeille completion does not have an n + 3-square representation. This
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2 exists by Theorem 3.5. By [10, § 4.3], we can (and will) assume that
2 = Fmy for a countable, atomic theory L, theory T. Let I" be the n—type
consisting of co—atoms of T. Then I' is a non principal type that cannot
be omitted in any n + 3-square model, for if M is an n + 3-square model
omitting I', then M would be the base of a complete n + 3-square repre-
sentation of 2, giving, by Lemma 3.12, representation of €mAt2(, which is
impossible. O

There exists a countable, complete and atomic L, first order theory T
in a signature L such that the type I' consisting of co-atoms in the cylindric
Tarski—Lindenbaum quotient algebra Fmr is realizable in every m—square
model, but I' cannot be isolated using <l variables, where n <l <m < w.
A co-atom of Fmp is the negation of an atom in Fmyp, that is to say, is
an element of the form ¥/ =p, where ¥/ =p= (=¢/=r) =~ (¢/=7)
and ¢/=r is an atom in Fmy (for L-fomrulas, ¢ and ). Here the quo-
tient algebra Fmyis formed relative to the congruence relaton of semantical
equivalence moduol T'; for formulas ¢ and 6 in the signature L , ¢ =1 0
<~ T E ¢ «— 0. An m-square model of T is an m-square represen-
ation of Fmy. The statement (I, m), short for Vaught’s Theorem (VT)
fails at (the parameters) I and m. Let VT(l,m) stand for VT holds at
I and m, so that by definition ¥(l,m) <= -VT([,m). We also in-
clude | = w in the equation by defining VT (w,w) as VT holds for L, .:
Atomic countable first order theories have atomic countable models. It
is well known that VT (w,w) is a direct consequence of the Orey-Henkin
OTT. Let 2 < n <! < m < w. Consider the statemens ¥(l,m) and
VT(l,m) = =¥(l,m) as defined in the introduction. Recall that VT (w,w)
is just Vaught’s theorem, namely, countable atomic theories have atomic
countable models. For 2 <n <[l <m <w and | =m = w, it is likely and
plausible that (**): VT(l,m) <= [ =m = w. In other words: Vaught’s
theorem holds only in the limiting case when | — oo and m = w and not
‘before’. We give sufficient condition for (**) to happen.

THEOREM 3.14. For2 <n <w andn <1 < w, ¥(n,n + 3) and ¥(l,w)
hold. Furthermore, if for each n < m < w, there exists a finite relation

algebra R, having m—1 strong blur and no m-dimensional relational basis,
then (**) above for VT holds.

PROOF: We start by the last part. Let R, be as in the hypothesis with
strong m — 1-blur (J, E) and m-dimensional relational basis. We ‘blow
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up and blur’ R, in place of the Maddux algebra €g(2,3) blown up and
blurred in [2, Lemma 5.1], where k£ < w is the number of non-identity
atoms and k depends recursively on [, giving the desired strong I-blurness,
cf. [2, Lemmata 4.2, 4.3]. Now take A = Bb,, (R, J, F) the term algebra
obtained after blowing up and blurring R to a weakly representable atom
structure [2]. Then 2 € RCA,, N Nr,,CA; but 2 has no complete m-square
representation. For if it did, then a complete m—square representation of
an atomic B € CA,, induces an m-square representation of EmAtB. But
CmAt2 does not have an m-square representation, because R does not have
an m-dimensional relational basis, and R C Ra€mAt2l. So an m-square
representation of €mAt2 induces one of R which by Lemma 3.9 implies
that R has no m-dimensional relational basis, a contradiction.

We prove ¥(m — 1,m), hence the required, namely, (**). By [10, § 4.3],
we can (and will) assume that 2 = Fmr for a countable, simple and atomic
theory L,, theory T'. Let I" be the n—type consisting of co-atoms of 7. Then
T is realizable in every m—square model, for if M is an m—square model omit-
ting I', then M would be the base of a complete m—square representation
of 2, and so by Theorem 3.9 2 € S.Nr,,D,,, which is impossible. Suppose
for contradiction that ¢ is an m — 1 witness, so that T | ¢ — «, for all
a € T, where recall that I' is the set of coatoms. Then since 2 is simple,
we can assume without loss that 2 is a set algebra with base M say. Let
M = (M, R;)ic. be the corresponding model (in a relational signature) to
this set algebra in the sense of [10, § 4.3]. Let ¢M denote the set of all
assignments satisfying ¢ in M. We have M |= T and ¢M € A, because
2l € Nr,,CA,,_1. But T |= 3¢, hence ¢M # 0, from which it follows that
#M must intersect an atom o € 2 (recall that the latter is atomic). Let
¥ be the formula, such that ¥M = a. Then it cannot be the case that
T = ¢ — —), hence ¢ is not a witness, contradiction and we are done.
Finally, ¥(n,n + 3) and ¥(l,w) (n < | < w) follow from Corollary 3.13
and [2]. O

COROLLARY 3.15. There exists an atomic 7 € RRA and an atomic 2 €
RCA,, such that their Dedekind—MacNeille completions do not embed into
their canonical extensions.

PrOOF: We prove the CA case only. The RA case is entirely analagous.
Since RCA,, is canonical [10] and 2 € RCA,,, then its canonical extension
AT € RCA,,. But €mAt2l ¢ RCA,,, so it does not embed into 2T, because
RCA,, is a variety, a fortiori closed under S. O



Omitting Types in Fragments and Extensions of First Order Logic =~ 267

Algebraically, so—called persistence properties refer to closure of a vari-
ety V under passage from a given algebra 2 € V to some ‘larger’ algebra
2A*. Atom-—canonicity is concerned with closure under forming Dedekind—
MacNeille completions. Atom—canonicity, implies the algebraic property of
single-persistence which in turn corresponds in modal logic to the notion
of a formula being di-persistent. A formula is di-persistent if whenever it is
valid in some general discrete frame (§, P), that is, P contains all single-
tions, then is valid in the Kripke frame § [4, §5.6]. Sometimes Dedekind—
MacNeille completions, investigated for cylindric algebras by Monk, are
referred to as minimal completions, the name suggesting that Dedekind—
MacNeille completion of an algebra 2 is the ‘smallest’ in the sense that it
embeds into other any completion of 2. Here by a completion we under-
stand any complete algebra containing 2. Canonicity, which is the most
prominent persistence property in modal logic, the ‘large algebra’ 2* is the
canonical embedding algebra (or perfect) extension of 2, a complex algebra
based on the ultrafilter frame of 2, in symbols Uf2(, whose underlying set
is the set of all Boolean ultrafilters of 2. This is another completion of 2.
The Dedekind—MacNeille completion of a BAO and its canonical extension
coincide <= 2 is finite. By the last result formulated in Corollary 3.15
the term minimal is misleading. A minimal completion of 2 € RCA,s,
namely ¢mAt2(, may not embed into its canonical extension AT = ¢mUf.

Canonicity corresponds to the notion of a formula being dpersistent [4,
Definition 5.65, Proposition 5.85]. A modal formula in L,, is canonical if it
is validated in the canonical frame of every normal modal logic containing
¢ [4, Definition 4.30]. Algebraically, ¢ is canonical <= ¢ translates to an
equation in the signature of RCA,, that is preserved under canonical exten-
sions. An example of formulas that are both di-persistent and canonical
(d-persistent) are the so-called very simple Sahlquist formulas [4, Theorem
5.90] which are, as the name suggests, instances of Sahlqvist formulas [12,
Definition 3.51].

Sahlqvist formulas are a certain kind of modal formula with remark-
able properties. The Sahlqvist correspondence theorem states that every
Sahlqvist formula corresponds to a first order definable class of Kripke
frames. Sahlqvist’s definition characterizes a decidable set of modal formu-
las with first-order correspondents. Since it is undecidable, by Chagrova’s
theorem, whether an arbitrary modal formula has a first-order correspon-
dent [4, Theorem 3.56], there are formulas with first-order frame conditions
that are not Sahlqvist. But this is not the end of the story, for it might
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be the case that every modal formula with a first order correspondant is
equivalent to a Sahlqvist one, which is not the case [4, Example 3.57]. The
reader is referred to [4] and [12, 2.7] for more on aspects of duality for
BAOs and in particular for Sahlvist axiomatizability in general. By the
dualiity theory betwem BAOs and multimodal logic, Sahlqvist formulas in
the latter transfrm to Sahlqvist equations in modal algebras. A variety V
of BAOs is Sahlqvist if it can be axiomatized by Sahlvist equations.

THEOREM 3.16. For any 2 < n < m < w the variety SNr,CA,, is not
Sahlquist. Conversely, for any pair of infinite ordinals a < (3, the varieties

SNroPAg and SNroPEAg are Sahlquist, and is closed under Dedekind-Mac-
Neille completions.

PRroOOF: Let oo < 3 be infinite ordinals. Then SNr,PAg = Nr,PAg = PA,,
cf. the remark before [10, Theorem 5.4.17]. The last is axiomatized by
positive equations [10, Definition 5.4.1] which are Sahlqvist. Applying [25]
we are done. The PEA case is entirely analogous using the axiomatization
in the aforementioned definition. O

Let 2 < n < w. We approach the modal version of L,, without equality,
namely, S5". The corresponding class of modal algebras is the variety
RDf,, of diagonal free RCA,s [10]. Let SR04 denote ’diagonal free reduct’.

LEMMA 3.17. Let 2 < n < w. If A € CA, is such that Ro4A € RDf,,
and A is generated by {x € A : Ax # n} (with other CA operations) using
infinite intersections, then A € RCA,,.

PRrROOF: Easily follows from [10, Lemma 5.1.50, Theorem 5.1.51]. Assume
that 20 € CA,, Ro42A is a set algebra (of dimension n) with base U,
and R C U x U are as in the hypothesis of [10, Theorem 5.1.49]. Let
E={zcA:Vr,ye"U)(Vi <n)(z;Ry; = (r€ X <= ye X))}
Then {z € A : Az # n} C E and E € CA, is closed under infinite
intersections. The required follows. O

THEOREM 3.18. For 2 < n < w, RDf, is not atom—canonical, hence not
Sahlquist.

PROOF: It is enough to show that €mAt2, where 2l is constructed in The-
orem 3.5 is generated by elements whose dimension sets have cardinality
< n using infinite unions, for in this case o4 A will be atomic, count-
able and representable, but having no complete representation. Indeed,
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by Lemma 3.17 and Theorem 3.5, 504 CmAt = CmAtR042A will not
be representable. We show that for any rainbow atom [a], @ : n — T,
I' a coloured graph, that [a] = [],., cila]. Clearly < holds. Assume
that b : n — A, A a coloured graph, and [a] # [b]. We show that
[b] & II;<, cila] by which we will be done. Because a is not equivalent
to b, we have one of two possibilities; either (3i,j < n)(A(b(3),b(j) #
L(a(i),a(y)) or (Fit,...,in—1 < n)(Aiy, ..., bi, ) # Ty, ai,_,)).
Assume the first possibility: Choose k ¢ {i,j}. This is possible be-
cause n > 2. Assume for contradiction that [b] € ci[a]. Then (Vi,j €
n\ {k})(A(),b(7)) = T'(a(i)a(j))). By assumption and the choice of k,
(Fi,j € n\ k)(AD>),b(j)) # I'(a(i),a(y))), contradiction. For the second
possibility, one chooses k ¢ {iy,...i,_1} and proceeds like the first case
deriving an analogous contradiction. O

K™ is the logic of n-ary product frames, of the form (W;, R;);<, where
for each i < m, R; is any any relation on W;. On the other hand, S5" can
be regarded as the logic of n—ary product frames of the form (W;, R;)i<n
such that for each i < n, R; is an equivalence relation. It is known that
logics between K™ and S5" are quite complicated, cf. [16] for a detailed
overview. Theorem 3.19 to be proved in a moment adds to their complexity.

It is known that modal languages can come to grips with a strong
fragment of second order logic. Modal formulas translate to second order
formulas, their correspondants on frames. Some of these formulas can be
genuinely second order; they are not equivalent to first order formulas. An
example is the McKinsey formula: OOp — OOp. This can be proved by
showing that its correspondant violates the downward Lowenheim- Skolem
Theorem. The next proposition bears on the last two issues. For a class L
of frames, let £(L) be the class of modal formulas valid in L. Tt is difficult
to find explicity (necessarily) infinite axiomatizations for S5™ as well:

THEOREM 3.19. Let 2 < n < w. There is no axiomatization of S5™ with
formulas having first order correspondence. For any canonical logic £ be-
tween K™ and S5", it is undecidable to tell whether a finite frame is a
frame for £, £ cannot be finitely axiomatized in kth order logic (for any
finite k), and £ cannot be aziomatized by canonical formulas, a fortiori
Sahlquist formulas.

PROOF: Let L be the class of square frames for S5". Then £(L) = S5"
[16, p. 192]. But the class of frames § valid in £(L) coincides with the
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class of strongly representable Df,, atom structures which is not elementary
as proved in [5]. This gives the first required result for S5". With lemma
3.17 at our disposal, a slightly different proof can be easily distilled from
the construction adressing CAs in [13] or [14]. We adopt the construction
in the former reference, using the Monk-like CA,s 9M(T"), I a graph, as
defined in [13, Top of p.78]. For a graph &, let x(®) denote it chromatic
number. Then it is proved in op.cit that for any graph T, 9(T") € RCA,
< x(I') = co. By lemma 3.17, Rog4M(I") € RDf,, <= x(I') = oo,
because M(T") is generated by the set {z € M(T") : Az # n} using infinite
unions.

Now we adopt the argument in [13]. Using Erdos’ probabalistic graphs
[7], for each finite k, there is a finite graph G, with x(G,) > x and with
no cycles of length < k. Let I'; be the disjoint union of the G; for [ > k.
Then x(I',;) = oo, and so R4 IM(T,,) is representable. Now let T' be a non-
principal ultraproduct IIpI for the I'ys. For k < w, let o, be a first-order
sentence of the signature of the graphs stating that there are no cycles of
length less than k. Then I'; = o, for all | > k. By Lo$’s Theorem, I' = o,
for all k. So T" has no cycles, and hence by x(I') < 2. Thus RogIM(T)
is not representable. (Observe that the the term algebra TmAt(9(T)) is
representable (as a CA,), because the class of weakly representable atom
structures is elementary [12, Theorem 2.84].) Since Sahlqvist formulas have
first order correspondants, then S5™ is not Sahlqvist. In [14], it is proved
that it is undecidable to tell whether a finite frame is a frame for £, and this
gives the non-finite axiomatizability result required as indicated in op. cit,
and obviously implies undecidability. The rest follows by transferring the
required results holding for S5™ [5, 14] to £ since S5™ is finitely axiomatiz-
able over £, and any axiomatization of RDf,, must contain infinitely many
non-canonical equations. O

Results involving notions like atom—canonicity, for the infinite dimen-
sional case, are extremely rare in algebraic logic [13, Problem 3.8.3]; in
fact, almost non-existent. We present a conditional result (the condition is
very likely to be true). For each finite k£ > 3, let (k) be an atomic count-
able simple representable CAy, such that B(k) = €mAt2(k) ¢ SNrpCAy4s.
We know that such algebras exist by Theorem 3.5. We make the follow-
ing assumption: (*) Assume that B(m) embeds into R0,,B(t), whenever
3 <m <t < w. Our next theorem lifts Theorem 3.5 to the transfinite
conditionally (modulo (*)).
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THEOREM 3.20. Assume that (*) above holds for the algebras constructed
in Theorem 3.5 (or any other algebras). Then for k > 3, SNr,CA, 1
is not atom—canonical. In particular, RCA, cannot be axiomatized by (a
necessarily infinite schema of ) Sahlquist equations.

PRrOOF: For each finite &k > 3, let A(k) and B(k) be the algebras con-
structed in Theorem 3.5 (of dimension k) and assume further that the as-
sumption abbreviated by (*) preceding the theorem holds for the algebras
constructed in op.cit. Let 2 be an (atomic) algebra having the signature
of CA,, such that R0, = 2A(k). Analogously, let By be an algebra having
the signature of CA,, such that 00,8, = B(k), and we require in addi-
tion that B = €m(At2l)). We use a lifting argument using ultraproducts.
Let B = Il;c,\3B:/F. It is easy to show that 2 = I;c\32;/F € RCA,,.
Furthermore, a direct computation gives:

CmAtA = Qm(At[Hzew\ngl/F]) = Cm[HzEw\g(At%l)/F)]
= Hiew\B(Q:m(AtQ[i)/F) = HiEw\B%i/F
='B.

By the same token, B € CA,. Assume for contradiction that
B € SNr,CA,+3. Then B C I, for some € € CA,43. Let 3<m < w
and let A : m 4+ 3 — w + 3 be the function defined by A(i) = ¢ for i < m
and A(m 4 1) = w4 for i < 3. Then we get (**): |0 ¢ € CA,,;3 and
R0,,B C ‘ﬁtmi)%’\@. By assumption let I; : 8,, — 2R0,,B; be an injective
homomorphism for 3 <m <t < w. Let ¢«(b) = (Itb:t > m)/F for b € B,,.
Then ¢ is an injective homomorphism that embeds 8,, into R0,,B. By
(**) we know that R0,,B € SNr,,CA,,, 13, hence B, € SNr,,,CA,, 3, too.
This is a contradiction, and we are done. O

4. Positive results on omitting types

We start by recalling certain cardinals that play a key role in (positive)
omitting types theorems for L .. Let covK be the cardinal used in [19,
Theorem 3.3.4]. The cardinal p satisfies w < p < 2% and has the following
property: If A < p, and (A; : i < A) is a family of meager subsets of
a Polish space X (of which Stone spaces of countable Boolean algebras
are examples) then J;c, A; is meager. For the definition and required
properties of p, witness [9, pp. 3, 44-45, Corollary 22c]|.
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It is consistent that w < p < covK < 2¢ [9], but it is also consistent
that they are equal; equality holds for example in the Cohen real model
of Solovay and Cohen. Martin’s axiom implies that both cardinals are the
continuum. To prove the main result on positive omitting types theorems,
we need the following lemma due to Shelah:

LEMMA 4.1. Assume that X\ is an infinite reqular cardinal. Suppose that
T is a first order theory, |T| < X and ¢ is a formula consistent with T,
then there exist models M; : i < *2, each of cardinality X, such that ¢ is
satisfiable in each, and if i(1) # i(2), a;q) € M), | = 1,2,, tp(ay)) =
tp(dy(2)), then there are p; C tp(a)), [pil < A and p; & tp(a;)) (tp(a)
denotes the complete type realized by the tuple a)

PROOF: [24, Theorem 5.16, Chapter IV]. O

In the next theorem n < w. Furthermore the maximality condition
expressed in ultrafilters (which are maximal filters) delineates the edge of
an independent statement to a provable one. Considering only filters leads
to an independent statement, cf. [19, Theorem 3.2.8]:

THEOREM 4.2. Let pu be a countable or regular uncountable cardinal. Let
20 € S¢Nr,,CA,, be such that |A] < 2#. Let A < 2* and let X = (X; : 1 < )
be a family of non-principal types of A. Then the following hold:

(1) IfA € Nr,,CA,, and the X;s are non-principal ultrafilters, then X can
be omitted in a Gs,. Furthrmore, the condition of maximality cannot
be dispensed with,

(2) If A is countable, then every subfamily of X of cardinality < p can
be omitted in a Gs,; in particular, every countable subfamily of X
can be omitted in a Gsy,, If A is simple, then every subfamily of X of
cardinlity < covK can be omitted in a Cs,,.

PrROOF: For the first item we prove the special case when pw. The general
case follows from the fact that (**) below holds for any infinite regular
cardinal. We assume that 2 is simple (a condition that can be easily
removed). We have H‘B X; = 0 for all i < k because, 2 is a complete
subalgebra of B. Since B is a locally finite (if not replace B by GgT),
we can assume that B = Fmy for some countable consistent theory T'.
For each i < k, let I'; = {¢/T : ¢ € X;}. Let F = (I'; : j < k) be the
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corresponding set of types in T'. Then each I'; (j < &) is a non-principal
and complete n-typein T', because each X is a maximal filter in A = Nr,,B.

(**) Let (M; : i < 2¢) be a set of countable models for T' that over-
lap only on principal maximal types; these exist by lemma 4.1. Asssume
for contradiction that for all ¢ < 2%, there exists I' € F, such that T' is
realized in M;. Let ¢ : 2* — ©(F), be defined by (i) = {F € F :
F is realized in M;}. Then for all i < 2¥, 9(i) # 0. Furthermore, for i # j,
Y(i)Np(5) = 0, for if F' € (i) N1p(j), then it will be realized in M; and M;,
and so it will be principal. This implies that |F| = 2* which is impossible.
Hence we obtain a model M |= T omitting X in which ¢ is satisfiable. The
map f defined from 2 = Fmy to CsM (the set algebra based on M [10,
4.3.4]) via ¢ + oM, where the latter is the set of n—ary assignments in M
satisfying ¢, omits X. Injectivity follows from the facts that f is non-zero
and 2 is simple. For the second part of (1), we use the construction in
[23, Thgeorem 4.5], where an atomic B € Nr,,CA,, with uncountably many
atoms that is not completely representable is constructed. This implies
that the maximality condition cannot be dispensed with; else the set of co—
atoms of B call it X will be a non-principal type that cannot be omitted,
because any Gs,, omitting X yields a complete representation of 9, witness
the last paragraph in [19].

For (2), we can assume that 2 C. Nr,B, B € Lf,. We work in 8.
Using the notation on [19, p. 216 of proof of Theorem 3.3.4] replacing Fmr
by B, we have H = | J,., U,y Hi,r where A < p, and V is the weak space
wwd)  can be written as a countable union of nowhere dense sets, and so
can the countable union G = {J;¢,, U,cm Gz So for any a # 0, there is
an ultrafilter F' € N, N (S \ HU G) by the Baire category theorem. This
induces a homomorphism f, : A — €,, €, € Cs, that omits the given
types, such that f,(a) # 0. (First one defines f with domain B as on
p. 216, then restricts f to 2 obtaining f, the obvious way.) The map
g : A = Poea 03¢, defined via z +— (go(z) : @ € A\ {0})(z € A) is as
required. In case 2 is simple, then by properties of covK, S\ (HU G) is
non-empty, so if F' € S\ (HUG), then F' induces a non-zero homomorphism
f with domain 2 into a Cs,, omitting the given types. By simplicity of 2,
f is injective. O
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COROLLARY 4.3.

(1) If T is a countable theory that admits elmination of quantifiers, and
A is a cardinal < 2% and F = (['; : i < A) is a family of complete
non-principal types, then F can be omitted in a countable model of
T.

(2) If T is any countable theory, then < p non-principal types can be
omitted; if T" is complete, we can further replace p by covK.

PROOF: Let T be as given in a signature L having n variables. Let
A = Fmp, and G; = {¢r : ¢ € I';}. Then G; is a a non-principal ul-
trafilter; maximality follows fom the completeness of types considered. By
completeness of T, 2 is simple. Since T admits elimination of quantifiers,
then §my € Nr,,CA,. Indeed, let T, be the theory in the same signature
L but using w many variables. Let € = §my, be the Tarski-Lindenbaum
quotient algebra. Then € € CA,; in fact € € ICs,,, and the map ® defined
from 2 to N, € via ¢/ =p— ¢/ =7, is injective and bijective, that is to
say, ® having domain 2l and codomain M, € is in fact onto Nr, € due to
quantifier elimination. An application of Theorem 4.2 finishes the proof.
The second part is proved exactly like the proof of [19, Theorem 3.2.4]
replacing covK by p. O

Here we adress omitting types theorems for certain infinitary extensions
of first order logic. Our treatment remains to be purely algebraic. For
a > w, we let Dc, denote the class of dimension complemented CA,s, so
that 2 € Dc, <= «a\ Az is infinite for every z € 2.

THEOREM 4.4. Let o be a countable infinite ordinal.

(1) There exists a countable atomic A € RCA,, such that the non-princi-
pal types of co—atoms cannot be omitted in a Gs,,

(2) If A € ScNro,CA, 4. is countable, N a cardinal < p and X = (X; :
i < A) is a family of non-principal types, then X can be omited in a
Gws,, (in the sense of definition 2.1 upon replacing Gs, by Gws,, ).

(3) Assume that the assumption (*) formulated before Theorem 3.20
holds. Then there exists an atomic 2 € RCA,, such that its Dedekind—
MacNeille completion, namely, EmAt is not in SNro,CAo 1 for any
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k > 3. Furthermore, A cannot be completely represented by any alge-
bra in Gws,,.

PROOF:

(1) Using exactly the same argument in [11], one shows that if € € CA,, is
completely representable € |= dg; < 1, then |At€] > 2¢. The argument is
as follows: Suppose that € = dg; < 1. Then there is s € h(—dp1) so that if
x = sp and y = s1, we have x # y. Fix such z and y. For any J C w such
that 0 € J, set ay to be the sequence with ith co-ordinate is x if ¢ € J, and
is y if i € w\ J. By complete representability every as is in A(1%) and so
it is in h(x) for some unique atom z, since the representation is an atomic
one. Let J,J' C w be distinct sets containing 0. Then there exists i < w
such that ¢ € J and ¢ ¢ J'. So ay € h(dy;) and a’; € h(—do;), hence atoms
corresponding to different a;’s with 0 € J are distinct. It now follows that
|At€| = {J Cw:0€e J} >2v.

Take ©® € Cs, with universe p(“2). Then © = dp1 < 1 and plainly
® is completely representable. Using the downward Lowenheim—Skolem—
Tarski theorem, take a countable elementary subalgebra B of ®. This is
possible because the signature of CA, is countable. Then in B we have
B |= dp1 < 1 because B = €. But B cannot be completely representable,
because if it were then by the above argument, we get that |AtB| > 2v,
which is impossible because B is countable.

(2) Now we prove the second item, which is a generalization of [19, The-
orem 3.2.4]. Though the generalization is strict, in the sense that Dc, C
ScNr, CALtw ! the proof is the same. Without loss, we can take o = w. Let
2 € CA,, be as in the hypothesis. For brevity, let § = w+w. By hypothesis,
we have A C. Nr,®, with ® € CAg. We can also assume that ® € Dcg
by replacing, if necessary, ® by Gg® . Since 2 is a complete sublgebra of
Nr,,® which in turn is a complete subalgebra of ©, we have 2 C. ®. Thus
given < p non-principal types in 2 they stay non-principal in ®. Next one
proceeds like in op.cit since ® € Dcg is countable; this way omitting any X
consisting of < p non-principal types. For all non-zero a € ®, there exists
B € Wsg and a homomorphism f, : © — 9B (not necessarily injective)
such that f,(a) # 0 and f, omits X. Let € = Pyen 02084 € Gwsg. Define

Tt is not hard to see that the full set algebra with universe p(“w) is in Nr, CAy4w C
ScNro,CAL 4w but it is not in Dec,, because for any s € “U, A{s} = w.
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g: D = Cby g(z) = (falz) : a € D\ {0}), and then relativize g to A as
follows: Let W be the top element of €. Then W = UieI’HU(’Di)7 where

pi € PU; and PUP) 0 AU =), for i # j € I. Let V = U, *UP!®.
ForseV,se agr(pile) (for a unique i), let st = sUp; | B\ @. Now define

K2

f:A—p(V), viaar {s€V:s" €g(a)}. Then f is as required.

The proof of (3) is like the proof of Theorem 3.20 O

4.1. Other variants of L, |,

Now we prove an omitting types theorem for a countable version of the so—
called w—dimensional cylindric polyadic algebras with equality, in symbols
CPE,,, as defined in [8]. Consider the semigroup T generated by the set of
transformations {[i|j], [, j], ¢, j € w,suc,pred} defined on w. Then T is a
strongly rich subsemigroup of (“w, o) in the sense of [18], where suc and pred
are the successor and predecessor functions on w, respectively. For a set X,
let B(X) denote the Boolean set algebra (p(X),U,N,~). Let Kt be the
class of set algebras of the form (B(V), C;,S;)icw,reT, where V. C “U, V is

a compressed space, that is V = Uiel an(p) where for each i,j € I, U; = Uj
or U; NU; = 0. Let X1 be the set of equations defined in [18] axiomatizing
Kr; that is Mod¥; = Ky. Here we do not have diagonal elements in
the signature; the corresponding logic is a conservative extension of L,
without equality, and it is a proper extension.

Let Gpt be the «class of set algebras of the form
(B(V),C;,Dij,Sr)ijew,ret, where V. C “U, V a non-empty union (not
necessarily a disjoint one) of cartesian spaces. Here we have diagonal ele-
ments in the signature; the corresponding logic is a variant of L, ., where
quantifiers do not necessarily commute, so L, ., does not ‘embed’ in this
logic its (square Tarskian) semantics are different. Let X5 be the set of
equations defining CPE,, in [8, Definition 6.3.7] restricted to the countable
signature of Gpt. In the next theorem complete additivity is given explic-
itly in the second item only. Any algebra 2 satisifying Yo is completely
additive (due to the presence of diagonal elements), cf. [8].

THEOREM 4.5.

(1) If A = Xo is countable and X = (X; 1 i < N), A < p is a family
of subsets of A, such that [[X; = 0 for all i < A, then there exists
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B € Gpr and an isomorphism f : A — B such that ,cx, f(z) =0
for all i < A

(2) IfU =3 is countable, and completely additive and X = (X; 1 i < \),
A < p is a family of subsets of 2, such that [[ X; =0 for all i < X,
then there exists B € Kt and an isomorphism [ : A — B such that
Neex, [(@) =0 for alli < \.

(3) In particular, for both cases any countable atomic algebra is com-
pletely representable.

PROOF: For brevity, throughout the proof of the first two items, let a =
w + w. By strong richness of T, it can be proved that 2 = B where
B is an a—dimensional dilation with substitution operators coming from a
countable subsemigroup S C (*«,0) [22]. Tt suffices to show that for any
non-zero a € A, there exist a countable ® € Gpt and a homomorphism
(that is not necessarily injective) f : 2 — ®, such that (¢, f(z) = 0
for all i € w and f(a) # 0. So fix non-zero a € A. For 7 € S, set
dom(7) ={i € a:7(i) # i} and rng(7) = {7(¢) : ¢ € dom(7)}. Let adm be
the set of admissible substitutions in S, where now 7 € adm if dom7 C w and
rgrNw = @. Since S is countable, we have |[adm| < w; in fact it can be easily
shown that |adm| = w. Then for all i < a, p € B and o € adm, s,c;p =
Zjea sas;'-p. By 2 = 91t,,B we also have, for each i < w, H% X; =0, since
2 is a complete subalgebra of 9. Because substitutions are completely
additive, for all 7 € adm and all i < A, [][sX X; = 0. For better readability,
for each 7 € adm, for each i € w, let X;, = {s;z : € X;}. Then
by complete additivity, we have: (V7 € adm)(Vi € A)[[® X, = 0. Let
S be the Stone space of 9B, whose underlying set consists of all Boolean
ultrafilters of B and for b € B, let N, denote the clopen set consisting
of all ultrafilters containing b. Then from the suprema obtained above,
it follows that for x € B, j < o, © < A and 7 € adm, the sets G, ;. =
Ns. ;2 \U; Nsngm and H; » = [,cx, IVs,2 are closed nowhere dense sets in
S. Also each H; , is closed and nowhere dense. Like before, we can assume
that 9B is countable by assuming that 2 generates 9B is the presence of |

alpha| = (|A| = w) many operations. Let G = J caqm Uica Usen Grie
and H = J;c, U, cagm Hi,r- Then H is meager, that is it can be written as
a countable union of nowghere dense sets. This follows from the properties
of p By the Baire Category theorem for compact Hausdorff spaces, we
get that X = SN HU G is dense in S, since HU G is meager, because
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G is meager, too, since adm, « and B are all countable. Accordingly,
let F' be an ultrafilter in N, N X, then by its construction F is a perfect
ultrafilter [20, p. 128]. Let I' = {i € a : 3j € w : ¢;dy; € F}. Since
c;d;; = 1, then w C I'. Furthermore the inclusion is proper, because for
every i € w, there is a j € o\ w such that d;; € F. Define the relation
~onl viam~n <= dg,, € F. Then ~ is an equivalence relation
because for all 4,7,k € a, diy = 1 € F, dj; = dj;, dg - dp; < dyg and
filters are closed upwards. Now we show that the required representation
will be a Gpy with base M = T'/ ~. One defines the homomorphism f
using the hitherto obtained perfect ultrafilter F' as follows: For 7 € “T,
such that rmg(7) C T' \ w (the last set is non-empty, because w C T'), let
T :w — M be defined by 7(i) = 7(i)/ ~ and write 7 for 7 U Idg\,.
Then 71 € adm, because 77 | w = 7, rng(7) Nw = 0, and 77 (i) = 7 for
all i € a\w. Let V={7 € “M : 7 :w — I',mg(r) Nw = 0}. Then
V C“M is non-empty (because w C I'). Now define f with domain 2/ via:
a—{TeV: S?Jra € F'}. Then f is well defined, that is, whenever o, 7 € “T
and 7(i) \ (i) for all i € w, then for any z € A, sPx € F <= s>z € F.
Furthermore f(a) # 0, since s;qa = a € F and Id is clearly admissable. The
congruence relation just defined on I' guarantees that the hitherto defined
homomorphism respects the diagonal elements. As before, for the other
operations, preservation of cylindrifiers is guaranteed by the condition that
F ¢ G,;p for all 7 € adm,i € o and all p € A. For omitting the given
family of non-principal types, we use that F' is outside H, too. This means
(by definition) that for each ¢ < A and each 7 € adm there exists x € X,
such that sz ¢ F. Let i < \. If 7 € V' N MNeex, f(x), then sBxeF
which is impossible because 7+ € adm. We have shown that for each i < w,
Noex, F(@) = 0.

For the second required one deals with all substitutions in the semigroup
S determining the signature of the dilation not just adm, namely, the ad-
missable ones as defined above. More succintly, now all substitutions in S
are admissable. Other than that, the idea is essentially the same appealing
to the Baire category theorem. Let T be as above. Assume that 2 E X,
is countable, and fix non-zero a € 2. Similarly to the first part we will
construct a set algebra € in Kt and a homomorphism f : 2l — ¢ omitting
the given non-principal types and satisfying that f(a) # 0. By [18], there
exists B such that 2 = Nr,B and the signature of 8 has, besides all the
Boolean operations, all cylindrifiers ¢; : ¢ € «, and the substitutions are
determined by a semigroup defined from the rich semigroup T. Substitu-
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tions in the signature of B are indexed by transformations in S; which we
explicitly describe. The semigroup S is the subsemigroup of “a generated
by the set {7 : 7 € T} together with all replacements and transpositions
on «. Here 7T is the transformation that agrees with 7 on w and otherwise
is the identity. For all i < o, p € B, we have ¢;p = >, Sip.

By 24 = Nr,B we also have, for each i < w, H% X; =0, since A is a
complete subalgebra of *B. Let V be the generalized w-dimensional weak
space UTeS‘”a(T). Recall that “a(™) = {s € “a: [{i cw:s; # 1;}| < w}.
For each 7 € V and for each i € A, let X; , = {s¥z: z € X;}. Here we are
using that for any 7 € V, 7 € S. By complete additivity which is given as
an assumption, it follows that (V7 € V)(Vi € k) [[ X, = 0.

Let S denote the Stone space of the boolean part of 2B. Like before,
for p € B, let N, be the clopen set of S consisting of all ultrafilters of the
boolean part of B containing p. Then for z € B, j < a, i < A\, 7 € S (using
the suprema just established) , the sets G, = N,z \ U, Ng, and H; » =
ﬂxe x, Ns.z are closed nowhere dense sets in S. Also each LHM is closed
and nowhere dense.

Let G = U;ca Use Gie and H = ;.\ U, cs Hi,r. Then H is meager,
since it is a countable union of nowhere dense sets. Once more by the
Baire Category theorem for compact Hausdorff spaces, we get that X =
SN~HUG is dense in S, Let F' be an ultrafilter in N, N X. One builds the
required represention from F' as follows [18]: Let p(V') be the full boolean
set algebra with unit V. Let f be the function with domain A such that
fla) = {r € V : sBa € F}. Then f is the desired homorphism from 2
into the set algebra (p(V), ¢, Sr)icw,reT- In particular, f(a) # 0, because
Id € f(a). That f omits the given non-principal types is exactly like the
first part, modulo replacing adm by (the whole of the semigroup) S.

Given 2 as in the hypothesis, the last required follows by omitting the
non-principal type consisting of co-atoms obtaining a complete representa-
tion of . O

The cylindric reduct of the algebra TmAt in the proof of Theorem 3.5
is representable, but not completely representable, for a complete repre-
sentation of TmAt induces an ordinary representation for €mAt. In fact,
it is known that for 2 < n < w the class CRCA,, is not elementary [11]. We
give a short proof. Let 2 € Nr,CA, be an atomic algebra with uncount-
able many atoms having no complete representation. This algebra exists
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[23, Theorem 4.5]. Let LCA,, be the class of CA,s satifying the Lyndon
conditions in the sense of [13]. Then using Lemma 3.3, 3 has a winning
strategyin G*(At2l), hence she has winning strategyin G*(At2l), a fortiori
in the usual k rounded atomic game Gy (At2l) for all k¥ € w. Thus by def-
inition % € LCA,,. But LCA,, is the elementary closure of CRCA,, and we
are done. For a class K, let K2 be the class of completey additive algebras
in K. In contrast for polyadic (equality) algebras of infinite dimension, we
have the following result proved in [21, 23]. We give a unifted proof.

THEOREM 4.6. Let « be an infinite ordinal and n < w(< o). If D € PEA,
(PA,, is completely additive and ) is atomic, then any complete subalgebra
of Mr,® is completely representable as a PEA, (PA,). In particular,
SCP/-\Zd NAt = PA’;‘f| N At = CRPA, and the class CRPA,, is elementary.

PROOF SKETCH. Assume that 2 C. ¢, D, where ©® € PEA, is atomic.
Let ¢ € 2 be non-zero. We will find a homomorphism f : A — p("U)
such that f(c) # 0, and preserves infinitary joins. Assume for the moment
(to be proved in a while) that 2 C. ©. Then by [12, Lemma 2.16] 2
is atomic because © is. For brevity, let X = At. Let m be the local
degree of D, ¢ its effective cardinality and let 8 be any cardinal such that
B >cand ) _. B° = B; such notions are defined in [6]. We can assume
that ©® = NMe,B, with B € PEAg [10, Theorem 5.4.17]. For any ordinal
p€ B, and 7 € *3, write 71 for 7 U Idg\ (€ 813). Consider the following
family of joins evaluated in B, where p € ©, I' C 8 and 7 € “3: (*)
cryp=N"Aspap:T €S, 71\l =1Id}, and (**): 3 s% X = 1. The
first family of joins exists [6, Proof of Theorem 6.1], and the second exists,
because Y0 X = Y7 X = 2P X = 1 and 7+ is completely additive,
since B € PEAg. The last equality of suprema follows from the fact that
D = MNe.B C,. B and the first from the fact that A C. ©. All this is
proved in [23]. Let F be any Boolean ultrafilter of B generated by an
atom below a. We show that F' will preserve the family of joins in (*) and
(**). While in proving a positive a OTT for L,, in item (2) of Theorem
4.2 we resorted to the Baire Category Theorem, now we use a far more
basic less sophisticated topological argument. One forms nowhere dense
sets in the Stone space of B corresponding to the aforementioned family
of joins as follows: The Stone space of (the Boolean reduct of) B has
underlying set S, the set of all Boolean ultrafilters of 8. For b € 9B, let N,
be the clopen set {F € S : b € F}. The required nowhere dense sets are
defined for I' C 8, p € ® and 7 € *B via: Ar, = Nepp \ Ur:a—>/3N

S +P?
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and Ar = S\ U,ex Ns_, 2 The principal ultrafilters are isolated points
in the Stone topology, so they lie outside the nowhere dense sets defined
above. Hence any such ultrafilter preserve the joins in (*) and (**). Fix a
principal ultrafilter F' with a € F. Define the equivalence relation E (on
B) by setting iEj <= d € F(i,j € B). Define f: A — p("(B/E)), via
z— {te™(B/E): stUIdBNnm € F}, where t(i/E) = t(i) (i <n) and t € ™.
Then f is a well-defined homomorphism; preserving cylindrifiers depends
on (*). f defines a complete representation such that Also f(c) # 0 because
Id € f(c). To show that f is an atomic, hence complete representation, one
uses (**) as follows: By construction, for every s € "(8/E), there exists
x € X(= At2), such that SSUIdg x € F, from which we get |,y f(z) =
"(B/E). If A €PA,, we do not need to bother about diagonal elements
and so the base of the representation will be simply 8 (as defined above for
PEA.), not §/E, and the desired homomorphism, with n < «, is defined
via g : A = p("p), viax — t € "f: stUIdB x € F}. Checking that g
preserves the operations and that g is atomic, ‘hence complete, is exactly
like the PEA case. For PA,, atomicity can be expressed by a first order
sentence, and complete additivity can be captured by continuum many first
order formulas [21] O

5. Concluding remarks and related results

(1) A Theorem of Vaught in basic model theory, says that a countable
atomic L, ., theory T has a unique atomic (equivalently in this context
prime) model. This can be proved by a direct application of the clssical
Orey-Henkin Omitting Types Theorem. The unique atomic atomic model
is the ’smallest’ models of T', in the sense that it elementary embeds into
other models of T'. The last theorem says that Keisler’s logics which allow
formulas of infinite length and quantification on infinitely many variables,
enjoys a form of Vaught’s theorem. And in Keisler’s logics there is the ad-
ditional advantage that there is no restrictions on the cardinality of atomic
theories (algebras) considered. For L, ., Vaught’s theorem is known to
fail for theories having uncountable cadinality. If T' is an atomic theory in
Keisler’s logic, and the Tarski-Lindenbaum atomic quotient algebra gm;
happens to be completely additve, then T has an atomic model. In con-
trast, in Corollary 3.13, we actually showed that Vaught’s theorem fails
for L, when we substantially broaden the class of permissable models; it
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fails even for ‘n 4+ 3-square models.” For 2 < n < w, there is a countable
atomic L,, theory that lacks even an atomic n + 3-square model (let alone
an ordinary atomic model), i.e a complete n + 3-square representation of
the Tarski-Lindenbaum quotient algebra Fmr(€ RCA,).

(2) Let 2 < n <1 <m < w. Consider the statemet notVT(l,m): There
exists a countable, complete and atomic Ly, first order theory T in a signa-
ture L such that the type T' consisting of co-atoms in the cylindric Tarski—
Lindenbaum quotient algebra Smy is realizable in every m—square model,
but T' cannot be isolated using < I variables, where n <1 < m < w. An
m-square model of T" is an m-square represenation of §my. The statement
notVT(l, m), short for Vaught’s Theorem (VT) fails at (the parameters) |
and m. Let VT(l,m) stand for VT holds at I and m, so that by definition
notVT(l,m) <= -—VT(l,m). We also include | = w in the equation by
defining VT (w, w) as VT holds for L, .,: Atomic countable first order theo-
ries have atomic countable models. For2 <n <l <m <wandl =m = w,
it is likely and plausible that (***): VT(I,m) <= [ = m = w. In other
words: Vaught’s theorem holds only in the limiting case when | — oo and
m = w and not ‘before’. We give sufficient condition for (***) to happen.
The following definition to be used in the sequel is taken from [2]:

DEFINITION 5.1. [2, Definition 3.1] Let 2R be a relation algebra, with non-
identity atoms I and 2 < n < w. Assume that J C p(I) and E C 3w. We
say that (J, E)) is a strong n—blur for R if it (J, E) is an n-blur of R in the
sense of [2, Definition 3.1], that is to say J is a complex n blur and F is an
index blur such that the complex n—blur satisfies:

(V... Vi, Wa, .. . W, € J)(VT € J)(V2 < i < n)safe(V;, W;,T).

THEOREM 5.2. For 2 < n < w and n < [ < w, notVT(n,n + 3) and
notVT(l,w) hold. Furthermore, if for each n < m < w, there exists a

finite relation algebra R, having m — 1 strong blur and no m-dimensional
relational basis, then (***) above for VT holds.

Proor: We start by the last part. Let i, be as in the hypothesis with
strong m — 1-blur (J, E) and m-dimensional relational basis. We ‘blow
up and blur’ R, in place of the Maddux algebra &(2,3) blown up and
blurred in [2, Lemma 5.1], where k& < w is the number of non-identity
atoms and k depends recursively on [, giving the desired‘strong’ (-blurness,
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cf. [2, Lemmata 4.2, 4.3]. The relation algebra Bb(R,,, J, E), obtained
by blowing up and blurring 9R,, with respect to (J, E), is TmAt (the
term algebra). For brevity call it R. Now take A = Bb, (R, J, E)
as defined in [2] to be the CA, obtained after blowing up and blurring
R,, to a weakly representable relation algebra atom structure, namely,
At = AtR. Here by [2, Theorem 3.2 9(iii)], Mat,AtR (the set of n-basic
matrices on AtR) is a CA,, atom structure and 2 is an atomic subalgebra
of €mMat,, (AtR) containing TmMat,, (AtR), cf. [2]. In fact, by [2, item
(3) p. 80], A = N, Bb (R, J, E). The last algebra Bb; (R, J, E) is de-
fined and the isomorphism holds because fR,, has a strong [-blur. The
embedding h : R0, Bb6;(R,,, J, E) — A defined via . — {M [ n: M € x}
restricted to Nv,,Bb; (R, J, E) is an isomorphism onto A [2, p. 80]. Surjec-
tiveness uses the displayed condition in Definition 5.1 of strong I-blurness.
Then A € RCA,, N Nr,,CA;, but 2 has no complete m-square representa-
tion. For if it did, then this induces an m—square representation of CmAt2l,
But ¢mAt2l does not have an m-square representation, because R does
not have an m-dimensional relational basis, and 8 C RaCmAtA. So an
m-square representation of €mAt2l induces one of SR which that & has no
m-~dimensional relational basis, a contradiction. We prove notVT(m—1,m),
hence the required, namely, (***). By [10, § 4.3], we can (and will) assume
that 2l = Fmy for a countable, simple and atomic theory L,, theory T'. Let
I" be the n—type consisting of co—atoms of T'. Then T is realizable in every
m~—square model, for if M is an m—square model omitting I, then M would
be the base of a complete m—square representation of 2, and so by Theo-
rem 3.9 2A € S.Nr,,D,,, which is impossible. Suppose for contradiction that
¢ is an m — 1 witness, so that T = ¢ — «, for all « € ', where recall that
I" is the set of coatoms. Then since 2 is simple, we can assume without
loss that 2 is a set algebra with base M say. Let M = (M, R;);c., be the
corresponding model (in a relational signature) to this set algebra in the
sense of [10, § 4.3]. Let M denote the set of all assignments satisfying ¢ in
M. We have M |= T and ¢M € 2, because 2 € Nr,,CA,,_;. But T |= 3x¢,
hence oM # 0, from which it follows that $™ must intersect an atom o € A
(recall that the latter is atomic). Let ¢ be the formula, such that Y™ = a.
Then it cannot be the case that T = ¢ — —), hence ¢ is not a witness,
contradiction and we are done. Finally, notVT(n,n + 3) and notVT(l,w)
(n <1 < w) follow from Theorm 3.5 and [2] using the same reasoning as
above. O
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(3) Let 2 < n < w. For any m > n there exists an n—variable formula
that cannot be proved using m — 1 variables, but can be proved using
m variables [12, Theorem 15.17], using any standard Hilbert style proof
system [10, § 4.3]. To prove this, for each m > n+ 1 Hirsch and Hodkinson
constructed a finite relation algebra, such that R, has an m—1 dimensional
hyperbasis, but no m—dimensional hyperbasis [12, § 15.2-15.4]. To prove
that VT fails everywhere, as defined above, one needs to construct, for each
n+1 < m < w, a finite relation algebra fR,, having a strong m — 1 blur, but
no m—dimensional basis. In this case blowing up and blurring R, gives
a(n infinite) relation algebra having an m — 1 dimensional cylindric basis,
whose Dedekind—MacNeille completion has no m—dimensional basis.

(4) Coming back full circle we reprove strong non-finite axiomatizibility
results refining Monk’s obtained by Maddux and Biro. Let 2 < n <1 <
m < w. In VT(l,m), while the parameter [ measures how close we are to
Ly ., m measures the ‘degree’ of squareness of permitted models. Using
elementary calculas terminology one can view lim;_ VT (l,w) = VT (w,w)
algebraically using ultraproducts as follows. Fix 2 < n < w. For each 2 <
n <1 < w,let N be the finite Maddux algebra € ;(2,3) with strong [-blur
(Ji, E;) and f(I) > 1 as specified in [2, Lemma 5.1] (denoted by k therein).
Let R; = ‘Bb(f)‘{l, Jl,El) € RRA and let ; = mtn%b[(ml, Ji, ;) € RCA,,.
Then (AtR; :l € w ~n), and (At; : | € w ~ n) are sequences of weakly
representable atom structures that are not strongly representable with a
completely representable ultraproduct.

COROLLARY 5.3. Let 2 < n < w. Then the varieties RCA,, and RRA,
together with any finite first order definable expansion of each, cannot be
derived from any finite set of equations valid in the variety [3, 17].

We used a rainbow construction to show ultimatey that the m-clique
guraded-fragments of L, with respect to m square and m flat models,
equivalently the m-packed fragments of L, are not Sahlqvist. We show
thay notVT(l,m) fails on the ‘horizontal x axis’ and the ‘vertical y-axis.’
To show that VTfails everywhere, that is to prove that VT(I,m) <
I = m = w, we reduced the problem in Theorem 5.2 to finding a finite
relation algebra having a strong [ blur and no m-dimensional relational
basis. Using elemenatary Calculus terminogy, we can express this fact via
the following double limit. lim;—y m—ooVT({,m) = VT - w,m — w) =
VT(w,w) = VT. This notation admittedly may be misleading, since it can
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be interpretated as that the limit of a constant sequence whose every term
is False is True. This course is blatantly absurd. What is meant by this
double limit is rather the following: For [ <!’ < w and m < m’ with m <1
and m’ <l', VT(I,m) and VT(I',m’) are both false, but the last is closer to
the truth. At the limit, it becomes actually true. For 2 <n <[l <m < w,
VT(l,m) is not regarded in this context as False nor True, but rather
having a ’fuzzy’ value if you like, or VT (I, m) is a probablity function whose
values are between 0 and 1. The fuzziness decreases and the probability
increases to reach certainty, namely, probability 1, asserting that Atomic
countable theories have countable models, namely, that VT holds for L, .
Having said that, perhaps the more suitable notation would be the (double)

Yom 2 VT(l,m) = VT.
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A NOTE ON 3 x 3-VALUED LUKASIEWICZ
ALGEBRAS WITH NEGATION

Abstract

In 2004, C. Sanza, with the purpose of legitimizing the study of n x m-valued
Lukasiewicz algebras with negation (or NS, xm-algebras) introduced 3 x 3-valued
Lukasiewicz algebras with negation. Despite the various results obtained about
N S xm-algebras, the structure of the free algebras for this variety has not been
determined yet. She only obtained a bound for their cardinal number with a
finite number of free generators. In this note we describe the structure of the
free finitely generated N S3xs3-algebras and we determine a formula to calculate
its cardinal number in terms of the number of free generators. Moreover, we
obtain the lattice A(INSsx3) of all subvarieties of N S3x3 and we show that the
varieties of Boolean algebras, three-valued Lukasiewicz algebras and four-valued
Lukasiewicz algebras are proper subvarieties of N S3xs.

Keywords: n-valued Lukasiewicz—Moisil algebras, n x m-valued Lukasiewicz al-
gebras with negation, free algebras, lattice of subvarieties.
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1. Introduction

N. Belnap in [1] introduced four-valued logic, with the purpose of reasoning
about incomplete (none) and inconsistent (both) information from different
sources. This logical system is well known for the many applications it has
found in several fields, for example in the study of deductive data-bases and
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distributed logic programs handling information that may contain conflicts
or gaps. Taking into consideration Belnap’s four-valued logic, C. Sanza
considered an extension from which 3 x 3-valued Lukasiewicz algebras with
negation are obtained as described in [12, 14]. Then in [13] she generalizes
this concept defining the n x m-valued Lukasiewicz algebras with nega-
tion which constitute a non-trivial generalization of n-valued Lukasiewicz—
Moisil algebras ([2, 10, 11]) and a particular case of matrix Lukasiewicz
algebras defined by W. Suchon in [16]. More precisely, NS, xm-algebras
rise from matrix Lukasiewicz algebras without the restriction that the endo-
morphisms be pairwise different and endowed with a De Morgan negation
in the following way:

An n x m-valued Lukasiewicz algebra with negation (or NSy xm,-
algebra), in which n and m are integers, n > 2, m > 2, is an algebra
(L, A,V ~ {035} i,j)e(nxm), 0, 1) where (n x m) is the cartesian product
{1,...,n—=1} x{1,...,m— 1}, the reduct (L, A,V,~,0,1) is a De Morgan
algebra and {04} j)e(nxm) is a family of unary operations on L which
fulfills the following conditions:

(Tl) Jij(ir V y) = 05T \ 0i5Y,
T2 0ijT A U(?-}-l)]x =045,

T3
T4

0T N\ Oi(j+1)T = 045,
O-Zja-’l"sx = OrsT,

T5
T6

Tij ~ T =~ O(ni)(m—j)7,

;TN ~ o =1,

(T2)
(T3)
(T4)
(T5)
(T6)
(T7) «

T7 /\ ((N Jijl'\/dijy)/\(f\' Uijy\/dijl')) =

(i,5)€(nxm)
YA /\ ((~ oijz Voiy) A(~ oy Voix)). ([12])
(i,7)€(nxm)
In what follows, we will indicate by IN .Sy xm the variety of NSy, xm-
algebras.

By [14, Remark 3.1] we have that every N Say,-algebra is isomorphic to
an m-valued Lukasiewicz—Moisil algebra. It is worth mention that NS}, xm
was widely studied in [13, 12, 14, 15, 7, 8].
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The notions and results announced here for NS, «.,-algebras will be
used throughout this article.

Let L be an NS, xm,-algebra. A filter F' of L is a Stone filter if and
only of the hypothesis € F implies o112 € F' ([13, Proposition 3.2]). The
lattice of all Stone filters of L will be denoted by Fs(L).

(T8) Let L be an NS, xm-algebra with more than one element and let
Con(L) be the lattice of all congruences on L. Then Con(L) =
{R(F): F € Fs(L)}, where R(F) = {(x,y) € LxL : there exists
f € F such that x A f = y A f}. Besides, the lattices Con(L) and
Fs(L) are isomorphic considering the mappings 6 — [1]p and
F +—— R(F') which are mutually inverse, where [z]y stands for the
equivalence class of  modulo 6 ([13, Proposition 3.3 and Theorem
3.6]).

(T9) NSpxm is a discriminator variety ([15, Theorem 3.1]).

(T10) Let L be a non-trivial NS, «m,-algebra. Then L is simple if and
only if B(L) = {0,1}, where B(L) is the set of all Boolean ele-
ments of L, ([14, Theorem 5.1]).

(T11) N Spxm is locally finite ([14, Theorem 5.2]).

Let B be a non trivial Boolean algebra and x € B, we will write 2’ the
Boolean complement of z. Furthermore, we will denote by B ("> = {f:
(n x m) — B such that for arbitraries i, j, r < s, implies f(r,j) < f(s,7)
and f(i,7) < f(i,s)}. Then

(T12) (B 1™ ALV, ~, {oii} . 5)emxm), O, I) is an NSy m,-algebra
where for each f € B $("*™) and for (i, ) € (nxm), (~ f)(i,5) =
(f(n—i,m—3)), (orsf)(i,5) = f(r,s), for all (r,s) € (n x m),
O(i,7) = 0, I(i,7) = 1 and the remaining operations are defined
componentwise ([14, Proposition 3.2]).

(T13) Snxm = <{Oa 1} T(nxm)7 A,V {Uij}(i,j)e(nXm)a Oa I> generates
the variety N Spxm ([14, Theorem 5.5])

2. Free NSj3,3-algebras

From now on, we will denote by F3x3(t) the free NS;y3-algebra with a
set G of free generators such that |G| = t where ¢ is a cardinal number,
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0 < t < w. The notion of free N S3x3-algebra is the usual one and since
N S343-algebras are equationally definable, for any cardinal number ¢, ¢ >
0, the free algebra F3y3(t) exists and it is unique up to isomorphism ([3]).

On the other hand, from (T13) we have that INSsyx3 is generated by
Ssx3 described in [14, p. 85] as follows:

x ~ X 011 012X 021X 022X

0 1 0 0 0 0

al d | 0 | 0 | 0|1 b
b b 0 1 0 1

c c 0 0 1 1

d a 0 1 1 1

1 0 1 1 1 1

Furthermore, S35 has four non-isomorphic subalgebras: the chains T5,
T3 and T with 2,3 and 4 elements respectively and Ty which is the algebra
itself.

1 1

1
c ' d
0
TS a
0
T3
0
Ty

Hence, from the above results and bearing in mind (7'9) and (T'11) we
know that Fsx3(t) is finite. Furthermore, we have that:

Faxs(t) = 152 @ T5® @ T @ Tg'°,



A Note on 3 x 3-valued Lukasiewicz Algebras with Negation 293

where o; = |&| = {F : F is a maximal Stone filter of F3x3(¢) and
]:3><3(t)/F ~ TZ}|, for i = 2,374,6.

Let us see that

o, = [EPiFsxs(t), Th)|
' | Aut(T;)|

. i€{2,3,4,6}.

where Epi(Fsx3(t), T;) is the set of all epimorphisms from F3x3(t) onto T;
and Aut(T;) is the set of all automorphisms of T;.

Let us consider the function « : Epi(Fsxs(t),T;) — &; defined by
a(h) = ker(h), where ker(h) = {x € F3x3(t) : h(x) = 1}. Hence, « is onto.
Indeed, for each F' € &; let us consider the function f = yp o qp, where gp
is the natural map and g is the N Ssxs-isomorphism from Fsx3(t)/F to
T;. Thus, f € Epi(Fsxs(t),T;) and ker(f) = F. Consequently a(f) = F.
Furthermore, for all F' € &; there exists h' € Epi(Fzxs(t),T;) such that
a(h') = F. Besides, let us note that o Y(F) = {f € Epi(Fsx3(t),T;) :
ker(f) = FY = {f € Epi(Faxs(t),T3) : ker(f) = ker(W)} = {f €
Epi(Fsx3(t),T;) : f =goh/,g € Aut(T;)}. Then, |a~1(F)| = |Aut(T;)| for
1=2,3,4,6.

Besides, observe that Epi(Fsxs(t),T;) and F*(G,T;) have the same
size, where F*(G,T;) is the set of all functions f : G — T; such that
f(G) = T;, being X the NSsy3-subalgebra of T; generated by X.

Indeed, let B : Epi(Fsxs(t),T;) — F*(G,T;) be the function defined
by B8(h) = hlg (ie. B and h agree on G). It is simple to verify that
B is injective. Moreover, for each f € F*(G,T;) there is a unique ho-
momorphism hy : Fzx3(t) — T; such that hy and f agree on G. Be-
sides, hf(Fsx3(t)) = hy(G) = f(G) = T;. Therefore, h is onto and so
Epi(Fsxs(t), Ti) = F* (G, Ty).

On the other hand, suppose that f, g € Aut(T;) and that there is z € T;
such that f(x) # g(z). Hence, by [13, Theorem 2.7] there is (s, jo) € (3%x3)
such that o, f(z) # 0sj,9(z) and as T; is a simple NS5, 3-algebra for
all © € {2,3,4,6} we have that o,;(T;) = B(T;) = {0,1} for all (s,j) €
(3 x 3). Then, without loss of generality we have that oy, f(z) = 0
and ogy5,9(x) = 1, so f(os,2) = f(0) and g(os,;,2) = g(1). Since f, g
are injective we conclude that o, = 0 and o, ;,© = 1, which is a
contradiction. Therefore, |[Aut(T;)| =1, i € {2,3,4,6}.
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Bearing in mind the above results and the fact that 715, T3 and T, are
Lukasiewicz—Moisil algebras of order n = 2, n = 3 and n = 4 respectively,
from [4] we have that:

az =2 az3=2(3"-2"), ay=4"-2"

Therefore, it only remains to determine ag. Let us consider the functions
f:{91,92,--.,9:} — Ts such that f(g;) = b and f(g;) = ¢ for some
i,7 €{1,...,t}, i # j. If b and ¢ are the image of k generators 1 < k < ¢,
then we have that there are (}) - (2¥ —2) - 4'~* different functions f from
G to Tg. Hence,

t
t ) )
a6Z<i>~(2lz).4“6f2-5t+4f.

i=1

Then, we have shown

THEOREM 2.1. Let F3x3(t) be the free NSsxs-algebra with t generators.
Then its cardinality is given by the following formula:

| Faxs(t)] = 92" . 32(3"-20) 4" 2" 6" -250 44"
Remark 2.2. By Theorem 2.1 we have that for ¢t =1 and t = 2,

| Faxs(1)] =22 -3%-42.6° = 576,

| F3x3(2)| =2%-319. 412 . 62 = 16836317.

We will now compare these values with the following bound that C.
Sanza determines in [12]:

t
Faxm(®)] < [Snxml Sl K
where K is the number of simple NS, x,-algebras and |S,, x| is given by:
m, ifn=2

|Sn><m| =

1+ Z ‘S(nfl)xj|a if n> 2.
=2
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Then, we have that |Fzxs(t)] < 664
| Fax3(1)] < 6% =4, 7383813 - 10'8,
| Faxs(2)| < 64 = 1,131827 - 1012

which differ notably from the ones indicated in Remark 2.2.

3. The lattice A(INS3.3) of all subvarieties of NS5,3

If K is a finite set of finite algebras we will denote by V = Var(K) the
variety generated by K. On the other hand, by Jénsson’s Lemma ([9]),
the lattice A(V) of all subvarieties of V is a finite distributive lattice and
A(V) is isomorphic to the lattice O(P) of order-ideals of the poset P of all
join-irreducible elements of A(V). Again by Jénsson’s Lemma, V' is join-
irreducible in A(V) if and only if there exists some (necessarily finite) sub-
directly irreducible algebra A € V such that V' = Var({A}). Furthermore,
if A and B are subdirectly irreducible algebras of V, then Var({A}) C
Var({B}) if and only if A € H(S(B)), where HW) = {C € V : there
exists an epimorphism p : W — C} and S(Z) is the set of all subalgebras
of Z.

Taking into account (T10) and (T13) we have that Si(NS33) = {75, T3,
T4, Ts} where Si(S) is the set of all finite subdirectly irreducible NSsy 3-
algebras. It is not difficult to see that H(S(A)) = S(A), for all A € NS33.
Then, H(S(T»)) = {1z}, H(S(T3)) = {Ts, T35}, H(S(Ty)) = {12, Ty} and
H(S(T5)) = {12, T3, Ty, Ts}

Then, the poset (Si(NSzys), <) has the following Hasse diagram:

Ts

Ts T,

T

Let us observe that Vo = Var(Tz), Vs = Var(Ts), V4 = Var(Ty),
Vs = Var({Tz,T5,T4}). Clearly Vs is the variety of Boolean algebras, Vs
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is the variety of three-valued Lukasiewicz algebras and V, is the variety of
four-valued Lukasiewicz algebras.
On the other hand, recall that an element = of a complete lattice L is
a completely join irreducible (CJI), if 2 < \/ y; implies z < y; for some
iel
1 € I. Besides, a finite subdirectly irreducible algebra A in a variety K is
a splitting algebra in K if Var({A}) is a CJI in A(K).

Remark 3.1. Taking into account (T9), (T11) and the results established
in [5], all finite subdirectly irreducible N.S3y3-algebra is a splitting algebra.

Now, Proposition 3.2 is a direct consequence of Remark 3.1, (T11) and
[6, Proposition 2.2].

PROPOSITION 3.2. The natural map from A(V) to O(P) is an isomorphism.

Then, we can assert that A(NS3x3) is the following finite distributive
lattice:

o(p)

{T27 T3a T4}

{To, T3} {T2, T4}
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TENSE OPERATORS ON BL-ALGEBRAS
AND THEIR APPLICATIONS

Abstract

In this paper, the notions of tense operators and tense filters in BL-algebras are
introduced and several characterizations of them are obtained. Also, the relation
among tense BL-algebras, tense MV-algebras and tense Boolean algebras are
investigated. Moreover, it is shown that the set of all tense filters of a B L-algebra
is complete sublattice of F(L) of all filters of BL-algebra L. Also, maximal
tense filters and simple tense BL-algebras and the relation between them are
studied. Finally, the notions of tense congruence relations in tense BL-algebras
and strict tense BL-algebras are introduced and an one-to-one correspondence
between tense filters and tense congruences relations induced by tense filters are
provided.

Keywords: (simple) tense BL-algebra, tense operators, tense filter, tense congru-
ence.
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1. Introduction

BL-algebras are the algebraic structures for Hajek Basic logic [8], in order
to investigate many valued logic by algebraic means. His motivations for
introducing BL-algebras were of two kinds. The first one was providing
an algebraic counterpart of a propositional logic, called Basic Logic, which
embodies a fragment common to some of the most important many-valued
logics, namely Lukasiewicz Logic, Gédel Logic and Product Logic. This
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Basic Logic (BL for short) is proposed as ”the most general” many-valued
logic with truth values in [0,1] and BL-algebras are the corresponding
Lindenbaum-Tarski algebras. The second one was to provide an algebraic
mean for the study of continuous t-norms (or triangular norms) on [0,1].
Most familiar example of a BL-algebra is the unit interval [0,1] endowed
with the structure induced by a continuous t-norm. In 1958, Chang intro-
duced the concept of an MV -algebra which is one of the most classes of
BL-algebras. MV -algebras, Godel algebras and product algebras are the
most known classes of BL-algebras. H4jek in [8], introduced the notions
of filters and prime filters in BL-algebra and by using the prime filters of
BL-algebras, he proved the completeness of basic logic BL. Filter theory
play an important rule in studying these algebras. From logical point of
view, various filter correspond to various set of provable formulas.

Study of tense operators was originated in 1980’s, see e.g. a compendium
[2]. The classical tense logic is a logical system obtained from the bivalent
logic by adding the tense operators G (it is always going to be the case
that) and H (it has always been the case that). Starting with other log-
ical systems (intuitionistic calculus, many-valued logics etc.) and adding
appropriate tense operators we arrive to new tense logics. Two other op-
erators F' and P are usually defined via G and H by F(z) = -G(—z) and
P(z) = —H(—x), where =z denotes negation of the proposition z. So,
G and H can be recognized as tense for all quantifiers and P and F' as
tense existential quantifiers. Recall that for a classical propositional calcu-
lus represented by means of a Boolean algebra B = (B, V, A, —,0,1), tense
operators were axiomatized in [2] by the following axioms:

(B1) G(1)=1, H(1) =1,

(B2) G(zAy) = G(x) NGly), H(zVy) = H(z)V H(y),
(B3) -G-H(x) <z, "H-G(x) < x.

For Boolean algebras, the axiom (B3) is equivalent to
(B3) G(z)Vy==zV H(y).

To introduce tense operators in non-classical logics, some more axioms must
be added on G and H to express connections with additional operations or
logical connectives. Tense operators have been studied by different authors
for various classes of algebras. For example, tense operators on Basic alge-
bras and effect algebras, on MV-algebras and Lukasiewicz-Moisil algebras
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and on intuitionistic logic (corresponding to Heyting algebras) were studied
by Botur et al. [1], Diaconescu et al. [5] and Chajda [3], respectively. This
motivated us to introduce tense operators on the structure of BL-algebras
as an extension of the tense M V-algebras and because there was an nega-
tion on BL-algebras, the operators F' and P were introduced as similar
to tense operators on MV-algebras with two additional conditions. For
other interesting algebras the reader is referred to [4, 7, 6, 9]. This paper
is organized as follows:

Section 2 contains some fundamental definitions and results. In Section 3
we introduce the notion of tense operators on BL-algebras and we study
relation among tense BL-algebras, tense M V-algebras and tense Boolean
algebras. In Section 4 we introduce the notion of tense filters on BL-
algebras and we prove that the set of all tense filters of a BL-algebra is
complete sublattice of F/(L) of all filters of BL-algebra L. Also, we study
maximal tense filters and simple tense BL-algebras and the relation be-
tween them. In Section 5 we introduce the notions of tense congruence in
tense BL-algebras and strict tense BL-algebras and we give some related
results.

2. Preliminaries

In this section, we give some fundamental definitions and results. For more
details, refer to the references.

DEFINITION 2.1. [8] A BL-algebra is an algebra (L, V, A, ®,—,0, 1) of type
(2,2,2,2,0,0) such that

BL1) (L,V,A,0,1) is a bounded lattice,

BL2

) (L,®,1) is a commutative monoid,
BL3) z<z—yifand only if x ® z < g,
)

(
(
(
(BL4) zhNy=20(x = y),

(BL5) (x - y)V(y > z)=1, forall z,y,z € L.

A BL-algebra L is called a Godel algebra, if 22 =z ®x =z, for all z € L
and a BL-algebra L is called an MV-algebra, if (z7)” =z, for all x € L,
where x= = ¢ — 0. A BL-algebra L is Boolean algebra if and only if

2> =xand (z7)" =z, forall z € L.
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PROPOSITION 2.2. [11, 12] In any BL-algebra L the following hold:

BL6) x <y ifand only if x — y =1,

BL7) z <z~ andz— (y > 2) =y = (v = 2),

BL8) z <y implies z0z<y0z,y > z<zx—z and z >z <z =y,
BLI9) y—> < (z—y)— (2> x),

oS

L)) 2 > (y—2) =20y — 2,

BL12
BL13) z — /\yz— /\(x—>y1)

T~ zT,e<y—rzandzO®x” =0,

(
(
(
(
( )
(BL11) z ©y=0if and only if x <y,
( )
( )

(BL14) (zAy) " =2~ Ay, (e —y) =z~ =y ~and (z0y)"~ =
=~ @y, forall z,y,z,y; € L.

DEFINITION 2.3 ([11, 12]). Let L be a BL-algebra and F' be a nonempty
subset of L. Then

(1) Fiscalled a filterof Lift ®y € F, for any z,y € F and if z € F and
x <ythenye F, forall z,y € L.

(ii) Fis called a mazimal filter of L if it is a proper filter and is not properly
contained in any other proper filter of L.

(#43) L is called a simple BL-algebra if L is non-trivial and {1} is its only
proper filter.

THEOREM 2.4 ([8]). Let F' be a filter of BL-algebra L. Then the binary
relation = on L which is defined by

c=py ifand only ifc >y € F andy >z €F
is a congruence relation on L.(Filters of L and congruence relations =p

, L
on L are in one-to-one correspondence.) Define -, —, U, M on —, the set

of all congruence classes of L, as follows:
[2]-[y] = [z Oy], [z] = [yl = [z = y], [2]UJy] = [z Vyl, [2]T[y] = [z Ay].

L
Then (f’ =, U, M, [0],[1]) ¢s @ BL-algebra which is called quotient BL-
algebra with respect to F'.
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DEFINITION 2.5. An MV-algebra is an algebra (L, ®,—,0, 1) of type (2, 1,0)
satisfying the following axioms for any z,y, 2z € L:

MV 2@y=yox,
MV2) zd(ydz)=(zdy) D2

MV3) x® 0=z,

MV5) x®1=1, where 1 := =0,

(
(MV2)
(MV3)
(MV4) ~—z =
(MV5)
(MV6)

MV6) ~(-z@y)dy=-(-ydx) .

In any MV-algebra L we can introduce the new operations ®, V, A and
— for any z,y € L as follow:
Oy =@ &y ), eVy=zo(z0y =yd(yor), zAy =
TO(z@y) =yO(-ydz)andz —y=-1DHyY.

DEFINITION 2.6. [5] Let (L, ®,—,0,1) be an MV-algebra and G, H : L —
L, be two unary operations on L. Then the structure (L; G, H) is called a
tense MV -algebra if it satisfies in the following conditions for any =,y € L :

A0) G(1) =1, H(1) =

Al) G(z = y) < G(z) = G(y), H(z — y) < H(z) = H(y),

A2) G(z)®Gy) <Gz oy), Hz)® H(y) < H(z @ y),

A3) G(z @ z) < G(z) ® G(z), Hx @ z) < H(z) ® H(z),

Ad) F(z) & F(z) < F(z @), P(z) & P(z) < Plz @ ),
5)

A5) © < GP(z), v < HF(x), where F' and P are the unary operations of
L defined by F(z) = (-G(—x)), P(z) = (=H(—x)).

(
(
(
(
(
(

3. Tense Operators on BlL-algebras

In this section, we introduce the notion of tense operators on BL-algebras
and we give some related results.
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DEFINITION 3.1. Let (L,V,A,—,®,0,1) be a BL-algebra and G, H : L —
L be two unary operations on L. The structure (L; G, H) is called a tense
BL-algebra if the following conditions hold:

(TBLO) G(1) =1, H(1) =1
(I'BL1) G(x —y) <G(z) = G(y), H(x = y) < H(z) — H(y).

(TBL2) x < GP(z),z < HF(x), where F' and P are two unary operations
of L defined by F(z) = (G(z~))” and P(z) = (H(z~))~, with additional
conditions (G(z~7))"~ =G(z) and (H(x~7))"~ = H(z), for all z,y € L.

Note that by additional conditions in Definition 3.1, we conclude that
(F(z7))” = (G((z7)7)7)” = (Glz™7)) = G(z) and (P(z7))” =
(H((z=)7)")” = (H(z~7))”~ = H(x). Hence F' and G, P and H are

in some sense equivalent.

Ezample 3.2. [10] Let L = {0,a,b,1}, where 0 < a <b<land z Ay =
min{z,y}, © Vy = max{z,y} and operations ® and — are defined as the
following tables:

Table 1 Table 2
©@|0lal|lb]|1 = |0]a|b]|1
0|0(0]0]O0 0O |1 |1(1]1
a |0/0]0]a a bl1|1]1
b |0[0]alb b |a|b|1]1
1 |0ja|b]|1 1 [0fla|b|1

Then (L,V,A,®,—,0,1) is a BL-algebra. We define the operations
G =H on L as G(O) =0,G(a) = a,G(b) = b,G(1) = 1. Tt is not difficult
to check that G and H are tense operators on L and so (L; G, H) is a tense
BL-algebra.

Ezample 3.3. Every tense M V-algebra is a tense BL-algebra.

Recall that a frame is a pair (X, R), where X is a nonempty set and R
is a binary relation on X [2]. The notion of frame allows us to construct
the second example of tense BL-algebra. Also, we mention that if L is a
BL-algebra and X a set, then LX the set of all mappings from X into L,
together with the operations is a BL-algebra,
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o (fvyg)(z)=f(x)Vg(x),

o (fAg)(x) = f(z)Ag(x),

o (f=9)(@) = f(z) = g(2),

* flzoy) =f(2)© f(y), 0(z) =0, 1(z) = 1.
Now, we define L as follow:

Ly ={f e L | f~"(2) = f(x), foranyz € X}
it is clear by (BL14), L is a sub BL-algebra of LX.

LEMMA 3.4. Let L be a BL-algebra and a;,b; € L, for anyi € I. Then
N =)o Aai < Abs
i€l il iel

(whenever the arbitrary meets exist.)

PROOF: Let a;,b; € L, for any ¢ € I. Then by (BL13),
i€l el icel iel

Now, since A a; < a;, for any ¢ € I, by (BL8), we get that a; — b; <

i€l
N a; — b;, for any i € I and so a; — b; < A (A a; — b;). Hence,
iel i€l i€l
N (ai = b:) < A(Nai — b))
i€l il i€l
el el

Hence, by (BL3), we conclude that

Nlai = b) o Nai < \bi. O

i€l el i€l
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THEOREM 3.5. Let L be a complete BL-algebra, (X, R) be a frame with R
reflevive, G* and H* the unary operations on BL-algebra L defined by

= A{f(W)ly € X, 2Ry}
2) = N{f()ly € X,yRa}

for all f € L and x € X. Then (L5 ,G*, H*) is a tense BL-algebra.

PRrROOF: Let z € X. Then
/\{1 )y € X,zRy}

= A{lly € X, xRy}
_ 1

Similarly, H*(1)(z) = 1. For f,g € Ly and = € X, we have

G*(f = 9)@) © G*(f)(z) = \(f = 9)W)ly € X, xRy}
o Nfw)ly € X, 2Ry}
=\ —
© /\{f(y ly € X, 2Ry}
< A{o(w)ly € X, 2Ry}, By Lemma 3.4
=G (y)(x)

and so by (BL3), we conclude that G*(f — g)(z) < G*(f)(z) — G*(g9)(z).
Hence, G*(f — g) < G*(f) — G*(g). Similarly, H*(f — g) < H*(f) —
H*(g). Moreover, for f € Ly and x € X, we have

G*P*(f)(z) = G*((H(f_))_(x))
= /\{ H(f y)|xRy,y € X}.

Now, by (BL7), we get that

y)ly € X, zRy}
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(H(f = (AL ( |zRy}
=\/{f " (2)|2Ry}
= \/{/(z IzRy}'

Since xRy, we get that \/{f(z)|zRy} > f(z). Hence, for any = € L such
that xRy, (H(f7))"(y) = f(z) and so A{(H(f7))”" (y)lzRy} > f(x).
Hence, G*(P*(f))(z) > f(z) and so G*P*(f) > f, similarly, H*F*(f) > f.
Moreover, for f € Ly and x € X, by (BL14), we get that

(G*(f~~ /\{f y)lyRa})”
= A\{f~~ (y)lyRaz}
= A/ WlyRz}
=G (f)(=).
Hence, (G*(f~7))"~ = G*(f) and similarly we have (H*(f~7))"~ =
H*(f). Therefore, (L5'; G*, H*) is a tense BL-algebra. O

PROPOSITION 3.6. In any tense BL-algebra (L; G, H), the following state-
ments hold for any x,y € L:

g)( I)f z <y, then G(z) < G(y), H(x) < H(y), F(z) < F(y) and P(z) <
Y).

(ii) Glx > y) < F(z) =» F(y) and H(z — y) < P(z) — P(y).

(t4) x © F(y) < F(P(z) ©y) and 2 © P(y) < P(F(z) O y).

(iv) P < PGP and F < FHF.

(v) PG(z) <z~ and FH(z) <z .

(vi) G(z) ® G(y) < G(z ®y) and H(z) ® H(y) < H(z O y).

(i) If # <y, for z,y € L, then by (BL6), x — y = 1. From (T'BLO0),
G(x —y) = H(x — y) =1 and from (T'BL1), G(z — y) < G(z) = G(y)
and H(z — y) < H(z) — H(y). Hence, G(z) — G(y) = 1 and H(z) —
H(y) = 1. Therefore, G(z) < G(y) and H(z) < H(y). Moreover, if z < y,
for z,y € L, then by (BL8),y~ <z~ andso G(y~) < G(z~) and H(y™) <
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H(z~). Hence, by (BL8), we conclude that (G(z~))” < (G(y~))~ and
(H(z™))” < (H(y™))™ and so F(z) < F(y) and P(z) < P(y).

(ii) Since by (BL8) and (BL12), z »y <z =y =z — (y~ —
0) =y~ — a2, so by (i), (TBL1) and (BL9), we have

The other inequality for H, is proved analogously.

(ii1) Since zOy < Oy, by (BL3), we get that < y — x®y. Consider
x = P(z), so P(z) <y — P(z) ®y. By (i) and (i),

G(P(z)) <Gy = P(z)0y) < Fly = (P(z) ©y)) < F(y) = F(P(x) Oy).

Since by (T'BL3), x < GP(z), we get that © < F(y) — F(P(xz)®y) and so
by (BL3), x®F(y) < F(P(z)®y). By similar way, t® P(z) < P(F(x)®y).
(iv) From (T'BL3), x < GP(x) and x < HF(x), so by (i), P(z) <

PGP(z) and F(zx) < FHF(z). Hence, P < PGP and FF < FHF.

(v) From (T'BL3), = < HF(x7), by (BL12), + < z~~ and by (i),
G(z) < G(z~7). By (BL8), G(z~~)” < G(x)” and so by (i), HF (z7) =
H(G(z~~)") < H(G(z)™). Hence, z— < H(G(z)") and so by (BLS),
(H(G(z)7))” < a~ . Therefore, PG(x) < x~~. By similar way, FH(x) <

(v) By (T'BL1) and (BLS),
Gz —y) ©Gx) < (G(z) = Gly) © G(x)

taking y = x @ y, it follows that G(z = z © y) © G(z) < G(x @ y). Since
by (BL10),y — (z 22 Qy) =20y —-zOy=1, wehavey <z >z 0y
and so by (i), G(y) < G(z — = ®y). Hence, by (BL8),
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Gly) ©G(z) <Gz -z O y) © G(x)
Gz ©y).
Therefore, G(z) ® G(y) < G(x ® y). The proof for H is similar. O

<
<

In the following, we study relation among tense BL-algebras, tense
MYV-algebras and tense Boolean algebras.

THEOREM 3.7. Let (L;G, H) be a tense BL-algebra and x~~ =z, 2% = x,
for any x € L. Then (L; G, H) is a tense MV -algebra.

ProOF: Let (L; G, H) be a tense BL-algebra and =~ = z, 22 = z, for
any € L. Then by Definition 3.1, (A0), (A1) and (A5) are established.
We will prove (A2), (A3) and (A4). By (BL12), z,y <y~ —ax=ydz =
x @y and by Proposition 3.6(i), G(z),G(y) < G(z ® y) and so G(z) &
Gly) < Glx dy) ® Gz ®y). Since 2=~ =z, ¥? = x, for any z € L,
we get that z @ x = (7 ©@27)” = (z7)” = x, for any = € L. Hence,
G(z) ® G(y) < G(z @ y) and by similar way, H(z) ® H(y) < H(z ® y)
and so (A2) is established. Since z @ x = z, for any = € L, we have
Gzdzxz) =G =G e Ga), Haxadz) = Hxz) = H(x) & H(z),
Flx®z) = F(z) = F(z) ® F(z) and P(z @ ) = P(z) = P(x) ® P(z).
Therefore, (A3) and (A4) hold and so (L; G, H) is a tense M V-algebra. O

THEOREM 3.8. Let (L;G,H) be a tense BL-algebra and x~~ =z, 2% = x,
G(z™)=G(x)” and H(z )= H(x)~ for any x € L. Then (L;G,H) is a
tense Boolean algebra.

PRrROOF: Let (L;G,H) be a tense BL-algebra and =~ = z, 2? = z,
G(z7) = G(z)” and H(z~) = H(x)~ for any € L. Then by Definition
2.1, L is a Boolean algebra and by Theorem 3.7, (L; G, H) is a tense MV -
algebra. By Definition 2.6, (B1) and (B3) hold. Now, we will prove (B2).
Since x Ay < x,y, by Proposition 3.6(¢), we get that G(z Ay) < G(z), G(y)
and so G(z Ay) < G(x) AG(y). Now, by Proposition 3.6(vi) and (A2), for
x,y € L, we have
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GlzNy) =Gz o (z” dy)
> G(2) © (G(z™ @y))
> G(z) © (G(z7) D G(y))
> G(z) © (G(z)” & G(y))
> G(z) © (G(z) = G(y))
> G(z) NG(y)
b

( )
=(G=" Ay7))”
(GET)AGY )~
= (G(x)” AGy)")”
=G(z)"" VG(y) ™
=G(x) V G(y).

Similarly, we conclude H(x Vy) = H(z) V H(y). Therefore, (B2) hold and
so (L; G, H) is a tense Boolean algebra. O

DEFINITION 3.9. Let (L; G, H) be a tense BL-algebra. Then we define two
unary operations d and p on L by d(z) = 2 AG(x) A H(z) and p(z) =2 ©
G(z)®H(x), for any x € L. We observe that for any z € L, p(x) < d(x) < z
and if (L; G, H) is a tense Boolean algebra, then p(z) = d(z). Now, we
define d"(z) and p™(z), for any n € N and for any « € L, by induction as
follow:

d*(x) = p"(2) =z, d" 1w = d(d"(2)), p"* (2) = p(p" (2)).

Moreover, for nonempty subset X of L, p¥(X) is define as follow:

P(X) = X, p(X) = {p(a)le € X}, 9 (X) = p(*(X)).

LEMMA 3.10. In any tense BL-algebra (L;G, H), for any xz,y € L and
n € N, the following statements hold:

(i) d™(0) =0, d*(1) = 1, d""(z) < d"(x).

(i) If x <y, then d™(z) < d"(y).
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(#i) « = d(z) if and only if d*(x) =z, for any n € N.

)
) =1 /\ G(1) A H(1) = 1 so d*(1)

(#) If x < y, then by Proposition 3.6(7), G(z) < G(y) and H(z) <
H(y). Therefore,

d(z) =2z ANG(z) NH(z) <y AGy) NH(y) = d(y)
and so d(d(z)) < d(d(y)). Hence, d"(x) < d"(y).
(#i) If x = d(x), then

d"(z) = d(d" "' (z)) = d(z) =

If d*(z) = z, for any n € N, then for n =1, d(x) = z.

(iv) We prove by induction on n. If n =1, then by (T'BL2)

x<xANGP(x) N HF (z)

<(xVPE)VF(@)ANGxV P()ANF(zx))NH(xV P(z)V F(x))

=d(zV P(z)V F(z))
<d(xmm V(H(z7)” V(G(T))7)
=d((@z” AH(@zT)AG(z7))7)
= d(d(z™))".

Suppose that the inequality holds for n, then we show that it is correct for
n+ 1. Since x < d(d(z7)) ", consider z = (d"(x ™))™, we have:
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Q
3
&I
N
=
|

)
x7)))” by (BL8), (BL12) and (i)

1 VAN | R VAN |

Now by (i), d"(d"(z7))~ < d"(d(d"*'(z7))") = d""H(d""(27))” and
since < d"(d"(z7))~, so we get that x < d"*1(d"+1(27))~. Therefore,
(iv) follows by induction.

(v) If d(x) = z, then by (iv), = < d(d(z~7))” < d(d(z))” = d(z7).
Also, d(z7) =2 " ANG(xz")ANH(z7) <z~ andsod(z™)=x". O

PROPOSITION 3.11. In any tense BL-algebra (L; G, H), for any z,y € L
and k,n € N; the following statements hold:

(i) p"(0) =0, p"(1) =1, p"*(2) < p" ().
(i) If © <y, then p"(z) < p"(y).

(1) p*(z) © p*(y) < pF(z O y).

(iv) p*(a™) > (p*(x))™.

PROOF:

() p(0) = 06 G(0) © H(0) = 0 50 2(0) = p(p(0)) = p(0) = 0,..,
p"(0) = p(p"~1(0)) = 0 and p(1) =1 ® G(1) ® H(1) = 1 and so p?(1) =
p(p(1)) = p(1) = 1,....p"(1) = p(p"~1(1)) = p(1) = 1. Moreover, for z € L,
Pt (x) = p(p(x)) = p" () © G(p"(x)) © H(p"(x)) < p"(x)

)
H(z) < H(y). Therefore, p(z) = z0G(z)0H(z) < yoG(y)©H (y) = p(y),
and so p(p(z)) < p(p(y)). Hence, p"(z) < p"(y).

(#ii) By Proposition 3.6(vi), for x,y € L:

p(x) © ply) = (z © G(z) © H(x)) © (y © G(y) © H(y))
=(20y) o (G(x)oG(y) o (H(r)© H(y))
<zOyoOGoy) ©HxOy)
= p(z ©y).



Tense Operators on BL-algebras and Their Applications 313

By induction, let p™(z) © p"(y) < p"(x ©y), for x,y € L. Then by Propo-
sition 3.6(vi),

P (@) © p"Hy) =

) By (iii), for x € L, we get that (p*(z))" = p*(z) © p*(2) © ... ®
<plroze. o) =opkaan). O

4. Tense filters in BL-algebras and simple tense
BL-algebras

In this section, we introduce the notions of tense filters in BL-algebras and
simple tense BL-algebras and we give some related results.

DEFINITION 4.1. Let (L; G, H) be a tense BL-algebra and F' be a filter of
L. Then F is called a tense filter if G(z) € F and H(z) € F, for all z € F.
Not that if F is a tense filter of tense BL-algebra (L; G, H), then p(x) € F
and d(z) € F, for any x € F.

Ezample 4.2. [10] Let L = {0,a,b,1}, where 0 < a <b<land z Ay =
min{z,y}, z Vy = max{x,y} and operations ® and — are defined as the
following tables:

Table 3 Table 4

= o O
OO O OO
Q@ Q2 O

> o Ol
_ o Ol
H@‘QO\L
O OO =IO
S R
e
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Then (L,V,A,®,—,0,1) is a BL-algebra and it is not an MV -algebra.
We define the operations G = H on L as G(0) = 0,G(a) = G(b) = G(1) = 1.
It is not difficult to check that G and H are tense operators on L. Now,
let Fy = {1} and F» = {1,b}. Then F; and F; are tense filters of L.

THEOREM 4.3. The tense filter [X) of tense BL-algebra (L; G, H) gener-
ated by nonempty subset X has the following form:

(X)={ye€Lly>a1®..0an,a; € p""(X);i=1,...,nk € N,n > 1}.

PROOF: Let A ={y € Lly > a1 ® ... ® an,a; € p*(X);i = 1,....n,k; €
N,n > 1}. Firstly, we prove that A is a tense filter of L. Obviously
1€ A. Let x,y € A. Then there exist ay,...,an,b1,...,b,, € L such that
a; € pFi(X),b; € pti(X), kiyt; € Nymyn > 1,1 <i<n,1<j<mand
20100 .00, Yy >b0O...0b,. Hence, Oy >a;1 ®az®..0O
an Ob1 ®...0by andsoz Oy € A. If z <y and x € A, then, there exist
ai,...,a, € L such that a; € p*(X) and a1 ® ... ® a, < z, since z < y, we
get that a1 ®as ®...®a, < y. Hence, y € A. Thus, A is a filter of L. Now,
we show that A is a tense filter. If € A, then there exist aq, ..., a, € L,
a; € pF(X) and a; ®as ®...®a, < z. Since a; € p¥ (X), by Definition 3.9,
there exist z; € X, such that a; = p¥i(z;) for any i (1 <4 < w). Hence,
a1 ©az ® ... ® ay = pF1 (1) ® p*2(22) © ... © pFv (x,,) < z, by Proposition
3.11(#4), we have

pla1 ®...0ay) < plx) =20 G(x)®© H(zx) < G(z), H(x)
and since by Proposition 3.11(4i%),
plar) © plaz) © ... ©® p(aw) < plar © ... © ay)

we get that p(a;) ® p(az) © ... ® p(a,) < G(z), H(z). Hence, p"11(z1) ©
pketl(x) @ ... © pFetl(zy,) < G(z), H(x) and so G(z), H(x) € A. There-
fore, A is a tense filter of L. If z € X, since = > p(z), we conclude z € A.
Hence, X C A. Now, let B be a tense filter containing X and z € A, then
there exist aq,...,a, € L such that a; € pki (X)and a1 ©® a2 ®... @ ap < x,
ie. pri(r) ®..® pF(z,) < z. Since 7; € X C B and B is a tense
filter. we get that p*i(x;) € B and so p* (2,) ®...® p*~(z,,) € B and since
P (z1) ® ... ® pFn(x,) < =, we have x € B. Therefore, A is a the least
tense filter of L containing X and so [X) = A. O
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PROPOSITION 4.4. Let (L; G, H) be a tense BL-algebra and x € L. Then
[2) = {y € Lly > (0" ())"; for somen, ks € N}.

Proor: By Theorem 4.3, [z) = {y € Lly > a1 ® a2 ® ... ® ap,a; €
pFi(z);k; € N,1 < i < n,n € N}. Consider k = max{ki, ka, ..., k,} such
that a; € p*i(x). By Proposition 3.11 (i), we get that p¥i (x) > p*(x). Now,
we have

y > pM(@) ©p"(2) 0. 0 pb (2) 2 pM (@) © pM (@) © .. 0 pF () = (P (2))™

Hence, y > (p¥(x))" and so [x) C {y € Lly > (p*(x))"; for somen, k € N}.
If y € L, such that y > (p¥(x))", then y > p*(z) ©® p*(z) ® ... ® p¥(x) and
so by Theorem 4.3, y € [x). Therefore,

[) = {y € Lly > (p"(x))"; for somen, k € N}. O

PROPOSITION 4.5. Let F be a tense filter of tense BL-algebra (L;G, H)
and x € L. Then the tense filter generated by F'U {z} is characterized as

[FU{z})={yeLly>ao (p*); for somea € F,k,n € N}

PROOF: Let A= {y € Lly > a® (p*(x))"; for somea € F, k,n € N}. We
prove that A is the least tense filter of L containing F'U{z}. Let z,y € A,
then there exist a,b € F, k,k’,n,n’ € N such that z > a ® (pF(z))" and
y>b0 (¥ (). S S
Hence, 20y > (a®(p"(2))")@bO(p* ()" = (a@b)o(p*(2))" O (p* ()™ .
Taking t = Max{k,k'}, then by Proposition 3.11(i), p*(z) > p'(x) and
o (@) > pt () and so (0*(2))" © (o ()" > ()" and so z Oy >
(a ®b) ® (p'(x))™t". Therefore, z ®y € A. If < y and & € A, then
there exist a € F and k,n € N such that * > a ® (p*(x))". Hence,
y>a® (pF(x))" and so y € A. Therefore, A is a filter of L. If x € A, then
there exist @ € F and k,n € Nz > a ® (p*(z))", and so by Proposition
3.11(ii), p(z) > p(a ® (p*(x))™). From Proposition 3.11(i4), we get that

p(x) > pla® (p*(x))") > pla) © p((p"(z)")
> p(a) ® (p(p" ()"
= p(a) ® (p"(z))"

and since F is a tense filter of L, we get that p(a) € F and since G(z) >
p(x), we have G(z) > p(a) ® (p*+1(z))". Hence, G(x) € A and similarly,

©
©
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H(z) € A. Therefore, A is a tense filter of L. Now, if B is a tense filter
containing F'U {z} and z € A, then there exist a € F and k,n € N such
that, z > a ® (p*(z))". Since * € B and B is a tense filter we have
((p"(x))™ € B and since a € F C B, we get that a ® (p*(z))" € B. Hence,
z € B and so A is the least tense filter of L containing F'U {z}. Thus,

[FU{z}) ={y e Lly>a0 (") forsomea € F,k,n € N}. O

As usual, for two filters F; and Fy of BL-algebra L, we let Fy A Fy :=
FyNFy and Fy V F, = [F} U Fy) and it is easy to check

Fy VvV Fy={yly > x1 © x9; for somexy € Fy,x9 € Fo}

THEOREM 4.6. Fy(L) of all tense filter of tense BL-algebra (L; G, H) is a
complete sublattice of F(L) of all filter of L.

PrROOF: Let F; and F5 be two tense filter and x € F; A F5. Then x € F;
and x € Fy so G(z) € F; and G(x) € Fy. Hence, G(x) € F; A F5 and
by similar way H(z) € Fy A Fy. Also, if © € Fy V Fy, then there exist
x1 € Fy and x5 € Fy such that © > 21 ® 2. Now by Proposition 3.6(¢)
and (vi), we get that G(x) > G(z1 ©® 22) > G(z1) ® G(z). Since F; and
F, are tense filters, we conclude that G(z1) € Fy and G(x2) € F3 and so
G(z) € [F1 U Fy) = Fy V Fy. By similar way, H(xz) € Fy V Fy. Therefore,
Fy vV F, is a tense filter and so Fy(L) is complete sublattice of F'(L). O

THEOREM 4.7. Let F be a proper tense filter of tense BL-algebra (L; G, H).
Then the following statements are equivalent:
(i) F is a mazimal tense filter of (L; G, H),

(#) for each x € L\F, there exist a € F and k,m € N such that a ®
(p*(z))™ =0.

PROOF:

(i) = (i7) Let F be a maximal tense filter of tense BL-algebra (L; G, H)
and z € L\F. Then by F' C [FU{z}) C L, we conclude that [FU{z}) =L
and since 0 € L, we get that 0 € [FU{z}). From Proposition 4.5, there exist
a € F and k,m € N such that 0 > a ® ((p¥(z))™ and so a ® (p*(x))™ = 0.

(ii) = (1) Let E be a tense filter of L such that F¥ C F C L. If there
exist z € E\F, then by (ii) there exist b € F' and k,m € N such that
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b® (pF(x))™ = 0. Now, Since b€ F C F, z € F and E is a tense filter, we
get that (p*(2))™ € E and so 0 = b® (p*(x))™ € E. Hence, E = L and so
F is a maximal tense filter of L. O

THEOREM 4.8. For any tense BL-algebra (L; G, H), the following state-
ments are equivalent:

(1) (L; G, H) is a simple tense BL-algebra,
(i1) for any x € L\{1}, there exist k,n € N, such that (p*(z))" = 0.

PRrROOF:

(i) = (i1) Let (L;G, H) be a simple tense BL-algebra. Then {1} is a
maximal filter of L and so by Theorem 4.7 for any « € L\{1}, there exist
k,n € N such that 1 ® (p*(z))™ = 0. Therefore, (p*(z))" = 0.

(ii) = (i) Iffor any = € L\{1} there exist k,n € Nsuch that (p*(z))" =
0, then by Theorem 4.7, F' = {1} is a maximal tense filter and so there is
not nontrivial tense filter of L and so L is a simple tense BL-algebra. [J

THEOREM 4.9. Let F be a proper tens filter of tense BL-algebra (L; G, H).
Then the following statements are equivalent:

(1) F is a mazimal tense filter of (L; G, H),

(ii) for each x € L, x ¢ F if and only if ((p*(x))")~ € F, for some
k,n € N.

PROOF:

(1) = (i7) Let F' be a maximal tense filter of (L; G, H) and = € L\F.
Then by Theorem 4.7, there exist a € F and n,k € N, such that a ®
(p*(z))" = 0. By (BL11), a < ((p*(z)")~ and since a € F, we conclude
that ((p*(x)"))~ € F. Conversely, let ((p¥(z))")~ € F for some k,n € N.
If x € F, then p(z) € F and so (p*(x))" € F. By (BL12), 0 = (p*(z))" ®
((p®(x))")~ € F and so F = L which is contradiction. Therefore, = & F'.

(#1) = (i) Let F ¢ E C L and E be a tense filter of L. Then there
i E such that © ¢ F. By (ii) there exist k,n € N, such that
(£))")” € F C E, since F is a tense filter and x € FE, we have

)® € E and so by (BL12), 0 = (p*(2))” ® ((p*(z)"))~ € E. Hence
E = L and so F' is a maximal tense filter of (L; G, H). O
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5. Tense congruence relations in tense BlL-algebras

In this section, we introduce the notions of tense congruence in tense BL-
algebras and strict tense BL-algebras and we give some related results.

DEFINITION 5.1. Let 6 be a congruence relation on BL-algebra L and
(L; G, H) be a tense BL-algebra. Then 6 is called a tense congruence if it
is compatible with respect to the operations G and H. In fact, if 26y, then
G(z)0G(y) and H(z)0H (y), for any z,y € L.

PROPOSITION 5.2. Let (L; G, H) be a tense BL-algebra, F be a filter of L
and 0 be a congruence relation induced by F. Then F' is a tense filter of
L if and only if 8 is a tense congruence.

PROOF: Let Or be a tense congruence relation induced by F' and x € F.
Thenl — z € Fandz — 1 € F and so 10gx. Since 0 is tense congruence,
we get that G(1)0pG(x) and H(1)0pH(x) and so 10G(z) and 10H(z).
Hence, G(z) € F and H(z) € F and so F is a tense filter of L. Conversely,
let F be a tense filter of L and zfpy, for x,y € L. Then x — y € F and
y — x € F and since F' is a tense filter of L, we have G(z — y) € F
and H(zx — y) € F and by (T'BL1), G(z — y) < G(z) — G(y) and
H(z — y) < H(x) —» H(y). Now, since F is a filter of L, we conclude
that G(z) — G(y) € F and H(x) — H(y) € F. By similar way, we get
that G(y) — G(x) € F and H(y) — H(xz) € F. Hence, G(x)0rG(y) and
H(z)0rH (y). Therefore, 6 is a tense congruence relation on L. O

PROPOSITION 5.3. Let (L; G, H) be a tense BL-algebra. Then there is an
one-to-one correspondence between tense filters of L and tense congruences
relations induced by tense filters of L.

ProOF: It follows by Theorem 2.4 and Proposition 5.2. O

THEOREM 5.4. Let (L; G, H) be a tense BL-algebra and F be a filter of L.

L
Then F is a tense filter of L if and only if (f;G*’H*) by the operators
L

G*, H .fﬁfsuchthat

G*([2]) = [G(2)], H*([2]) := [H(2)]
and F*([z]) .= [F(x)], P*([z]) := [P(x)] is a tense BL-algebra.
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ProoF: Let (L;G,H) be a tense BL-algebra and F' be a tense filter of

L. Then by Theorem 2.4, ( —,U,m,[0],[1]) is a BL-algebra. Define

f»'?
L L
tors G*, H* : = — = b
operators I 1A y

G ([2]) == [G(2)], H([2]) == [H(x)].

L
Now, we prove (f’ G*,H*) is a tense BL-algebra. Firstly, we prove that

operations G* and H* are well-defined. Let [z] = [y]. Then z — y,y —
x € F. Since F is a tense filter of L, by similar proof of Proposition 5.2, we
get that G(x) — G(y) € F and G(y) — G(x) € F. Hence, [G(z)] = [G(y)]
and so G*([z]) = G*([y]). Similarly, we have H*([z]) = H*([y]) and so
operations G* and H* are well-defined. By (T'BL0) in tense BL-algebra

L, G*([1]) = [G(1)] = [1] and similarly, H*([1]) = [H(1)] = [1], and so
(T'BLO) holds in % Let [z],[y] € % Then by (T'BL1) in tense BL-
algebra L,
G ([z] = [y]) = G*([z = y])
=[Gz = y)]
< [Gz) = Gy)]
= [G(2)] =[G ( )]
< G ([2]) = G ([yD)-
Similarly, we get that H*([z] — [y]) < H*([z]) = H*([y]) and so (T BL1)

holds in % Finally, By (T'BL3) in tense BL-algebra L, we have
G P ([x]) = G*(P*[z])

=G ((H"z7])7)

=G ([H(z7)]7)

=G ([(H(z7))7))

= [G((H(z7))7]
= [GP(x))]

> [a]. I
Similarly, we get that H*F*([z]) > [z] and so (T'BL2) holds in ik More-
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L
£ -
over, for [z] € fal

Similarly, (H*([z]~7))"~ = H*([z]). Therefore, (f;G*’H*) is a tense

L
BL-algebra. Conversely, let F' be filter of L, x € F and (f;G*’H*) is

a tense BL-algebra. Then [z] = [1] and so G*([z]) = G*([1]). Hence,
[G(z)] = [1] and so G(z) € F. Similarly, H(z) € F and so F is a tense
filter of L. O

DEFINITION 5.5. Let (L1; Gy, Hy) and (Lo; Go, Ha) be two tense BL-al-
gebras and ¢ : Ly — Ly be a BL-homomorphism. Then ¢ is called a
tense BL-homomorphism (or briefly, a T'BL-homomorphism) if G(¢(z)) =
#(G(x)) and H(p(x)) = ¢(H(x)), for all € L.
PROPOSITION 5.6. Let ¢ : (L1;G1, H1) — (L2; Ga, He) be a TBL-homo-
morphism. Then the following statements hold:

(1) ker ¢ is a tense filter of L.
(ii) If F is a tense filter of Lo, then ¢~!(F) is a tense filter of L;.

(7i7) If ker¢p C F, ¢ is onto and F is a tense filter of L, then ¢(F) is a
tense filter of L.

PROOF:

(i) Tt is easy to check that ker ¢ is a filter of L. Now, let z € ker ¢.
Then ¢(z) = 1 and so 1 = G(1) = G(¢(z)) = ¢(G(z)). Hence, G(z) €
ker ¢, by similar way, H(x) € ker ¢ and so ker ¢ is a tense filter of L;.

(ii) Let F be a tense filter of Ly and z € ¢~ !(F). Then ¢~(F) is
a filter of Ly and ¢(z) € F and so ¢(G(z)) = G(¢(x)) € F. Hence
G(z) € ¢7Y(F), by similar way, H(z) € ¢~ (F). Therefore, ¢~(F) is a
tense filter of L.

(ii1) Assume that ker¢ C F, ¢ is onto and F is a tense filter of Lj.
Firstly, we prove ¢(F) is a filter of Lo. Let a,b € ¢(F). Then there exist
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x,y € F, such that a = ¢(z),b = ¢(y) and a ©b = ¢(z) © ¢(y) = ¢p(z O y).
Since z@y € F, we get that a©b € ¢(F). Moreover, if a < b and a € ¢(F),
then there exists z € F and w € Ly, such that a = ¢(z),b = ¢(w). Hence,
#(2) < ¢p(w) and so ¢(z — w) = 1. Thus, 2 — w € kerp C F and since
z € F, we get that w € F. Therefore, b = ¢(w) € ¢(F) and so ¢(F) is
a filter of Lo. Now, let x € ¢(F). Then there exists ¢t € F, such that
x = ¢(t) and since F is a tense filter of L;, we have G(t) € F and so

G(z) = G(é(t)) = #(G(t)) € ¢(F). By similar way, H(z) € ¢(F) and so
o(F) is a tense filter of Lo. O

DEFINITION 5.7. A tense BL-algebra (L;G, H) is called strict if for all
ze€L, Glxox)=Gx)oG(z)and H(x ©z) = H(z) © H(z).

Ezample 5.8. Let (L;G,H) be tense BL-algebra Example 3.2. Then
(L;G, H) is a strict tense BL-algebra.

PROPOSITION 5.9. Let (L; G, H) be a strict tense BL-algebra and F be a
tense filter of L. Then (f’ G*, H*) is a strict tense BL-algebra.

L
PRrROOF: By Theorem 5.4, (F;G*’H*) is a tense BL-algebra, when F' is

L
a tense filter of L. Let [z],[y] € i Since (L; G, H) is a strict tense BL-

algebra, we conclude that

L
Similarly, H*([z].ly]) = H*([z]).H*([y]). Therefore, (F’ G*,H*) is a strict
tense BL-algebra. O
THEOREM 5.10. Let (L; G, H) be a strict tense BL-algebra and for any x €
Loz~ =2, G@z7)=(G ( )" and H(xz~) = (H(x))~. Then (L;G,H) is
a tense MV -algebra.

PRrOOF: Let (L; G, H) be a strict tense BL-algebra and =~ = z, for any
x € L. Then L is a MV-algebra and by Definition 3.1, (A0), (A1) and
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(A5) are hold. Now, we prove (A2), (A3) and (A4). Let z,y € L. Then by
Definition 2.5,

Glx)®Gy) = (G(x)” ©G(y))~
=(Gz7)oGly )"
= (Gl oy))”
=Gz 0y)7)
=Gz dy)

Similarly, H(x) ® H(y) = H(x @ y) and so (A2) holds. Moreover, if y = «,
then G(z) ® G(z) = G(x @ x) and H(z) ® H(z) = H(z ® =) and so (A3)
holds. For (A4), since (L; G, H) is a strict tense BL-algebra, we have

Flz) ® F(r) = Ge™)” @ Gz7)"
=(GE7)oG((™))"
=(GE"oz7))”

= (G((@®2)))
— Flz ®a).

Similarly, P(z) ® P(y) = P(z @ y) and so (A4) holds. Therefore, (L; G, H)
is a tense MV-algebra. O

6. Conclusion

The results of this paper will be devoted to study the notion of the tense
operators on BL-algebras. We presented a characterization and several
important properties of the tense operators on BL-algebras. Moreover,
we investigated the relation among tense BL-algebras, tense MV -algebras
and tense Boolean algebras. Also, we defined the notions of tense filters
and maximal tense filters in BL-algebras and we stated and proved some
theorems which determine the relationship between this notions and simple
tense BL-algebra and we proved that the set of all tense filters of a BL-
algebra is complete sublattice of F'(L). Finally, we introduced the notions
of tense congruence relations in tense BL-algebras and strict tense BL-
algebras and we shown that there is an one-to-one correspondence between
tense filters and tense congruences relations induced by tense filters.
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Abstract

Let Ag, A1, ..., An be (possibly) distintict wifs, n being an odd number equal to
or greater than 1. Intuitionistic Propositional Logic IPC plus the axiom (Ao —
A1)V ..V (An—1 = An) V (An — Ap) is equivalent to Godel-Dummett logic LC.
However, if n is an even number equal to or greater than 2, IPC plus the said
axiom is a sublogic of LC.

Keywords: Intermediate logics, Godel-Dummett logic LC.

1. Introduction

Propositional Intuitionistic Logic IPC can be axiomatized as follows (cf.
[5] and references therein):

Azioms:

Al. A— (B — A)

A2. [A- (B—=C)|—=[(A— B)—= (A— ()]
A3. (ANB)— A, (ANB)— B

A4. A— [B— (AN B)]
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A5. A—- (AVB); B— (AVB)
A6. (AVB)=[(A—=C)=[(B—=C)—=CC]]
A7. (A— -B) —» (B — —-A)
A8. -A— (A— B)
Rule of inference:
Modus Ponens (MP): If A and A — B, then B
The following wifs and rule (derivable in IPC) are used in the sequel:
tl. A=A
t2. (B—>C)—=[(A— B)— (A= ()]
t3. (A= B)—=[(B—C)— (A— ()]
Transitivity (Trans): If A — B and B — C, then A — C

In what follows, regardless of a particular order or association of the n
implicative wffs Ay, ..., A,, connected by V as the sole connective, in general,
we simply write A; V As... V A,.

By IPC,., we refer to the negationless fragment of IPC, axiomatized by
A1 through A6 and MP. Well then, in [4] it is noted that Godel-Dummett
logic LC (cf. [2], [3]) can be axiomatized by adding any of the following
axiom schemes to IPC:

(A= B)V (B — A)
a2. (A— B)VI[(A— B) — 4]
a3. (

al.
A— B)V[(A— B)— B
ad. [A— (BVCO)] = [(A— B)V(A— Q)]
a5. [[AANB) = C)—=[(A—=C)Vv (B — O]
ab. [[(A— B) = B]A[(B— A) — A]] = (AV B)

We remark that Dummett’s original axiomatization of LC is the result
of adding al to IPC (cf. [2]). We will occasionally refer to al as “Dummett’s
axiom”.
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The authors of [4] add: “An even larger number of equivalents [axioms]
arises by the fact that in IPC+ AVBiff+ (A — B)A(B — C) — C (DR),
and, more generally, - D - AV Biff - DA(A—- C)AN(B = C) = C
(EDR)” ([2], p. 1).

The aim of this note is to increase the number of equivalent axioms
recorded above by showing that, for any odd number n equal to or greater
than 1 and (possibly) distinct wifs Ay, Ao, ..., A,,, addition of

Ag— A1V..VA,_1— A, VA, = A

to IPC is an axiomatization of LC.

As a by-product of the fact just stated, it also will be shown that if in
the preceding wff n is an even number equal to or greater than 2, addition
of it to IPC results in an intermediate logic included in (but not including)
LC.

To the best of our knowledge, neither of these facts is recorded in the
literature.

2. IPC plus (A = B)V[(B — O)V (C — A)]

Let Ag, A1,...An, Apt1, Anto be (possibly) distinet wifs, n being an even
number equal to or greater than 2. Consider now the following wifs:

a. Ag — A1 VA = AV Ay — A

8. Ay - A1 V. VA,_1 — A, VA, — A

v. Ag = A1V..VA,_1 = AVA, = ApiVAL — AngaVAnie — Ao
We prove:

ProrosiTION 2.1 (IPCy & [ proves «). The wif « is provable in IPCy
plus 5.

PROOF:
1. AoﬁAl\/...\/An_lg)An\/An*)Ao ﬂ

By changing in (1), for each i > 3, A; by A; (resp., A3) if ¢ is an odd
number (resp., even number), we get

2. A0—>A1\/A1—)A2\/A2—>A1\/A2—)AO
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or equivalently
3. Ao—)Al\/Al —)AQVA2—>AOVA2—)A1

Moreover, by changing in (1), for each ¢ > 3, A; by Ag (resp., A1) if i is an
odd number (resp., even number), we get

4. Ag > A1 VA — AV Ay - Ay VA — Ay
Next, we proceed as follows. Obviously, we have
5. (A2 — Ao) — (a)

In addition,

6. (Al — A()) — [(AQ — Al) — (AQ — Ao)} t2
7. (A1 — AQ) — [(AQ — Al) — (OL)] t2, Trans, 5, 6
8. (a) = [(A2 — A1) — (a)] Al
Then,
9. (AQ — Al) — (Ol) 1&67 4, 7, 8

Now, by using
10. (a) — (@) t1

3,9 and A6, we derive
11. AO*}AlVAl*}AQ\/AQ‘)AO

as it was to be proved. O

ProposITION 2.2 (IPC, & « proves ). The wif 3 is provable in IPC,
plus a.

PRrooF: Firstly, we show,
(I) TheWH(S,A()—)Al\/Al—>A2\/A2—>A3\/A3—)A4\/A4—>A(),
is provable in IPC, plus a:
1. Ag - A1 VAL = A3V Ay — Ay o
2. AQ—)A3VA3—>A4\/A4—>A2 o
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We trivially have:

3. (AO — A1 \ A1 — Az) — (6)
4. (A2 — A3 V A3 — A4) — ((;)
5. (A4 — Ao) — (9)

Then, we get
6. [(Ag — As) — (0)] — (9) A6, 2,4

In addition,

7. (Ag — Ao) — [ A4 — Ag) — (A4 — Ao)] t2
8. (As — Ag) = [(Ag = Az) — (0)] t2, Trans, 5, 7
9. (A2 — Ag) — (9) Trans, 6, 8

Finally,
10. Ao—)Al\/Al —)A2VA2—)A3\/A3—>A4\/A4—)AO A6, 1, 3, 9

(II) Given (I), the wif g, AO — Al vV A1 — A2 V A2 — A3 V A3 —
AyV Ay — A5V Ay — AgV Ag — Ay, is provable in IPC, plus « similarly
as 0 has been proved above. We can use §, o and t2 in the forms Ay —
A5 \/A5 — A6 V A6 — A4 and (A4 — Ao) — [(AG — A4) — (AG — Ao)],
respectively.

(III) In this way, the wif ~, displayed at the beginning of the section,
can be obtained given 8 (i.e., Ag - A1 V..V A,_1 — A,), and « and t2
in the forms 4,, = Ap41VApt1 = Apia VAo = Ay, and (4, — Ap) —
[(Apt2 = An) = (Ant2 — Ap)], respectively.

Once (I), (IT) and (IIT) are proved, it is clear that S is derivable from
IPC; plus a. O

Given Propositions 2.1 and 2.2, we have the following corollary.

COROLLARY 2.3 (IPC & « is equivalent to IPC & ). Let Ag, Ay, ..., A,
be (possibly) distinct wifs, n being an even number equivalent to or greater
than 2. The systems IPC plus « (i.e., Ag = A1 VA — A3V Ay — Ap) and
IPC plus 3 (i.e., Ag = A1V ..VA,_1 - A, VA, = Ap) are deductively
equivalent.
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The section is ended by proving that Dummett’s axiom (A — B)V(B —
A) (al) is not provable from IPC plus (A — B) V[(B = C) V (C — A)].
Let us provisionally name LCy the result of adding (A — B) V [(B —
C)V (C — A)] to IPC. We have:

PROPOSITION 2.4 (Dummett’s axiom is not provable in LC3). Dummett’s
axiom (A — B)V (B — A) is not provable in LC,, that is, the result of
adding (A — B) V[(B = C) Vv (C — A)] to IPC.

Proor: Counsider the following set of truth-tables (4 is the only designated
value):

- 10 1 2 3 4|~ AlO 1 2 3 4
0 |4 4 4 4 4|4 0j0 0 0 0 O
1 12 4 2 4 4|2 110 1 0 1 1
2 |11 1 4 4 4|1 210 0 2 2 2
310 1 2 4 4]0 310 1 2 3 3
4 10 1 2 3 410 410 1 2 3 4
vio 1 2 3 4
010 1 2 3 4
111 1 3 3 4
212 3 2 3 4
313 3 3 3 4
414 4 4 4 4

This set verifies all axioms of IPC (A1-A8) plus (A — B) V [(B —
C)V (C — A)] and the rule MP, but falsifies Dummett’s axiom: let v
be any assignment to the propositional variables such that v(p) = 2 and
v(q) = 1, for distinct propositional variables p and g. Then, v[(p — ¢) V
(¢ = p)=3. O

It follows from this proposition that LC is not included in LCs. Instead,
in the following section, it is proved that LCs is included in LC.
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3. A sequence of axioms equivalent to Dummett’s
axiom
Let Ag, Ay, ..., A, be distinct wifs, n being an odd number equal to or
greater than 1. Now, consider the following wffs:
E. A0*>A1\/A1 *)AO
0. A()%Al\/...\/An_l *)An\/An %AO
We prove:

ProPOSITION 3.1 (IPC; & 6 proves €). The wif ¢ is provable from IPC
plus 6.

PRrROOF:
1. Ay - A1 VvV..VA,_1 > A, VA, = A 0

By changing in (1), for each ¢ > 2, A; by Ay (resp., A1) if ¢ is an even
number (resp., odd number), we get
2. A0—>A1\/A1 —)AQ\/...VAo—)Al\/Al —)AQ
that is,
3. Ag = A1V A — Ag
i.e., the characteristic axiom of LC. O

ProrosiTION 3.2. Consider the following wif n, Ag = A1 V...V A,_1 —
A, VA, = Ao, where Ay, Ay, ..., Ay,_1, A, are (possibly) distinct wifs. This
wif 7 is provable in LC (notice that n is any natural number equal to or
greater than 1).

ProOF:
1. (Ap—=A4h1) = [(An1— Apn2)— (A, — Ap o)) t3
2. (An—=An—2)—=[(Ap—2—= An_3) = (An = An_3)] t3
3. (Ap—=An—1) = [(An—1 = An—2) = [(An—2 = An—3) = (An — An_3)]]

t2, Trans, 1, 2
In this way, we have

4. (A= An—1)— (A1 = Ap_2) = [.. = (A1 = Ag) = (A, — Ap)].-.]]
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Now, we obviously have
5. (A, = Ag) = (n)

and
6. (A1 — A4y) — (1)

So, by t2, t3, (4) and (5), we derive

7. (Ap = A1) = [(Anct = Ap) = [ = [(AL = Ag) — ()]
And by Al, (6) and Trans, we obtain

8. (An—1 — An) = [(An1 = Ap2) = [ = [(A1 = Ag) — (9)]..]]
Now, by Dummett’s axiom, we have

9. (Ap—1 — An) V (A, — Apq)
whence
10. (Ap—1 = An—2) = [(An—2 = Ap_3) = [... = [(A1 = Ao) — (n)]...]]

follows by A6, (7), (8) and (9).
Next, notice that, for any & (0 <k <n—1),

11. (Ax = Agy1) — (0)

is clearly provable.
Finally, proceeding from (10) and (11), similarly as we have proceeded
from (4), (7), (8) and (9) to (10), we eventually derive

12. AQ — Al V... An—l —)An\/An —>A0

that is, the wff ), as it was to be proved. O

Given Propositions 3.1 and 3.2, we immediately have the following corol-
lary.

COROLLARY 3.3 (IPC & 0 is equivalent to LC). Let Ag, Aq,..., A, be
(possibly) distinct wifs, n being an odd number equivalent to or greater
than 1. The result of adding the wff 6 (i.e., Ag = A1V...A,_1 = A, VA, —
Ap) to IPC is a system deductively equivalent to LC.
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On the other hand, given Propositions 2.4 and 3.2, the following corol-
lary is immediate.

COROLLARY 3.4 (LCs is included in LC). The system LCs, that is, IPC
plus the axiom (A — B) V [(B — C) V (C — A)] is included in (but does
not include) LC.

4. A couple of remarks

This note is ended with a couple of remarks.

1. The proofs of Propositions 2.1, 2.2, 3.1 and 3.2 are given within the
context of IPC, but it is possible that weaker systems are sufficient. For
example, MaGIC (cf. [7]) does not find a set of truth-tables verifying Ticket
Entailment (cf. [1]) plus Dummett’s axiom but falsifying (A — B) V (B —
C)V(C—=D)v(D— A).

2. An IPC-model is the following structure (K, R,F), where K is a non-
empty set, R is a reflexive and transitive binary relation defined on K and
E is a (valuation) relation such that for each a € K, propositional variable
p and wifs A, B, the following conditions (clauses) are fulfilled:

(i) (Rab & aEp)=bEp
(ii) aF AANBiffaF Aand a F B
(iii) aFAVBiffaE AoraE B
(iv) aF A— Biff forallbe K, (Raband bE A) = bE B
(v) aE-Aiff forallbe K, Rab=bF A

We have: for any set of wifs I" and wif A, T'Fipc AT F A (T'F A iff

for any IPC-model M and a € K, aE Aif aF T, where a ET iff a E B for
all B eT) (cf. [5] or [6] and references therein).

Well then, let us name LC,, the result of adding the axiom
AQ —)Al \/--~\/An—1 —>An\/An —>A0

to IPC; and let LC,,-models be the result of adding the following condition
to IPC-models: for any ag,ai,....,a, € K, if Raga; and Ragas and , ...,
and Raga,, then, Raya, or Rasay or ,..., or Raya,_1. For instance, LCo-
models (i.e., models for IPC plus the axiom (A — B)V(B — C)V(C — A))
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are defined when adding to IPC-models the condition, for any a,b,c,d € K,
(Rab & Rac & Rad) = (Rbd or Rcb or Rdc). It is not difficult to prove
that LC,, is (strongly) sound and complete w.r.t. LC,-models.
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Abstract

The falling shadow theory is applied to subhoops and filters in hoops. The notions
of falling fuzzy subhoops and falling fuzzy filters in hoops are introduced, and
several properties are investigated. Relationship between falling fuzzy subhoops
and falling fuzzy filters are discussed, and conditions for a falling fuzzy subhoop
to be a falling fuzzy filter are provided. Also conditions for a falling shadow of a
random set to be a falling fuzzy filter are displayed.
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1. Introduction

In the study of a unified treatment of uncertainty modelled by meaning
of combining probability and fuzzy set theory, Wang and Sanchez [17] in-
troduced the theory of falling shadows which directly relates probability
concepts with the membership function of fuzzy sets. Falling shadow rep-
resentation theory shows us the way of selection relaid on the joint degrees
distributions. It is reasonable and convenient approach for the theoretical
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development and the practical applications of fuzzy sets and fuzzy logics.
Falling shadow representation theory shows us the way of selection relaid on
the joint degrees distributions. It is reasonable and convenient approach for
the theoretical development and the practical applications of fuzzy sets and
fuzzy logics. The mathematical structure of the theory of falling shadows is
formulated in [15]. After that many scholars applied it to (fuzzy) algebraic
structures (see [13, 11, 10, 12, 19, 20, 21]). Hoops which are introduced by
B. Bosbach in [6, 7] are naturally ordered commutative residuated integral
monoids. In [1], Aglidno introduced a continuous t-norm which is a contin-
uous map * from [0, 1]? into [0, 1] such that ([0,1],*, 1) is a commutative
totally ordered monoid. Since the natural ordering on [0,1] is a complete
lattice ordering, each continuous t-norm induces naturally a residuation —
and ([0, 1], *,—,1) becomes a commutative naturally ordered residuated
monoid, also called a hoop. The variety of basic hoops is precisely the
variety generated by all algebras ([0, 1], *,—, 1), where * is a continuous
t-norm. In [1], they investigated the structure of the variety of basic hoops
and some of its subvarieties. In particular, they provided a complete de-
scription of the finite subdirectly irreducible basic hoops, and they showed
that the variety of basic hoops is generated as a quasivariety by its finite
algebras. They extended these results to Hajeks BL-algebras, and gived an
alternative proof of the fact that the variety of BL-algebras is generated
by all algebras arising from continuous t-norms on [0, 1] and their residua.
Also, they in [2], overviewed recent results about the lattice of subvarieties
of the variety BL of BL-algebras and the equational definition of some
families of them. Kondo [14] considered fundamental properties of some
types of (implicative, positive implicative and fantastic) filters of hoops,
and R. A. Borzooei and M. Aaly Kologani [4] investigated some properties
and equivalent definitions of these filters on hoops. Also, they studied the
relation between these filters and found that under which conditions they
are equivalent. Borzooei et al. studied fuzzy set theory of subhoops and
filters in hoops (see [3, 5]).

In this paper, we apply the falling shadow theory to subhoops and
filters in hoops. We introduce the notions of falling fuzzy subhoops and
falling fuzzy filters in hoops, and investigate several properties. We consider
relationship between falling fuzzy subhoops and falling fuzzy filters. We
provide conditions for a falling fuzzy subhoop to be a falling fuzzy filter.
We also provide conditions for a falling shadow of a random set to be
a falling fuzzy filter. Also, we show that every fuzzy filter of a hoop is a
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falling fuzzy filter and falling fuzzy subhoop and we prove that under which
conditions a falling shadow can be a falling fuzzy filter of a hoop.

2. Preliminaries

By a hoop we mean an algebra (H,®,—,1) in which (H,®,1) is a commu-
tative monoid and, for any z,y, z € H, the following assertions are valid.

(H1) 2 >z =1,
H2) z0(z—y) =y0O (y = 2),
H3) 2= (y—2)=(z0y) — 2
We define a relation “<” on a hoop H by
Ve,ye H)(z <y & z—y=1). (2.1)

It is easy to see that (H, <) is a poset. A nonempty subset S of H is called
a subhoop of H if it satisfies:

(Ve,y e S)(zoOye S, z—yels). (2.2)
Note that every subhoop contains the element 1.

ProposITION 2.1 ([8]). Let (H,®,—, 1) be a hoop. For any z,y,z € H,
the following conditions hold:

(al) (H,<) is a meet-semilattice with z Ay =z © (z — y).

a2) rOy <zifand anly if z <y — 2.
a3) Oy < z,yand z" < z, for any n € N.
ad) r<y—=x

ab) zO(r—=y) <y, z0y<zAy<z—Y.
a?’) r—=>y<(y—z2) = (x— 2).

a8
a9

r<yimpliesz®z2<y®z,z—or<z—oyandy —z<z— 2

(a2)
(a3)
(ad)
(b)) 1l 5z =xand x > 1=1.
(a6)
(aT)
(a8)
(a9) x

- y—=2)=(@0y)2z=y— (z— 2).
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A nonempty subset F' of a hoop H is called a filter of H (see [8]) if the
following assertions are valid.
(Vz,ye H)(z,ye F =x0y€EF), (2.3)
(Ve,ye H)(z e F, s <y = yeF). (2.4)
Note that the conditions (2.3) and (2.4) means that F' is closed under
the operation ® and F' is upward closed, respectively.
Note that a subset F' of a hoop H is a filter of H if and only if the
following assertions are valid (see [8]):
leF, (2.5)
Ve,ye H)(x—wyeF, ze€F = yeF). (2.6)

A fuzzy set p in a hoop H is called a fuzzy subhoop of H if it satisfies:

(Vo,y € H)(u(r © y) > min{u(z), u(y)},

u(e - 3) > min{p(e), u(y)}). @7

A fuzzy set pin a hoop H is called a fuzzy filter of H (see [3]) if the following
assertions are valid.

(Ve e H) (p(z) < p(1)), (2.8)
(Vo,y € H) (u(y) = min{u(z), p(z — y)). 2.9

Given a fuzzy set p in H and ¢ € [0, 1], the set
e i={z € H | pulx) >t} (2.10)

is called the t-level set of pin H.

We now display the basic theory on falling shadows. We refer the reader
to the papers [9, 15, 16, 18, 17] for further information regarding the theory
of falling shadows.

Given a universe of discourse U, let P(U) denote the power set of U.
For each u € U, let

i:={F|u€FEand ECU}, (2.11)
and for each E € P(U), let
E = {ii|uc E}. (2.12)
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An ordered pair (P(U), B) is said to be a hyper-measurable structure on
U if Bis a o-field in P(U) and U C B. Given a probability space (U, A, P)
and a hyper-measurable structure (P(U),B) on U, a random set on U is
defined to be a mapping n : U — P(U) which is .A-B measurable, that is,

(VC € B)(n71(C) ={e|e €U and n(e) € C} € A). (2.13)
Suppose that 7 is a random set on U. Let
f(u) := P(e | uenle)) for each u € U.

Then f is a kind of fuzzy set in U. We call f a falling shadow of the random
set m, and 7 is called a cloud of f .

For example, (U, A, P) = ([0, 1],.4, m), where A is a Borel field on [0, 1]
and m is the usual Lebesgue measure. Let f be a fuzzy set in U and
fi={ueU]| f(u) >t} be a t-cut of f. Then

n:[0,1] = PU), t — f,

is a random set and 7 is a cloud of f . We shall call n defined above as the
cut-cloud of f (see [9]).

3. Falling fuzzy subhoops and filters
In what follows, let H denote a hoop unless otherwise specified.

DEFINITION 3.1. Let (U, A, P) be a probability space, and let
n:0— P(H)

be a random set. If n(e) is a filter (resp. a subhoop) of H for any ¢ € U
with n(e) # 0, then the falling shadow f of the random set 7, i.e.,

f(z) = P(e |z enle) (3.1)

is called a falling fuzzy filter (resp. falling fuzzy subhoop) of H.

Ezample 3.2. Consider a hoop (H, ®, —, 1) in which H = {0,a,b,1} is a
set with Cayley tables (Tables 1 and 2). Let (G, A, P) = ([0, 1],.4,m) and
consider a mapping
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Table 1. Cayley table for the binary operation “®”

— o2 oOl®
oo o olo
L O R O
SIS e B e IS
_ o Ol

Table 2. Cayley table for the binary operation “—”

—_ o Q O\L
O =IO
Q@ Q R
SIS S R
e e

{1} if te[0,0.3),
n:[0,1] = P(H), t— < {l,a} if t€[0.3,0.7], (3.2)
{1,b} if t e (0.7,1]

Then n(t) is both a subhoop and a filter of H for all ¢ € [0,1]. Thus the
falling shadow f of n is both a falling fuzzy subhoop and a falling fuzzy
filter of H, and it is given as follows:

0 if x =0,

. 1 ifz=1,

F@) =9 04 if 2= a, (33)
0.3 if z =10.

Ezample 3.3. Consider a hoop (H, ®, —, 1) in which H = [0, 1] is the unit
interval in R and ® and — are given by a ® b = min{a, b} and

1 if a <b,

for all a,b € H. Let (U, A, P) = ([0,1], A,m) and let  : [0,1] — P(H) be
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defined by

[1.1] if t €[0,0.6]

Then 7(t) is a filter of H for all ¢ € [0,1]. Thus the falling shadow f of 7
is a falling fuzzy filter of H, and it is given as follows:

n(t)z{ [521] if ¢ €[0.6,1], (3.5)

) 04 if z¢€ [%,1],
fl@)=9 1 if z€[5,1], (3.6)

0 ifzel0,1).

)

Ezample 3.4. Given a probability space (U, A, P), let H denote the set of
all mappings from U to a hoop H, that is,

H:={h|h:0— H is amapping}. (3.7)

Let [0 and — be binary operations on H defined by

(fEg)(e) = fle) ©g(e)
(=0 ( (f — 9)(€) = £(2) — g(c) ) (38)
for all f,g € H. Also, we define a mapping
1:0—-H, e 1. (3.9)

It is routine to verify that (#,, —, 1) is a hoop. For any subhoop and/or
filter F' of H and h € H, let

Fp:={e€U|h(e) € F} (3.10)
and
n:0—=>PH), e~ {heH|h(e) e F}. (3.11)

Then F}, € A and n(e) = {h € H | h(e) € F} is a subhoop and/or filter of
H. Since

n Tl h)={ecU|henle)={ccU|he)eF}=F, e A, (3.12)
we know that 7 is a random set of H. Let

G(h) = P(e | h(e) € F).
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Then G is a falling fuzzy subhoop and/or filter of H.

A BE-algebra is an algebra(A, ~>,1) of the type (2,0) such that for all
x,y,z € A the following axioms are fulfilled:

(BE1 =
BE?2

l~x=2a x,

) @
)
)
BE4) z

(
(BE3
( (Y~ z) =y~ (2~ 2).

COROLLARY 3.5. (i) The algebraic structure (H, [, —, 1) is a BCK-algebra.
(#4) The algebraic structure (H,—, 1) is a BE-algebra.

PROOF: The proof is straightforward. O

THEOREM 3.6. Every fuzzy filter (resp. fuzzy subhoop) of H is a falling
fuzzy filter (vesp. falling fuzzy subhoop) of H.

PROOF: Let f be a fuzzy filter (resp. fuzzy subhoop) of H. Then fiis a
filter (resp. subhoop) of H for all ¢ € [0,1]. Define a random set as follows:

n:[0,1] = P(H), t+ f.
Then f is a falling fuzzy filter (resp. falling fuzzy subhoop) of H. O

The converse of Theorem 3.6 is not true, in general. In fact, the falling
fuzzy filter f in Example 3.2 is not a fuzzy filter of H since f( )=0<
0.3 = min{f(a), f(a — 0)}.

THEOREM 3.7. FEwvery falling fuzzy filter is a falling fuzzy subhoop.
PrROOF: Straightforward. O
COROLLARY 3.8. Every fuzzy filter is a falling fuzzy subhoop.

The following example shows that the converse of Theorem 3.7 and
Corollary 3.8 are not true in general.

Ezample 3.9. Consider a hoop (H, ®, —,1) in which H = {0,a,b,1} is a
set with Cayley tables (Tables 3 and 4).
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Table 3. Cayley table for the binary operation “®”

— o2 oG
o O O oo
QOO
SIS I el S N
_ o Ol

Table 4. Cayley table for the binary operation “—”

— oo o
cosa ~|o
22~
S o
= T =T

Let (U, A, P) = (]0,1],.A,m) and consider a mapping

{1,a,0} if t€[0,0.4),
n:[0,1] = PH), t< {l,a} if t €[0.4,0.75], (3.13)
{1,6,0} if t € (0.75,1]

Then 7(t) is a subhoop H for all ¢ € [0,1]. Thus the falling shadow f of
is a falling fuzzy subhoop of H which is given as follows.

0.65 if = =0,

7 1 if x=1,

F@) =19 075 if ©=a, (3.14)
0.25 if z =b.

But 7(t) = {1,a,0} is not a filter of H for ¢ € [0,0.4) since a € n(t) and
a—b=1¢€n(t), but b ¢ n(t). Hence f is not a falling fuzzy filter of H.
Since

f(b) = 0.25 < 0.75 = min{f(a — b), f(a)},

we know that f is not a fuzzy filter of H.
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We provide a condition for a falling fuzzy subhoop to be a falling fuzzy
filter.

THEOREM 3.10. Given a falling fuzzy subhoop f of H, the following are
equivalent.

(1) f is a falling fuzzy filter of H.
(2) For each € € U, the following is valid.

(Vo,y € H) (z €nle),y € H\nle) = z—=ycH\n()). (3.15)

PROOF: Assume that f is a falling fuzzy filter of H. Then 75(e) is a filter
of H for all e € U. Let z,y € H be such that x € n(e) and y € H \ n(e).
If 2 — y € n(e), then y € n(e) which is a contradiction. Hence z — y €
H\ (). Let f be a falling fuzzy subhoop of H in which (2) is true. Then
n(e) is a subhoop of H for all € € U. Thus 1 € n(¢). Let x,y € H be such
that z € n(e) and z — y € n(e). If y € H\ n(e), then z — y € H\ n(e) by
(3.15). This is a contradiction, and so y € n(e). Therefore n(¢e) is a filter
of H for all € € U, and thus f is a falling fuzzy filter of H. O

Given a probability space (U, .4, P) and a falling shadow f of a random
set n on H, consider the set

O(z;n) :={e € U |z enle)} (3.16)
for x € H. Then U(z;n) € A.
PROPOSITION 3.11. If f is a falling fuzzy filter of H, then

(Vz,ye H) (x <y = U(x;n) CO(y;n)), (3.17)
(Vo,y € H) (O(z — y;n) N B(x;m) € B(y;n)) (3.18)
(Ve € H) (U(z;n) € UB(15n)), (3.19)
(Vz,y € H) (O(y;n) € O(z — y;m)) - (3.20)
(Va,y,z € H) (x ©y < 2 = O(z;n) NB(y;m) C B(z5m)). (3.21)

PROOF: Let f be a falling fuzzy filter of H. Then 7(¢) is a filter of H for
all e € U. Let z,y € H be such that x < y and let ¢ € U(x;n). Then
x—y=1€n(e) and x € n(e). Thus y € n(e), that is, € € U(y;n). Hence
O(x;n) € O(y;n). Let € € U(x — y;m) NO(x;n) for all x,y € H. Then



Falling Shadow Theory with Applications in Hoops 347

x —y € nle) and x € n(e). Since 7n(e) is a filter of H, we have y € n(e),
and so € € U(y;n). This shows that (3.18) is valid. Since z < 1 for all
x € H, it follows from (3.17) that (3.19) holds. Since y < 2 — y for all
x,y € H, it follows from (3.17) that (3.20) holds. Let z,y,z € H be such
that x @y < z. Then z <y — 2z, ie, z = (y — z) = 1. It follows from
(3.18) and (3.19) that

O(z;m) 2 By — 2;m) N B(y;m)
2 O(xsn) NO(x — (y — 2)in) NV(y;m)
= O(x;n) NB(1;n) N B(y;n)
= O(z;m) N B(y; ).
Hence (3.21) is valid. O

PROPOSITION 3.12. If f is a falling fuzzy subhoop of H, then

O(z;n) NO(y;n) € Bz © y;m) ) .

O(z;n) N G(y;m) C Oz — y;n) (3.22)

(Vo,y € H) <

PRrOOF: If f is a falling fuzzy subhoop of H, then 7(e) is a subhoop of H
for all e € U. Let ¢ € U(z;n) N U(y;n). Then z € n(e) and y € n(e). Tt
follows that © ®y € n(e), that is, e € B(z©y;n). Hence U(x;n)NU(y;n) C
O(x ® y;n). Similarly, we get U(z;n) N U(y;n) C Oz — y;n). O

COROLLARY 3.13. Every falling fuzzy filter f of H satisfies the condition
(3.22).

PROPOSITION 3.14. If f is a falling fuzzy filter of H, then

(Vo,y € H) (O(z ©y;n) = B(x;n) NB(y;n)),
(V,y,z € H) (B((x = y) = z;n) NO(y;n) € Bz — z1m)).

w w

(3.23)
(3.24)
PROOF: Since 2@y < z and z@y < y for all z,y € H, it follows from (3.17)
that O(zoy;n) € U(x;n) and B(z@y;n) € UB(y; n) Hence U(a; n)NO(y;n) 2
O(x ©y;n) for all z,y € H. Combining this and Proposition 3.12 induces
(3.23). Since

Yoz =y -2)<yo(y—2)<z<z—z

for all z,y,z € H, we have
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O — 2m) 20y o ((x = y) = 2);n) =0O(y;n) NO((x = y) — 2;m)
by (3.17) and (3.23). O

ProposITION 3.15. If f is a falling fuzzy subhoop of H, then

(va,y € H) (fwoy) = f@) + fy) — 1, flo—y) = f@) + f) -1).
(3.25)

PROOF: Assume that f is a falling fuzzy subhoop of H. Then 5(e) is a
subhoop of H for all ¢ € . Hence

{eeUlzene)fn{ecUlyen(e)) C{ecU|zoyen(e)}
and
{e€Ulzenie)n{ecB|lyene)}C{ecU|z—yen(e)}.
for any z,y € H, and so
flzoy)=PlE|zoyene)
P(e |z en(e)NPe|yenle))
Ple|zen(e)+Plelyene))—Ple|zene) or yen(e))
f@)+ fly) -

I\/ \\/

and

fle—y)=Pe|z—yen)
> Pe|zen(e)NP(e|y€nle))
> (s\xén()) P(elyemn(e) — Ple|xenle) or yen(e))
= fz) + f(y) -

This completes the proof. O
PROPOSITION 3.16. If f is a falling fuzzy filter of H, then

F) = fe—>y)+ f(2) -1 (3.26)
for all z,y € H with f(z — y) + f(z) > 1
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PrOOF: If f is a falling fuzzy filter of H, then 7(¢) is a filter of H for all
e €U. For any x,y € H, if f(x = y) + f(x) > 1, then

{e€eUlz—oyene)}n{ceb|zen(e)} C{ecUlyenlie)}
and so

f)

P(e |y €nle))

> Ple|z—yen(e)nPle|zen(e)
> P(e|z—yen(e)+P(e|zen(e))—Ple | z—yen(e) or zen(e))
= flz = y)+ fle) - 1.

This completes the proof. O

THEOREM 3.17. For any falling shadow ]iof the random set n, if two con-
ditions (3.18) and (3.19) are valid, then f is a falling fuzzy filter of H.

PROOF: Assume that 7(¢) is nonempty for all € € U. Then there exists
x €n(e) and so € € B(x;n) C U(1;7n). Thus 1 € n(e). Let 2,y € H be such
that z — y € n(¢) and = € n(¢). Then € € B(x — y;n) and € € C(x;7n). It
follows from (3.18) that

e € B(x — y;n) NO(z;m) C B(y;n).

Thus y € n(e), and hence 7(¢) is a filter of H. Therefore the falling shadow
f of the random set 7 is a falling fuzzy filter of H. O

THEOREM 3.18. If a falling shadow f of the random set n satisfies (3.17),
(3.19) and (3.23), then f is a falling fuzzy filter of H.

PRrROOF: Let z,y € H. Since z ® (x — y) < y, it follows from (3.17) and
(3.23) that

O(yin) 2 B(x © (z = y);n) = B(x;n) N Bz — y;n).
Therefore f is a falling fuzzy filter of H by Theorem 3.17. O

PROPOSITION 3.19. If a falling shadow f of the random set 7 satisfies (3.17)
and (3.23), then

(Va,y,z € H) (G(x — y;1) N Oy = z;1)
(Vo,y,2 € H) (B(z © z;m) N O(x — y;n)

Uz — z;m)), (3.27)

C
COy©zn). (3.28)
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PROOF: Since (x = y)© (y — 2z) <z — z for all ,y, z € H, the condition
(3.27) is induced by (3.17) and (3.23). Since (2 ©@2) ® (z = y) < z Oy for
all z,y,z € H, the condition (3.28) is induced by (3.17) and (3.23). O

Since every falling fuzzy filter f of H satisfies two conditions (3.17) and
(3.23), we have the following corollary.

COROLLARY 3.20. Every falling fuzzy filter f of H satisfies the conditions
(3.27) and (3.28).

THEOREM 3.21. If a falling shadow f of the random set 1 satisfies (3.19)
and (3.21), then f is a falling fuzzy filter of H.

PROOF: Let f be a falling shadow of the random set 7 satisfying (3.19)
and (3.21). Since v© (v — y) <y for all 2,y € H, we have U(z;7)NO(z —
y;m) € U(y;n). Using Theorem 3.17, we know that f is a falling fuzzy filter
of H. O

THEOREM 3.22. If a falling shadow f of the random set 1 satisfies (3.19)
and (3.24), then f is a falling fuzzy filter of H.

PROOF: Let f be a falling shadow of the random set 7 satisfying (3.19)
and (3.24). Taking » = 1, y = v and z = y in (3.24) induces the condition
(3.18). Therefore f is a falling fuzzy filter of H by Theorem 3.17. O

THEOREM 3.23. If a falling shadow f of the random, set 1 satisfies (3.19)
and (3.28), then f is a falling fuzzy filter of H.

PROOF: Let f be a falling shadow of the random set 7 satisfying (3.19)
and (3.28). Taking z = 1 in (3.28) induces the condition (3.18). Therefore
f is a falling fuzzy filter of H by Theorem 3.17. U

4. Conclusions and future work

The falling shadow theory is applied to subhoops and filters in hoops.
The notions of falling fuzzy subhoops and falling fuzzy filters in hoops are
introduced, and several properties are investigated. Relationship between
falling fuzzy subhoops and falling fuzzy filters are discussed, and conditions
for a falling fuzzy subhoop to be a falling fuzzy filter are provided. Also
conditions for a falling shadow of a random set to be a falling fuzzy filter
are displayed. On the basis of these results, we will apply the theory
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of falling shadows to the another type of ideals and filters in hoops and
investigate some properties and equali definition of them and study the
relation between them in future study.
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A GENERAL MODEL OF NEUTROSOPHIC IDEALS
IN BCK/BCI-ALGEBRAS BASED ON
NEUTROSOPHIC POINTS

Abstract

More general form of (€, € Vg)-neutrosophic ideal is introduced, and their prop-
erties are investigated. Relations between (€, €)-neutrosophic ideal and (€,
€ Vq(ky ky,kp))-neutrosophic ideal are discussed. Characterizations of (€, €
V(i k; kp))-neutrosophic ideal are discussed, and conditions for a neutrosophic
set to be an (€, € Vq(ky k; ,kp))-Neutrosophic ideal are displayed.

Keywords: 1Ideal, neutrosophic €-subset, neutrosophic gi-subset, neutrosophic
€ Vg-subset, (€, € V(ky k; kp))-neutrosophic ideal.
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1. Introduction

Smarandache [23, 24] introduced the concept of neutrosophic sets which
is a more general platform to extend the notions of the classical set and
(intuitionistic, interval valued) fuzzy set. Neutrosophic set theory is ap-
plied to several parts which are referred to the site http://fs.gallup.unm.
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edu/neutrosophy.htm. Jun [10] introduced the notion of neutrosophic sub-
algebras in BCK/BCI-algebras based on neutrosophic points. Borumand
and Jun [22] studied several properties of (€, € V g)-neutrosophic sub-
algebras and (g, € V g)-neutrosophic subalgebras in BCK/BCI-algebras.
Jun et al. [11] discussed neutrosophic N -structures with an application
in BCK/BC1I-algebras, and in [13, 14] introduced neutrosophic quadruple
numbers based on a set and construct neutrosophic quadruple BCK/BC1I-
algebras.

Song et al. [25] introduced the notion of commutative A-ideal in
BCK-algebras and investigated several properties. Bordbar, Jun and et
al. [21] and [17] introduced the notion of (g, € V g)-neutrosophic ideal,
and (€, € V g)-neutrosophic ideal in BCK/BCI-algebras, and investigated
related properties. Also in [7, 26], they discussed the notion of BM B.J-
neutrosophic sets, subalgebra and ideals, as a generalisation of neutrosophic
set, and investigated its application and related properties to BCT/BCK-
algebras.

For more information about the mentioned topics, please refer to [3, 4,
8, 12, 16, 18, 19, 20].

In this paper, we introduce a more general form of (€, € V ¢)-neutroso-
phic ideal, and investigate their properties. We discuss relations between
(€, €)-neutrosophic ideal and (€, € V gk, k))-neutrosophic ideal. We
consider characterizations of (€, € V q(i, k, k,))-neutrosophic ideal. We
investigate conditions for a neutrosophic set to be an (€, € V qrp ks kp))-
neutrosophic ideal. We find conditions for an (€, € \/q(kTykhkF))—neutro—
sophic ideal to be an (€, €)-neutrosophic ideal.

2. Preliminaries

By a BC1I-algebra we mean a set X with a binary operation * and the
special element 0 satisfying the axioms:

al) ((zxy)*(zx2))*(2%y) =0,

a2) (xx(xx*xy))*xy=0,

(al)
(a2)
(a3) xxx =0,
(ad)

ad) zxy=yxx=0 = z =y,
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for all z,y, z € X. If a BCI-algebra X satisfies the axiom
(ab) Oxx =0 for all z € X,

then we say that X is a BCK-algebra. A subset I of a BCK/BCI-algebra
X is called an ideal of X (see [9, 15]) if it satisfies:
0el, (2.1)
(Ve,ye X)(zxyel,yel = zel). (2.2)
The collection of all BC K-algebras and all BC'I-algebras are denoted
by By (X) and Br(X), respectively. Also B(X) := Bx(X) U B (X).
We refer the reader to the books [9] and [15] for further information

regarding BCK/BCI-algebras.
For any family {a; | ¢ € A} of real numbers, we define

\/{ai | i€ A} =sup{a; | i € A}
and
Ndai i€ A} =inf{a; | i € A}.

If A = {1,2}, we will also use a1 Vag and aj Aag instead of \/{a; | i € {1,2}}
and A{a; | i € {1,2}}, respectively.

Let X be a non-empty set. A neutrosophic set (NS) in X (see [23]) is a
structure of the form:

A= {{z; Ar(z), Ar(x), Ap(z)) | z € X}

where A7 : X — [0,1] is a truth membership function, A; : X — [0, 1]
is an indeterminate membership function, and Ap : X — [0,1] is a false
membership function. For the sake of simplicity, we shall use the symbol
A= (Ar, A, Ap) for the neutrosophic set

A= {(z; Ar(x), Ar(x), Ap(x)) | z € X }.

Given a neutrosophic set A = (Ar, A;, Ar) inaset X, o, 8 € (0,1] and
v € ]0,1), we consider the following sets (see [10]):

Te(Asa) ={r e X | Ar(z) > o},
Ie(A;8) == {x € X [ As(x) = B},
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Fe(A;y) ={z € X | Ap(z) <~}

We say Te(A; ), Ic(A; 8) and Fe(A;~y) are neutrosophic €-subsets.

3. Generalizations of neutrosophic ideals based
on neutrosophic points

In what follows, let k7, kr and kr denote arbitrary elements of [0, 1) unless
otherwise specified. If k7, k; and kp are the same number in [0,1), then
it is denoted by k, i.e., k = kpr = k; = kp.

Given a neutrosophic set A = (Ap, A7, Ar) inaset X, o, 8 € (0,1] and
v € [0,1), we consider the following sets:

Ty, (Asa) i={z € X | Ar(z) + o+ b > 1},

Iy (A;B) i={z € X | Ar(z) + B+ kr > 1},
Fo (A7) i={z € X | Ap(x) + v+ kr < 1},
Tevg, (Aia) = {2 € X | Ap(z) > a or Ap(z) + a+ kr > 1},
Tevq,, (A;B) i={z € X | Ar(x) > B or Ar(x) + B+ kr > 1},
Fevg, (Aiy) ={r € X | Ap(z) <vyor Ap(x) + v+ kr <1}.

We say Ty, (A;a), I, (A;8) and Fy, (A;7) are neutrosophic qi-subsets;
and Tey g, (A; @), Iev gy, (A; B) and Fey g, , (A;) are neutrosophic € V gy
subsets. For ¢ € {€, ¢, @k, Qrr> Qs Qhps € VG € Vs € Vir, €V iy,
€ V gk }, the element of Ty, (A; a) (vesp., Iy (A; B) and Fy(A; 7)) is called a
neutrosophic Tyy-point (resp., neutrosophic I-point and neutrosophic Fly-
point) with value « (resp., 8 and 7).

It is clear that

Tev g, (A; ) = Te(A;a) UTy,, (4; ), 3.1)
Tev gy, (A;B) = TIe(A; ) U Iy, (4 ), (3-2)
Fev g, (4;57) = Fe(A;7) U Fy,, (457). (33)
THEOREM 3.1. Given a neutrosophic set A = (Ar,Ar, Ar) in X € B(X),

the following assertions are equivalent.
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(1) The nonempty neutrosophic €-subsets Te(A; o), Ic(A; ) and Fe(A;7)

are ideals of X for all a € (2£2 1], B € (352,1] and v € [0, :552).

(2) A= (Arp, A;, Ap) satisfies the following assertion.

Ar(z) < Ap(0) v HEr
(Ve e X) | Ar(z) < Ar(0) v 5 (3.4)
Ap(z) > Ap(0) A 152

and

Ap(z) VL > Ap(z = y) A Arp(y)
(Vo,ye X) | Ar(z) VI > Ap(z+y) A As(y) (3.5)

Ap(z) NA5E < Ap(zxy) vV Ap(y)

PROOF: Assume that the nonempty neutrosophic €-subsets T¢(A4;a),

Ic(A; B) and Fe(A;~) are ideals of X for all « € (1*2]”,1], RS (1;k1,1]

and v € [0, 15F2). If there are a,b € X such that Ar(a) > Ar(0) v 55T,

then a € Te(A;a,) and 0 ¢ Te(A;ay) for a, := Ar(a) € (1_2’“T,1]. This

is a contradiction, and so Ar(z) < A7(0) V 15EL for all z € X. We also

know that A;(z) < Ar(0) v 152 for all # € X by the similar way. Now,
let x € X be such that Ap(x) < Ap(0) A % If we take v, := Ap(x),
then 7, € [0, 15E2) and so 0 € Fe(A;,) since Fe(A;7,) is an ideal of X.
Hence Ap(0) < 7, = Ap(z), which is a contradiction. Hence Ap(x) >
Ap(0)ALSEE for all 2 € X. Suppose that A;(z) Vv 1 < Ap(zxy) AA;(y)
for some z,y € X and take § := Aj(x *xy) A A;(y). Then 8 € (1_21”,1]
and z xy,y € Ic(A;B). But « ¢ Ic(A; ) which is a contradiction. Thus
Ar(z) v 5L > Ap(x xy) A Ag(y) for all 2,y € X. Similarly, we have
Ar(z) V IEL > Agp(x xy) A Ar(y) for all 2,y € X. Suppose that there
exist z,y € X such that Ap(x) A % > Ap(x xy) V Ap(y). Taking
v = Ap(x *y) V Ap(y) implies that v € [0, 172]“‘“), xxy € Fe(4;7)
and y € Fc(A;7), but ¢ ¢ Fc(A;v). This is a contradiction, and so
Ap(z) N E < Ap(zxy) V Ap(y) for all 2,y € X.

Conversely, suppose that A = (Ar, A;, Ar) satisfies two conditions
(3.4) and (3.5). Let a € (:£2,1], B € (155, 1] and v € [0, £=2) be such
that Te (A4; @), Ic(A4; 8) and Fe(A;) are nonempty. For any = € Tc(4; o),
y € Ic(A; 8) and z € Fe(A;7), we get
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Ar(0)V 52 > Ag(a) 2 a > 15k,

Ap(0) v L > Ap(y) > B > 5,

Ap(0) A ISEE < Ap(2) <y < 15E,

and so Ar(0) > a, Ar(0) > g and Ar(0) < v. Hence 0 € Tc(4;a),
0€Ic(A;8) and 0 € Fe(A4;7). Let a,b,x,y,u,v € X be such that axb €
Te(Aja), b € Te(Asa), wxy € Ie(A;B), y € 1e(A; B), uxv € Fe(4A;y),
and v € Fc(A;). It follows from (3.5) that

Ar(a) vV 3 > Arp(axb) A Ap(b) > a > =Er,
Ap(z) VA > Az xy) AAr(y) > 8> 55,
Ap(u) N2 < Ap(uxv) V Ap(v) <y < 15EE
Hence Ar(a) > «, Ar(z) > f and Ap(u) < 7, that is, a € Te(4;a),

x € Ic(A; B) and u € Fe(A;7). Therefore Te(A; o), Ic(A; 8) and Fe(A4;7)

are ideals of X for all o € (1_2]” 1], B € (1_2’“,1] and v € [0, 1_2“). O

COROLLARY 3.2 ([21]). Given a neutrosophic set A = (Ar,Ar, Arp) in
X € B(X), the following assertions are equivalent.

(1) The nonempty neutrosophic €-subsets T¢ (A; a), Ic(A; 8) and Fe(A;7)
are ideals of X for all «, 8 € (0.5,1] and v € [0,0.5).

(2) A= (Ar, A;, Ar) satisfies the following assertion.

Ar(z) < Ar(0) V0.5
Ap(z) > Ap(0) A 0.5
and

(Ve,ye X) | Ar(x)Vv0.5>Ar(zxy)AAr(y)

DEFINITION 3.3. A neutrosophic set A = (Ap, Ar, Ar) in X € B(X) is
called an (€, € V q(iy,k;,kp))-neutrosophic ideal of X if the following asser-
tions are valid.
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z€Te(Asay) = 0€Teyg,, (Aaq)
(Ve e X)| w€le(AB:) = 0€ levy, (A;B) , (3.6)
T € Fe(Aive) = 0€ Fevg,, (A7)
rxy€Te(Asay), yeTe(4 o) = x € Tev gy, (A0 A ay)
(Vo,yeX) | wxy€le(A;B), y€Lle(A;By) = 7 € lev g, (A; Bz A By)
oy € Fe(A;vz), y€Fe(A;y) = @ € Fevg,, (4572 V)
(3.7)
for all ag, oy, Bz, By € (0,1] and 74,7, € [0,1).

Ezample 3.4. Let X = {0,1,2,3,4} be a set with the binary operation x
which is given in Table 1.

Wy

Table 1. Cayley table for the binary operation “x

=~ W N = O %
= w NN = OO
= =N O O
= w o = Ol
= O N O O w
O WO Ok

Then (X, *,0) is a BCK-algebra (see [15]). Consider a neutrosophic set
A= (Ar,Ar, Ar) in X which is given by Table 2.

Table 2. Tabular representation of A = (Ar, A1, Ap)

X Arp(z) Ar(x) Ap(z)
0 0.6 0.5 0.45
1 0.5 0.3 0.93
2 0.3 0.7 0.67
3 0.4 0.3 0.93
4 0.1 0.2 0.74
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Routine calculations show that A = (Ar, A7, Ap) is an (€, € V qrp ks kp))-
neutrosophic ideal of X for k7 = 0.24, k; = 0.08 and kg = 0.16.

THEOREM 3.5. A neutrosophic set A = (Ap, A;, Ap) in X € B(X) is an
(€, € Vs kr kp))-neutrosophic ideal of X € B(X) if and only if A =
(Ar, A1, Ar) satisfies the following assertions.
Ar(0) > Ap(w) A 1=
(Vo€ X) | Ar0) > Ar(a) A5 ], (3:8)
Ap(0) < Ap(z) v i

AT(x> 2 /\{AT(x * y)’AT(y)’ 172kT}

(Vo,y € X) [ Ar() 2 AM{Ar(zy), Ar(y), 54} | (3.9)
Ap(z) < V{Ap(z *y), Ap(y), 75
PROOF: Assume that A = (Ar,A;,Ar) in X € B(X) is an

(€, € V' Qg by kp))-neutrosophic ideal of X € B(X). If Ap(0) < Ap(a) A
1_2kT for some a € X, then there exists a, € (0,1] such that Ar(0) <
aq < Ar(a) A L. Tt follows that o, € (0,252], a € Te(A4;q,) and
0 ¢ Te(A;aq). Also, A7(0)+aq+kr < 204+kr < 1,ie.,0¢ Ty, (4;aq).
Hence 0 & Tey gy, (4; @), a contradiction. Thus A7(0) > Ar(x)A 1*2’” for
all z € X. Similarly, we have A;(0) > Ar(x) A % for all z € X. Suppose
that Ap(0) > Ap(2) V 25 for some z € X and take 7, := Ap(z) vV 1552
Then v, > 282 2 € Fe(A;7.) and 0 ¢ Fe(A4;7.). Also Ap(0) 4. +kp >
1, that is, 0 ¢ Fy, (A;7.). This is a contradiction, and thus Ap(0) <
Ap(z)VIEEE forallz € X. Suppose that Af(a) < A{Ar(axb), A7(b), 552}
for some a,b € X and take 8 := A{Ar(a *b), A;(b), 5L}, Then 8 <
1_’“, axb € Ic(A;8), b € Ic(A;B) and a ¢ Ic(A;B). Also, we have
AI( )+ B+kr <1 ie,a¢ Iy (A;3). This is impossible, and therefore
Ar(z) > AN{Ar(xzxy), AI( ), 1= k’} for all z,y € X. By the similar way, we
can verify that Ar(z) > AN{Ar(z *y), Ar(y), 2L} for all 2,y € X. Now
assume that Ap(a) > \/{Ap(a*b), Ap(b), 25} for some a,b € X. Then
there exists v € [0,1) such that Ap(a) >~y > \/{Ar(axb), Ap(b),? kF}
Then v > kF, axb € Fc(A;7), b€ Fe(A;v) and a ¢ Fe(A;v). Also,
Arp(a )—i—’y—l—kp > 1,ie,a¢ Fy (A;7). Thusa ¢ Feyg,, (4;7), whichis a
contradiction. Hence Ap(z) < \/{Ar(z*y), Ap(y), 2£L} for all 7,y € X.
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Conversely, suppose that A = (Ap, Ar, Ar) satisfies two conditions
(3.8) and (3.9). For any z,y,z € X, let ay,8, € (0,1] and 7, € [0,1)
be such that x € Te(A;ay), y € Ic(A;By) and z € Fc(A;v,). Then
Ap(z) > g, Ar(y) > By and Ap(z) < v,. Assume that Ar(0) < ay,
A;(0) < By and Ap(0) > 7.. If Ap(z) < 1=£2, then

AT(O) > AT(I’) A % = AT(IL') > oy,

a contradiction. Hence Ar(x) > 1—21@, and so

AT(O) + oy + kr > QAT(O) +kr>2 (AT(l‘) A 1_2kT) + kr = 1.

Hence 0 € Ty, (A;04) € Tevg,, (A;ay). Similarly, we get 0 € I, (A;By)
C Tevqy, (A; By). If Ap(z) > 235 then Ap(0) < Ap(2)VISE = Ap(2) <
7. which is a contradiction. Hence Ap(z) < =2, and thus

Ap(0) + 7. + kp < 2Ap(0) + kp < 2 (Ap(2) V 22 + kp = 1.

Hence 0 € Fy, (4;7,) C Fevg,, (A;7v,). For any a,b,p,q,z,y € X, let
Qq, , Bp, Bg € (0,1] and v4,7, € [0,1) be such that a x b € Te(4;ay),
beTe(Asap), pxq € Ie(A;Bp), q € Ie(A; By), x+y € Fe(A;7z), and y €
Fe(Ai,). Then Ap(a+b) > ag, Az(b) > an, Ar(p+q) > By Arlg) >
Ap(xz xy) <7z, and Ap(y) < 7,. Suppose that a ¢ Tec(A;aq A o). Then
Ar(a) < ag Aoy If Ap(axb) A Ap(b) < 1=E2 then

Ar(a) > N\{Ar(ab), Ap(b), 2} = Ap(a*b) A Ap(b) > aa A oy,

This is a contradiction, and so Ar(a *b) A Ap(b) > =M. Thus
AT(CL) + (Oza N Ozb) + kr > 2AT(CL) + kr
> 2 ( \{Ar(axb), Ar(0), 2} + kr =1,

which induces a € Ty, (A;aqANay) CTey e (4; aq Aay). By the similarly
way, we get p € Iev g, (A; By A By). Suppose that x ¢ Fc(A;vz V), that
is, Ap(2) > vx Vyy. f Ap(zxy)V Ap(y) > 1*2’“77 then

Ap(x) < \[{Ar(e xy), Ap(y), 2} = Ap(@+ y) V Ap(y) <7V,

which is impossible. Thus Ap(z *y) V Ap(y) < 1_2’”, and so
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AF(IL') —+ (’Ym V ’}/y) +krp < QAF((E)
<2(\V{Ar@+y), Apy), 5=} + ke = 1.

This implies that x € Fy, (A;7:V7Yy) € Fev gy, (A;72V7y). Consequently,
A = (Ar, A1, Ap) is an (€, € V(g k;,kp))-neutrosophic ideal of X €
B(X). O

COROLLARY 3.6 ([21]). For a neutrosophic set A = (A, A, Ap) in X €
B(X), the following are equivalent.

(1) A= (Ap, A1, Ap) is an (€, € V ¢)-neutrosophic ideal of X € B(X).
(2) A= (Ar, As, Ap) satisfies the following assertions.

Ar(0) > Ar(z) A 0.5
(Vze X)| Ar(0) > Ar(x)A0.5 ,
Ap(0) < Ap(z) V0.5
Ar(z) > NMAr(z *y), Ar(y), 0.5}
(Vo,y € X) | Ar(z) > NMAr(z*y), Ar(y),0.5}
Ap(z) < V{Ar(z *y), Ar(y),0.5}

THEOREM 3.7. A neutrosophic set A = (Ap, A, Ap) in X € B(X) is
an (€, € V Qg k; kp))-neutrosophic ideal of X € B(X) if and only if the
nonempty neutrosophic €-subsets Te(A; ), Ic(A; B) and Fc(A;~) are ide-
als of X for all a € (0, 2=£2), B € (0, :52] and v € [0, 1).

PROOF: Suppose that A = (A7, A, Ar) is an (€, € V Qg k; kp))-nEULTO-
sophic ideal of X € B(X) and let o € (0, 1_2kT], 8 € (0, 1_2]”] and
v € [1=£2,1) be such that Te(A;a), Ie (A B) and Fg(A;~) are nonempty.
Using (3.8), we get Ap(0) > Ap(z) A2 2 , Ar(0) > Ar(y) A 1*’”, and
Ap(0) < Ap(2)VIEE forall w € Te(A; @), y € Ie(A; B) and z € Fe(A;7).
It follows that A7 (0) > a AL = a, Af(0) > BALEL = 3, and Ap(0) <
vV 1*2’“” =+, that is, 0 € Te(4A;), 0 € Ic(A;8) and 0 € Fc(A;7)
Let z,y,a,b,u,v € X be such that x xy € Tc(4;), y € Te(4;a),
axb e Ic(4;08), b € IE(A;B), uxv € Fe(A;v), and v € Fe(A;7) for
a € (0,52], B € (0,252] and v € [L=££,1). Then Ar(z xy) > «
Ar(y) > a, Aj(a*b) > B, Ar(b) > B, Ap(uxv) <7, and Ap(v) <. It
follows from (3.9) that
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Ar(z) 2 MAr(z +y), Ar(y), 757} 2 a AT =a,

Ar(a) > N{Ar(a=b), Ay (b), 15 }zml ki — g,
Ap(u) < V{Ap(uxv), Ap(v), 52} <y vV IE =4

and so that © € Tc(A4;a), a € Ic(A;5) and u € Fc(A;v). Therefore
Te(Asa), Ic(A;B) and Fe(A;~y) are ideals of X for all a € (0, 1*2’”],
B e (0,251] and v € [2=£2 1),

Conversely, let A = (Ar, A7, Ar) be a neutrosophic set in X € B(X)
such that the nonempty neutrosophic €-subsets T¢(A4;a), Ic(A;8) and
Fc(A;7) are ideals of X for all a € (0,=£2], 8 € (0,25] and v €
[1 —F£ 1), If there exist 2,y,z € X such that A7(0) < Ap(z) A 5fT,

Ar(0) < Af(y) A2, and Ap(0) > Ap(z) V 222 then 0 ¢ Te(A;ay),

0 ¢ Ic(A;8y) and 0 ¢ Fc(A;v.) by taking a, := Ap(z) A 1*2’”, By =

Ar(y) A 5 ]’“, and v, 1= Ap(z) V # This is a contradiction, and so
Ar (0) > AT( )/\ 1_2kT, A[(O) > A[(.T)/\ 1_2kl, and AF(O) < AF(Z‘) \/%
for all x € X. Now, suppose that there x,y,a,b,u,v € X be such that
Ar(z) < NMAr(z *y), Ar(y), 752}, Ar(a) < N{Ar(a*b), Ar(b), 15},
and Ap(u) > V{Ap(u * v), Ap(v), 552} If we take a = A{Ar(z *
Y), Ar(y), 25T}, B = /\{AI(G *0), Ar(b), %5}, and v = V{Ap(u *
U)vAF(U)v%}v then a < QkTa B < ! 21@1, v 2z w, Txy € TG(A a)
y € Te(4A;a), axb € Ic(A;8), b € Ic(A;8), uxv € Fc(A;7), and v €
Fe(A;v). But @ ¢ Te(4; ), a ¢ Ic(A; B) and u ¢ Fe(A;), which induces
a contradiction. Therefore Ar(z) > /\{AT(x xy), Ar(y ) Lokrd Ap(z) >
MMAr(z*y), Ar(y), 75}, and Ap(2) < V{Ap(z*y), Ap(y), 5=} for all
z,y € X. Using Theorem 3.5, we conclude that A = (Ar, Ar, Ap) is an
(€, € Vq(ks ks kp))-neutrosophic ideal of X € B(X). O

COROLLARY 3.8 ([21]). A neutrosophic set A = (Ap, Ar, Ar) in X € B(X)
is an (€, € V g)-neutrosophic ideal of X € B(X) if and only if the nonempty
neutrosophic €-subsets Te(A; a), Ic(A; B) and Fe(A;~y) are ideals of X for
all o, 8 € (0,0.5] and v € [0.5,1).

)
(v

It is clear that every (€, €)-neutrosophic ideal is an (€, € V q(rp k7 kp))-
neutrosophic ideal. But the converse is not true in general. For example,
the (€, € V iy ky,kp))-neutrosophic ideal A = (Ar, A, Ap) with kr =
0.24, k; = 0.08 and kr = 0.16 in Example 3.4 is not an (€, €)-neutrosophic
ideal since 2 € Ic(A;0.56) and 0 ¢ Ic(A;0.56).
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We now consider conditions for an (€, € V gk, i, kp))-neutrosophic
ideal to be an (€, €)-neutrosophic ideal.

THEOREM 3.9. Let A = (Ap, A1, Ap) be an (€, € V q(iy k; kr))-neULTOSO-
phic ideal of X € B(X) such that

(Vo € X) (Ar(x) < 52, Ar(w) < 1552, Ap(z) > 15fe)

Then A = (Ar, Ar, Ap) is an (€, €)-neutrosophic ideal of X € B(X).

PRrROOF: Let z,y,2 € X, o, € (0,1] and v € [0,1) be such that = €
Te(A;a), y € Ic(A;B) and z € Fe(A;5). Then Ar(x) > o, Ar(y) > B and
Ap(z) <. It follows from (3.8) that

Ar(0) > Ap(2) N L = Ap(z) > a,
Ar(0) > Ar(y) A5 = Ar(y) > B,
AF(O) S AF(Z) \Y % = AF(Z) S Y.

Hence 0 € Te(A;a), 0 € Ic(A; B) and 0 € Fe(A; 7). For any z,y,a,b,u,v €
X, let ag, ay, Ba, By € (0,1] and 7y, 7, € [0,1) be such that z xy €
Te(Asaz), y € Te(A;ay), axb € Ic(A; B), b € Ie(A; By), uxv € Fe(A;yu),
and v € Fc(A;v,). Then Ap(z *y) > g, Ar(y) > oy, Ar(axb) > B,
Ar(b) > By, Ap(u*v) <y, and Ap(v) < v,. It follows from (3.9) that

Ap(z) > NAr(z *y), Ar(y), 52} = Ap(z + y) A Ar(y) > an Ay,
Ar(a) > N{Ar(axb), Ar(b), 55} = Ar(axb) A Ap(b) > Ba A By,

Ap(u) < V{Afr(uxv), Ap(v), l_zkp} =Ap(uxv)VAr(v) < vy V ve.

Thus © € Te(A;a, A ay), a € Ic(A;B. A By) and u € Fe(A;vy V Yo).
Therefore A = (Ap, A;, Ap) is an (€, €)-neutrosophic ideal of X € B(X).
O

COROLLARY 3.10 ([21]). Let A = (Ap, A1, Ap) be an (€, € V g)-neutroso-
phic ideal of X € B(X) such that

(Vz € X) (Ar(z) < 0.5, Ar(z) < 0.5, Ap(z) > 0.5).
Then A = (Ar, A1, Ap) is an (€, €)-neutrosophic ideal of X € B(X).

THEOREM 3.11. Given a neutrosophic set A = (Ar, A;, Ar) in X € B(X),
if the nonempty neutrosophic € V qx-subsets Tey g, (A;q), Ievg,, (4;8)
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2
and v € [I*QkF,l), then A = (A, Ar, Ar) is an (€, € V Qg ks kr))-
neutrosophic ideal of X.

and Fey g, (A;7) are ideals of X for all a € (0, Lkr] B e (0,35

Proor: Let A = (Ar, Ar, Ar) be a neutrosophic set in X € B(X) such
that the nonempty neutrosophic € V gj-subsets Tev 4, (4; ), lev g, ( B)
and Feyg,, (A;7) are ideals of X for all o € (0, Lkr] B e (0,35]
and v € [2FE 1), If Ar(0) < Ap(z) A ST = ay, A7(0) < Ar(y) A

1= k’ = By and Ap(0) > Ap(z) V % ;= ~, for some z,y,2 € X,
then z € Te(Asay) C TEquT(A§aw)a y € Ie(A;8y) C IEVQkI (A; By),
z € Fe(A;y:) C FE\/(IkF (A4;72), 0 ¢ Te(Asay), 0 ¢ Ic(A;By), and 0 ¢
Fe(A;v.). Also, since Ar(0) + o, + kr < 20, + kr < 1, ie, 0 ¢
T%T(A;Ozz)7 A[(O) + By + kr < 2ﬂy + kr < 1,1ie., 0 ¢ quI(A;ﬂy),
Ar(0) + v, +kr > 2v. + krp > 1, ie, 0 ¢ qu( v.), we get 0 &
Tev g, (A10z),0 ¢ Iey g, (A; By), and O §é Fevg, (A;y ) This is a contra-
diction, and thus (3.8) is valid. Suppose that there exist a,b € X such that
Ar(a) < A{A1(a*b), Ar(b), 3552 ). Taking 8 := A{Ar(ax), A7(b), 1524}
implies that a b € Ie(4; 8) C Ievg,, (4;8), b € 1e(4;8) C Iev g, (4;B).
Since Ievg,, (4;8) is an ideal of X it follows that a € Ieyg,, (4;0),
ie, a € Ic(A;B) or a € quI(A;ﬁ), and so that a € Iy, (4; ), ie
Ar(a)+ B+ kr > 1, since a ¢ Ic(A;8). But Ar(a)+ B +kr <28+kr <1,
a contradiction. Hence A;(z) > A{A1(z*y), Ar(y), 1522} for all 7,y € X.
Similarly, we can verify that Ar(z) > A{Ar(z * y), Ar(y), 2£2} for all
z,y € X. Assume that Ap(a) > \V{Ap(a *b), Ap(b), =E2} == v for
some a,b € X. Then a ¢ Fe(A;7), axb € Fe(A;y) C Fevg,, (4;7),
be Fc(A;n) C Fevg,, (A;~). Since Fevg,, (A;~) is an ideal of X, we have
a € Fevg,, (4;7). On the other hand, Ap(a) + v+ kr > 2y + kp > 1,
that is, a ¢ Fy, (A;7). Hence a ¢ Feyg, (A;7), a contradiction. Thus
Ap(z) < V{Ap(z = y), Ar(y), 5£2} for all 2,y € X. Therefore (3.9)
is valid, and consequently A = (A, Ar,Ap) is an (€, € V Qup iy kr))-
neutrosophic ideal of X by Theorem 3.5. O

COROLLARY 3.12 ([21]). Given a neutrosophic set A = (Ar, Ar, Ar) in
X € B(X), if the nonempty neutrosophic € Vg-subsets Tey 4(A4;a),
Icyy(A;B) and Feyq(A;7y) are ideals of X for all a, 8 € (0,0.5] and

€ [0.5,1), then A = (A, Ar, Ar) is an (€, € V g)-neutrosophic ideal
of X.
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4. Conclusions

More general form of (€, € Vg)-neutrosophic ideal was introduced, and
their properties were investigated. Relations between (€, €)-neutrosophic
ideal and (€, € Vq(gs k;.kx))-neutrosophic ideal were discussed. Charac-
terizations of (€, € Vq(ry .k, kx))-neutrosophic ideal were discussed, and
conditions for a neutrosophic set to be an (€, € Vq(ky i, kx))-neutrosophic
ideal were displayed.

These results can be applied to characterize the neutrosophic ideals
in a BCK/BCI-algebra. In our future research, we will focus on some
properties of ideal such as intersections, unions, maximality, primeness and
height, and try to find the relations between these properties of ideals
and the results of this paper. For instance, how we can define the prime and
maximal neutrosophic ideals? Whatis the meaning of height of these types
of ideals? For information about the maximality, primeness and height of
ideals, please refer to [1, 2, 6, 5].
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Abstract

We introduce a class of neighbourhood frames for graded modal logic embedding
Kripke frames into neighbourhood frames. This class of neighbourhood frames
is shown to be first-order definable but not modally definable. We also obtain a
new definition of graded bisimulation with respect to Kripke frames by modifying
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1. Introduction

Graded modal logic GrK is an extension of propositional logic with graded
modalities O, (n € N) that count the number of successors of a given state.
The interpretation of formula ¢, ¢ in a Kripke model is that the number of
successors that satisfy ¢ is at least n. Originally introduced in Goble [9],
the notion of a graded modality is developed so that ‘propositions can be
distinguished by degrees or grades of necessity or possibility’ [9, p. 1]. This
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language was studied in Kaplan [11] as an extension of S5. Fine [§], De
Caro [6] and Cerrato [2] investigated the completeness of GrK and its ex-
tensions. Van der Hoek [15] investigated the expressibility, decidability and
definability of graded modal logic and also correspondence theory. Cerrato
[3] proved the decidability by filtration for graded modal logic.

De Rijke [7] introduced graded tuple bisimulation for graded modal
logic. Using this he proved the finite model property (which was first proved
in Cerrato [3] via filtration) and that a first-order formula is invariant under
graded bisimulation iff it is equivalent to a graded modal formula. Aceto,
Ingolfsdottir and Sack [1] showed that resource bisimulation and graded
bisimulation coincide over image-finite Kripke frames. Van der Hoek and
Meyer [16] proposed a graded modal logic GrS5, which is seen as a graded
epistemic logic and is able to express ‘accepting ¢ if there are at most n
exceptions to ¢’. Ma and van Ditmarsch [13] developed dynamic extensions
of graded epistemic logics.

Monotonic modal logics are weakenings of normal modal logics in which
the additivity (0L <> L and OpV Ogq +> O(pV q)) of the diamond modality
has been weakened to monotonicity (OpV Ogq + O(pV q)), which can also
be formulated as a derivation rule: from - ¢ — % infer - O — O9. Mono-
tonic modal logics are interpreted over monotonic neighbourhood frames,
that is neighbourhood frames where the collection of neighbourhoods of
a point is closed under supersets. There have been many results about
monotonic modal logics and monotonic neighbourhood frames [4, 10, 14],
including model constructions, definability, correspondence theory, canon-
ical model constructions, algebraic duality, coalgebraic semantics, interpo-
lation, simulations of monotonic modal logics by bimodal normal logics,
etc.

In this paper, we propose a neighbourhood semantics for graded modal
logic. We define an operation (.)® (Def. 4.2) to obtain a class of monotonic
neighbourhood frames on which graded modal logic is interpreted. This
class of neighbourhood frames is shown to be first-order definable in Sec-
tion 5 and modally undefinable in Section 6. In Section 7 we obtain a new
definition of graded bisimulation with respect to Kripke frames by modify-
ing the definition of monotonic bisimulation and show that it is equivalent
to the one proposed in [7]. Our results show that techniques for monotonic
modal logics can be successfully applied to graded modal logic.
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2. Preliminaries

2.1. Graded modal logic

Language. Let Prop be a set of proposition letters. Language L, is
defined by induction as follows:

Lospu=pl-p|(eVe)]|Onp

where p € Prop and n € N. We recall that N is the set of natural numbers.
The complezity of a formula ¢ € L, is the number of connectives occurring
in ¢. Other propositional connectives L, T, A, —, <> are defined as usual.
The dual of O,y is defined as O, p := =Q,~@. Further, define $p := Q1
and O = On@ A ~Ony1p. The interpretation of a formula ¢, in a
Kripke model is that the number of successors that satisfy ¢ is at least n.
The interpretation of formula ¢, is that the number of successors that
satisfy ¢ is exactly n.

Kripke semantics. A Kripke frame is a pair (W, R), denoted F, where
W is a set of states and R is a binary relation on W. Denote by Fx the
class of all Kripke frames. A Kripke model is a pair M = (F,V) where
F is a Kripke frame and V : Prop — P(W) is a waluation. For model
M= (W,R,V) and w € W, we call M,w a pointed model.

Given a set X, denote by | X| the cardinality of X. Suppose that w is
a state in a Kripke model M = (W, R, V). The truth of a Lg-formula ¢ at
w in M, notation M, w IF ¢, is defined inductively as follows:

M,wlkp iff p € V(p)

M, w - = iff Mw

Mow lEpy Vapy iff M, w IF )y or M, w I 1)y
M, wlF Optp iff |R[w] N [Y]m]| > n

where R[w] = {v € W : Rwv} is the set of w-successors and [ = {v €
W : M,v Ik o} is the truth set of ¢ in M. For a set I' of £ ,-formulas,
we write M, w I T if M, w IF ¢ for all ¢ € . Pointed models M, w and
M’ w' are said to be modally equivalent (notation: M, w =, M',w’) if for
all £,-formulas ¢, we have M, w IF ¢ iff M’ w' I ¢.

A formula ¢ is valid at a state w in a frame F, notation F,w I ¢, if
v is true at w in every model (F, V) based on F; ¢ is valid in a frame F,
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notation F IF ¢, if it is valid at every state in F; ¢ is wvalid in a class of
frames Sk, notation kg, ¢, if F I ¢ for all F € Sk.

Let Sk be a class of Kripke frames and I' U {¢} a set of Lj-formulas.
We say that ¢ is a (local) semantic consequence of T' over Sk, notation
I' ks, ¢, if for all models M based on frames in Sk, and all states in M,
if M,w T then M,w IF .

Graded semantics. In this subsection, we recall the graded semantics
from Ma and van Ditmarsch [13]. The sum operation and the ‘greater than
or equal to’ relation (>) are defined over natural numbers N plus w, the
least ordinal number greater than any natural number, i.e., Vn € N;n < w.
Variables n,m, i, j range over the natural numbers N, not over NU {w}.

A graded frame is a pair f = (W, o), where W is a set of states and
o: W xW — NU{w} is a function assigning a natural number or w to
each pair of states. Denote by Fg the class of all graded frames. A graded
model is a pair 9 = (f, V') where f is a graded frame and V : Prop — P(W)
is a valuation.

For X C W and w € W, define o(w, X) as Yyexo(w,u), the sum of
o(w,u) for all uw € X. In particular, we define o(w,®) = 0. The notation
X C.,, W represents that X is a finite subset of W and P, (W) is the set
of finite subsets of W.

Suppose that w is a state in a graded model 9 = (W, o, V). The truth
of a L,-formula ¢ at w in M, notation M, w IF ¢, is defined inductively as
follows:

M wl-p iff w € V(p)

M, w Ik —ab iff M, w I o

M,wlb by Vb iff M, w IF by or M, w -

Mowlk Opyy iff 3X Ceo W (0(w,X) > 1 & X C [¢]on)

To our knowledge, graded frames first appeared in [6] as an intermediate
structure to prove completeness of GrK with respect to Kripke frames.
They are called multiframes in [1]. Graded frames are alternative semantics
for graded modal logic, indeed each graded frame can be associated with
a Kripke frame validating the same formulas, and vice versa as follows (cf.
[13, Proposition 2.12 ]): Given a Kripke frame F = (W, R), the associated
graded frame F° = (W, o) is defined by setting o(w,u) = 1 if wRu, and
o(w,u) = 0 otherwise; given a graded frame F = (W, o), the associated
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Kripke frame F, = (W,, R) is defined by setting W, = {(w,i) | w €
W & i e NU{w}} and (w,i)R(u, j) iff o(w,u) > j > 0.

Axiomatization. The minimal graded modal logic GrK consists of the
following axiom schemas and inference rules:

Az1) all instances of propositional tautologies

Ax2) Qop < T
Az3) Ol L (n>0)
On+1p = Onp

b
I
5

O(p = ) = (Onp = On?)
_‘<>(<P A 7!]) A O!m@ A Oy — <>!(m+n)(50 \ w)
from ¢ and ¢ — ¥ infer ¥

b
8
=

g o
TS Ae R

m~ o~ o~ o~ o~ o~ o~ o~

Gen) from ¢ infer Oy

The set of theorems derivable in the system GrK is also called GrK.
A graded modal logic is a set A of Lj-formulas with Grk C A. If ¢ € A,
we write Fx .

THEOREM 2.1 ([6]). GrK is sound and complete with respect to the class
of all Kripke frames.

THEOREM 2.2 (Theorem 3.2 of [13]). GrK is sound and complete with
respect to the class of all graded frames.

2.2. Monotonic modal logic

We consider monotonic modal logic with modalities parametrized by natu-
ral numbers, i.e. ¢, and [,, with n € N instead of the usual single modality.
As there is no interaction between different ¢,, and ¢,,, the logic for such
modalities is not essentially different from the logic for a single modality ¢
that was originally proposed.

First, a word on notation. In graded modal logic ¢, denotes the ex-
istence of at least m worlds. So in particular ¢ denotes the existence of
at least one world. Whereas in monotonic logic the existence of a neigh-
bourhood is denoted by O [4] or V [10]. We prefer to stick to the notation
matching usage in graded modal logic. Therefore also in monotonic modal
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logic write ¢ (or ¢,,) to denote the existence of a neighbourhood instead
of 0 or V (O, or V,,). Consequently, the duals of modalities are also
swapped.

Neighbourhood Semantics. A neighbourhood frame is a tuple F =
(W, {Vn}nen) where W is a set of states and each v, : W — PP(W),
called neighbourhood function. Denote by Fy the class of all neighbour-
hood frames. A neighbourhood model is a pair M = (F, V'), where F is a
neighbourhood frame and V' : Prop — P(W) is a valuation.

The truth of a Lg4-formula ¢ at a state w of a neighbourhood model
M = (F, V), notation, M, w IF ¢, is defined inductively as follows, where
n € N

M, w I p it peV(p)

M, w IF = it M,wlfF o
M,w ki Ve iff  Mwlk ey or Myw Ik 9y
M, w IF $ptp iff  [Y]m € vn(w)

As an example, Figure 1 depicts a Kripke model, graded model and a
neighbourhood model which all make ¢3p true.

A neighbourhood function v : W — PP(W) is supplemented or closed
under supersets if for all w € Wand X CW, X € v(w) and X CY imply
Y € v(w). A neighbourhood frame F = (W, {vy, }nen) is monotonic if each
vy, is supplemented. A neighbourhood model M = (F, V') is monotonic if
F is monotonic. Denote by Fj; the class of all monotonic neighbourhood
frames. Monotonic pointed models M, w and M, w’ are said to be modally
equivalent if for all £,-formulas ¢, we have M, w IF ¢ iff M/, w’ I+ ¢. For
monotonic model M, we have

M,wlF Onp iff IX(X €vp(w) & X C [e]m)-

Axiomatization. The minimal monotonic modal logic My consists of
the following axioms and inference rules, where n € N:

(Az1) all instances of propositional tautologies
(MP) from ¢ and ¢ — 1 infer ¢
(RM,,) from ¢ — 1) infer O — Ontp
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[}
[ ]
% g /
e — > @ [ ]
\ p
[ ]
p
Kripke model graded model neighbourhood model

Figure 1. Three different ways to make Q3p true

The set of theorems derivable in the system My is also called My. A
monotonic modal logic is a set A of Ly-formulas with My C A. If ¢ € A,
we write Fx .

THEOREM 2.3 ([14, Thm. 2.41]). My is sound and strongly complete with
respect to Fy;.

3. Graded modal logics are monotonic modal logics

In this section we show that graded modal logics are monotonic modal
logics. Let G be a graded modal logic.

ProprosSITION 3.1. Graded modal logics are monotonic modal logics.

PRrOOF: Let G be a graded modal logic. To show that G is a monotonic
modal logic, it suffices to show that (i) G is closed under (M P) and (ii)
for all n € N, G is closed under (RM,,). Item (i) is immediate. We now
show item (ii). We distinguish the case n = 0 from the case n > 0.

Let n = 0. Assume that G ¢ — ¢. By (Az2), we have Qg +» T and
Qo <» T and hence Qg — T and T — Qgtp. It follows that G+ Qg —

Qoh.
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Let now n > 0. Assume that G - ¢ — 9. By (Gen), G - O(p — ).
Then by (Az5), G F O(¢ — ¥) = (One — Ontb). Finally, by (M P) we

COROLLARY 3.2. GrK is a monotonic modal logic.

We now define axiomatization GrK,;,, as the extension of My with
(Az2) — (Az6) of GrK and the novel axiom (Az7) O(p V) <> Op V 0.
We show that GrK and GrK,,, derive the same theorems.

ProroOSITION 3.3. For any formula ¢, GrK F ¢ iff GrK s, F .

PROOF: (<) (Gen) is derivable in GrK /., as follows:

1 o assumption

2 p— (—'QO — L) Duns Scotus law

3 p— L 1,2 (MP)

4 O~ — 0L 3 by (RM)

5 O — L 4 by (Az3)

6 T —= -0 5 by contraposition

7 O 6 by def. of O and (Axl)

(=) It suffices to show that (Ax7) is derivable and (RM,) is admissible
rule in GrK. The latter follows from Proposition 3.1. (Az7) is equivalent
to (i) Op VO — O(e V) and (ii) O(e V ¢) = Op VvV 0. (i) and (ii) are

derivable as follows:

1 O(e—= V) by (Az1) and (Gen)
2 Op— Olp V) 1 and (Ax5) by (MP)
3 D(1/1 —pV 7/1) by (Az1l) and (Gen)
4 0= O(e V) 3 and (Ax5) by (MP)
5 Op VoY — O(pV)  2and4 by (Axl)
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L =0 A) AQop A=0p A Qo A =0y
= Qo VUY)A-O(p V1Y)  (Ax6) withm =n =0

2 0P AY)AOp A0 — =O(pV1h)  1by (Az2) and TAp ¢ ¢

3 <>(SD \ 1/)) — <>(<P A 1/)) V <>SO \% <>1/J 2 by contraposition, De
Morgan and double nega-
tion

4 AP =@ classical tautology

5 Oleny) = Op 4, RM,

6 QlpA) = OV Oy 5, property of V

7 <>SD — <>90 V O classical tautology

8 QY — <>S0 V O classical tautology

9 <>(50 A '(/}) VOp VO = Qo V Oy 6,7, 8, property of VV

10 <>(‘P \ w) - <>80 \ <>¢ 3, 9, hypothetical syllogism

O

Another interesting question is whether there exists a class of neigh-
bourhood frames with respect to which GrK is sound and complete. In
monotonic neighbourhood frames the class of so-called KW-formulas ([10,
Def. 5.13]) is elementary ([10, Thm. 5.14] and canonical ([10, Thm. 10.34]).
Therefore, a presentation where each axiom is a KW-formula would make
it straightforward to prove soundness and strong completeness. Unfortu-
nately, (Ax5) and (Ax6) are not KW-formulas, since they have — inside
the scope of ¢, which is forbidden in KW-formulas. Therefore we can not
prove completeness of GrK indirectly via a reference to KW-formulas.

If we adopt a more direct method to prove the completeness, we need
to show that the properties defined by (Ax2)—(Ax7) holds in the canonical
frame of monotonic modal logic containing them. Axioms (Ax5) and (Ax6)
resp. correspond to the properties:

YV XVY (X NW\Y)g€wn(w) & X cv,(w) =Y € V"(w)>
YwVXVY (XHY guri(w) & X € vp(w) & X & vpmy1(w)
&Y evp,(w) &Y € vpir(w)
= XUY € vpan(w) & XUY ¢ V(m+n+1)(w)>

The difficulty lies at showing that (Ax5) and (Ax6) are valid in the canon-
ical frame of monotonic modal logic containing (Ax5) and (Ax6). For
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canonical frames of monotonic modal logics, we refer to [4, Def. 9.3],
[10, Def. 6.2] and [14, Def. 2.37].

In the next section, we identify a class of complete neighbourhood
frames via an operation (.)®, which is shown to be first-order definable
in Section 5 and modally undefinable in Section 6.

4. Graded neighbourhood frames

Given a set X, denote by P>, (X) the set of subsets of X such that the
cardinality of each subset is at least n, in other words, P>, (X) = {X' C
X | |X’| >n}. For I' C P(W), define I’ to be the up-set generated by T,
that is, ' :== {Y € P(W) | 3X(X e T & X C Y)}.

DEFINITION 4.1. A neighbourhood frame F = (W, {v,}nen) is a graded
neighbourhood frame if for all w € W, there exists an A C W such that for
all n € N, v, (w) = 1P>n,(4).

DEFINITION 4.2. For a Kripke frame F = (W, R), the associated graded
neighbourhood frame of F is F* = (W, {vy}nen), where for w € W and
n €N, v, (w) = P>p(R[w]).

That each v, in F* = (W, {vy, }nen) is monotonic follows directly from
the definition. Then we have the following result:

PROPOSITION 4.3. Let F = (W, R) be a Kripke frame and V a valuation
on F. Then for all w € W and all formulas ¢
(F,V)wlFe iff (F*,V),wl .

PrOOF: The proof is by induction on ¢. The propositional cases follows
from the definition and induction hypothesis.
As for the modal case, let ¢ be O,1,n € N, we have

(F, V), wlk Oy iff |Rlw]N M(RV)‘ zn
it |Rlw] N [¢] o] > n (IH)

iff IX CW (X €v(w) & X C []rery) (%)
it (F,V),w ik Ont)

Here is the proof for the equivalence marked by (x). First assume that
R[w] N [¢](Fe,vy| > n. Then Rlw]N[](re vy € P>n(R[w]). By definition,
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Un(w) =1P>n(R[w]). Hence, Rlw]N[)](re vy € vn(w). We also have R[w]N
[¥](Fe.v) € [¥](F+,vy, which completes the proof of this direction. Now
assume that X € v,(w) and X C [¢](ze,vy. Since v, (w) =1P>,(Rw]),
X €1P>,(R[w]). Then there exists Y € P>, (R[w]) and ¥ C X. It follows
that Y C R[w] and |Y| > n. Since X C [¢](re vy, Y C [¢](F-,v). Hence,

Y =Y N [Y](revy € Rlw] N [¢](Fe,vy and therefore ‘R[w] N [1/}]](}-.7\/)’ >
Y| > n. O

Given a graded neighbourhood frame F = (W, {v}, }nen) with v, (w) =1
P>n(Ay), we can associate it with a Kripke frame Fy = (W, R) with Rjw] =
Ay Tt follows from definitions that (Fe)® = F and (F°*)e = F.

For a class of Kripke frames Sk, let S% = {F* | F € Sk}. Recall
that Fg is the class of all Kripke frames. Since (IFo)® = F for any graded
neighbourhood frame F, F}, is equivalent to the class of all graded neigh-
bourhood frames.

THEOREM 4.4. GrK is sound and strongly complete with respect to the
class of graded neighbourhood frames.

Proor: By Theorem 2.1, GrK is sound and strongly complete with re-
spect to Fx. By Proposition 4.3, GrK is sound and strongly complete with
respect to F§,. Then the claim follows from the fact that F}, is equivalent
to the class of all graded neighbourhood frames. O

5. Graded neighbourhood frames are first-order
definable

A class Sy of neighbourhood frames is first-order definable if there exists a
set of first-order formulas I" such that F =T iff F € Sy. In this section, we
show that the class of graded neighbourhood frames is(two-sorted) first-
order definable in the (two-sorted) first-order language E; of L, defined
below.

Each monotonic neighbourhood frame F = (W, {v,, }en) can be seen as
a two-sorted relational structure (W, P(W),{R,, }nen, Rs5) where R, C
W x P(W) and Ry C P(W) x W such that wR,, X iff X € v,,(w) and
XRsw iff w € X. Accordingly, the (two-sorted) first-order language £
of L, has equality =, first-order variables w,u,v,... over W, first-order
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variables XY, Z, ... over P(W), binary symbols R, for n € N and Rs,
and unary relation symbols P, Q, ... corresponding to p,q,... € Prop.

In other words, given sets of variables W and ®, formulas in L’; are
defined inductively as follows:

E;sz::w=u|X:Y|Pw|Rl,an\RBXw\ﬁx|X\/X|Vxx|VXX

where w,u € ¥, X,Y € &, P corresponds to p € Prop and n € N.
A set A is called atomic in v1(w) if for all @ € A, {a} € v1(w). Denote
by (%) the following conditions: for all w € W

)
)

*x3) 0 & vp(w) for n € N.
)

If X € v,(w), then there exists a minimal ¥ € v,(w) such that

(x5) If Y is a minimal element in v,(w), then|Y| = n and Y is atomic in
vi(w).

(%6) If {y1},...,{yn} € v1i(w) and yi,...,y, are pairwise distinct, then
Ui<i<nivi} is a minimal element in v, (w).

Note that conditions (%) can be expressed in language Eé. For example,
Y[>nifys YA Ay €Y AN, 4 # Y5, and Y s atomic in v (w)
itVZVZ'(Z'CZ = Z'=0or Z'=2) & ZCY = Z € v1(w)).

PROPOSITION 5.1. Let F = (W, {v, }nen) be a neighbourhood frame. Then
F is graded iff IF satisfies (x).

PROOF: For the left-to-right direction, assume that F = (W, {v, }nen) is
a graded neighbourhood frame, that is, for all w € W, there exists some
A C W such that for all n € N, v,(w) =1P>n(A4). Since 1P>¢(4) =1
P(A) = P(W), item (x1) holds. Ttem (x2) and (x3) also follow directly.

Now assume that X € v,(w). Since v,(w) =1P>,(A), there exists
Y € P>, (A) with Y C X. It follows that |Y'| > n. Let Y’ be a subset of
Y containing exactly n-elements. Then Y’ is a minimal element in v, (w)
and Y’ C X. Hence, item (x4) follows.
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Now assume that Y is a minimal element in v,(w) =1P>p,(A4). Then
Y C A and Y| = n. Since v1(w) =1P>1(A), for all a € A, {a} € 1 (w). Tt
follows that Y is atomic in 14 (w). Hence, item (x5) holds. For item (x6),
assume that {y1} # ... # {yn} € v1(w) =1P>1(A4). Then {y1,...,yn} €
P>n(A). It follows that {yi1,...,ys} is a minimal element in v, (w). Hence,
item (x6) holds.

The right-to-left direction follows from Lemma 5.4 and 5.5 below. [

LEMMA 5.2. Let F = (W, {v,,}nen) be a neighbourhood frame satisfying
(%). If X € v1(w), there exists € X such that {z} € 14 (w).

PROOF: Assume that X € vy(w). By (%4), there exists a minimal Y €
v1(w) such that Y C X. By (¥3), X # 0 and Y # (). By (x5), Y is atomic
in vy (w), ie., forally €Y, {y} € v1(w). It follows that there exists x € X
such that {z} € 11 (w). O

LEMMA 5.3. Let F = (W, {vp}nen) be a neighbourhood frame satisfying
(x). If v1(w) # 0, there exists a set A C W such that A is the maximum
atomic set in v (w).

PROOF: Since v (w) # 0, we assume X € v1(w). By (x3), X # (. By (x4),
there exists a minimal X’ € vy(w) such that X’ C A. By (¥5), |X'| = 1
and X' is atomic in 4 (w). Hence, we can assume X’ = {a}. Let A be the
union of all singletons in v1(w). Since {a} € v1(w), A # (. Now we show
that A is the maximum atomic set in v4(w). Since A is the union of all
singletons in 14 (w), A is atomic. Let B be an atomic set in v (w). For any
b € B, by atomicity, {b} € v;(w). It follows that b € A. Therefore, B C A.
Hence, A is the maximum atomic set in vy (w). O

LEMMA 5.4. Let F = (W, {vp}nen) be a neighbourhood frame satisfying
(%). If v1(w) # 0, then v1(w) =1P>1(A), where A is the maximum atomic
set in v1(w).

PRrROOF: If vq(w) = 0, then A = (. Then v1(w) =tP>1(4). If v1(w) # 0,
assume that X € vy (w). By Lemma 5.2, there exists an € X such that
{z} € v1(w). Since A is the maximum atomic set in A, we have x € A. Tt
follows that {} € P>1(A4). Since z € X, X € 1P>1(A4).

Assume that X € 1P>1(A). Then there exists Y € Pi(A) such that
Y C X. Since A is atomic in v1(w), for all y € Y, {y} € vi(w). By (x2),
v1(w) is monotonic. Therefore, Y € vq(w). Since Y C X, X € vy(w). O
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LEMMA 5.5. Let F = (W, {v,}nen) be a neighbourhood frame satisfying
(x). Then for w e W,

1. If v3(w) = 0, then v, (w) =0 for n > 1.

2. If vi(w) # 0, then v, (w) =1P>n(A) for n > 1, where A is the
maximum atomic set in vq(w).

PRrROOF: For item 1, we prove by contradiction. Assume that v;(w) = 0
and for some n > 1, X € v,(w). By (x3), X # 0. By (x4) and (x5), there
exists X’ C X such that X’ is atomic in 1 (w). By (x3), X’ # 0. By
atomicity of X', v1(w) # 0, contradiction .

Now we prove item 2 and assume that X € v, (w). By (x4), there exists
a minimal element of v, (w) such that Y C X. By (x5), Y| > n and Y
is atomic in v4(w). Since A is the maximum atomic set of v1(w), Y C A.
Since|Y| >n, Y € P>,(A4). Since Y C X, X €1P>,(4).

Assume that X €1P>,(A). Then there exists Y € P>, (A) such that
Y C X. Tt follows that |[Y| > n. Since A is the maximum atomic set of
vi(w), Y is atomic in v4(w). Hence, there exist distinct y1,...,y, € YV
such that {y1},...,{yn} € vi(w) and y1 # ... # yn. By (x6), U;<;<, {vi}
is a minimal element in v, (w). Since J;<;<,{vi} €Y C X and v, (w) is
monotonic by (x2), X € v(w). O

6. Graded neighbourhood frames are not modally
definable

A class Sy of neighbourhood frames is modally definable if there exists a
set of modal formulas A such that F IF A iff F € Sy. In this section,
we show that the class of graded neighbourhood frames is not modally
definable. It is well known that if the class of neighbourhood frames is
modally definable, then it is closed under bounded morphic images. Below
we show that the class of graded neighbourhood frames is not closed under
bounded morphic images (by exhibiting a counterexample), so we conclude
that it is not modally definable.

Given a function f: W — W/ and X C W, define f[X]:={f(z) :z €
X}

DEFINITION 6.1. Let F = (W, {vy }nen) and F' = (W, {v}, }nen) be neigh-
bourhood frames. A bounded morphism from FF to F’ is a function f: W —
W' satisfying for n € N
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(BM1,) If X € v,(w), then f[X] € v, (f(w)).

(BM2,) It X’ € v],(f(w)), then there exists X C W such that f[X] C
X' and X € v(w).

If there is a surjective bounded morphism from FF to F/, we say that F’
is a bounded morphic image of F.

PROPOSITION 6.2 (Prop. 5.3 of [10]). Let F and F’ be neighbourhood
frames. If F/ is a bounded morphic image of IF, then F I ¢ implies F’ I .

PROPOSITION 6.3. If a class of neighbourhood frames is modally definable,
then it is closed under bounded morphic images.

PrOOF: Let Sy be a class of neighbourhood frames defined by a set of
formulas A, F € Sy and F/ a bounded morphic image of F. Since F € Sy,
F I A. By Proposition 6.2, F’ |- A and therefore F' € Sy. O

EXAMPLE 6.4. Consider neighbourhood frames F = ({a, b}, {vy fnen) such
that for n € N, v,(a) = v,(b) = MP>n({a,b}) and F' = ({c}, {V}, }nen)
such that v{(c) = {0,{c}}, vi(c) = vi(c) = {{c}} and v} (c) = 0 for k > 2.
By Definition 4.1, F is a graded neighbourhood frame. As for F’, we have
vi(c) = 1P>1({c}) while v5(c) # 1P>2({c}). Therefore, F’ is not a graded
neighbourhood frame. It can be verified that function f : {a,b} — {c},
with f(a) = f(b) = ¢, is a subjective bounded morphism from F to F'.
Therefore, the class of graded neighbourhood frames is not closed under
bounded morphic images.

ProOPOSITION 6.5. The class of graded neighbourhood frames is not mo-
dally definable.

PRrROOF: It follows from Example 6.4 and the contraposition of Proposition
6.3. O

7. Bisimulation

The notion of graded tuple bisimulation was first proposed in de Rijke
[7). In this section, we obtain a new definition of graded bisimulation
by substituting v, (w) with 1 P>, (R[w]) in the definition of monotonic
bisimulation. And we prove that the new definition is equivalent to the old
one (cf. Proposition 7.6 and 7.9).



388 J. Chen, H. van Ditmarsch, G. Greco, A. Tzimoulis

7.1. From monotonic bisimulation to graded bisimulation

DEFINITION 7.1 (Monotonic bisimulation, Def. 4.10 of [10]). Suppose that
M = (W, {vn}tnen, V) and M’ = (W' {v] }nen, V') are monotonic neigh-
bourhood models. A non-empty relation Z C W x W’ is a monotonic
bisimulation (notation: Z : M <, M) provided that

e (Prop) If wZw’, then w and w’ satisfy the same proposition letters.

e (Forth) If wZw' and X € v,(w), then there is X’ C W' such that
X' ey (w)and Vo' € X'z € X : xZx’.

e (Back) If wZw' and X' € v}, (w’), then there is X C W such that
X €vy(w) and Ve € X32' € X' 1 aZa’.

If we M and w' € M/, then w and w’' are monotonic bisimilar states
(notation: M, w <, M/, w’) if there is a bisimulation Z : M <, M’ with
wZw'.

PROPOSITION 7.2 (Prop. 4.11 of [10]). Let M = (W, {vpn}nen, V) and

M’ = (W', {v}, }nen, V') be monotonic neighbourhood models. If M, w <,
M, w’, then for £4-formula ¢, M, w I- ¢ iff M, w’ I .

Substituting v, (w) in Definition 7.1 with P>, (R[w]), we have:

DEFINITION 7.3 (Graded bisimulation). Suppose that F = (W, R,V) and
M' = (W' R, V) are Kripke models. A non-empty relation Z C W x W’
is a graded bisimulation (notation: Z : M <4 M’) provided that

e (Prop) If wZw', then w and w’ satisfy the same proposition letters.

e (Forth) If wZw' and X €1P>,(R[w]), then there is an X' C W’
such that X’ etP>,(R'[w']) and Vo' € X'3r € X : 2 Zx’.

e (Back) If wZw' and X' €1P>,(R'[w']), then there is an X C W
such that X €1P>,(R[w]) and Yz € X3z’ € X' : xZx'.

Ifwe Mand w' € M’, then w and w’ are graded bisimilar states (notation:
M, w e, M’ w') if there is a bisimulation Z : M <4, M’ with wZw'.
PROPOSITION 7.4. Let M = (W, R,V) and M’ = (W', R', V") be Kripke
models. If M, u <, M’ v/, then M,u=, M, u.

PRrROOF: Since M,u =, M’ v/, there exists a non-empty relation Z C
W x W' such that Z : M <, M’ and uZu'. For neighbourhood frames
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M® = (W {vn}nen, V) and M'® = (W, {v} }nen, V'), by definition, for
we W and w' € W/, vy(w) =1P>n(Rw]) and v (w') = P>, (R'[w']).
Substituting 1P, (R[w]) with v, (w) and P>, (R'[w']) with v}, (w’) in the
definition of Z : M 2, M’, we have Z : M*,u <, M'®, v and uZv'. For
all formulas ¢, that M, u Ik ¢ ifft M’ «' IF ¢ can be proved as follows:

Mulkp iff  M® ulkye  Proposition 4.3
iff  M’* v IF¢ Proposition 7.2
iff M’ v - Proposition 4.3 O

7.2. Graded bisimulation is equivalent to graded tuple
bisimulation

In the rest of this section, we recall the definition of graded tuple bisimula-
tion in de Rijke [7] and show that it is equivalent to Definition 7.3. Given
a set X, denote by P, (X) the set of finite subsets of X. We now get:

DEFINITION 7.5 (Graded tuple bisimulation). Let M = (W, R, V) and
M = (W' R, V') be two Kripke models. A tuple Z = (21, 2,,...) of
relations is called graded tuple bisimulation between M and M’ (notation:

Z:Meg M) iff:
(1) 2 is non-empty;
(2) for all i, Z; C Py, (W) X Py (Wa);
(3) if XZ; X', then |X| =|X'| = i;
(4) if {fw}Z;{w'}, then w and w’ satisfy the same proposition letters;
(5)

5) if {w}Z{w'}, X C Rlw] and |X| = ¢ > 1, then there exists X' €
Pew(W’) with X’ C R'[w'] and X Z; X';

(6) if {w}Zi{w'}, X' C R[w'] and |X'| =i > 1, then there exists X €
P, (W) with X C Rlw] and X Z; X';

(7) if XZ; X', then (a) Vo € X3/ € X' : {a}Z{«'}, and (b) V2’ €
X'3z e X : {z}Z:{«'}.

PROPOSITION 7.6. Let M = (W, R,V) and M’ = (W', R', V") be Kripke
models and Z = (21, Z,,...) a tuple of relations such that Z : M <, M’
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Define Z C W x W’ to be a relation such that wZw’ iff {w}Z;{w’}. Then
Z:Meyz M.

PRrOOF: (Prop) follows from item (4) of Definition 7.5. As for (Forth),
assume that wZw’ and X €1P>, (R[w]). Then there exists Y C R[w]| such
that Y € X and [Y| = n. Since |Y| = n and {w}Z{w'}, by items (5)
and (3) there exists Y/ C R'[w'], |Y’| = n and YZ,Y’. It follows that
Y’ €tP>,(R'[w']). By item (7)(b), Vy' € Y'dy € Y : {y}Z:{y'}. Since
Y C X and aZy iff {z}Z1{y}, we have Vy € Y'3z € X : xZy’, which
completes the proof of that Z satisfies (Forth). That Z satisfies (Back)
can be proved in a similar way. O

Now we show how to construct a graded tuple bisimulation out of a
graded bisimulation, with the following lemmas:

LEMMA 7.7. Let M and M’ be Kripke models and Z : M,w <, M, w'.
(1) If u € R[w], then there exists v’ € R'[w'] with uZu’.
(2) If v/ € R'[w'], then there exists u € Rlw] with uZu'.

PRrOOF: (1) Since u € R[w], {u} €t P>1(R[w]). By (Forth), there exists
Y’ € tP>1(R'[w']) such that Vy' € Y3z € {u} : 2Zy’. It follows that
Vy' €Y' :uZy'. Since Y €1P>1(R'[w']), there exists u’ € R'[w'] such that
u’ € Y'. It follows that uZu'.

Claim (2) can be proved in a similar way by using (Back). O

Let W and W/ besets, X CW, X' C W' and Z C W x W’. Sets X
and X' are called a Z-pair if Vo € X3z’ € X' : vZ2’ and Vo’ € X'3Jx €
X :xZ2'.

LEMMA 7.8. Let M and M’ be Kripke models and Z : M, w <, M, w'.

(1) If X C Rlw] and |X| = ¢ > 1, then there exists X’ C R'[w’] with
|X” = ¢ such that X and X’ form a Z-pair.

(2) If X’ C R'[w'] and |X'| =i > 1, then there exists X C R[w] with
|X| = ¢ such that X and X’ form a Z-pair.

PROOF: (1) The proof is by induction on ¢. If i = 1, we may assume that
X = {u}. Since X C R[w|, we have v € R[w]. By Lemma 7.7, there exists
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v € R'[w'] with uZu'. Let X’ = {u/}. It follows that | X’| =1 and that X
and X’ form a Z-pair.

Consider the case that ¢ > 1. We may assume that X = {u} UY,
where Y C Rw] and u ¢ Y. Tt follows that |Y| =¢—1 > 1. By induction
hypothesis, there exists an Y’ C R/[w’] such that ’Y" = 4 — 1 and that
Y and Y’ forms a Z-pair. Since u € R[w], by Lemma 7.7, there exists
u € R'w'] with uZu'. If u' ¢ Y, let X' =Y’ U {u'}. Then |X’| =i and
X and X’ forms a Z-pair.

If ' € Y, there are two subcases: Iy € Y3’ € R'[w']\Y’ : yZv' and
for all y € Y and v' € R'[w']\Y’, not yZv'.

Consider the case that Jy € YI' € R'[W]\Y’ : yZv'. Let X' =
Y’ U{v'}. Then |X'| =i. Since Y and Y’ form a Z-pair, uZu' and yZv/,
X and X’ form a Z-pair.

Consider the case that for all y € Y and v € R'[w']\Y’, not yZv'.
Since X €1P5;(R[w]), by (Forth), there exists B’ €1P>;(R'[w']) such
that Vo' € B'3x € X : 2Zb'. Since B’ €1P>;(R'[w']), there exists B” C B’
such that B” C R/[w'] and }B"| > 4. Since }Y’| = ¢ — 1, there exists
b" € B” such that b’ € R'[w']\Y’. Since for all y € Y and v' € R'[w']\Y’,
not yZv', we have for all y € Y, not yZb”. Since Vo' € B'3x € X : zZV
and X = {u} UY, we have uZb”. Let X' = Y’ U {b"}. Then |X'| = i.
Since Y and Y’ form a Z-pair and uZb”, X and X’ form a Z-pair.

Claim (2) can be proved in a similar way by using (Back). O

PROPOSITION 7.9. Let M = (W, R, V) and M’ = (W', R', V") be Kripke
models and Z C W x W' a non-empty relation such that Z : M <, M.
Define a tuple of relations Z = (21, Zo,...) as: 21 = {({w}, {w'}) | wZw'},
and Z, = {(X, X’) || X| =|X'| =n, X and X’ form a Z-pair}, for n > 1.
Then Z : M 24 M.

PROOF: Since Z is non-empty, Z; is non-empty. So item (1) in Definition
7.5 is satisfied. Items (2), (3) and (4) are satisfied by the definition of Z.
Items (5) and (6) are satisfied by Lemma 7.8. Ttem (7) is satisfied by the
definition of Z; and the definition of Z-pairs. O

In summary, we showed how to construct a graded bisimulation out of
a graded tuple bisimulation (Prop. 7.6), and vice versa (Prop. 7.9). Hence,
graded bisimulation (Def. 7.3) and graded tuple bisimulation (Def. 7.5)
are equivalent. Another notion of bisimulation called resource bisimulation
was proposed in [1], which is very similar to the notion later proposed in
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[13]. A precise comparison of graded bisimulation to these notions is left
for future research.

8. Conclusion

Inspired by graded models, we proposed a class of graded neighbourhood
frames, and we showed that the axiomatiziation GrK is sound and strongly
complete for this class. We further showed that graded neighbourhood
frames are first-order definable but not modally definable. We also ob-
tained a new definition of graded bisimulation building upon the notion
of monotonic bisimulation, where some details concerning resource bisim-
ulation are left for further research. Our results show that techniques for
monotonic modal logics can be successfully applied to graded modal logics.
There are many options for further research:

(1) Using the approach developed in this paper, updating neighbourhood
models [12] can be compared to updated graded models [13].

(2) Building on multi-type display calculi for monotonic logics [5] we plan
to introduce multi-type display calculi for graded modal logic.

(3) With yet another notion of bisimulation on graded frames, and al-
gorithms to calculate two-sorted first-order correspondence on neighbour-
hood frames [10, 5], we plan to get two-sorted first-order correspondence
on graded frames.

(4) Finally, given the logic GrK in Section 2 for n grades, and given its
alternative incarnation as a monotonic modal logic in Section 3, we wish
to find the axiomatization of the graded modal logic for one grade. In
Proposition 3.1 we showed that (RM,,) is admissible in GrK. As GrK
only has necessitation for [, this is indeed of some minor interest. We can
also pose this question in the other direction: is GrK derivable in some
extension of My, that makes the monotonic character of the logic clearer?
Because of the axioms (Ax4), (Az5) and (Ax6), we should not expect this
to be without interaction axioms for different modalities. However, an
interesting case is graded modal logic for a single modality ¢,: is there a
monotonic modal logic axiomatizing this case, without interaction axioms?
This logic should contain ¢, L <> |, corresponding to the requirement that
for all states w in the domain of a model, § ¢ v, (w). Such a logic should
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also contain, for example, (0n¢ A On—¢) = (Ont0 V Op—1p). It is easy to
see that this is valid in GrK. However, (0n¢ A Op—¢d) = (Ont) V On—1))
is not derivable in monotone modal logic, as there are models of monotone
modal logic in which it is false. We leave the axiomatization of single-grade
graded modal logic for future research.
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