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   [    𝜑  𝑘   (    𝛼  1   )    ]    (    𝑘  1   )   
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     𝜑  𝑘   (    𝛼  1   ) 
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     1  1   ,  .  .  .  ,    𝑘  2  
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     𝛼  1         =  +   𝒬       𝛼  2  
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     𝒟    𝑖  2   
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$\varphi _{i}(\alpha _{1})$


     𝜑  𝑖   ∈  𝒬 


$\varphi _{i} \in \mathcal {Q}$


   𝑖  ∈  {  1  ,  .  .  .  ,  𝑘  } 


$i \in \{1, ..., k\}$


$\varphi _{i}(\alpha _{1})$
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       =  −   𝒬  
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   {  𝒟  } 
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     𝒟    2  1    ,    𝒟    2  2    ,  .  .  .  ,    𝒟    𝑘  1    ,    𝒟    𝑘  2   
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$C$
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   ⊃ 


$\supset $


   𝑢 
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   𝐴  ⊃  𝐵 
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   ∀  𝑥  𝐴 


$\forall x A$
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$\forall x A$


$\forall $


$A(x/o)$
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$A(x/o)$


   ∃ 


$\exists $


   ∃  𝑥  𝐴 


$\exists x A$
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   [  𝐴  (  𝑥  /  𝑜  )    ]    (  𝑢  )   
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$C$


$\exists $
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   ⊥ 


$\bot $
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$\forall $


   𝑜 


$o$


$y$


   𝑜  ≡  𝑥 


$o \equiv x$


$o$


$A$


$o$


$A(x/o)$


$o$


$o$


$\forall x A$


   𝑜  Γ 


$o\Gamma $


$o$


$\mathcal {D}_{1}$


$A(x/o)$


   𝑜  ∈  𝒞 


$o \in \mathcal {C}$


$\forall $


$o$


$x$


$A$


$\exists $


$o$


$y$


$o \equiv x$


$o$


$A$


$o$


$C$


$C$
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$o$
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$\exists x A$


$C$


$o\Gamma $
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$x$
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    M0   (    𝒮  𝑏  =   ) 
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$\textbf {I0}(\mathcal {S}^{=}_{b})$


$\bot $


$\forall $


$\forall $


$\forall $


$\forall $


$\exists $


$\exists $


$\exists $


$\textbf {I0}(\mathcal {S}^{=}_{b})$


   𝒟 


$\mathcal {D}$


$\textbf {I0}(\mathcal {S}^{=}_{b})$


$\textbf {I0}(\mathcal {S}^{=}_{b})$


$\textbf {I0}(\mathcal {S}^{=}_{b})$


$\tau \Gamma $


$\tau $


$\tau \Gamma $


$\mathcal {D}$


   𝑈 
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   Γ 
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$\textbf {I0}(\mathcal {S}^{=}_{b})$
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   Γ  ∪  {  𝑈  } 
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$\textbf {I0}(\mathcal {S}^{=}_{b})$
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$\Gamma $


$\mathcal {D}$


   Γ  ∪  {  𝐴  } 
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$\textbf {I0}(\mathcal {S}^{=}_{b})$


   I  (    𝒮  𝑏  =   ) 


$\textbf {I}(\mathcal {S}^{=}_{b})$


   𝑐 


$c$
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$\textbf {I}(\mathcal {S}^{=}_{b})$


$\mathcal {D}$


$\Gamma \cup \{U\}$


$\mathcal {D}$
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$-as$


$U$


$A$


$\textbf {I0}(\mathcal {S}^{=}_{b})$


$\textbf {I0}(\mathcal {S}^{=}_{b})\iota $


$\mathcal {Q} \subseteq \mathcal {P}$


     𝜄  𝒬  


$\iota _{\mathcal {Q}}$


$\mathcal {D}_{1}$


$\mathcal {D}_{2}$


$\mathcal {D}_{3}$


     𝜄  𝒬   − 


$\iota _{\mathcal {Q}}-$


$\mathcal {D}_{1}$


$\exists x \varphi (x)$


$\mathcal {D}_{2}$


   ∀  𝑢  ∀  𝑣  (  (  𝜑  (  𝑢  ) 


$\forall u \forall v((\varphi (u)$


$\&$


   𝜑  (  𝑣  )  )  ⊃  𝑢        =  +   𝒬     𝑣  ) 


$\varphi (v)) \supset u \overset {+}{=}_{\mathcal {Q}} v)$


$\mathcal {D}_{3}$


$\forall w(\varphi (w) \supset \psi (w))$


$\iota _{\mathcal {Q}}$


   𝜓  (    𝜄  𝒬   𝑥  𝜑  (  𝑥  )  ) 


$\psi (\iota _{\mathcal {Q}} x\varphi (x))$


$\mathcal {D}_{1}$


$\psi (\iota _{\mathcal {Q}} x\varphi (x))$


$\iota _{\mathcal {Q}}$


$\exists x \varphi (x)$


$\mathcal {D}_{1}$


$\psi (\iota _{\mathcal {Q}} x\varphi (x))$


$\iota _{\mathcal {Q}}$


$\forall u \forall v((\varphi (u)$


$\&$


$\varphi (v)) \supset u \overset {+}{=}_{\mathcal {Q}} v)$


$\mathcal {D}_{1}$


$\psi (\iota _{\mathcal {Q}} x\varphi (x))$


$\iota _{\mathcal {Q}}$


$\forall w(\varphi (w) \supset \psi (w))$
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$\exists x -\varphi (x)$
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   ∀  𝑢  ∀  𝑣  (  (  −  𝜑  (  𝑢  ) 


$\forall u \forall v((-\varphi (u)$


$\&$


   −  𝜑  (  𝑣  )  )  ⊃  𝑢        =  −   𝒬     𝑣  ) 


$-\varphi (v)) \supset u \overset {-}{=}_{\mathcal {Q}} v)$


$\mathcal {D}_{3}$


$\forall w(-\varphi (w) \supset \psi (w))$


$\iota _{\mathcal {Q}}-$


   𝜓  (    𝜄  𝒬   𝑥  −  𝜑  (  𝑥  )  ) 


$\psi (\iota _{\mathcal {Q}} x-\varphi (x))$


$\mathcal {D}_{1}$


$\psi (\iota _{\mathcal {Q}} x-\varphi (x))$


$\iota _{\mathcal {Q}}-$


$\exists x -\varphi (x)$


$\mathcal {D}_{1}$


$\psi (\iota _{\mathcal {Q}} x-\varphi (x))$
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$\forall u \forall v((-\varphi (u)$
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$-\varphi (v)) \supset u \overset {-}{=}_{\mathcal {Q}} v)$


$\mathcal {D}_{1}$


$\psi (\iota _{\mathcal {Q}} x-\varphi (x))$


$\iota _{\mathcal {Q}}-$


$\forall w(-\varphi (w) \supset \psi (w))$


$\iota _{\mathcal {Q}}-$


$-\psi (\iota _{\mathcal {Q}} x-\varphi (x))$


   𝒬  =  {    𝜑  1   ,  .  .  .  ,    𝜑  𝑘   } 


$\mathcal {Q} = \{\varphi _{1}, ..., \varphi _{k}\}$


$\mathcal {Q} \subseteq \mathcal {P}$


     𝜑  𝑖   ,    𝜑  𝑗   ∈  𝒬 


$\varphi _{i}, \varphi _{j} \in \mathcal {Q}$


   𝑖  ,  𝑗  ∈  {  1  ,  .  .  .  ,  𝑘  } 


$i, j \in \{1, ..., k\}$


   𝑖  ≠  𝑗 


$i \not = j$


                � 


\begin {equation}\label {eq::3.1} {\footnotesize { \AXC {$\varphi _{i}\Gamma $} \AXC {$...$} \AXC {$\alpha \Gamma $} \TIC {$\varphi _{i}(\alpha )$} \LeftLabel {$\mathcal {D}_{1} =$} \UIC {$\exists x \varphi _{i}(x)$} \DP }}\end {equation}
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\begin {equation}{\footnotesize { \AXC {$[\varphi _{1}(\alpha )]^{(1_{1})}$} \UIC {$\varphi _{1}\Gamma $} \AXC {\!\!\!\!\!\!$...$\!\!\!\!\!\!} \AXC {$[\varphi _{i}(\alpha ) \& \varphi _{i}(\beta )]^{(1)}$} \UIC {$\varphi _{i}(\beta )$} \UIC {$\beta \Gamma $} \TIC {$\varphi _{1}(\beta )$} \AXC {$[\varphi _{1}(\beta )]^{(1_{2})}$} \UIC {$\varphi _{1}\Gamma $} \AXC {\!\!\!\!\!\!$...$\!\!\!\!\!\!} \AXC {$[\varphi _{i}(\alpha ) \& \varphi _{i}(\beta )]^{(1)}$} \UIC {$\varphi _{i}(\alpha )$} \UIC {$\alpha \Gamma $} \TIC {$\varphi _{1}(\alpha )$} \AXC {\!\!\!\!\!\!\!$\{\mathcal {D}\}$} \RightLabel {$1_{1}, ..., k_{2}$} \TIC {$\alpha \overset {+}{=}_{\mathcal {Q}} \beta $} \RightLabel {$1$} \UIC {$(\varphi _{i}(\alpha ) \& \varphi _{i}(\beta )) \supset \alpha \overset {+}{=}_{\mathcal {Q}} \beta $} \RightLabel {iii} \UIC {$\forall v((\varphi _{i}(\alpha ) \& \varphi _{i}(v)) \supset \alpha \overset {+}{=}_{\mathcal {Q}} v)$} \LeftLabel {$\mathcal {D}_{2} =$} \RightLabel {iii} \UIC {$\forall u\forall v((\varphi _{i}(u) \& \varphi _{i}(v)) \supset u \overset {+}{=}_{\mathcal {Q}} v)$} \DP }}\label {eq::3.2}\end {equation}


                � 


\begin {equation}{\footnotesize { \AXC {$\varphi _{j}\Gamma $} \AXC {$...$} \AXC {$[\varphi _{i}(\alpha )]^{(2)}$} \UIC {$\alpha \Gamma $} \TIC {$\varphi _{j}(\alpha )$} \RightLabel {2} \UIC {$\varphi _{i}(\alpha ) \supset \varphi _{j}(\alpha )$} \LeftLabel {$\mathcal {D}_{3} =$} \RightLabel {iii} \UIC {$\forall w(\varphi _{i}(w) \supset \varphi _{j}(w))$} \DP }} \label {eq::3.3}\end {equation}
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\begin {equation}{\footnotesize { \AXC {$\mathcal {D}_{1}$} \noLine \UIC {$\exists x \varphi _{i}(x)$} \AXC {$\mathcal {D}_{2}$} \noLine \UIC {$\forall u\forall v((\varphi _{i}(u) \& \varphi _{i}(v)) \supset u \overset {+}{=}_{\mathcal {Q}} v)$} \AXC {$\mathcal {D}_{3}$} \noLine \UIC {$\forall w(\varphi _{i}(w) \supset \varphi _{j}(w))$} \RightLabel {($\iota _{\mathcal {Q}}$I)} \TIC {$\varphi _{j}(\iota _{\mathcal {Q}} x\varphi _{i}(x))$} \DP }}\end {equation}
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$\varphi (v)) \supset u \overset {+}{=}_{\mathcal {Q}} v)$


$\mathcal {D}_{3}$


$\forall w(\varphi (w) \supset \psi (w))$
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   {    𝜑  𝑖   }  ⊂    𝒬  ′   ⊂  𝒫 


$\{\varphi _{i}\} \subset \mathcal {Q}^{\prime } \subset \mathcal {P}$


     𝜑  𝑖   ∈  𝒫 


$\varphi _{i} \in \mathcal {P}$


   𝑖  ∈  {  1  ,  .  .  .  ,  𝑘  } 
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                � 


\begin {equation}{\footnotesize { \AXC {$[\varphi _{i}(\alpha )]^{(1_{1})}$} \UIC {$\varphi _{i}\Gamma $} \AXC {$...$} \AXC {$[\varphi _{i}(\alpha ) \& \varphi _{i}(\beta )]^{(1)}$} \UIC {$\varphi _{i}(\beta )$} \UIC {$\beta \Gamma $} \TIC {$\varphi _{i}(\beta )$} \AXC {$[\varphi _{i}(\beta )]^{(1_{2})}$} \UIC {$\varphi _{i}\Gamma $} \AXC {$...$} \AXC {$[\varphi _{i}(\alpha ) \& \varphi _{i}(\beta )]^{(1)}$} \UIC {$\varphi _{i}(\alpha )$} \UIC {$\alpha \Gamma $} \TIC {$\varphi _{i}(\alpha )$} \RightLabel {$1_{1}, 1_{2}$} \BIC {$\alpha \overset {+}{=}_{\{\varphi _{i}\}} \beta $} \RightLabel {$1$} \UIC {$(\varphi _{i}(\alpha ) \& \varphi _{i}(\beta )) \supset \alpha \overset {+}{=}_{\{\varphi _{i}\}} \beta $} \RightLabel {iii} \UIC {$\forall y((\varphi _{i}(\alpha ) \& \varphi _{i}(y)) \supset \alpha \overset {+}{=}_{\{\varphi _{i}\}} y)$} \RightLabel {iii} \UIC {$\forall x\forall y((\varphi _{i}(x) \& \varphi _{i}(y)) \supset x \overset {+}{=}_{\{\varphi _{i}\}} y)$} \DP }}\end {equation}
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   𝐵  =    𝜑  𝑗  


$B = \varphi _{j}$


     𝜑  𝑖   ,    𝜑  𝑗   ∈    𝒬  ′  
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\begin {equation}{\footnotesize { \AXC {$\mathcal {D}_{1}$} \noLine \UIC {$\exists x \varphi _{i}(x)$} \AXC {$\mathcal {D}_{2(i)}$} \noLine \UIC {$\forall u\forall v((\varphi _{i}(u) \& \varphi _{i}(v)) \supset u \overset {+}{=}_{\mathcal {P}} v)$} \AXC {$\mathcal {D}_{3}$} \noLine \UIC {$\forall w(\varphi _{i}(w) \supset \varphi _{j}(w))$} \RightLabel {($\iota _{\mathcal {P}}$I)} \TIC {$\varphi _{j}(\iota _{\mathcal {P}} x\varphi _{i}(x))$} \DP }}\end {equation}


     𝜄  𝒫  


$\iota _{\mathcal {P}}$


$\varphi _{i}$


$\varphi _{i}$


$\varphi _{i}$


     𝜑  𝑗  


$\varphi _{j}$


     𝜑  𝑗   (    𝜄  𝒫   𝑥    𝜑  𝑖   (  𝑥  )  ) 


$\varphi _{j}(\iota _{\mathcal {P}} x\varphi _{i}(x))$


$\mathcal {P}$


$x$


$\varphi _{i}$


$\varphi _{j}$


$\varphi _{i}$


$\varphi _{j}$


$x$


$\varphi _{i}$


                � 


\begin {equation}{\footnotesize { \AXC {$\mathcal {D}_{1}$} \noLine \UIC {$\exists x \varphi _{i}(x)$} \AXC {$\mathcal {D}_{2(ii)}$} \noLine \UIC {$\forall u\forall v((\varphi _{i}(u) \& \varphi _{i}(v)) \supset u \overset {+}{=}_{\mathcal {Q}^{\prime }} v)$} \AXC {$\mathcal {D}_{3}$} \noLine \UIC {$\forall w(\varphi _{i}(w) \supset \varphi _{j}(w))$} \RightLabel {($\iota _{\mathcal {Q}^{\prime }}$I)} \TIC {$\varphi _{j}(\iota _{\mathcal {Q}^{\prime }} x\varphi _{i}(x))$} \DP }}\end {equation}


     𝜄    𝒬  ′   


$\iota _{\mathcal {Q}^{\prime }}$


$\varphi _{i}$


$\varphi _{i}$


$\mathcal {Q}^{\prime }$


$\varphi _{i}$


$\varphi _{j}$


     𝜑  𝑗   (    𝜄    𝒬  ′    𝑥    𝜑  𝑖   (  𝑥  )  ) 


$\varphi _{j}(\iota _{\mathcal {Q}^{\prime }} x\varphi _{i}(x))$


$\mathcal {Q}^{\prime }$


$x$


$\varphi _{i}$


$\varphi _{j}$


$\varphi _{i}$


$\varphi _{j}$


$\varphi _{i}$


$\mathcal {P}\setminus \mathcal {Q}^{\prime }$


                � 


\begin {equation}{\footnotesize { \AXC {$\mathcal {D}_{1}$} \noLine \UIC {$\exists x \varphi _{i}(x)$} \AXC {$\mathcal {D}_{2(iii)}$} \noLine \UIC {$\forall u\forall v((\varphi _{i}(u) \& \varphi _{i}(v)) \supset u \overset {+}{=}_{\{\varphi _{i}\}} v)$} \AXC {$\mathcal {D}_{3}$} \noLine \UIC {$\forall w(\varphi _{i}(w) \supset \varphi _{j}(w))$} \RightLabel {($\iota _{\{\varphi _{i}\}}$I)} \TIC {$\varphi _{j}(\iota _{\{\varphi _{i}\}} x\varphi _{i}(x))$} \DP }}\end {equation}


     𝜄    {    𝜑  𝑖   }   


$\iota _{\{\varphi _{i}\}}$


$\varphi _{i}$


$\varphi _{i}$


$\{\varphi _{i}\}$


$\varphi _{i}$


$\varphi _{j}$


     𝜑  𝑗   (    𝜄    {    𝜑  𝑖   }    𝑥    𝜑  𝑖   (  𝑥  )  ) 


$\varphi _{j}(\iota _{\{\varphi _{i}\}} x\varphi _{i}(x))$


$\{\varphi _{i}\}$


$x$


$\varphi _{i}$


$\varphi _{j}$


$\varphi _{i}$


$\mathcal {P}\setminus \{\varphi _{i}\}$


$\varphi _{i}$


$\varphi _{j}$


   𝐵  𝑎  𝑙  𝑑  (    𝜄  𝒫   𝑥  𝑃  𝑜  𝑝  𝑒  (  𝑥  )  ) 


$Bald(\iota _{\mathcal {P}} x Pope(x))$


   −  𝑅  𝑒  𝑎  𝑙  (    𝜄  𝒫   𝑥  (  𝐾  𝑖  𝑛  𝑔 


$-Real(\iota _{\mathcal {P}} x(King$


   𝑜    𝑓  2   (  𝑥  ,  𝐹  𝑟  𝑎  𝑛  𝑐  𝑒  )  )  ) 


$of^{2}(x, France)))$


   𝐵  𝑎  𝑙  𝑑  (    𝜄    𝒬  ′    𝑥  𝐵  𝑖  𝑠  ℎ  𝑜  𝑝  (  𝑥  )  ) 


$Bald(\iota _{\mathcal {Q}^{\prime }} x Bishop(x))$


   𝐵  𝑟  𝑎  𝑣  𝑒  (    𝜄    {  𝐸  𝑛  𝑔  𝑙  𝑖  𝑠  ℎ  𝑚  𝑎  𝑛  }    𝑥  (  𝐸  𝑛  𝑔  𝑙  𝑖  𝑠  ℎ  𝑚  𝑎  𝑛  (  𝑥  )  ) 


$Brave(\iota _{\{Englishman\}} x (Englishman(x))$


   𝐻  𝑒  𝑎  𝑙  𝑡  ℎ  𝑦  (    𝜄    {  𝑆  𝑚  𝑜  𝑘  𝑒  𝑟  }    𝑥  (  −  𝑆  𝑚  𝑜  𝑘  𝑒  𝑟  (  𝑥  )  )  ) 


$Healthy(\iota _{\{Smoker\}} x(-Smoker(x)))$


$\textbf {I0}(\mathcal {S}^{=}_{b})\iota $


$\iota _{\mathcal {Q}}$


   ℒ    𝜄  a  


$\mathcal {L}\iota ^{\textsc {a}}$


   𝜑  (    𝑥  1   ,  .  .  .  ,    𝑥  𝑚   ) 


$\varphi (x_{1}, ..., x_{m})$


$\varphi $


$\varphi ^{n}o_{1} ... o_{n}$


$x_{i}$


   𝑖  ∈  {  1  ,  .  .  .  ,  𝑚  } 


$i \in \{1, ..., m\}$


     𝒬  1   ,  .  .  .  ,    𝒬  𝑛   ⊆  𝒫 


$\mathcal {Q}_{1}, ..., \mathcal {Q}_{n} \subseteq \mathcal {P}$


   𝜓  (    𝜄    𝒬  1      𝑥  1     𝜑  1   (    𝑥  1   )  ,  .  .  .  ,    𝜄    𝒬  𝑛      𝑥  𝑛     𝜑  𝑛   (    𝑥  𝑛   )  ) 


$\psi (\iota _{\mathcal {Q}_{1}} x_{1}\varphi _{1}(x_{1}), ..., \iota _{\mathcal {Q}_{n}} x_{n}\varphi _{n}(x_{n}))$


     =    𝑑  𝑒  𝑓   


$=_{def}$


   (  ∃    𝑥  1     𝜑  1   (    𝑥  1   ) 


$(\exists x_{1} \varphi _{1}(x_{1})$


$\&$


$\&$


   ∃    𝑥  𝑛     𝜑  𝑛   (    𝑥  𝑛   )  ) 


$\exists x_{n} \varphi _{n}(x_{n}))$


$\&$


   (  ∀    𝑢  1   ∀    𝑣  1   (  (    𝜑  1   (    𝑢  1   )  &    𝜑  1   (    𝑣  1   )  )  ⊃    𝑢  1         =  +     𝒬  1        𝑣  1   ) 


$(\forall u_{1} \forall v_{1}((\varphi _{1}(u_{1}) \& \varphi _{1}(v_{1})) \supset u_{1} \overset {+}{=}_{\mathcal {Q}_{1}} v_{1})$


$\&$


$\&$


     ∀    𝑢  𝑛   ∀    𝑣  𝑛   (  (    𝜑  𝑛   (    𝑢  𝑛   )  &    𝜑  𝑛   (    𝑣  𝑛   )  )  ⊃    𝑢  𝑛         =  +     𝒬  𝑛        𝑣  𝑛   )  ) 


$\quad \forall u_{n} \forall v_{n}((\varphi _{n}(u_{n}) \& \varphi _{n}(v_{n})) \supset u_{n} \overset {+}{=}_{\mathcal {Q}_{n}} v_{n}))$


$\&$


   (  ∀    𝑤  1   .  .  .  ∀    𝑤  𝑛   (  (    𝜑  1   (    𝑤  1   ) 


$(\forall w_{1}...\forall w_{n}((\varphi _{1}(w_{1})$


$\&$


$\&$


     𝜑  𝑛   (    𝑤  𝑛   )  )  ⊃  𝜓  (    𝑤  1   ,  .  .  .  ,    𝑤  𝑛   )  )  ) 


$\varphi _{n}(w_{n})) \supset \psi (w_{1}, ..., w_{n})))$


   𝜓  (    𝜄    𝒬  1      𝑥  1   −    𝜑  1   (    𝑥  1   )  ,  .  .  .  ,    𝜄    𝒬  𝑛      𝑥  𝑛   −    𝜑  𝑛   (    𝑥  𝑛   )  ) 


$\psi (\iota _{\mathcal {Q}_{1}} x_{1}-\varphi _{1}(x_{1}), ..., \iota _{\mathcal {Q}_{n}} x_{n}-\varphi _{n}(x_{n}))$


$=_{def}$


   (  ∃    𝑥  1   −    𝜑  1   (    𝑥  1   ) 


$(\exists x_{1} -\varphi _{1}(x_{1})$


$\&$


$\&$


   ∃    𝑥  𝑛   −    𝜑  𝑛   (    𝑥  𝑛   )  ) 


$\exists x_{n} -\varphi _{n}(x_{n}))$


$\&$


   (  ∀    𝑢  1   ∀    𝑣  1   (  (  −    𝜑  1   (    𝑢  1   )  &  −    𝜑  1   (    𝑣  1   )  )  ⊃    𝑢  1         =  −     𝒬  1        𝑣  1   ) 


$(\forall u_{1} \forall v_{1}((-\varphi _{1}(u_{1}) \& -\varphi _{1}(v_{1})) \supset u_{1} \overset {-}{=}_{\mathcal {Q}_{1}} v_{1})$


$\&$


$\&$


     ∀    𝑢  𝑛   ∀    𝑣  𝑛   (  (  −    𝜑  𝑛   (    𝑢  𝑛   )  &  −    𝜑  𝑛   (    𝑣  𝑛   )  )  ⊃    𝑢  𝑛         =  −     𝒬  𝑛        𝑣  𝑛   )  ) 


$\quad \forall u_{n} \forall v_{n}((-\varphi _{n}(u_{n}) \& -\varphi _{n}(v_{n})) \supset u_{n} \overset {-}{=}_{\mathcal {Q}_{n}} v_{n}))$


$\&$


   (  ∀    𝑤  1   .  .  .  ∀    𝑤  𝑛   (  (  −    𝜑  1   (    𝑤  1   ) 


$(\forall w_{1}...\forall w_{n}((-\varphi _{1}(w_{1})$


$\&$


$\&$


   −    𝜑  𝑛   (    𝑤  𝑛   )  )  ⊃  𝜓  (    𝑤  1   ,  .  .  .  ,    𝑤  𝑛   )  )  ) 


$-\varphi _{n}(w_{n})) \supset \psi (w_{1}, ..., w_{n})))$


   −  𝜓 


$-\psi $


   𝐵  𝑙  𝑒  𝑠  𝑠  𝑒    𝑠  2   (    𝜄  𝒫   𝑥  (  𝑃  𝑜  𝑝  𝑒  (  𝑥  )  )  ,    𝜄  𝒬   𝑦  (  𝐵  𝑖  𝑠  ℎ  𝑜  𝑝  (  𝑦  )  )  ) 


$Blesses^{2}(\iota _{\mathcal {P}} x(Pope(x)), \iota _{\mathcal {Q}} y(Bishop(y)))$


   𝐷  𝑒  𝑠  𝑐  𝑒  𝑛  𝑑  𝑠 


$Descends$


   𝑓  𝑟  𝑜    𝑚  2   (    𝜄    {  𝐷  𝑜  𝑔  }    𝑥  (  𝐷  𝑜  𝑔  (  𝑥  )  )  ,    𝜄    {  𝑊  𝑜  𝑙  𝑓  }    𝑦  (  𝑊  𝑜  𝑙  𝑓  (  𝑦  )  )  ) 


$from^{2}(\iota _{\{Dog\}} x(Dog(x)), \iota _{\{Wolf\}} y(Wolf(y)))$


   𝑃  𝑢  𝑡  𝑠 


$Puts$


   𝑜    𝑛  3   (    𝜄  𝒫   𝑥  (  𝑃  𝑜  𝑝  𝑒  (  𝑥  )  )  ,    𝜄    𝒬  ′    𝑦  (  𝑍  𝑢  𝑐  𝑐  ℎ  𝑒  𝑡  𝑡  𝑜  (  𝑦  )  )  ,    𝜄    𝒬    ′  ′     𝑧  (  𝑍  𝑢  𝑐  𝑐  ℎ  𝑒  𝑡  𝑡  𝑜  (  𝑧  )  )  ) 


$on^{3}( \iota _{\mathcal {P}} x(Pope(x)), \iota _{\mathcal {Q}^{\prime }} y(Zucchetto(y)), \iota _{\mathcal {Q}^{\prime \prime }} z(Zucchetto(z)))$


$\iota _{\mathcal {Q}}$


     𝜄  𝒬   𝐴 


$\iota _{\mathcal {Q}}A$


$\iota _{\mathcal {Q}}A$


     𝒬  𝑘   ⊆  𝒫 


$\mathcal {Q}_{k} \subseteq \mathcal {P}$


   𝑘  ∈  {  1  ,  .  .  .  ,  𝑛  } 


$k \in \{1, ..., n\}$


     𝐸  𝑘  


$E_{k}$


   ∃    𝑥  𝑘     𝜑  𝑘   (    𝑥  𝑘   ) 


$\exists x_{k} \varphi _{k}(x_{k})$


   𝑄    𝑈  𝑘  


$QU_{k}$


   ∀    𝑢  𝑘   ∀    𝑣  𝑘   (  (    𝜑  𝑘   (    𝑢  𝑘   )  &    𝜑  𝑘   (    𝑣  𝑘   )  )  ⊃    𝑢  𝑘         =  +     𝒬  𝑘        𝑣  𝑘   ) 


$\forall u_{k} \forall v_{k}((\varphi _{k}(u_{k}) \& \varphi _{k}(v_{k})) \supset u_{k} \overset {+}{=}_{\mathcal {Q}_{k}} v_{k})$


$P$


   ∀    𝑤  1   .  .  .  ∀    𝑤  𝑛   (  (    𝜑  1   (    𝑤  1   )  &  .  .  .  &    𝜑  𝑛   (    𝑤  𝑛   )  )  ⊃  𝜓  (    𝑤  1   ,  .  .  .  ,    𝑤  𝑛   )  ) 


$\forall w_{1}...\forall w_{n}((\varphi _{1}(w_{1})\&...\& \varphi _{n}(w_{n})) \supset \psi (w_{1}, ..., w_{n}))$


   −    𝐸  𝑘  


$-E_{k}$


   ∃    𝑥  𝑘   −    𝜑  𝑘   (    𝑥  𝑘   ) 


$\exists x_{k} -\varphi _{k}(x_{k})$


   −  𝑄    𝑈  𝑘  


$-QU_{k}$


   ∀    𝑢  𝑘   ∀    𝑣  𝑘   (  (  −    𝜑  𝑘   (    𝑢  𝑘   )  &  −    𝜑  𝑘   (    𝑣  𝑘   )  )  ⊃    𝑢  𝑘         =  −     𝒬  𝑘        𝑣  𝑘   ) 


$\forall u_{k} \forall v_{k}((-\varphi _{k}(u_{k}) \& -\varphi _{k}(v_{k})) \supset u_{k} \overset {-}{=}_{\mathcal {Q}_{k}} v_{k})$


   −  𝑃 


$-P$


   ∀    𝑤  1   .  .  .  ∀    𝑤  𝑛   (  (  −    𝜑  1   (    𝑤  1   )  &  .  .  .  &  −    𝜑  𝑛   (    𝑤  𝑛   )  )  ⊃  𝜓  (    𝑤  1   ,  .  .  .  ,    𝑤  𝑛   )  ) 


$\forall w_{1}...\forall w_{n}((-\varphi _{1}(w_{1})\&...\& -\varphi _{n}(w_{n})) \supset \psi (w_{1}, ..., w_{n}))$


$-\psi $


$\iota _{\mathcal {Q}}A$


$\mathcal {D}_{1_{1}}$


     𝒟    1  𝑛   


$\mathcal {D}_{1_{n}}$


     𝐸  1  


$E_{1}$


     𝐸  𝑛  


$E_{n}$


     𝒟    2  1   


$\mathcal {D}_{2_{1}}$


     𝒟    2  𝑛   


$\mathcal {D}_{2_{n}}$


   𝑄    𝑈  1  


$QU_{1}$


   𝑄    𝑈  𝑛  


$QU_{n}$


$\mathcal {D}_{3}$


$P$


$\iota _{\mathcal {Q}}$


       𝑖  a  


$^{\textsc {a}}_{i}$


$\psi (\iota _{\mathcal {Q}_{1}} x_{1}\varphi _{1}(x_{1}), ..., \iota _{\mathcal {Q}_{n}} x_{n}\varphi _{n}(x_{n}))$


$\mathcal {D}_{1}$


$\psi (\iota _{\mathcal {Q}_{1}} x_{1}\varphi _{1}(x_{1}), ..., \iota _{\mathcal {Q}_{n}} x_{n}\varphi _{n}(x_{n}))$


$\iota _{\mathcal {Q}}$


       𝑘  a  


$^{\textsc {a}}_{k}$


$E_{k}$


$\mathcal {D}_{1}$


$\psi (\iota _{\mathcal {Q}_{1}} x_{1}\varphi _{1}(x_{1}), ..., \iota _{\mathcal {Q}_{n}} x_{n}\varphi _{n}(x_{n}))$


$\iota _{\mathcal {Q}}$


$^{\textsc {a}}_{k}$


$QU_{k}$


$\mathcal {D}_{1}$


$\psi (\iota _{\mathcal {Q}_{1}} x_{1}\varphi _{1}(x_{1}), ..., \iota _{\mathcal {Q}_{n}} x_{n}\varphi _{n}(x_{n}))$


$\iota _{\mathcal {Q}}$


$^{\textsc {a}}_{i}$


$P$


   𝑖  ∈  {  1  ,  .  .  .  ,  𝑛  } 


$i \in \{1, ..., n\}$


$\psi $


$k \in \{1, ..., n\}$


$\mathcal {D}_{1_{1}}$


$\mathcal {D}_{1_{n}}$


   −    𝐸  1  


$-E_{1}$


   −    𝐸  𝑛  


$-E_{n}$


$\mathcal {D}_{2_{1}}$


$\mathcal {D}_{2_{n}}$


   −  𝑄    𝑈  1  


$-QU_{1}$


   −  𝑄    𝑈  𝑛  


$-QU_{n}$


$\mathcal {D}_{3}$


$-P$


     𝜄    𝒬  −   


$\iota _{\mathcal {Q}-}$


$^{\textsc {a}}_{i}$


$\psi (\iota _{\mathcal {Q}_{1}} x_{1}-\varphi _{1}(x_{1}), ..., \iota _{\mathcal {Q}_{n}} x_{n}-\varphi _{n}(x_{n}))$


$\mathcal {D}_{1}$


$\psi (\iota _{\mathcal {Q}_{1}} x_{1}-\varphi _{1}(x_{1}), ..., \iota _{\mathcal {Q}_{n}} x_{n}-\varphi _{n}(x_{n}))$


$\iota _{\mathcal {Q}-}$


$^{\textsc {a}}_{k}$


$-E_{k}$


$\mathcal {D}_{1}$


$\psi (\iota _{\mathcal {Q}_{1}} x_{1}-\varphi _{1}(x_{1}), ..., \iota _{\mathcal {Q}_{n}} x_{n}-\varphi _{n}(x_{n}))$


$\iota _{\mathcal {Q}-}$


$^{\textsc {a}}_{k}$


$-QU_{k}$


$\mathcal {D}_{1}$


$\psi (\iota _{\mathcal {Q}_{1}} x_{1}-\varphi _{1}(x_{1}), ..., \iota _{\mathcal {Q}_{n}} x_{n}-\varphi _{n}(x_{n}))$


$\iota _{\mathcal {Q}-}$


$^{\textsc {a}}_{i}$


$-P$


$i \in \{1, ..., n\}$


$\psi $


$k \in \{1, ..., n\}$


$-\psi $


$\iota _{\mathcal {Q}}A$


$\mathcal {D}_{1_{1}}$


$\mathcal {D}_{1_{n}}$


$E_{1}$


$E_{n}$


$\mathcal {D}_{2_{1}}$


$\mathcal {D}_{2_{n}}$


$QU_{1}$


$QU_{n}$


$\mathcal {D}_{3}$


$P$


$\iota _{\mathcal {Q}}$


$^{\textsc {a}}_{i}$


$\psi (\iota _{\mathcal {Q}_{1}} x_{1}\varphi _{1}(x_{1}), ..., \iota _{\mathcal {Q}_{n}} x_{n}\varphi _{n}(x_{n}))$


$\iota _{\mathcal {Q}}$


$^{\textsc {a}}_{k}$


$E_{k}$


     𝒟    1  𝑘   


$\mathcal {D}_{1_{k}}$


$E_{k}$


$\mathcal {D}_{1_{1}}$


$\mathcal {D}_{1_{n}}$


$E_{1}$


$E_{n}$


$\mathcal {D}_{2_{1}}$


$\mathcal {D}_{2_{n}}$


$QU_{1}$


$QU_{n}$


$\mathcal {D}_{3}$


$P$


$\iota _{\mathcal {Q}}$


$^{\textsc {a}}_{i}$


$\psi (\iota _{\mathcal {Q}_{1}} x_{1}\varphi _{1}(x_{1}), ..., \iota _{\mathcal {Q}_{n}} x_{n}\varphi _{n}(x_{n}))$


$\iota _{\mathcal {Q}}$


$^{\textsc {a}}_{k}$


$QU_{k}$


     𝒟    2  𝑘   


$\mathcal {D}_{2_{k}}$


$QU_{k}$


$\mathcal {D}_{1_{1}}$


$\mathcal {D}_{1_{n}}$


$E_{1}$


$E_{n}$


$\mathcal {D}_{2_{1}}$


$\mathcal {D}_{2_{n}}$


$QU_{1}$


$QU_{n}$


$\mathcal {D}_{3}$


$P$


$\iota _{\mathcal {Q}}$


$^{\textsc {a}}_{i}$


$\psi (\iota _{\mathcal {Q}_{1}} x_{1}\varphi _{1}(x_{1}), ..., \iota _{\mathcal {Q}_{n}} x_{n}\varphi _{n}(x_{n}))$


$\iota _{\mathcal {Q}}$


$^{\textsc {a}}_{i}$


$P$


$\mathcal {D}_{3}$


$P$


$\iota _{\mathcal {Q}}A$


     𝑃  3   (    𝜄  𝒫   𝑥  (    𝑃  1   (  𝑥  )  )  ,    𝜄    𝒬  ′    𝑦  (    𝑍  1   (  𝑦  )  )  ,    𝜄    𝒬    ′  ′     𝑧  (    𝑍  1   (  𝑧  )  )  ) 


$P^{3}( \iota _{\mathcal {P}} x(P^{1}(x)), \iota _{\mathcal {Q}^{\prime }} y(Z^{1}(y)), \iota _{\mathcal {Q}^{\prime \prime }} z(Z^{1}(z)))$


     𝒬  ′   ,    𝒬    ′  ′    ⊂  𝒫 


$\mathcal {Q}^{\prime }, \mathcal {Q}^{\prime \prime } \subset \mathcal {P}$


     𝒬  ′   ≠    𝒬    ′  ′   


$\mathcal {Q}^{\prime } \not = \mathcal {Q}^{\prime \prime }$


                  �    �    �  


\begin {equation}{\footnotesize { \AXC {$\mathcal {D}_{1(E)}$} \noLine \UIC {$\exists x P^{1}(x)$} \DP \quad \AXC {$\mathcal {D}_{2(E)}$} \noLine \UIC {$\exists y Z^{1}(y)$} \DP \quad \AXC {$\mathcal {D}_{3(E)}$} \noLine \UIC {$\exists z Z^{1}(z)$} \DP }}\end {equation}


     𝒟    1  (  𝑄  𝑈  )   


$\mathcal {D}_{1(QU)}$


   ∀    𝑢  1   ∀    𝑣  1   (  (    𝑃  1   (    𝑢  1   )  &    𝑃  1   (    𝑣  1   )  )  ⊃    𝑢  1         =  +   𝒫       𝑣  1   ) 


$\forall u_{1} \forall v_{1} ((P^{1}(u_{1}) \& P^{1}(v_{1})) \supset u_{1} \overset {+}{=}_{\mathcal {P}} v_{1})$


     𝒟    2  (  𝑄  𝑈  )   


$\mathcal {D}_{2(QU)}$


   ∀    𝑢  2   ∀    𝑣  2   (  (    𝑍  1   (    𝑢  2   )  &    𝑍  1   (    𝑣  2   )  )  ⊃    𝑢  2         =  +     𝒬  ′        𝑣  2   ) 


$\forall u_{2} \forall v_{2} ((Z^{1}(u_{2}) \& Z^{1}(v_{2})) \supset u_{2} \overset {+}{=}_{\mathcal {Q}^{\prime }} v_{2})$


                � 


\begin {equation}{\footnotesize { \AXC {$\mathcal {D}_{3(QU)}$} \noLine \UIC {$\forall u_{3} \forall v_{3} ((Z^{1}(u_{3}) \& Z^{1}(v_{3})) \supset u_{3} \overset {+}{=}_{\mathcal {Q}^{\prime \prime }} v_{3})$ } \DP }}\end {equation}


$\mathcal {D}_{1(QU)}$


$\mathcal {P}$


$\mathcal {D}_{2(QU)}$


$\mathcal {Q}^{\prime }$


     𝒟    3  (  𝑄  𝑈  )   


$\mathcal {D}_{3(QU)}$


     𝒬    ′  ′   


$\mathcal {Q}^{\prime \prime }$


                � 


\begin {equation}{\footnotesize { \AXC {$\mathcal {D}_{(P)}$} \noLine \UIC {$\forall w_{1}\forall w_{2}\forall w_{3}(( P^{1}(w_{1}) \& Z^{1}(w_{2}) \& Z^{1}(w_{3})) \supset P^{3}(w_{1}, w_{2}, w_{3}))$} \DP }}\end {equation}


   {    𝒟    (  𝐸  )    }  =  {    𝒟    1  (  𝐸  )    ,    𝒟    2  (  𝐸  )    ,    𝒟    3  (  𝐸  )    } 


$\{\mathcal {D}_{(E)}\} = \{\mathcal {D}_{1(E)}, \mathcal {D}_{2(E)}, \mathcal {D}_{3(E)}\}$


   {    𝒟    (  𝑄  𝑈  )    }  =  {    𝒟    1  (  𝑄  𝑈  )    ,    𝒟    2  (  𝑄  𝑈  )    ,    𝒟    3  (  𝑄  𝑈  )    } 


$\{\mathcal {D}_{(QU)}\} = \{\mathcal {D}_{1(QU)}, \mathcal {D}_{2(QU)},\linebreak \mathcal {D}_{3(QU)}\}$


                � 


\begin {equation}{\footnotesize { \AXC {$\{\mathcal {D}_{(E)}\}$} \AXC {$\{\mathcal {D}_{(QU)}\}$} \AXC {$\mathcal {D}_{(P)}$} \RightLabel {($\iota _{\mathcal {Q}}$I$^{\textsc {a}}_{3}$)} \TIC {$P^{3}( \iota _{\mathcal {P}} x(P^{1}(x)), \iota _{\mathcal {Q}^{\prime }} y(Z^{1}(y)), \iota _{\mathcal {Q}^{\prime \prime }} z(Z^{1}(z)))$} \DP }}\end {equation}


   ℒ    𝜄  b  


$\mathcal {L}\iota ^{\textsc {b}}$


$\mathcal {Q}_{1_{1}},\ldots , \mathcal {Q}_{n_{m}} \subseteq \mathcal {P}$


   𝜓  (    𝜄    𝒬    𝑛  1       𝑥    𝑛  1      𝜑    𝑛  1    (    𝑥    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  .  .  .  )  ,  .  .  .  ,    𝜄    𝒬    𝑛  𝑚       𝑥    𝑛  𝑚      𝜑    𝑛  𝑚    (    𝑥    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚      𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  .  .  .  )  ) 


$\psi ( \iota _{\mathcal {Q}_{n_{1}}}x_{n_{1}}\varphi _{n_{1}}(x_{n_{1}}, ..., \iota _{\mathcal {Q}_{2_{1}}}x_{2_{1}}\varphi _{2_{1}}(x_{2_{1}}, ..., \iota _{\mathcal {Q}_{1_{1}}}x_{1_{1}}\varphi _{1_{1}}(x_{1_{1}})) ...), ...,\\ \iota _{\mathcal {Q}_{n_{m}}}x_{n_{m}}\varphi _{n_{m}}(x_{n_{m}}, ..., \iota _{\mathcal {Q}_{2_{m}}}x_{2_{m}}\varphi _{2_{m}}(x_{2_{m}}, ..., \iota _{\mathcal {Q}_{1_{m}}}x_{1_{m}}\varphi _{1_{m}}(x_{1_{m}})) ...))$


$=_{def}$


   (  ∃    𝑥    𝑛  1      𝜑    𝑛  1    (    𝑥    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  )  &  .  .  .  &  ∃    𝑥    𝑛  𝑚      𝜑    𝑛  𝑚    (    𝑥    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚      𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  )  & 


$(\exists x_{n_{1}} \varphi _{n_{1}}(x_{n_{1}}, ..., \iota _{\mathcal {Q}_{2_{1}}}x_{2_{1}}\varphi _{2_{1}}(x_{2_{1}}, ..., \iota _{\mathcal {Q}_{1_{1}}}x_{1_{1}}\varphi _{1_{1}}(x_{1_{1}}))) \& ... \&\\ \exists x_{n_{m}} \varphi _{n_{m}}(x_{n_{m}}, ..., \iota _{\mathcal {Q}_{2_{m}}}x_{2_{m}}\varphi _{2_{m}}(x_{2_{m}}, ..., \iota _{\mathcal {Q}_{1_{m}}}x_{1_{m}}\varphi _{1_{m}}(x_{1_{m}})))) \&$


   (  ∀    𝑢    𝑛  1    ∀    𝑣    𝑛  1    (  (    𝜑    𝑛  1    (    𝑢    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  )  &    𝜑    𝑛  1    (    𝑣    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑  𝑛   (    𝑥    1  1    )  )  )  )  ⊃    𝑢    𝑛  1          =  +     𝒬    𝑛  1         𝑣    𝑛  1    )  &  .  .  .  &  ∀    𝑢    𝑛  𝑚    ∀    𝑣    𝑛  𝑚    (  (    𝜑    𝑛  𝑚    (    𝑢    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚      𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  &    𝜑    𝑛  𝑚    (    𝑣    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚      𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  )  ⊃    𝑢    𝑛  𝑚          =  +     𝒬    𝑛  𝑚         𝑣    𝑛  𝑚    )  )  & 


$(\forall u_{n_{1}}\forall v_{n_{1}} ((\varphi _{n_{1}}(u_{n_{1}}, ..., \iota _{\mathcal {Q}_{2_{1}}}x_{2_{1}}\varphi _{2_{1}}(x_{2_{1}}, ..., \iota _{\mathcal {Q}_{1_{1}}}x_{1_{1}}\varphi _{1_{1}}(x_{1_{1}}))) \&\\ \varphi _{n_{1}}(v_{n_{1}}, ..., \iota _{\mathcal {Q}_{2_{1}}}x_{2_{1}}\varphi _{2_{1}}(x_{2_{1}}, ..., \iota _{\mathcal {Q}_{1_{1}}}x_{1_{1}}\varphi _{n}(x_{1_{1}})))) \supset u_{n_{1}} \overset {+}{=}_{\mathcal {Q}_{n_{1}}} v_{n_{1}}) \& ... \&\\ \forall u_{n_{m}}\forall v_{n_{m}} ((\varphi _{n_{m}}(u_{n_{m}}, ..., \iota _{\mathcal {Q}_{2_{m}}}x_{2_{m}}\varphi _{2_{m}}(x_{2_{m}}, ..., \iota _{\mathcal {Q}_{1_{m}}}x_{1_{m}}\varphi _{1_{m}}(x_{1_{m}}))) \&\\ \varphi _{n_{m}}(v_{n_{m}}, ..., \iota _{\mathcal {Q}_{2_{m}}}x_{2_{m}}\varphi _{2_{m}}(x_{2_{m}}, ..., \iota _{\mathcal {Q}_{1_{m}}}x_{1_{m}}\varphi _{1_{m}}(x_{1_{m}}))))\\ \supset u_{n_{m}} \overset {+}{=}_{\mathcal {Q}_{n_{m}}} v_{n_{m}})) \&$


   (  ∀    𝑤    𝑛  1    .  .  .  ∀    𝑤    𝑛  𝑚    (    𝜑    𝑛  1    (    𝑤    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  )  &  .  .  .  &    𝜑    𝑛  𝑚    (    𝑤    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚      𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  ) 


$( \forall w_{n_{1}} ... \forall w_{n_{m}} (\varphi _{n_{1}}(w_{n_{1}}, ..., \iota _{\mathcal {Q}_{2_{1}}}x_{2_{1}}\varphi _{2_{1}}(x_{2_{1}}, ..., \iota _{\mathcal {Q}_{1_{1}}}x_{1_{1}}\varphi _{1_{1}}(x_{1_{1}}))) \& ... \&\\ \varphi _{n_{m}}(w_{n_{m}}, ..., \iota _{\mathcal {Q}_{2_{m}}}x_{2_{m}}\varphi _{2_{m}}(x_{2_{m}}, ..., \iota _{\mathcal {Q}_{1_{m}}}x_{1_{m}}\varphi _{1_{m}}(x_{1_{m}}))))$


$\supset $


   𝜓  (    𝑤    𝑛  1    ,  .  .  .  ,    𝑤    𝑛  𝑚    )  )  ) 


$\psi (w_{n_{1}}, ..., w_{n_{m}})) )$


   𝜓  (    𝜄    𝒬    𝑛  1       𝑥    𝑛  1    −    𝜑    𝑛  1    (    𝑥    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1    −    𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1    −    𝜑    1  1    (    𝑥    1  1    )  )  .  .  .  )  ,  .  .  .  ,    𝜄    𝒬    𝑛  𝑚       𝑥    𝑛  𝑚    −    𝜑    𝑛  𝑚    (    𝑥    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚    −    𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚    −    𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  .  .  .  )  ) 


$\psi ( \iota _{\mathcal {Q}_{n_{1}}}x_{n_{1}}-\varphi _{n_{1}}(x_{n_{1}}, ..., \iota _{\mathcal {Q}_{2_{1}}}x_{2_{1}}-\varphi _{2_{1}}(x_{2_{1}}, ..., \iota _{\mathcal {Q}_{1_{1}}}x_{1_{1}}-\varphi _{1_{1}}(x_{1_{1}})) ...), ...,\\ \iota _{\mathcal {Q}_{n_{m}}}x_{n_{m}}-\varphi _{n_{m}}(x_{n_{m}}, ..., \iota _{\mathcal {Q}_{2_{m}}}x_{2_{m}}-\varphi _{2_{m}}(x_{2_{m}}, ..., \iota _{\mathcal {Q}_{1_{m}}}x_{1_{m}}-\varphi _{1_{m}}(x_{1_{m}})) ...))$


$=_{def}$


   (  ∃    𝑥    𝑛  1    −    𝜑    𝑛  1    (    𝑥    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1    −    𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1    −    𝜑    1  1    (    𝑥    1  1    )  )  )  &  .  .  .  &  ∃    𝑥    𝑛  𝑚    −    𝜑    𝑛  𝑚    (    𝑥    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚    −    𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚    −    𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  )  & 


$(\exists x_{n_{1}} -\varphi _{n_{1}}(x_{n_{1}}, ..., \iota _{\mathcal {Q}_{2_{1}}}x_{2_{1}}-\varphi _{2_{1}}(x_{2_{1}}, ..., \iota _{\mathcal {Q}_{1_{1}}}x_{1_{1}}-\varphi _{1_{1}}(x_{1_{1}}))) \& ... \&\\ \exists x_{n_{m}} -\varphi _{n_{m}}(x_{n_{m}}, ..., \iota _{\mathcal {Q}_{2_{m}}}x_{2_{m}}-\varphi _{2_{m}}(x_{2_{m}}, ..., \iota _{\mathcal {Q}_{1_{m}}}x_{1_{m}}-\varphi _{1_{m}}(x_{1_{m}})))) \&$


   (  ∀    𝑢    𝑛  1    ∀    𝑣    𝑛  1    (  (  −    𝜑    𝑛  1    (    𝑢    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1    −    𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1    −    𝜑    1  1    (    𝑥    1  1    )  )  )  &  −    𝜑    𝑛  1    (    𝑣    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1    −    𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1    −    𝜑  𝑛   (    𝑥    1  1    )  )  )  )  ⊃    𝑢    𝑛  1          =  −     𝒬    𝑛  1         𝑣    𝑛  1    )  &  .  .  .  &  ∀    𝑢    𝑛  𝑚    ∀    𝑣    𝑛  𝑚    (  (  −    𝜑    𝑛  𝑚    (    𝑢    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚    −    𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚    −    𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  &  −    𝜑    𝑛  𝑚    (    𝑣    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚    −    𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚    −    𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  )  ⊃    𝑢    𝑛  𝑚          =  −     𝒬    𝑛  𝑚         𝑣    𝑛  𝑚    )  )  & 


$(\forall u_{n_{1}}\forall v_{n_{1}} ((-\varphi _{n_{1}}(u_{n_{1}}, ..., \iota _{\mathcal {Q}_{2_{1}}}x_{2_{1}}-\varphi _{2_{1}}(x_{2_{1}}, ..., \iota _{\mathcal {Q}_{1_{1}}}x_{1_{1}}-\varphi _{1_{1}}(x_{1_{1}}))) \&\\ -\varphi _{n_{1}}(v_{n_{1}}, ..., \iota _{\mathcal {Q}_{2_{1}}}x_{2_{1}}-\varphi _{2_{1}}(x_{2_{1}}, ..., \iota _{\mathcal {Q}_{1_{1}}}x_{1_{1}}-\varphi _{n}(x_{1_{1}})))) \supset u_{n_{1}} \overset {-}{=}_{\mathcal {Q}_{n_{1}}} v_{n_{1}}) \& ... \&\\ \forall u_{n_{m}}\forall v_{n_{m}} ((-\varphi _{n_{m}}(u_{n_{m}}, ..., \iota _{\mathcal {Q}_{2_{m}}}x_{2_{m}}-\varphi _{2_{m}}(x_{2_{m}}, ..., \iota _{\mathcal {Q}_{1_{m}}}x_{1_{m}}-\varphi _{1_{m}}(x_{1_{m}}))) \&\\ -\varphi _{n_{m}}(v_{n_{m}}, ..., \iota _{\mathcal {Q}_{2_{m}}}x_{2_{m}}-\varphi _{2_{m}}(x_{2_{m}}, ..., \iota _{\mathcal {Q}_{1_{m}}}x_{1_{m}}-\varphi _{1_{m}}(x_{1_{m}}))))\\ \supset u_{n_{m}} \overset {-}{=}_{\mathcal {Q}_{n_{m}}} v_{n_{m}})) \&$


   (  ∀    𝑤    𝑛  1    .  .  .  ∀    𝑤    𝑛  𝑚    (  −    𝜑    𝑛  1    (    𝑤    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1    −    𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1    −    𝜑    1  1    (    𝑥    1  1    )  )  )  &  .  .  .  &  −    𝜑    𝑛  𝑚    (    𝑤    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚    −    𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚    −    𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  ) 


$( \forall w_{n_{1}} ... \forall w_{n_{m}} (-\varphi _{n_{1}}(w_{n_{1}}, ..., \iota _{\mathcal {Q}_{2_{1}}}x_{2_{1}}-\varphi _{2_{1}}(x_{2_{1}}, ..., \iota _{\mathcal {Q}_{1_{1}}}x_{1_{1}}-\varphi _{1_{1}}(x_{1_{1}}))) \& ... \&\\ -\varphi _{n_{m}}(w_{n_{m}}, ..., \iota _{\mathcal {Q}_{2_{m}}}x_{2_{m}}-\varphi _{2_{m}}(x_{2_{m}}, ..., \iota _{\mathcal {Q}_{1_{m}}}x_{1_{m}}-\varphi _{1_{m}}(x_{1_{m}}))))$


   ⊃  𝜓  (    𝑤    𝑛  1    ,  .  .  .  ,    𝑤    𝑛  𝑚    )  )  ) 


$\supset \psi (w_{n_{1}}, ..., w_{n_{m}})) )$


$-\psi $


   𝐿  𝑜  𝑣  𝑒    𝑠  2   (    𝜄    𝒬    2  1     𝑥  (  𝐾  𝑖  𝑛  𝑔 


$Loves^{2}( \iota _{\mathcal {Q}_{2_{1}}} x(King$


   𝑜    𝑓  2   (  𝑥  ,    𝜄    𝒬    1  1     𝑦  (  𝐽  𝑢  𝑛  𝑔  𝑙  𝑒  (  𝑦  )  )  )  )  ,    𝜄    𝒬    2  2     𝑧  (  𝑄  𝑢  𝑒  𝑒  𝑛 


$of^{2}(x, \iota _{\mathcal {Q}_{1_{1}}} y(Jungle(y)))),\\ \iota _{\mathcal {Q}_{2_{2}}} z(Queen$


   𝑜    𝑓  2   (  𝑧  ,    𝜄    𝒬    1  2     𝑢  (  𝐷  𝑒  𝑠  𝑒  𝑟  𝑡  (  𝑢  )  )  )  )  ) 


$of^{2}(z, \iota _{\mathcal {Q}_{1_{2}}} u(Desert(u)))))$


   𝐻  𝑜  𝑙  𝑑    𝑠  2   (  𝐿  𝑒  𝑜  𝑋  𝐼  𝑉  ,    𝜄  𝒫   𝑥  (  𝑂  𝑓  𝑓  𝑖  𝑐  𝑒 


$Holds^{2}(Leo XIV, \iota _{\mathcal {P}}x(Office$


   𝑜    𝑓  2   (  𝑥  ,    𝜄  𝒫   𝑦  (  𝐵  𝑖  𝑠  ℎ  𝑜  𝑝 


$of^{2}(x, \iota _{\mathcal {P}}y(Bishop$


   𝑜    𝑓  2   (  𝑦  ,  𝑅  𝑜  𝑚  𝑒  )  )  )  )  ) 


$of^{2}(y, Rome)))))$


     𝜄  𝒬   𝐵 


$\iota _{\mathcal {Q}}B$


$\iota _{\mathcal {Q}}A$


$\iota _{\mathcal {Q}}B$


   {    𝐸    1  𝑘    } 


$\{E_{1_{k}}\}$


         ∃    𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )   ⏟     𝐸    1  1    


$\underbrace {\exists x_{1_{1}}\varphi _{1_{1}}(x_{1_{1}})}_{E_{1_{1}}}$


   ,  .  .  .  , 


$, ...,$


         ∃    𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )   ⏟     𝐸    1  𝑚    


$\underbrace {\exists x_{1_{m}}\varphi _{1_{m}}(x_{1_{m}})}_{E_{1_{m}}}$


   {    𝐸    2  𝑘    } 


$\{E_{2_{k}}\}$


         ∃    𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )   ⏟     𝐸    2  1    


$\underbrace {\exists x_{2_{1}} \varphi _{2_{1}}(x_{2_{1}}, ..., \iota _{\mathcal {Q}_{1_{1}}}x_{1_{1}}\varphi _{1_{1}}(x_{1_{1}}))}_{E_{2_{1}}}$


$, ...,$


         ∃    𝑥    2  𝑚      𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑  1   (    𝑥    1  𝑚    )  )   ⏟     𝐸    2  𝑚    


$\underbrace {\exists x_{2_{m}} \varphi _{2_{m}}(x_{2_{m}}, ...,\iota _{\mathcal {Q}_{1_{m}}}x_{1_{m}}\varphi _{1}(x_{1_{m}}))}_{E_{2_{m}}}$


   ⋮ 


$\vdots $


   {    𝐸    𝑛  𝑘    } 


$\{E_{n_{k}}\}$


         ∃    𝑥    𝑛  1      𝜑    𝑛  1    (    𝑥    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  )   ⏟     𝐸    𝑛  1    


$\underbrace {\exists x_{n_{1}} \varphi _{n_{1}}(x_{n_{1}}, ..., \iota _{\mathcal {Q}_{2_{1}}}x_{2_{1}}\varphi _{2_{1}}(x_{2_{1}}, ..., \iota _{\mathcal {Q}_{1_{1}}}x_{1_{1}} \varphi _{1_{1}}(x_{1_{1}})))}_{E_{n_{1}}}$


$, ...,$


         ∃    𝑥    𝑛  𝑚      𝜑    𝑛  𝑚    (    𝑥    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚      𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )   ⏟     𝐸    𝑛  𝑚    


$\underbrace {\exists x_{n_{m}} \varphi _{n_{m}}(x_{n_{m}}, ..., \iota _{\mathcal {Q}_{2_{m}}}x_{2_{m}}\varphi _{2_{m}}(x_{2_{m}}, ..., \iota _{\mathcal {Q}_{1_{m}}}x_{1_{m}} \varphi _{1_{m}}(x_{1_{m}})))}_{E_{n_{m}}}$


     𝑃  1  


$P_{1}$


   ∀    𝑤    1  1    .  .  .  ∀    𝑤    1  𝑚    (  (    𝜑    1  1    (    𝑤    1  1    )  &  .  .  .  &    𝜑    1  𝑚    (    𝑤    1  𝑚    )  )  ⊃    𝜓  1   (    𝑤    1  1    ,  .  .  .  ,    𝑤    1  𝑚    )  ) 


$\forall w_{1_{1}} ... \forall w_{1_{m}}(( \varphi _{1_{1}}(w_{1_{1}}) \& ... \& \varphi _{1_{m}}(w_{1_{m}})) \supset \psi _{1}(w_{1_{1}}, ..., w_{1_{m}}))$


     𝑃  2  


$P_{2}$


   ∀    𝑤    2  1    .  .  .  ∀    𝑤    2  𝑚    (  (    𝜑    2  1    (    𝑤    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  &  .  .  .  &    𝜑    2  𝑚    (    𝑤    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  ⊃    𝜓  2   (    𝑤    2  1    ,  .  .  .  ,    𝑤    2  𝑚    )  ) 


$\forall w_{2_{1}} ... \forall w_{2_{m}}(( \varphi _{2_{1}}(w_{2_{1}}, ..., \iota _{\mathcal {Q}_{1_{1}}}x_{1_{1}}\varphi _{1_{1}}(x_{1_{1}})) \& ... \&\\ \varphi _{2_{m}}(w_{2_{m}}, ..., \iota _{\mathcal {Q}_{1_{m}}}x_{1_{m}}\varphi _{1_{m}}(x_{1_{m}}))) \supset \psi _{2}(w_{2_{1}}, ..., w_{2_{m}}))$


$\vdots $


     𝑃  𝑛  


$P_{n}$


   ∀    𝑤    𝑛  1    .  .  .  ∀    𝑤    𝑛  𝑚    (  (    𝜑    𝑛  1      (    𝑤    𝑛  1      ,  .  .  .  ,    𝜄      𝒬    2  1          𝑥    2  1      𝜑    2  1      (    𝑤    2  1      ,  .  .  .  ,    𝜄      𝒬    1  1          𝑥    1  1      𝜑    1  1      (    𝑥    1  1    )  )  )  &  .  .  .  &    𝜑    𝑛  𝑚    (    𝑤    𝑛  𝑚    ,  .  .  .  ,    𝜄      𝒬    2  𝑚          𝑥    2  𝑚      𝜑    2  𝑚      (    𝑤    2  𝑚    ,  .  .  .  ,    𝜄      𝒬    1  𝑚          𝑥    1  𝑚      𝜑    1  𝑚      (    𝑥    1  𝑚      )  )  )  ) 


$\forall w_{n_{1}} ... \forall w_{n_{m}}(( \varphi _{n_{1}}\!(w_{n_{1}}\!, ..., \iota _{\mathcal {Q}_{2_{1}}\!}x_{2_{1}}\varphi _{2_{1}}\!(w_{2_{1}}\!, ..., \iota _{\mathcal {Q}_{1_{1}}\!}x_{1_{1}}\varphi _{1_{1}}\!(x_{1_{1}}))) \& ... \&\\ \varphi _{n_{m}}(w_{n_{m}}, ..., \iota _{\mathcal {Q}_{2_{m}}\!}x_{2_{m}}\varphi _{2_{m}}\!(w_{2_{m}}, ..., \iota _{\mathcal {Q}_{1_{m}}\!}x_{1_{m}}\varphi _{1_{m}}\!(x_{1_{m}}\!))))$


   ⊃    𝜓  𝑛   (    𝑤    𝑛  1    ,  .  .  .    𝑤    𝑛  𝑚    )  ) 


$\supset \psi _{n}(w_{n_{1}}, ... w_{n_{m}}))$


   −    𝜓  𝑗  


$-\psi _{j}$


   𝑄    𝐷  1  


$QD_{1}$


     𝜓  1   (    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  ) 


$\psi _{1}( \iota _{\mathcal {Q}_{1_{1}}}x_{1_{1}}\varphi _{1_{1}}(x_{1_{1}}), ..., \iota _{\mathcal {Q}_{1_{m}}}x_{1_{m}}\varphi _{1_{m}}(x_{1_{m}}))$


   𝑄    𝐷  2  


$QD_{2}$


     𝜓  2   (    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚      𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑  1   (    𝑥    1  𝑚    )  )  ) 


$\psi _{2}( \iota _{\mathcal {Q}_{2_{1}}}x_{2_{1}}\varphi _{2_{1}}(x_{2_{1}}, ..., \iota _{\mathcal {Q}_{1_{1}}}x_{1_{1}}\varphi _{1_{1}}(x_{1_{1}})), ...,\\ \iota _{\mathcal {Q}_{2_{m}}}x_{2_{m}}\varphi _{2_{m}}(x_{2_{m}}, ..., \iota _{\mathcal {Q}_{1_{m}}}x_{1_{m}}\varphi _{1}(x_{1_{m}})))$


$\vdots $


   𝑄    𝐷  𝑛  


$QD_{n}$


     𝜓  𝑛   (    𝜄    𝒬    𝑛  1       𝑥    𝑛  1      𝜑    𝑛  1    (    𝑥    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  .  .  .  )  ,  .  .  .  ,    𝜄    𝒬    𝑛  𝑚       𝑥    𝑛  𝑚      𝜑  𝑛   (    𝑥    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚      𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑  1   (    𝑥    1  𝑚    )  )  .  .  .  )  ) 


$\psi _{n}( \iota _{\mathcal {Q}_{n_{1}}}x_{n_{1}}\varphi _{n_{1}}(x_{n_{1}}, ..., \iota _{\mathcal {Q}_{2_{1}}}x_{2_{1}}\varphi _{2_{1}}(x_{2_{1}}, ..., \iota _{\mathcal {Q}_{1_{1}}}x_{1_{1}}\varphi _{1_{1}}(x_{1_{1}})) ...), ...,\\ \iota _{\mathcal {Q}_{n_{m}}}x_{n_{m}}\varphi _{n}(x_{n_{m}}, ..., \iota _{\mathcal {Q}_{2_{m}}}x_{2_{m}}\varphi _{2_{m}}(x_{2_{m}}, ..., \iota _{\mathcal {Q}_{1_{m}}}x_{1_{m}}\varphi _{1}(x_{1_{m}})) ...))$


$-\psi _{j}$


   {  𝑄    𝑈    1  𝑘    } 


$\{QU_{1_{k}}\}$


         ∀    𝑢    1  1    ∀    𝑣    1  1    (  (    𝜑    1  1    (    𝑢    1  1    )  &    𝜑    1  1    (    𝑣    1  1    )  )    ⊃      𝑢    1  1            =  +     𝒬    1  1         𝑣    1  1    )   ⏟     𝑄    𝑈    1  1      ,  .  .  .  ,        ∀    𝑢    1  𝑚    ∀    𝑣    1  𝑚    (  (    𝜑    1  𝑚    (    𝑢    1  𝑚    )  &    𝜑    1  𝑚    (    𝑣    1  𝑚    )  )    ⊃      𝑢    1  𝑚            =  +     𝒬    1  𝑚         𝑣    1  𝑚    )   ⏟     𝑄    𝑈    1  𝑚     


$\underbrace {\forall u_{1_{1}}\forall v_{1_{1}} ((\varphi _{1_{1}}(u_{1_{1}}) \& \varphi _{1_{1}}(v_{1_{1}})) \!\supset \! u_{1_{1}}\! \overset {+}{=}_{\mathcal {Q}_{1_{1}}} v_{1_{1}})}_{QU_{1_{1}}} , ..., \underbrace {\forall u_{1_{m}}\forall v_{1_{m}} ((\varphi _{1_{m}}(u_{1_{m}}) \& \varphi _{1_{m}}(v_{1_{m}})) \!\supset \! u_{1_{m}}\! \overset {+}{=}_{\mathcal {Q}_{1_{m}}} v_{1_{m}})}_{QU_{1_{m}}}$


   {  𝑄    𝑈    2  𝑘    } 


$\{QU_{2_{k}}\}$


         ∀    𝑢    2  1    ∀    𝑣    2  1    (  (    𝜑    2  1    (    𝑢    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  &    𝜑    2  1    (    𝑣    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  )  ⊃    𝑢    2  1          =  +     𝒬    2  1         𝑣    2  1    )   ⏟     𝑄    𝑈    2  1     


$\underbrace {\forall u_{2_{1}}\forall v_{2_{1}} ((\varphi _{2_{1}}(u_{2_{1}}, ..., \iota _{\mathcal {Q}_{1_{1}}}x_{1_{1}}\varphi _{1_{1}}(x_{1_{1}})) \& \varphi _{2_{1}}(v_{2_{1}}, ..., \iota _{\mathcal {Q}_{1_{1}}}x_{1_{1}}\varphi _{1_{1}}(x_{1_{1}}))) \supset u_{2_{1}} \overset {+}{=}_{\mathcal {Q}_{2_{1}}} v_{2_{1}})}_{QU_{2_{1}}}$


$, ...,$


         ∀    𝑢    2  𝑚    ∀    𝑣    2  𝑚    (  (    𝜑    2  𝑚    (    𝑢    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  &    𝜑    2  𝑚    (    𝑣    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  ⊃    𝑢    2  𝑚          =  +     𝒬    2  𝑚         𝑣    2  𝑚    )   ⏟     𝑄    𝑈    2  𝑚     


$\underbrace {\forall u_{2_{m}}\forall v_{2_{m}} ((\varphi _{2_{m}}(u_{2_{m}}, ..., \iota _{\mathcal {Q}_{1_{m}}}x_{1_{m}}\varphi _{1_{m}}(x_{1_{m}})) \& \varphi _{2_{m}}(v_{2_{m}}, ..., \iota _{\mathcal {Q}_{1_{m}}}x_{1_{m}}\varphi _{1_{m}}(x_{1_{m}}))) \supset u_{2_{m}} \overset {+}{=}_{\mathcal {Q}_{2_{m}}} v_{2_{m}})}_{QU_{2_{m}}}$


$\vdots $


   {  𝑄    𝑈    𝑛  𝑘    } 


$\{QU_{n_{k}}\}$


                          |        {              𝑄    𝑈    𝑛  1             z          …                  ,  .  .  .  ,                 |        {              𝑄    𝑈    𝑛  𝑚             z          …                      


\begin {multline*}\aunderbrace [l1D1@{~\ldots }]{ \forall u_{n_{1}}\forall v_{n_{1}} ((\varphi _{n_{1}}(u_{n_{1}}, ..., \iota _{\mathcal {Q}_{2_{1}}}x_{2_{1}}\varphi _{2_{1}}(x_{2_{1}}, ..., \iota _{\mathcal {Q}_{1_{1}}}x_{1_{1}}\varphi _{1_{1}}(x_{1_{1}}))) \& \varphi _{n_{1}}(v_{n_{1}}, ..., \iota _{\mathcal {Q}_{2_{1}}}x_{2_{1}}\varphi _{2_{1}}(x_{2_{1}}, ..., }_{\text {$QU_{n_{1}}$}} \\[\jot ] \aunderbrace [@{\ldots ~}1r]{ \iota _{\mathcal {Q}_{1_{1}}}x_{1_{1}}\varphi _{1_{1}}(x_{1_{1}})))) \supset u_{n_{1}} \overset {+}{=}_{\mathcal {Q}_{n_{1}}} v_{n_{1}}) } , ..., \aunderbrace [l1D1@{~\ldots }]{ \forall u_{n_{m}}\forall v_{n_{m}} ((\varphi _{n_{m}}(u_{n_{m}}, ..., \iota _{\mathcal {Q}}x_{2_{m}}\varphi _{2_{m}}(x_{2_{m}}, ..., }_{\text {$QU_{n_{m}}$}} \\[\jot ] \aunderbrace [@{\ldots ~}1r]{ \iota _{\mathcal {Q}_{1_{m}}}x_{1_{m}}\varphi _{1_{m}}(x_{1_{m}}))) \& \varphi _{n_{m}}(v_{n_{m}}, ..., \iota _{\mathcal {Q}_{2_{m}}}x_{2_{m}}\varphi _{2_{m}}(x_{2_{m}}, ..., \iota _{\mathcal {Q}_{1_{m}}}x_{1_{m}}\varphi _{1_{m}}(x_{1_{m}})))) \supset u_{n_{m}} \overset {+}{=}_{\mathcal {Q}_{n_{m}}} v_{n_{m}}) }\end {multline*}


$\iota _{\mathcal {Q}}B$


   {    𝒟    1  1    } 


$\{\mathcal {D}_{1_{1}}\}$


$\{E_{1_{k}}\}$


   {    𝒟    2  1    } 


$\{\mathcal {D}_{2_{1}}\}$


$\{QU_{1_{k}}\}$


     𝒟    3  1   


$\mathcal {D}_{3_{1}}$


$P_{1}$


$\iota _{\mathcal {Q}}$


         𝑖  ,  1   b  


$^{\textsc {b}}_{i, 1}$


$QD_{1}$


$\vdots $


   {    𝒟    1  𝑛    } 


$\{\mathcal {D}_{1_{n}}\}$


$\{E_{n_{k}}\}$


   {    𝒟    2  𝑛    } 


$\{\mathcal {D}_{2_{n}}\}$


$\{QU_{n_{k}}\}$


     𝒟    3  𝑛   


$\mathcal {D}_{3_{n}}$


$P_{n}$


$\iota _{\mathcal {Q}}$


         𝑖  ,  𝑛   b  


$^{\textsc {b}}_{i, n}$


$QD_{n}$


$\mathcal {D}_{1}$


   𝑄    𝐷  𝑗  


$QD_{j}$


$\iota _{\mathcal {Q}}$


         𝑘  ,  𝑗   b  


$^{\textsc {b}}_{k, j}$


     𝐸    𝑗  𝑘   


$E_{j_{k}}$


$\mathcal {D}_{1}$


$QD_{j}$


$\iota _{\mathcal {Q}}$


$^{\textsc {b}}_{k, j}$


   𝑄    𝑈    𝑗  𝑘   


$QU_{j_{k}}$


$\mathcal {D}_{1}$


$QD_{j}$


$\iota _{\mathcal {Q}}$


         𝑖  ,  𝑗   b  


$^{\textsc {b}}_{i, j}$


     𝑃  𝑗  


$P_{j}$


$i \in \{1, ..., m\}$


$QD_{j}$


   𝑗  ∈  {  1  ,  .  .  .  ,  𝑛  } 


$j \in \{1, ..., n\}$


   𝑘  ∈  {  1  ,  .  .  .  ,  𝑚  } 


$k \in \{1, ..., m\}$


$\{\mathcal {D}_{1_{1}}\}$


   {  −    𝐸    1  𝑘    } 


$\{-E_{1_{k}}\}$


$\{\mathcal {D}_{2_{1}}\}$


   {  −  𝑄    𝑈    1  𝑘    } 


$\{-QU_{1_{k}}\}$


$\mathcal {D}_{3_{1}}$


   −    𝑃  1  


$-P_{1}$


$\iota _{\mathcal {Q}-}$


$^{\textsc {b}}_{i, 1}$


   −  𝑄    𝐷  1  


$-QD_{1}$


$\vdots $


$\{\mathcal {D}_{1_{n}}\}$


   {  −    𝐸    𝑛  𝑘    } 


$\{-E_{n_{k}}\}$


$\{\mathcal {D}_{2_{n}}\}$


   {  −  𝑄    𝑈    𝑛  𝑘    } 


$\{-QU_{n_{k}}\}$


$\mathcal {D}_{3_{n}}$


   −    𝑃  𝑛  


$-P_{n}$


$\iota _{\mathcal {Q}-}$


$^{\textsc {b}}_{i, n}$


   −  𝑄    𝐷  𝑛  


$-QD_{n}$


$\mathcal {D}_{1}$


   −  𝑄    𝐷  𝑗  


$-QD_{j}$


$\iota _{\mathcal {Q}-}$


$^{\textsc {b}}_{k, j}$


   −    𝐸    𝑗  𝑘   


$-E_{j_{k}}$


$\mathcal {D}_{1}$


$-QD_{j}$


$\iota _{\mathcal {Q}-}$


$^{\textsc {b}}_{k, j}$


   −  𝑄    𝑈    𝑗  𝑘   


$-QU_{j_{k}}$


$\mathcal {D}_{1}$


$-QD_{j}$


$\iota _{\mathcal {Q}-}$


$^{\textsc {b}}_{i, j}$


   −    𝑃  𝑗  


$-P_{j}$


$i \in \{1, ..., m\}$


$QD_{j}$


$j \in \{1, ..., n\}$


$k \in \{1, ..., m\}$


$-\psi _{j}$


$\iota _{\mathcal {Q}}B$


$\{\mathcal {D}_{1_{1}}\}$


$\{E_{1_{k}}\}$


$\{\mathcal {D}_{2_{1}}\}$


$\{QU_{1_{k}}\}$


$\mathcal {D}_{3_{1}}$


$P_{1}$


$\iota _{\mathcal {Q}}$


$^{\textsc {b}}_{i, 1}$


$QD_{1}$


$\vdots $


$\{\mathcal {D}_{1_{n}}\}$


$\{E_{n_{k}}\}$


$\{\mathcal {D}_{2_{n}}\}$


$\{QU_{n_{k}}\}$


$\mathcal {D}_{3_{n}}$


$P_{n}$


$\iota _{\mathcal {Q}}$


$^{\textsc {b}}_{i, n}$


$QD_{n}$


$\iota _{\mathcal {Q}}$


         𝑘  ,  𝑛   b  


$^{\textsc {b}}_{k, n}$


     𝐸    𝑛  𝑘   


$E_{n_{k}}$


$\{\mathcal {D}_{1_{1}}\}$


$\{E_{1_{k}}\}$


$\{\mathcal {D}_{2_{1}}\}$


$\{QU_{1_{k}}\}$


$\mathcal {D}_{3_{1}}$


$P_{1}$


$\iota _{\mathcal {Q}}$


$^{\textsc {b}}_{i, 1}$


$QD_{1}$


$\vdots $


$\mathcal {D}_{1_{n}}$


$E_{n_{k}}$


$\{\mathcal {D}_{1_{1}}\}$


$\{E_{1_{k}}\}$


$\{\mathcal {D}_{2_{1}}\}$


$\{QU_{1_{k}}\}$


$\mathcal {D}_{3_{1}}$


$P_{1}$


$\iota _{\mathcal {Q}}$


$^{\textsc {b}}_{i, 1}$


$QD_{1}$


$\vdots $


$\{\mathcal {D}_{1_{n}}\}$


$\{E_{n_{k}}\}$


$\{\mathcal {D}_{2_{n}}\}$


$\{QU_{n_{k}}\}$


$\mathcal {D}_{3_{n}}$


$P_{n}$


$\iota _{\mathcal {Q}}$


$^{\textsc {b}}_{i, n}$


$QD_{n}$


$\iota _{\mathcal {Q}}$


$^{\textsc {b}}_{k, n}$


   𝑄    𝑈    𝑛  𝑘   


$QU_{n_{k}}$


$\mathcal {D}_{2_{n}}$


$QU_{n_{k}}$


$\{\mathcal {D}_{1_{1}}\}$


$\{E_{1_{k}}\}$


$\{\mathcal {D}_{2_{1}}\}$


$\{QU_{1_{k}}\}$


$\mathcal {D}_{3_{1}}$


$P_{1}$


$\iota _{\mathcal {Q}}$


$^{\textsc {b}}_{i, 1}$


$QD_{1}$


$\vdots $


$\{\mathcal {D}_{1_{n}}\}$


$\{E_{n_{k}}\}$


$\{\mathcal {D}_{2_{n}}\}$


$\{QU_{n_{k}}\}$


$\mathcal {D}_{3_{n}}$


$P_{n}$


$\iota _{\mathcal {Q}}$


$^{\textsc {b}}_{i, n}$


$QD_{n}$


$\iota _{\mathcal {Q}}$


$^{\textsc {b}}_{i, n}$


$P_{n}$


$\mathcal {D}_{3_{n}}$


$P_{n}$


$\iota _{\mathcal {Q}}B$


     𝐿  2   (    𝜄    𝒬    2  1     𝑥  (    𝐾  2   (  𝑥  ,    𝜄    𝒬    1  1     𝑦  (    𝐽  1   (  𝑦  )  )  )  )  ,    𝜄    𝒬    2  2     𝑧  (    𝑄  2   (  𝑧  ,    𝜄    𝒬    1  2     𝑢  (    𝐷  1   (  𝑢  )  )  )  )  ) 


$L^{2}( \iota _{\mathcal {Q}_{2_{1}}} x(K^{2}(x, \iota _{\mathcal {Q}_{1_{1}}} y(J^{1}(y)))), \iota _{\mathcal {Q}_{2_{2}}} z(Q^{2}(z, \iota _{\mathcal {Q}_{1_{2}}} u(D^{1}(u)))))$


     𝒬    1  1    ,    𝒬    1  2    ,    𝒬    2  1    ,    𝒬    2  2    ⊆  𝒫 


$\mathcal {Q}_{1_{1}}, \mathcal {Q}_{1_{2}}, \mathcal {Q}_{2_{1}}, \mathcal {Q}_{2_{2}} \subseteq \mathcal {P}$


     𝒟    1  (  𝐸  )   


$\mathcal {D}_{1(E)}$


   ∃  𝑦    𝐽  1   (  𝑦  ) 


$\exists y J^{1}(y)$


$\mathcal {D}_{2(QU)}$


   ∀    𝑢  1   ∀    𝑣  1   (  (    𝐽  1   (    𝑢  1   )  &    𝐽  1   (    𝑣  1   )  )  ⊃    𝑢  1         =  +     𝒬    1  1         𝑣  1   ) 


$\forall u_{1} \forall v_{1} ((J^{1}(u_{1}) \& J^{1}(v_{1})) \supset u_{1} \overset {+}{=}_{\mathcal {Q}_{1_{1}}} v_{1})$


     𝒟    3  (  𝑃  )   


$\mathcal {D}_{3(P)}$


   ∀    𝑤  1   (    𝐽  1   (    𝑤  1   )  ⊃    𝐾  2   (    𝛼  1   ,    𝑤  1   )  ) 


$\forall w_{1}(J^{1}(w_{1}) \supset K^{2}(\alpha _{1}, w_{1}))$


     𝒟    1  (  𝐸  )   ′  


$\mathcal {D}^{\prime }_{1(E)}$


   ∃  𝑢    𝐷  1   (  𝑢  ) 


$\exists u D^{1}(u)$


     𝒟    2  (  𝑄  𝑈  )   ′  


$\mathcal {D}^{\prime }_{2(QU)}$


   ∀    𝑢  1  ′   ∀    𝑣  1  ′   (  (    𝐷  1   (    𝑢  1  ′   )  &    𝐷  1   (    𝑣  1  ′   )  )  ⊃    𝑢  1  ′         =  +     𝒬    1  2         𝑣  1  ′   ) 


$\forall u^{\prime }_{1} \forall v^{\prime }_{1} ((D^{1}(u^{\prime }_{1}) \& D^{1}(v^{\prime }_{1})) \supset u^{\prime }_{1} \overset {+}{=}_{\mathcal {Q}_{1_{2}}} v^{\prime }_{1})$


     𝒟    3  (  𝑃  )   ′  


$\mathcal {D}^{\prime }_{3(P)}$


   ∀    𝑤  1  ′   (    𝐷  1   (    𝑤  1  ′   )  ⊃    𝑄  2   (    𝛼  2   ,    𝑤  1  ′   )  ) 


$\forall w^{\prime }_{1}(D^{1}(w^{\prime }_{1}) \supset Q^{2}(\alpha _{2}, w^{\prime }_{1}))$


$\mathcal {D}_{1(E)}$


$\mathcal {D}_{2(QU)}$


$\mathcal {D}_{3(P)}$


$\iota _{\mathcal {Q}}$


         2  ,  1   b  


$^{\textsc {b}}_{2, 1}$


     𝐾  2   (    𝛼  1   ,    𝜄    𝒬    1  1     𝑦  (    𝐽  1   (  𝑦  )  )  ) 


$K^{2}(\alpha _{1}, \iota _{\mathcal {Q}_{1_{1}}} y(J^{1}(y)))$


     𝒟    4  (  𝐸  )   


$\mathcal {D}_{4(E)}$


   ∃  𝑥  (    𝐾  2   (  𝑥  ,    𝜄    𝒬    1  1     𝑦  (    𝐽  1   (  𝑦  )  )  )  ) 


$\exists x(K^{2}(x, \iota _{\mathcal {Q}_{1_{1}}} y(J^{1}(y))))$


     𝒟    5  (  𝑄  𝑈  )   


$\mathcal {D}_{5(QU)}$


   ∀    𝑢  2   ∀    𝑣  2   (  (    𝐾  2   (    𝑢  2   ,    𝜄    𝒬    1  1     𝑦  (    𝐽  1   (  𝑦  )  )  )  &    𝐾  2   (    𝑣  2   ,    𝜄    𝒬    1  1     𝑦  (    𝐽  1   (  𝑦  )  )  )  )  ⊃    𝑢  2         =  +     𝒬    2  1         𝑣  2   ) 


$\forall u_{2} \forall v_{2} ((K^{2}(u_{2}, \iota _{\mathcal {Q}_{1_{1}}} y(J^{1}(y))) \& K^{2}(v_{2}, \iota _{\mathcal {Q}_{1_{1}}} y(J^{1}(y)))) \supset u_{2} \overset {+}{=}_{\mathcal {Q}_{2_{1}}} v_{2})$


$\mathcal {D}^{\prime }_{1(E)}$


$\mathcal {D}^{\prime }_{2(QU)}$


$\mathcal {D}^{\prime }_{3(P)}$


$\iota _{\mathcal {Q}}$


$^{\textsc {b}}_{2, 1}$


     𝑄  2   (    𝛼  2   ,    𝜄    𝒬    1  2     𝑢  (    𝐷  1   (  𝑢  )  )  ) 


$Q^{2}(\alpha _{2}, \iota _{\mathcal {Q}_{1_{2}}} u(D^{1}(u)))$


     𝒟    4  (  𝐸  )   ′  


$\mathcal {D}^{\prime }_{4(E)}$


   ∃  𝑧  (    𝑄  2   (  𝑧  ,    𝜄    𝒬    1  2     𝑢  (    𝐷  1   (  𝑢  )  )  )  ) 


$\exists z(Q^{2}(z, \iota _{\mathcal {Q}_{1_{2}}} u(D^{1}(u))))$


     𝒟    5  (  𝑄  𝑈  )   ′  


$\mathcal {D}^{\prime }_{5(QU)}$


   ∀    𝑢  2  ′   ∀    𝑣  2  ′   (  (    𝑄  2   (    𝑢  2  ′   ,    𝜄    𝒬    1  2     𝑢  (    𝐷  1   (  𝑢  )  )  )  &    𝑄  2   (    𝑣  2  ′   ,    𝜄    𝒬    1  2     𝑢  (    𝐷  1   (  𝑢  )  )  )  )  ⊃    𝑢  2  ′         =  +     𝒬    2  2         𝑣  2  ′   ) 


$\forall u^{\prime }_{2} \forall v^{\prime }_{2} ((Q^{2}(u^{\prime }_{2}, \iota _{\mathcal {Q}_{1_{2}}} u(D^{1}(u))) \& Q^{2}(v^{\prime }_{2}, \iota _{\mathcal {Q}_{1_{2}}} u(D^{1}(u)))) \supset u^{\prime }_{2} \overset {+}{=}_{\mathcal {Q}_{2_{2}}} v^{\prime }_{2})$


   {    𝒟    (  𝐸  )    }  =  {    𝒟    4  (  𝐸  )    ,    𝒟    4  (  𝐸  )   ′   }  ,  {    𝒟    (  𝑄  𝑈  )    }  =  {    𝒟    5  (  𝑄  𝑈  )    ,    𝒟    5  (  𝑄  𝑈  )   ′   } 


\begin {equation*}\{\mathcal {D}_{(E)}\} = \{\mathcal {D}_{4(E)}, \mathcal {D}^{\prime }_{4(E)}\}, \{\mathcal {D}_{(QU)}\} = \{\mathcal {D}_{5(QU)}, \mathcal {D}^{\prime }_{5(QU)}\}\end {equation*}


     𝒟    6  (  𝑃  )   


$\mathcal {D}_{6(P)}$


   ∀    𝑤  2   ∀    𝑤  3   (  (    𝐾  2   (    𝑤  2   ,    𝜄    𝒬    1  1     𝑦  (    𝐽  1   (  𝑦  )  )  )  &  (    𝑄  2   (    𝑤  3   ,    𝜄    𝒬    1  2     𝑢  (    𝐷  1   (  𝑢  )  )  )  )  ⊃    𝐿  2   (    𝑤  2   ,    𝑤  3   )  ) 


$\forall w_{2}\forall w_{3}( (K^{2}(w_{2}, \iota _{\mathcal {Q}_{1_{1}}} y(J^{1}(y))) \& (Q^{2}(w_{3}, \iota _{\mathcal {Q}_{1_{2}}} u(D^{1}(u))) ) \supset L^{2}(w_{2}, w_{3}))$


                � 


\begin {equation}{\footnotesize { \AXC {$\{\mathcal {D}_{(E)}\}$} \AXC {$\{\mathcal {D}_{(QU)}\}$} \AXC {$\mathcal {D}_{6(P)}$} \RightLabel {($\iota _{\mathcal {Q}}$I$^{\textsc {b}}_{2, 2}$)} \TIC {$L^{2}(\iota _{\mathcal {Q}_{2_{1}}} x(K^{2}(x, \iota _{\mathcal {Q}_{1_{1}}} y(J^{1}(y)))), \iota _{\mathcal {Q}_{2_{2}}} z(Q^{2}(z, \iota _{\mathcal {Q}_{1_{2}}} u(D^{1}(u)))))$} \DP }}\end {equation}


   ℒ    𝜄  c  


$\mathcal {L}\iota ^{\textsc {c}}$


     𝒬    1  1    ,  .  .  .  ,    𝒬    𝑛  𝑚    ⊆  𝒫 


$\mathcal {Q}_{1_{1}}, ..., \mathcal {Q}_{n_{m}} \subseteq \mathcal {P}$


   𝐶  (    𝑥    𝑗  𝑘    ) 


$C(x_{j_{k}})$


   −  𝐶  (    𝑥    𝑗  𝑘    ) 


$-C(x_{j_{k}})$


$j \in \{1, ..., n\}$


$k \in \{1, ..., m\}$


$\varphi $


$C$


$-\varphi $


   −  𝐶 


$-C$


$-\psi $


$\iota _{\mathcal {Q}}$


   𝐿  𝑜  𝑜  𝑘  𝑠 


$Looks$


   𝑎    𝑡  2   (    𝜄    𝒬  ′    𝑥  (  𝑅  𝑎  𝑏  𝑏  𝑖  𝑡  (  𝑥  ) 


$at^{2}( \iota _{\mathcal {Q}^{\prime }} x(Rabbit(x)$


$\&$


   𝐼    𝑛  2   (  𝑥  ,    𝜄    𝒬  1    𝑦  (  𝐵  𝑜  𝑥  (  𝑦  )  )  )  )  ,    𝜄    𝒬    ′  ′     𝑧  (  𝑅  𝑎  𝑏  𝑏  𝑖  𝑡  (  𝑧  ) 


$In^{2}(x, \iota _{\mathcal {Q}_{1}} y(Box(y)))),\\ \iota _{\mathcal {Q}^{\prime \prime }} z(Rabbit(z)$


$\&$


   𝐼    𝑛  2   (  𝑧  ,    𝜄    𝒬  2    𝑢  (  𝐻  𝑎  𝑡  (  𝑢  )  )  )  )  ) 


$In^{2}(z, \iota _{\mathcal {Q}_{2}} u(Hat(u)))))$


   𝐹  𝑟  𝑒  𝑛  𝑐  ℎ  (    𝜄    𝒬  3    𝑥  (  𝑀  𝑎  𝑛  (  𝑥  ) 


$French(\iota _{\mathcal {Q}_{3}} x(Man(x)$


$\&$


   𝑊  𝑒  𝑎  𝑟    𝑠  2   (  𝑥  ,    𝜄    𝒬  2    𝑦  (  𝐵  𝑒  𝑟  𝑒  𝑡  (  𝑦  ) 


$Wears^{2}(x, \iota _{\mathcal {Q}_{2}}y(Beret(y)$


$\&$


   𝐻  𝑎    𝑠  2   (  𝑦  ,    𝜄    𝒬  1    𝑧  (  𝐵  𝑢  𝑡  𝑡  𝑜  𝑛  (  𝑧  )  )  )  )  )  )  ) 


$Has^{2}(y,\\ \iota _{\mathcal {Q}_{1}} z(Button(z)))))))$


   𝐹  𝑟  𝑒  𝑛  𝑐  ℎ  (    𝜄    𝒬  2    𝑥  (  𝑀  𝑎  𝑛  (  𝑥  )  &  𝑊  𝑒  𝑎  𝑟    𝑠  2   (  𝑥  ,    𝜄    𝒬  1    𝑦  (  𝐵  𝑒  𝑟  𝑒  𝑡  (  𝑦  )  )  ) 


$French(\iota _{\mathcal {Q}_{2}} x(Man(x) \& Wears^{2}(x, \iota _{\mathcal {Q}_{1}} y(Beret(y)))$


$\&$


   𝐶  𝑎  𝑟  𝑟  𝑖  𝑒    𝑠  2   (  𝑥  ,    𝜄    𝒬  1  ′    𝑧  (  𝑁  𝑒  𝑤  𝑠  𝑝  𝑎  𝑝  𝑒  𝑟  (  𝑧  )  )  )  )  ) 


$Carries^{2}(x,\\ \iota _{\mathcal {Q}^{\prime }_{1}} z(Newspaper(z)))))$


   𝑊  𝑎  𝑙  𝑘    𝑠  2   (    𝜄    𝒬  2    𝑥  (  𝑀  𝑎  𝑛  (  𝑥  )  &  𝑊  𝑒  𝑎  𝑟    𝑠  2   (  𝑥  ,    𝜄    𝒬  1    𝑦  (  𝐵  𝑒  𝑟  𝑒  𝑡  (  𝑦  )  )  ) 


$Walks^{2}(\iota _{\mathcal {Q}_{2}} x(Man(x) \& Wears^{2}(x, \iota _{\mathcal {Q}_{1}} y(Beret(y)))$


$\&$


   𝐶  𝑎  𝑟  𝑟  𝑖  𝑒    𝑠  2   (  𝑥  ,    𝜄    𝒬  1  ′    𝑧  (  𝑁  𝑒  𝑤  𝑠  𝑝  𝑎  𝑝  𝑒  𝑟  (  𝑧  )  )  )  )  ,    𝜄    𝒬  3    𝑢  (  𝐷  𝑜  𝑔  (  𝑢  )  &  𝑂  𝑤  𝑛    𝑠  2   (    𝜄    𝒬  2    𝑥  (  𝑀  𝑎  𝑛  (  𝑥  )  &  (  𝑊  𝑒  𝑎  𝑟    𝑠  2   (  𝑥  ,      𝜄    𝒬  1    𝑦  (  𝐵  𝑒  𝑟  𝑒  𝑡  (  𝑦  )  )  )  &  𝐶  𝑎  𝑟  𝑟  𝑖  𝑒    𝑠  2   (  𝑥  ,      𝜄    𝒬  1  ′    𝑧  (  𝑁  𝑒  𝑤  𝑠  𝑝  𝑎  𝑝  𝑒  𝑟  (  𝑧  )  )  )  )  ,    𝑢  )  )  ) 


$Carries^{2}(x,\\ \iota _{\mathcal {Q}^{\prime }_{1}} z(Newspaper(z)))), \iota _{\mathcal {Q}_{3}} u(Dog(u) \& Owns^{2}(\iota _{\mathcal {Q}_{2}} x(Man(x) \&\\ (Wears^{2}(x,\! \iota _{\mathcal {Q}_{1}} y(Beret(y))) \& Carries^{2}(x,\! \iota _{\mathcal {Q}^{\prime }_{1}} z(Newspaper(z)))),\! u)))$


$Looks$


   𝑎    𝑡  2   (    𝜄    𝒬  2  ′    𝑥  (  𝑅  𝑎  𝑏  𝑏  𝑖  𝑡  (  𝑥  ) 


$at^{2}( \iota _{\mathcal {Q}^{\prime }_{2}} x(Rabbit(x)$


$\&$


   𝐼    𝑛  2   (  𝑥  ,    𝜄    𝒬  1    𝑦  (  𝐵  𝑜  𝑥  (  𝑦  )  )  )  )  ,    𝜄    𝒬  2    ′  ′     𝑧  (  𝑅  𝑎  𝑏  𝑏  𝑖  𝑡  (  𝑧  ) 


$In^{2}(x, \iota _{\mathcal {Q}_{1}} y(Box(y)))), \iota _{\mathcal {Q}^{\prime \prime }_{2}} z(Rabbit(z)$


$\&$


   𝐼    𝑛  2   (  𝑧  ,    𝜄    𝒬  3  ′    𝑢  (  𝐻  𝑎  𝑡  (  𝑢  )  )  )  )  ) 


$In^{2}(z, \iota _{\mathcal {Q}^{\prime }_{3}} u(Hat(u)))) )$


     𝜄  𝒬   𝐶 


$\iota _{\mathcal {Q}}C$


$\iota _{\mathcal {Q}}B$


$\varphi $


$-\varphi $


$C$


$-C$


$\iota _{\mathcal {Q}}C$


$\{\mathcal {D}_{1_{1}}\}$


$\{E_{1_{k}}\}$


$\{\mathcal {D}_{2_{1}}\}$


$\{QU_{1_{k}}\}$


$\mathcal {D}_{3_{1}}$


$P_{1}$


$\iota _{\mathcal {Q}}$


         𝑖  ,  1   c  


$^{\textsc {c}}_{i, 1}$


$QD_{1}$


$\vdots $


$\{\mathcal {D}_{1_{n}}\}$


$\{E_{n_{k}}\}$


$\{\mathcal {D}_{2_{n}}\}$


$\{QU_{n_{k}}\}$


$\mathcal {D}_{3_{n}}$


$P_{n}$


$\iota _{\mathcal {Q}}$


         𝑖  ,  𝑛   c  


$^{\textsc {c}}_{i, n}$


$QD_{n}$


$\mathcal {D}_{1}$


$QD_{j}$


$\iota _{\mathcal {Q}}$


         𝑘  ,  𝑗   c  


$^{\textsc {c}}_{k, j}$


$E_{j_{k}}$


$\mathcal {D}_{1}$


$QD_{j}$


$\iota _{\mathcal {Q}}$


$^{\textsc {c}}_{k, j}$


$QU_{j_{k}}$


$\mathcal {D}_{1}$


$QD_{j}$


$\iota _{\mathcal {Q}}$


         𝑖  ,  𝑗   c  


$^{\textsc {c}}_{i, j}$


$P_{j}$


$i \in \{1, ..., m\}$


$QD_{j}$


$j \in \{1, ..., n\}$


$k \in \{1, ..., m\}$


$\{\mathcal {D}_{1_{1}}\}$


$\{-E_{1_{k}}\}$


$\{\mathcal {D}_{2_{1}}\}$


$\{-QU_{1_{k}}\}$


$\mathcal {D}_{3_{1}}$


$-P_{1}$


$\iota _{\mathcal {Q}-}$


$^{\textsc {c}}_{i, 1}$


$-QD_{1}$


$\vdots $


$\{\mathcal {D}_{1_{n}}\}$


$\{-E_{n_{k}}\}$


$\{\mathcal {D}_{2_{n}}\}$


$\{-QU_{n_{k}}\}$


$\mathcal {D}_{3_{n}}$


$-P_{n}$


$\iota _{\mathcal {Q}-}$


$^{\textsc {c}}_{i, n}$


$-QD_{n}$


$\mathcal {D}_{1}$


$-QD_{j}$


$\iota _{\mathcal {Q}-}$


$^{\textsc {c}}_{k, j}$


$-E_{j_{k}}$


$\mathcal {D}_{1}$


$-QD_{j}$


$\iota _{\mathcal {Q}-}$


$^{\textsc {c}}_{k, j}$


$-QU_{j_{k}}$


$\mathcal {D}_{1}$


$-QD_{j}$


$\iota _{\mathcal {Q}-}$


$^{\textsc {c}}_{i, j}$


$-P_{j}$


$i \in \{1, ..., m\}$


$QD_{j}$


$j \in \{1, ..., n\}$


$k \in \{1, ..., m\}$


$-\psi _{j}$


$\iota _{\mathcal {Q}}C$


$\iota _{\mathcal {Q}}C$


     𝐹  1   (    𝜄    𝒬  3    𝑥  (    𝑀  1   (  𝑥  ) 


$F^{1}(\iota _{\mathcal {Q}_{3}} x(M^{1}(x)$


$\&$


     𝑊  2   (  𝑥  ,    𝜄    𝒬  2    𝑦  (    𝐵  1  1   (  𝑦  ) 


$W^{2}(x, \iota _{\mathcal {Q}_{2}} y(B^{1}_{1}(y)$


$\&$


     𝐻  2   (  𝑦  ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  )  )  ) 


$H^{2}(y, \iota _{\mathcal {Q}_{1}} z(B^{1}_{2}(z)))))))$


     𝒬  𝑗   ,    𝒬  𝑗  ′   ⊆  𝒫 


$\mathcal {Q}_{j}, \mathcal {Q}^{\prime }_{j} \subseteq \mathcal {P}$


$\mathcal {D}_{1(E)}$


   ∃  𝑧    𝐵  2  1   (  𝑧  ) 


$\exists z B^{1}_{2}(z)$


$\mathcal {D}_{2(QU)}$


   ∀    𝑢  1   ∀    𝑣  1   (  (    𝐵  2  1   (    𝑢  1   )  &    𝐵  2  1   (    𝑣  1   )  )  ⊃    𝑢  1         =  +     𝒬  1        𝑣  1   ) 


$\forall u_{1} \forall v_{1} ((B^{1}_{2}(u_{1}) \& B^{1}_{2}(v_{1})) \supset u_{1} \overset {+}{=}_{\mathcal {Q}_{1}} v_{1})$


$\mathcal {D}_{3(P)}$


   ∀    𝑤  1   (    𝐵  2  1   (    𝑤  1   )  ⊃    𝐻  2   (    𝛼  1   ,    𝑤  1   )  ) 


$\forall w_{1}(B^{1}_{2}(w_{1}) \supset H^{2}(\alpha _{1}, w_{1}))$


     𝒟  4  


$\mathcal {D}_{4}$


     𝐵  1  1   (    𝛼  1   ) 


$B^{1}_{1}(\alpha _{1})$


$\mathcal {D}_{1(E)}$


$\mathcal {D}_{2(QU)}$


$\mathcal {D}_{3(P)}$


$\iota _{\mathcal {Q}}$


         2  ,  1   c  


$^{\textsc {c}}_{2, 1}$


     𝐻  2   (    𝛼  1   ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  ) 


$H^{2}(\alpha _{1}, \iota _{\mathcal {Q}_{1}} z(B^{1}_{2}(z)))$


     𝐵  1  1   (    𝛼  1   )  &    𝐻  2   (    𝛼  1   ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  ) 


$B^{1}_{1}(\alpha _{1}) \& H^{2}(\alpha _{1}, \iota _{\mathcal {Q}_{1}} z(B^{1}_{2}(z)))$


     𝒟    5  (  𝐸  )   


$\mathcal {D}_{5(E)}$


   ∃  𝑦  (    𝐵  1  1   (  𝑦  )  &    𝐻  2   (  𝑦  ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  )  ) 


$\exists y (B^{1}_{1}(y) \& H^{2}(y, \iota _{\mathcal {Q}_{1}} z(B^{1}_{2}(z))))$


     𝒟    6  (  𝑄  𝑈  )   


$\mathcal {D}_{6(QU)}$


   ∀    𝑢  2   ∀    𝑣  2   (  (  (    𝐵  1  1   (    𝑢  2   )  &    𝐻  2   (    𝑢  2   ,    𝜄  𝒬   𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  &  (    𝐵  1  1   (    𝑣  2   )  &    𝐻  2   (    𝑣  2   ,    𝜄  𝒬   𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  )  ⊃    𝑢  2         =  +     𝒬  2        𝑣  2   ) 


$\forall u_{2} \forall v_{2}(((B^{1}_{1}(u_{2}) \& H^{2}(u_{2}, \iota _{\mathcal {Q}} z(B^{1}_{2}(z)))) \& (B^{1}_{1}(v_{2}) \& H^{2}(v_{2}, \iota _{\mathcal {Q}} z(B^{1}_{2}(z))))) \supset u_{2} \overset {+}{=}_{\mathcal {Q}_{2}} v_{2})$


     𝒟    7  (  𝑃  )   


$\mathcal {D}_{7(P)}$


   ∀    𝑤  2   (  (    𝐵  1  1   (    𝑤  2   )  &    𝐻  2   (    𝑤  2   ,    𝜄  𝒬   𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  ⊃    𝑊  2   (    𝛼  2   ,    𝑤  2   )  ) 


$\forall w_{2}((B^{1}_{1}(w_{2}) \& H^{2}(w_{2}, \iota _{\mathcal {Q}} z(B^{1}_{2}(z)))) \supset W^{2}(\alpha _{2}, w_{2}))$


     𝒟  8  


$\mathcal {D}_{8}$


     𝑀  1   (    𝛼  2   ) 


$M^{1}(\alpha _{2})$


$\mathcal {D}_{5(E)}$


$\mathcal {D}_{6(QU)}$


$\mathcal {D}_{7(P)}$


$\iota _{\mathcal {Q}}$


         2  ,  2   c  


$^{\textsc {c}}_{2, 2}$


     𝑊  2   (    𝛼  2   ,    𝜄    𝒬  2    𝑦  (    𝐵  1  1   (  𝑦  ) 


$W^{2}(\alpha _{2}, \iota _{\mathcal {Q}_{2}} y(B^{1}_{1}(y)$


$\&$


     𝐻  2   (  𝑦  ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  ) 


$H^{2}(y, \iota _{\mathcal {Q}_{1}} z(B^{1}_{2}(z)))))$


     𝑀  1   (    𝛼  2   )  &    𝑊  2   (    𝛼  2   ,    𝜄    𝒬  2    𝑦  (    𝐵  1  1   (  𝑦  )  &    𝐻  2   (  𝑦  ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  ) 


$M^{1}(\alpha _{2}) \& W^{2}(\alpha _{2}, \iota _{\mathcal {Q}_{2}} y(B^{1}_{1}(y) \& H^{2}(y, \iota _{\mathcal {Q}_{1}} z(B^{1}_{2}(z)))))$


     𝒟    9  (  𝐸  )   


$\mathcal {D}_{9(E)}$


   ∃  𝑥  (    𝑀  1   (  𝑥  )  &    𝑊  2   (  𝑥  ,    𝜄    𝒬  2    𝑦  (    𝐵  1  1   (  𝑦  )  &    𝐻  2   (  𝑦  ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  )  ) 


$\exists x (M^{1}(x) \& W^{2}(x, \iota _{\mathcal {Q}_{2}} y(B^{1}_{1}(y) \& H^{2}(y, \iota _{\mathcal {Q}_{1}} z(B^{1}_{2}(z))))))$


     𝒟     10   (  𝑄  𝑈  )   


$\mathcal {D}_{10(QU)}$


   ∀    𝑢  3   ∀    𝑣  3   (  (  (    𝑀  1   (    𝑢  3   )  &    𝑊  2   (    𝑢  3   ,    𝜄    𝒬  2    𝑦  (    𝐵  1  1   (  𝑦  )  &    𝐻  2   (  𝑦  ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  )  ) 


$\forall u_{3} \forall v_{3}(((M^{1}(u_{3}) \& W^{2}( u_{3}, \iota _{\mathcal {Q}_{2}} y(B^{1}_{1}(y) \& H^{2}(y, \iota _{\mathcal {Q}_{1}} z(B^{1}_{2}(z))))))$


   &  (    𝑀  1   (    𝑣  3   )  &    𝑊  2   (    𝑣  3   ,    𝜄    𝒬  2    𝑦  (    𝐵  1  1   (  𝑦  )  &    𝐻  2   (  𝑦  ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  )  )  )  ⊃    𝑢  3         =  +     𝒬  3        𝑣  3   ) 


$\& (M^{1}(v_{3}) \& W^{2}(v_{3}, \iota _{\mathcal {Q}_{2}} y(B^{1}_{1}(y) \& H^{2}(y, \iota _{\mathcal {Q}_{1}} z(B^{1}_{2}(z))))))) \supset u_{3} \overset {+}{=}_{\mathcal {Q}_{3}} v_{3})$


     𝒟     11   (  𝑃  )   


$\mathcal {D}_{11(P)}$


   ∀    𝑤  3   (  (    𝑀  1   (    𝑤  3   )  &    𝑊  2   (    𝑤  3   ,    𝜄    𝒬  2    𝑦  (    𝐵  1  1   (  𝑦  )  &    𝐻  2   (  𝑦  ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  )  )  ⊃    𝐹  1   (    𝑤  3   )  ) 


$\forall w_{3}((M^{1}(w_{3}) \& W^{2}(w_{3}, \iota _{\mathcal {Q}_{2}} y(B^{1}_{1}(y) \& H^{2}(y, \iota _{\mathcal {Q}_{1}} z(B^{1}_{2}(z)))))) \supset F^{1}(w_{3}))$


                � 


\begin {equation}{\footnotesize { \AXC {$\mathcal {D}_{9(E)}$} \AXC {$\mathcal {D}_{10(QU)}$} \AXC {$\mathcal {D}_{11(P)}$} \RightLabel {($\iota _{\mathcal {Q}}$I$^{\textsc {c}}_{1, 3}$)} \TIC {$F^{1}(\iota _{\mathcal {Q}_{3}} x(M^{1}(x)$ $\&$ $W^{2}(x, \iota _{\mathcal {Q}_{2}} y(B^{1}_{1}(y)$ $\&$ $H^{2}(y, \iota _{\mathcal {Q}_{1}} z(B^{1}_{2}(z)))))))$} \DP }}\end {equation}


     𝑊  1  2   (    𝜄    𝒬  2    𝑥  (    𝑀  1   (  𝑥  )  &    𝑊  2  2   (  𝑥  ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  ) 


$W^{2}_{1}(\iota _{\mathcal {Q}_{2}} x(M^{1}(x) \& W^{2}_{2}(x, \iota _{\mathcal {Q}_{1}} y(B^{1}(y)))$


$\&$


     𝐶  2   (  𝑥  ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  )  )  ,    𝜄    𝒬  3    𝑢  (    𝐷  1   (  𝑢  )  &    𝑂  2   (    𝜄    𝒬  2    𝑥  (    𝑀  1   (  𝑥  )  &  (    𝑊  2  2   (  𝑥  ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  ) 


$C^{2}(x, \iota _{\mathcal {Q}^{\prime }_{1}} z(N^{1}(z)))), \iota _{\mathcal {Q}_{3}} u(D^{1}(u) \&\\ O^{2}(\iota _{\mathcal {Q}_{2}} x(M^{1}(x) \& (W^{2}_{2}(x, \iota _{\mathcal {Q}_{1}} y(B^{1}(y)))$


$\&$


     𝐶  2   (  𝑥  ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  )  )  ,  𝑢  )  )  ) 


$C^{2}(x, \iota _{\mathcal {Q}^{\prime }_{1}} z(N^{1}(z)))), u)))$


$\&$


$\mathcal {Q}_{j}, \mathcal {Q}^{\prime }_{j} \subseteq \mathcal {P}$


$\mathcal {D}_{1(E)}$


   ∃  𝑦    𝐵  1   (  𝑦  ) 


$\exists y B^{1}(y)$


$\mathcal {D}_{2(QU)}$


   ∀    𝑢  1   ∀    𝑣  1   (  (    𝐵  1   (    𝑢  1   )  &    𝐵  1   (    𝑣  1   )  )  ⊃    𝑢  1         =  +     𝒬  1        𝑣  1   ) 


$\forall u_{1} \forall v_{1} ((B^{1}(u_{1}) \& B^{1}(v_{1})) \supset u_{1} \overset {+}{=}_{\mathcal {Q}_{1}} v_{1})$


$\mathcal {D}_{3(P)}$


   ∀    𝑤  1   (    𝐵  1   (    𝑤  1   )  ⊃    𝑊  2  2   (    𝛼  1   ,    𝑤  1   )  ) 


$\forall w_{1}(B^{1}(w_{1}) \supset W^{2}_{2}(\alpha _{1}, w_{1}))$


$\mathcal {D}^{\prime }_{1(E)}$


   ∃  𝑧    𝑁  1   (  𝑧  ) 


$\exists z N^{1}(z)$


$\mathcal {D}^{\prime }_{2(QU)}$


   ∀    𝑢  1  ′   ∀    𝑣  1  ′   (  (    𝑁  1   (    𝑢  1  ′   )  &    𝑁  1   (    𝑣  1  ′   )  )  ⊃    𝑢  1  ′         =  +     𝒬  1  ′        𝑣  1  ′   ) 


$\forall u^{\prime }_{1} \forall v^{\prime }_{1} ((N^{1}(u^{\prime }_{1}) \& N^{1}(v^{\prime }_{1})) \supset u^{\prime }_{1} \overset {+}{=}_{\mathcal {Q}^{\prime }_{1}} v^{\prime }_{1})$


$\mathcal {D}^{\prime }_{3(P)}$


   ∀    𝑤  1  ′   (    𝑁  1   (    𝑤  1  ′   )  ⊃    𝐶  2   (    𝛼  1   ,    𝑤  1  ′   )  ) 


$\forall w^{\prime }_{1}(N^{1}(w^{\prime }_{1}) \supset C^{2}(\alpha _{1}, w^{\prime }_{1}))$


$\mathcal {D}_{4}$


     𝑀  1   (    𝛼  1   ) 


$M^{1}(\alpha _{1})$


$\mathcal {D}_{1(E)}$


$\mathcal {D}_{2(QU)}$


$\mathcal {D}_{3(P)}$


$\iota _{\mathcal {Q}}$


$^{\textsc {c}}_{2, 1}$


     𝑊  2  2   (    𝛼  1   ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  ) 


$W^{2}_{2}(\alpha _{1}, \iota _{\mathcal {Q}_{1}} y(B^{1}(y)))$


$\mathcal {D}^{\prime }_{1(E)}$


$\mathcal {D}^{\prime }_{2(QU)}$


$\mathcal {D}^{\prime }_{3(P)}$


$\iota _{\mathcal {Q}}$


$^{\textsc {c}}_{2, 1}$


     𝐶  2   (    𝛼  1   ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  ) 


$C^{2}(\alpha _{1}, \iota _{\mathcal {Q}^{\prime }_{1}} z(N^{1}(z)))$


$\&$


     𝑊  2  2   (    𝛼  1   ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  )  &    𝐶  2   (    𝛼  1   ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  ) 


$W^{2}_{2}(\alpha _{1}, \iota _{\mathcal {Q}_{1}} y(B^{1}(y))) \& C^{2}(\alpha _{1}, \iota _{\mathcal {Q}^{\prime }_{1}} z(N^{1}(z)))$


$\&$


     𝑀  1   (    𝛼  1   )  &    𝑊  2  2   (    𝛼  1   ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  )  &    𝐶  2   (    𝛼  1   ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  ) 


$M^{1}(\alpha _{1}) \& W^{2}_{2}(\alpha _{1}, \iota _{\mathcal {Q}_{1}} y(B^{1}(y))) \& C^{2}(\alpha _{1}, \iota _{\mathcal {Q}^{\prime }_{1}} z(N^{1}(z)))$


$\mathcal {D}_{5(E)}$


   ∃  𝑥  (          𝑀  1   (  𝑥  )  &    𝑊  2  2   (  𝑥  ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  )  &    𝐶  2   (  𝑥  ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  )   ⏟     =    𝐴  1   (  𝑥  )    ) 


$\exists x(\underbrace {M^{1}(x) \& W^{2}_{2}(x, \iota _{\mathcal {Q}_{1}} y(B^{1}(y))) \& C^{2}(x, \iota _{\mathcal {Q}^{\prime }_{1}} z(N^{1}(z)))}_{= A_{1}(x)})$


$\mathcal {D}_{6(QU)}$


   ∀    𝑢  2   ∀    𝑣  2   (  (    𝐴  1   (    𝑢  2   ) 


$\forall u_{2} \forall v_{2}((A_{1}(u_{2})$


$\&$


     𝐴  1   (    𝑣  2   )  ) 


$A_{1}(v_{2}))$


$\supset $


     𝑢  2         =  +     𝒬  2        𝑣  2   ) 


$u_{2} \overset {+}{=}_{\mathcal {Q}_{2}} v_{2})$


$\mathcal {D}_{7(P)}$


   ∀    𝑤  2   (  (    𝑀  1   (    𝑤  2   )  &    𝑊  2  2   (    𝑤  2   ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  )  &    𝐶  2   (    𝑤  2   ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  )  )  ⊃    𝑂  2   (    𝑤  2   ,    𝛼  2   )  ) 


$\forall w_{2}((M^{1}(w_{2}) \& W^{2}_{2}(w_{2}, \iota _{\mathcal {Q}_{1}} y(B^{1}(y))) \& C^{2}(w_{2}, \iota _{\mathcal {Q}^{\prime }_{1}} z(N^{1}(z)))) \supset O^{2}(w_{2}, \alpha _{2}))$


$\mathcal {D}_{8}$


     𝐷  1   (    𝛼  2   ) 


$D^{1}(\alpha _{2})$


$\mathcal {D}_{5(E)}$


$\mathcal {D}_{6(QU)}$


$\mathcal {D}_{7(P)}$


$\iota _{\mathcal {Q}}$


$^{\textsc {c}}_{2, 2}$


     𝑂  2     (    𝜄    𝒬  2      𝑥  (    𝑀  1     (  𝑥  )  &    𝑊  2  2     (  𝑥  ,      𝜄    𝒬  1      𝑦  (    𝐵  1     (  𝑦  )  )  )  &    𝐶  2     (  𝑥  ,      𝜄    𝒬  1  ′      𝑧  (    𝑁  1     (  𝑧  )  )  )  )  ,      𝛼  2   ) 


$O^{2}\!(\iota _{\mathcal {Q}_{2}}\! x(M^{1}\!(x) \& W^{2}_{2}\!(x,\! \iota _{\mathcal {Q}_{1}}\! y(B^{1}\!(y))) \& C^{2}\!(x,\! \iota _{\mathcal {Q}^{\prime }_{1}}\! z(N^{1}\!(z)))),\! \alpha _{2})$


$\&$


     𝐷  1     (    𝛼  2   )  &    𝑂  2     (    𝜄    𝒬  2      𝑥  (    𝑀  1     (  𝑥  )  &    𝑊  2  2     (  𝑥  ,    𝜄    𝒬  1      𝑦  (    𝐵  1     (  𝑦  )  )  )  &    𝐶  2     (  𝑥  ,      𝜄    𝒬  1  ′      𝑧  (    𝑁  1     (  𝑧  )  )  )  )  ,      𝛼  2   ) 


$D^{1}\!(\alpha _{2}) \& O^{2}\!(\iota _{\mathcal {Q}_{2}}\! x(M^{1}\!(x) \& W^{2}_{2}\!(x, \iota _{\mathcal {Q}_{1}}\! y(B^{1}\!(y))) \& C^{2}\!(x,\! \iota _{\mathcal {Q}^{\prime }_{1}}\! z(N^{1}\!(z)))),\! \alpha _{2})$


$\mathcal {D}_{9(E)}$


   ∃  𝑢  (          𝐷  1     (  𝑢  )  &    𝑂  2     (    𝜄    𝒬  2      𝑥  (    𝑀  1     (  𝑥  )  &    𝑊  2  2     (  𝑥  ,      𝜄    𝒬  1      𝑦  (    𝐵  1     (  𝑦  )  )  )  &    𝐶  2     (  𝑥  ,      𝜄    𝒬  1  ′      𝑧  (    𝑁  1     (  𝑧  )  )  )  )  ,    𝑢  )   ⏟       𝐴  2     (  𝑢  )    ) 


$\exists u (\underbrace {D^{1}\!(u) \& O^{2}\!( \iota _{\mathcal {Q}_{2}}\! x(M^{1}\!(x) \& W^{2}_{2}\!(x,\! \iota _{\mathcal {Q}_{1}}\! y(B^{1}\!(y))) \& C^{2}\!(x,\! \iota _{\mathcal {Q}^{\prime }_{1}}\! z(N^{1}\!(z)))),\! u)}_{A_{2}\!(u)})$


$\mathcal {D}_{10(QU)}$


   ∀    𝑢  3   ∀    𝑣  3   (  (    𝐴  2   (    𝑢  3   )  &    𝐴  2   (    𝑣  3   )  )  ⊃    𝑢  3         =  +     𝒬  3        𝑣  3   ) 


$\forall u_{3} \forall v_{3}((A_{2}(u_{3}) \& A_{2}(v_{3})) \supset u_{3} \overset {+}{=}_{\mathcal {Q}_{3}} v_{3})$


$\mathcal {D}_{11(P)}$


   ∀    𝑤  3   ∀    𝑤  4   (  (    𝑀  1   (    𝑤  3   )  &    𝑊  2  2   (    𝑤  3   ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  )  &    𝐶  2   (    𝑤  3   ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  )  ) 


$\forall w_{3}\forall w_{4}((M^{1}(w_{3}) \& W^{2}_{2}(w_{3}, \iota _{\mathcal {Q}_{1}} y(B^{1}(y))) \& C^{2}(w_{3}, \iota _{\mathcal {Q}^{\prime }_{1}} z(N^{1}(z))))$


$\&$


   (    𝐷  1   (    𝑤  4   )  &    𝑂  2   (    𝜄    𝒬  2    𝑥  (    𝑀  1   (  𝑥  )  &    𝑊  2  2   (  𝑥  ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  &    𝐶  2   (  𝑥  ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  )  )  ,    𝑤  4   )  )  ) 


$(D^{1}(w_{4}) \& O^{2}(\iota _{\mathcal {Q}_{2}} x(M^{1}(x) \& W^{2}_{2}(x, \iota _{\mathcal {Q}_{1}} y(B^{1}(y)) \& C^{2}(x, \iota _{\mathcal {Q}^{\prime }_{1}} z(N^{1}(z)))), w_{4})))$


   ⊃    𝑊  1  2   (    𝑤  3   ,    𝑤  4   )  ) 


$\supset W^{2}_{1}(w_{3}, w_{4}))$


     𝒟    5  (  𝐸  )        𝒟    9  (  𝐸  )   


$\mathcal {D}_{5(E)}\quad \mathcal {D}_{9(E)}$


     𝒟    6  (  𝑄  𝑈  )        𝒟     10   (  𝑄  𝑈  )   


$\mathcal {D}_{6(QU)}\quad \mathcal {D}_{10(QU)}$


$\mathcal {D}_{11(P)}$


$\iota _{\mathcal {Q}}$


         2  ,  3   c  


$^{\textsc {c}}_{2, 3}$


$W^{2}_{1}(\iota _{\mathcal {Q}_{2}} x(M^{1}(x) \& W^{2}_{2}(x, \iota _{\mathcal {Q}_{1}} y(B^{1}(y)))$


$\&$


     𝐶  2   (  𝑥  ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  )  )  , 


$C^{2}(x, \iota _{\mathcal {Q}^{\prime }_{1}} z(N^{1}(z)))),$


     𝜄    𝒬  3    𝑢  (    𝐷  1   (  𝑢  )  &    𝑂  2   (    𝜄    𝒬  2    𝑥  (    𝑀  1   (  𝑥  )  &  (    𝑊  2  2   (  𝑥  ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  ) 


$\iota _{\mathcal {Q}_{3}} u(D^{1}(u) \& O^{2}(\iota _{\mathcal {Q}_{2}} x(M^{1}(x) \& (W^{2}_{2}(x, \iota _{\mathcal {Q}_{1}} y(B^{1}(y)))$


$\&$


$C^{2}(x, \iota _{\mathcal {Q}^{\prime }_{1}} z(N^{1}(z)))), u)))$


$D^3$


$S \mid \Gamma \vdash A$


$S$


$\Gamma $


$A$


$(i)$


$(ii)$


$(iii)$


$(iv)$


$(v)$


$(\I ,\ot ,\lolli ,\land ,\lor )$


$S \mid \GG \vd A$


$S \mid \GG \vd A$


$S \mid \GG $


$\mathtt {LSkG}$


$\mathtt {LSkT}$


$\lo $


$\ol $


$A$


$B$


$A \lo B$


$B \ol A$


$\mathtt {SkMBiCA}$


$\mathtt {SkMBiCT}$


$\mathtt {SkMBiCA}$


$\mathtt {LSkG}$


$\mathtt {LSkT}$


$\mathtt {SkMBiCA}$


$\mathtt {SkMBiCT}$


$\mf {Fma}$


$\mathtt {LSkG}$


$A, B::= X \ | \ \I \ | \ A \ot B \ | \ A \lolli B$


$X$


$\mathsf {At}$


$\I $


$\ot $


$\lolli $


$S \mid \Gamma \vdG A$


$S$


$\Gamma $


$A$


$S$


$S$


$S = {-}$


$X$


$Y$


$Z$


$\mathtt {LSkG}$


\begin {equation*}\begin {array}{c} \infer [\ax ]{A \mid \quad \vdG A}{} \quad \infer [\lleft ]{A \lolli B \mid \Gamma , \Delta \vdG C}{ {-} \mid \Gamma \vdG A & B \mid \Delta \vdG C } \quad \infer [\unitl ]{\I \mid \Gamma \vdG C}{{-} \mid \Gamma \vdG C} \\[10pt] \infer [\tl ]{A \ot B \mid \Gamma \vdG C}{A \mid B , \Gamma \vdG C} \quad \infer [\pass ]{{-} \mid A , \Gamma \vdG C}{A \mid \Gamma \vdG C} \quad \infer [\lright ]{S \mid \Gamma \vdG A \lolli B}{S \mid \Gamma , A \vdG B} \\[10pt] \infer [\unitr ]{{-} \mid \quad \vdG \I }{} \quad \infer [\tr ]{S \mid \Gamma , \Delta \vdG A \ot B}{ S \mid \Gamma \vdG A & {-} \mid \Delta \vdG B } \end {array}\end {equation*}


$\mathtt {LSkG}$


$\mathtt {NMILL}$


$\unitl $


$\tl $


$\lleft $


$\tr $


$S \mid \Gamma , \Delta \vdG A \ot B$


$S$


$S$


$\Gamma $


$A \mid \Gamma $


${-} \mid A, \Gamma $


$\pass $


$\mathtt {NMILL}$


$\lo $


$\ol $


$\mathtt {LSkG}$


$B \ol A = A \lolli B$


$\mathtt {LSkG}$


\begin {equation*}\begin {array}{c} \infer [\mathsf {scut}]{S \mid \Gamma , \Delta \vdG C}{ S \mid \Gamma \vdG A & A \mid \Delta \vdG C } \qquad \infer [\mathsf {ccut}]{S \mid \Delta _0 , \Gamma , \Delta _1 \vdG C}{ {-} \mid \Gamma \vdG A & S \mid \Delta _0 , A , \Delta _1 \vdG C } \end {array}\end {equation*}


$\mathtt {LSkG}$


$\mf {scut}$


$f$


$g$


$A$


$\mf {ccut}$


$g$


$\lleft $


$\lright $


$\lolli $


$\scut $


$f = \lleft (f' , f'')$


$\mf {scut}$


\begin {equation*}\begin {array}{l} \begin {array}{c} \infer [\mf {scut}]{A' \lolli B' \mid \GG , \GD , \GL \vdG C}{ \infer [\lleft ]{A' \lolli B' \mid \GG , \GD \vdG A}{ \deduce {{-} \mid \GG \vdG A'}{f'} & \deduce {B' \mid \GD \vdG A}{f''} } & \deduce {A \mid \GL \vdG C}{g} } \end {array} \\ \qquad \qquad \qquad \mapsto \quad \begin {array}{c} \infer [\lleft ]{A' \lolli B' \mid \GG , \GD , \GL \vdG C}{ \deduce {{-} \mid \GG \vdG A'}{f'} & \infer [\mf {scut}]{B' \mid \GD , \GL \vdG C}{ \deduce {B' \mid \GD \vdG A}{f''} & \deduce {A \mid \GL \vdG C}{g} } } \end {array} \end {array}\end {equation*}


$f = \lright \ f'$


$g$


$g = \lleft (g' , g'')$


\begin {equation*}\begin {array}{l} \begin {array}{c} \infer [\scut ]{S \mid \GG , \GD , \GL \vdG C}{ \infer [\lright ]{S \mid \GG \vdG A \lolli B}{ \deduce {S \mid \GG , A \vdG B}{f'} } & \infer [\lleft ]{A \lolli B \mid \GD , \GL \vdG C}{ \deduce {{-} \mid \GD \vdG A}{g'} & \deduce {B \mid \GL \vdG C}{g''} } } \end {array} \\ \qquad \qquad \quad \mapsto \quad \begin {array}{c} \infer [\mf {ccut}]{S \mid \GG , \GD , \GL \vdG C}{ \deduce {{-} \mid \GD \vdG A}{g'} & \infer [\scut ]{S \mid \GG , A , \GL \vdG C}{ \deduce {S \mid \GG , A \vdG B}{f'} & \deduce {B \mid \GL \vdG C}{g''} } } \end {array} \end {array}\end {equation*}


$\mf {scut}$


$g = \lright \ g'$


\begin {equation*}\begin {array}{l} \begin {array}{c} \infer [\scut ]{S \mid \GG , \GD \vdG A' \lolli B'}{ \infer [\lright ]{S \mid \GG \vdG A \lolli B}{ \deduce {S \mid \GG , A \vdG B}{f'} } & \infer [\lright ]{A \lolli B \mid \GD \vdG A' \lolli B'}{ \deduce {A \lolli B \mid \GD , A' \vdG B'}{g'} } } \end {array} \\[1cm] \qquad \quad \mapsto \quad \begin {array}{c} \infer [\lright ]{S \mid \GG , \GD \vdG A' \lolli B'}{ \infer [\scut ]{S \mid \GG , \GD , A' \vdG B'}{ \infer [\lright ]{S \mid \GG \vdG A \lolli B}{ \deduce {S \mid \GG , A \vdG B}{f'} } & \deduce {A \lolli B \mid \GD , A' \vdG B'}{g'} } } \end {array} \end {array}\end {equation*}


$\mf {ccut}$


$g = \lright \ g'$


$\mf {ccut}$


$g = \lleft (g' ,g'')$


$\mf {ccut}$


$\mf {ccut}$


$f$


$g'$


$f$


$g''$


$\relax \square $


$\mathtt {LSkG}$


$\mathtt {LSkG}$


$\mathtt {LSkA}$


$\mathtt {LSkA}$


\begin {equation*}\begin {array}{c} \infer [\id ]{A \vdL A}{} \qquad \infer [\mathsf {comp}]{A \vdL C}{ A \vdL B & B \vdL C } \qquad \infer [\otimes ]{A \ot B \vdL C \ot D}{ A \vdL C & B \vdL D } \\[5pt] \infer [\lolli ]{A \lolli B \vdL C \lolli D}{ C \vdL A & B \vdL D } \quad \infer [\lambda ]{\I \ot A \vdL A}{} \quad \infer [\rho ]{A \vdL A \ot \I }{} \\[5pt] \infer [\alpha ]{(A \ot B) \ot C \vdL A \ot (B \ot C)}{} \quad \infer =[\pi ]{A \vdL B \lolli C}{A \ot B \vdL C} \end {array}\end {equation*}


$f : A \vdL B$


$g : S \mid \Gamma \vdG C$


$f$


$g$


$\mathtt {NL}$


$\mathtt {NL}$


$\comp $


$\mathtt {LSkA}$


\begin {equation*}\begin {array}{c} \infer [\comp ]{\I \ot (\I \ot X) \vd X}{ \infer [\Gl ]{\I \ot (\I \ot X) \vd \I \ot X}{} & \infer [\Gl ]{\I \ot X \vd X}{} } \end {array}\end {equation*}


$\comp $


$\comp $


$A \vdL B$


$S \mid \Gamma \vdG A$


$\mathtt {LSkG}$


$\mathtt {NL}$


$\mathtt {LSkA}$


$A$


$\vdL A$


${-} \mid \quad \vdG A$


$\mathtt {LSkG}$


$A$


$T::= \mf {Fma} \mid {-} \mid (T , T)$


$-$


$\mc {C} ::= [\cdot ] \mid ( \mc {C}, T ) \mid (T, \mc {C})$


\begin {equation*}\begin {array}{rcl} subst([\cdot ], U) &=& U \\ subst((T',\mc {C}), U) &=& (T' , subst(\mc {C},U) ) \\ subst((\mc {C},T'), U) &=& (subst(\mc {C},U),T' ) \end {array}\end {equation*}


$T[\cdot ]$


$T[U]$


$subst(T[\cdot ], U)$


$\mathtt {LSkT}$


$T \vdT A$


$T$


$A$


$\mathtt {LSkT}$


\begin {equation*}\begin {array}{c} \infer [\ax ]{A \vdT A}{} \\[5pt] \infer [\unitl ]{T[\I ] \vdT C}{T [{-}] \vdT C} \quad \infer [\unitr ]{{-} \vdT \I }{} \quad \infer [\tl ]{T [A \ot B] \vdT C}{T [A , B] \vdT C} \quad \infer [\tr ]{T , U \vdT A \ot B}{ T \vdT A & U \vdT B } \\[5pt] \infer [\lleft ]{T[A \lolli B , U] \vdT C}{ U \vdT A & T[B] \vdT C } \quad \infer [\lright ]{T \vdT A \lolli B}{T , A \vdT B} \\[5pt] \infer [\mf {assoc}]{T [(U_0 , U_1) , U_2] \vdT C}{T [U_0 , (U_1 , U_2)] \vdT C} \quad \infer [\mf {unitL}]{T [{-}, U] \vdT C}{T [U] \vdT C} \quad \infer [\mf {unitR}]{T[U] \vdT C}{T[U , {-}] \vdT C} \end {array}\end {equation*}


$\mathtt {NL}$


$\mathtt {NL}$


$\mf {assoc}$


$\mf {unitL}$


$\mf {unitR}$


$\mf {unitL}$


$\lambda $


$\mathtt {LSkT}$


$\I \ot A \vdT A$


$A \vdT \I \ot A$


$\mf {unitR}$


$\rho $


$\mathtt {LSkT}$


$\mf {unitR}$


$??$


\begin {equation*}\begin {array}{c} \infer [\tl ]{\I \ot A \vdT A}{ \infer [\unitl ]{\I , A \vdT A}{ \infer [\mf {unitL}]{{-} , A \vdT A}{ \infer [\ax ]{A \vdT A}{} } } } \qquad \infer [\mf {unitR}]{X \vdT \I \ot X}{ \infer [\tr ]{X,{-} \vdT \I \ot X}{ \deduce {X \vdT \I }{??} & \deduce {{-} \vdT X}{??} } } \\[10pt] \infer [\mf {unitR}]{A \vdT A \ot \I }{ \infer [\tr ]{A , {-} \vdT A \ot \I }{ \infer [\ax ]{A \vdT A}{} & \infer [\unitr ]{{-} \vdT \I }{} } } \qquad \infer [\tl ]{X \ot \I \vdT X}{ \infer [\unitl ]{X , \I \vdT X}{ \deduce {X , {-} \vdT X}{??} } } \end {array}\end {equation*}


\begin {equation*}\begin {array}{c} \infer [\mf {cut}]{T[U] \vdT C}{ U \vdT A & T[A] \vdT C } \end {array}\end {equation*}


$\mathtt {LSkT}$


$f$


$g$


$A$


$\ax , \tl , \tr , \lleft $


$\lright $


$\mathtt {LSkT}$


$f = \unitr $


$g$


$g = \ax : \I \vdT \I $


$\mf {cut} (\unitr , \ax ) = \unitr $


$g = \unitl \ g'$


$\I $


$\unitl $


\begin {equation*}\begin {array}{l} \infer [\mf {cut}]{T[{-}] \vdT C}{ \infer [\unitr ]{{-} \vdT \I }{} & \infer [\unitl ]{T[\I ] \vdT C}{ \deduce {T[{-}] \vdT C}{g'} } } \end {array} \quad \mapsto \quad \begin {array}{c} \deduce {T[{-}] \vdT C}{g'} \end {array}\end {equation*}


$\I $


$\unitl $


\begin {equation*}\begin {array}{l} \begin {array}{c} \infer [\mf {cut}]{T^{\{ \I := {-} \}}[\I ] \vdT C}{ \infer [\unitr ]{{-} \vdT \I }{} & \infer [\unitl ]{T[\I ] \vdT C}{ \deduce {T[{-}] \vdT C}{g'} } } \end {array} \\ \qquad \qquad \qquad \qquad \qquad \mapsto \quad \begin {array}{c} \infer [\unitl ]{T^{\{ \I := {-} \}}[\I ] \vdT C}{ \infer [\mf {cut}]{T^{\{ \I := {-} \}}[{-}] \vdT C}{ \infer [\ax ]{{-} \vdT \I }{} & \deduce {T[-] \vdT C}{g'} } } \end {array} \end {array}\end {equation*}


$T^{\{ \I := {-} \}}[\cdot ]$


$\I $


$-$


$g = \mc {R} \ g'$


$\mc {R}$


$\unitl $


$\mf {cut} (\unitr , \mc {R} \ g') = \mc {R} (\mf {cut} (\unitr , g'))$


$\mf {cut}$


$f = \mf {unitL} \ f'$


\begin {equation*}\begin {array}{l} \begin {array}{c} \infer [\mf {cut}]{T[T'[{-} , U]] \vdT C}{ \infer [\mf {unitL}]{T'[{-}, U] \vdT A}{ \deduce {T'[U] \vdT A}{f'} } & \deduce {T[A] \vdT C}{g} } \end {array} \\ \qquad \qquad \qquad \qquad \qquad \qquad \mapsto \quad \begin {array}{c} \infer [\mf {unitL}]{T[T'[{-} , U]] \vdT C}{ \infer [\mf {cut}]{T[T'[U]] \vdT C}{ \deduce {T'[U] \vdT A}{f'} & \deduce {T[A] \vdT }{g} } } \end {array} \end {array}\end {equation*}


$\relax \square $


$T$


$T^{*}$


$T$


$\ot $


$-$


$\I $


$T[\cdot ]$


$U$


$T[U]^{*} = T[U^{*}]^{*}$


$T[\cdot ]$


$T[\cdot ] = [\cdot ]$


$[U]^{*} = U^{*}$


$T[\cdot ] = (T'[\cdot ] , T'')$


$T'[U]^{*} = T'[U^{*}]^{*}$


$(T'[U] , T'')^{*} = {T'[U]^{*} \otl T''^{*}} = T'[U^{*}]^{*} \otl T''^{*} = (T'[U^{*}] , T'')^{*}$


$T[\cdot ] = (T' , T''[\cdot ])$


$\relax \square $


$T[\cdot ]$


$f: A \vdL B$


\begin {equation*}\begin {array}{c} \infer [{T[f]^{*}}]{T[A]^{*} \vdL T[B]^{*}}{ \deduce {A \vdL B}{f} } \end {array}\end {equation*}


$T[\cdot ]$


$T[\cdot ] = [\cdot ]$


$T[A]^{*} = A$


$T[B]^{*} = B$


$f$


$T[\cdot ] = (T'[\cdot ] ; T'')$


\begin {equation*}\begin {array}{c} \infer ={(T'[A] , T'')^{*} \vdL (T'[B] , T'')^{*}}{ \infer [\ot ]{T'[A]^{*} \ot T''^{*} \vdL T'[B]^{*} \ot T''^{*}}{ \infer [{T'[f]^{*}}]{T'[A]^{*} \vdL T'[B]^{*}}{ \deduce {A \vdL B}{f} } & \infer [\id ]{T''^{*} \vdL T''^{*}}{} } } \end {array}\end {equation*}


$T[\cdot ] = (T' , T''[\cdot ])$


$\relax \square $


$\ldbc {-} \mid {-} \rdbc $


\begin {equation*}\label {def:encoding:list2tree} \begin {array}{c} \ldbc T \mid [\ ] \rdbc = T \\[5pt] \ldbc T \mid B , \GG \rdbc = \ldbc (T , B) \mid \GG \rdbc \end {array}\end {equation*}


$S$


$\GG $


$\GD $


$\ldbc \ldbc S \mid \GG \rdbc \mid \GD \rdbc = \ldbc S \mid \GG , \GD \rdbc $


$\GD $


$\GD = [\ ]$


$\ldbc \ldbc S \mid \GG \rdbc \mid [\ ] \rdbc = \ldbc S \mid \GG \rdbc = \ldbc S \mid \GG , [\ ] \rdbc $


$\GD = (A, \GD ')$


$\ldbc \ldbc S \mid \GG \rdbc \mid A , \GD ' \rdbc = \ldbc \ldbc S \mid \GG , A\rdbc \mid \GD ' \rdbc \overset {\text {I.H.}}{=} \ldbc S \mid (\GG , A) , \GD ' \rdbc = \ldbc S \mid \GG , (A , \GD ') \rdbc $


$\relax \square $


$s(S)$


$s(S) = {-}$


$S = {-}$


$s(S) = B$


$S = B$


$\mathtt {LSkG}$


$\mathtt {LSkT}$


$\mathtt {LSkG}$


$\mathtt {LSkT}$


$f: S \mid \Gamma \vdG C$


${\mf {G2T}} f : \ldbc s(S) \mid \GG \rdbc \vdT C$


$f: T \vdT C$


$\mf {T2G} f: T^* \mid \quad \vdG C$


$\mf {G2T}$


$\mf {T2G}$


$f$


$\mf {G2T}$


$\tr $


$\lleft $


$f = \tr (f', f'')$


$\mf {G2T} \ f': \ldbc s(S) \mid \GG \rdbc \vdT A$


$\mf {G2T} \ f'': \ldbc \I \mid \GD \rdbc \vdT B$


$\ldbc \ldbc s(S) \mid \GG \rdbc \mid \GD \rdbc \vdT A \ot B$


\begin {equation*}\begin {array}{c} \infer [\text {Lemma \ref {lem:flat:LSkT}}]{\ldbc s(S) \mid \GG , \GD \rdbc \vdT A \ot B}{ \infer [\mf {unitR}]{\ldbc \ldbc s(S) \mid \GG \rdbc \mid \GD \rdbc \vdT A \ot B}{ \infer [\mf {assoc}^*]{\ldbc \ldbc s(S) \mid \GG \rdbc , {-} \mid \GD \rdbc \vdT A \ot B}{ \infer [\tr ]{\ldbc s(S) \mid \GG \rdbc , \ldbc {-} \mid \GD \rdbc \vdT A \ot B}{ \deduce {\ldbc s(S) \mid \GG \rdbc \vdT A}{\mf {G2T} \ f'} & \deduce {\ldbc {-} \mid \GD \rdbc \vdT B}{\mf {G2T} \ f''} } } } } \end {array}\end {equation*}


$\mf {assoc}^*$


$\mf {assoc}$


$\lleft $


$\mf {T2G}$


$f = \mf {unitR} \ g$


$g: T[U,{-}] \vdT C$


$\mf {T2G} \ g: T[U^*\ot \I ]^* \mid \quad \vdG C$


\begin {equation*}\begin {array}{c} \infer [\mf {scut}]{T[U]^* \mid \quad \vdG C}{ \infer [\text {Lemma \ref {lem:subst:T2G}}]{T[U^*]^* \mid \quad \vdG T[U^*\ot \I ]^*}{ \infer [\tr ]{U^* \mid \quad \vdG U^* \ot \I }{ \infer [\ax ]{U^* \mid \quad \vdG U^*}{} & \infer [\unitr ]{{-} \mid \quad \vdG \I }{} } } & \deduce {T[U^* \ot \I ]^* \mid \quad \vdG C}{\mf {T2G} \ g} } \end {array}\end {equation*}


$\relax \square $


$\mathbb {C}$


$\I $


$\ot : \mathbb {C} \times \mathbb {C} \rightarrow \mathbb {C}$


$\lolli : \mathbb {C}^{\mathsf {op}} \times \mathbb {C} \rightarrow \mathbb {C}$


${-} \ot B \dashv B \lolli {-}$


$B$


$\lambda $


$\rho $


$\alpha $


$\lambda _A : \I \ot A \to A$


$\rho _A : A \to A \ot \I $


$\alpha _{A,B,C} : (A \ot B) \ot C \to A \ot (B \ot C)$


$\I $


$\I \ot \I $


$\I $


$\rho _{\I }$


$\lambda _{\I }$


$(A\ot \I )\ot B$


$A\ot (\I \ot B)$


$A\ot B$


$A\ot B$


$\rho _A\ot B$


$\alpha _{A,\I ,B}$


$A\ot \lambda _B$


$(\I \ot A)\ot B$


$\I \ot (A\ot B)$


$A\ot B$


$\alpha _{\I ,A,B}$


$\lambda _{A\ot B}$


$\lambda _A\ot B$


$(A\ot B)\ot \I $


$A\ot (B\ot \I )$


$A\ot B$


$\alpha _{A,B,\I }$


$A\ot \rho _B$


$\rho _{A\ot B}$


$(A\ot (B\ot C))\ot D$


$A\ot ((B\ot C)\ot D)$


$((A\ot B)\ot C)\ot D$


$(A\ot B)\ot (C\ot D)$


$A\ot (B\ot (C\ot D))$


$\alpha _{A,B\ot C,D}$


$A\ot \alpha _{B,C,D}$


$\alpha _{A,B,C\ot D}$


$\alpha _{A\ot B,C,D}$


$\alpha _{A,B,C}\ot D$


$(\lambda , \rho , \alpha )$


$(j, i, L)$


$j_A : \I \to A \lolli A$


$i_A : \I \lolli A \to A$


$L_{A,B,C} : B \lolli C \to (A \lolli B) \lolli (A \lolli C)$


$(\lambda , \rho , \alpha )$


$(j, i, L)$


$(\mathbb {C}, \I , \ot , \lolli )$


$\lambda ^{\mf {R}}$


$\rho ^{\mf {R}}$


$\alpha ^{\mf {R}}$


$\lambda ^{\mf {R}}_A : A \to \I \ot A$


$\rho ^{\mf {R}}_A : A \ot \I \to A$


$\alpha ^{\mf {R}}_{A,B,C} : A \ot (B \ot C) \to (A \ot B) \ot C$


$(\lambda ^{\mf {R}}, \rho ^{\mf {R}}, \alpha ^{\mf {R}})$


$j^{\mf {R}}, i^{\mf {R}}, L^{\mf {R}}$


$j^{\mf {R}}_{A, B} : \mbb {C} (\I , A \lolli B) \to \mbb {C} (A , B)$


$i^{\mf {R}}_{A} : A \to \I \lolli A$


$L^{\mf {R}}_{A,B,C,D} : \mbb {C} (A , B \lolli (C \lolli D)) \to \int ^{X} \mbb {C} (A , X \lolli D) \times \mbb {C} (B , C \lolli X)$


$\int ^{X}$


$\mbb {C} (A, B)$


$A$


$B$


$A$


$B$


$\mbb {C} (A , B)$


$\int ^{X}$


$\alpha $


$\lambda $


$\rho $


$\alpha $


$\lambda $


$\rho $


$j$


$i$


$L$


$\alpha ^R$


$\lambda ^R$


$\rho ^R$


$\alpha $


$\lambda $


$\rho $


$(\mbb {C}, \I , \otl , \llolli , \otr , \rlolli )$


$\mathsf {SkMBiC}$


$\gamma : A \otl B \to B \otr A$


$(\mbb {C}, \I , \otl , \llolli )$


$\gamma $


$\lambda ^{\mf {R}} = \gamma \circ \rho $


$\rho ^{\mf {R}} = \gamma ^{-1} \circ \lambda $


$\alpha ^{\mf {R}} = (\gamma \otr C) \circ \gamma \circ \alpha \circ \gamma ^{-1} \circ (A \otr \gamma ^{-1})$


$A$


$\I \otr A$


$A$


$A\otl \I $


$\lambda ^{\mf {R}}$


$\rho $


$\gamma $


$A\otr \I $


$A$


$\I \otl A$


$A$


$\rho ^{\mf {R}}$


$\gamma ^{-1}$


$\lambda $


$A\otr (B\otr C)$


$(A\otr B)\otr C$


$A\otr (C\otl B)$


$(B\otl A)\otr C$


$(C\otl B)\otl A$


$C\otl (B\otl A)$


$\alpha ^{\mf {R}}$


$A\otr \gamma ^{-1}$


$\gamma ^{-1}$


$\gamma \otr C$


$\alpha $


$\gamma $


$\lo $


$\ol $


$\gamma $


$\mathsf {SkMBiC}$


$\mathsf {SkMBiC}$


$\mathtt {LSkA}$


$\mathtt {SkMBiCA}$


$\mf {Fma}$


$A,B::= X \mid \I \mid A \otl B \mid A \llolli B \mid A \otr B \mid A \rlolli B$


$X$


$\I $


$\otl $


$\llolli $


$\otr $


$\rlolli $


$\mathtt {SkMBiCA}$


\begin {equation*}\label {eq:seqcalc:biskmc:Lam} \small \begin {array}{c} \infer [\id ]{A \vdL A}{} \quad \infer [\mathsf {comp}]{A \vdL C}{ A \vdL B & B \vdL C } \\[5pt] \infer [\otl ]{A \otl B \vdL C \otl D}{ A \vdL C & B \vdL D } \\[5pt] \infer [\llolli ]{A \llolli B \vdL C \llolli D}{ C \vdL A & B \vdL D } \quad \infer [\rlolli ]{A \rlolli B \vdL C \rlolli D}{ C \vdL A & B \vdL D } \\[5pt] \infer [\lambda ]{\I \otl A \vdL A}{} \quad \infer [\rho ]{A \vdL A \otl \I }{} \quad \infer [\alpha ]{(A \otl B) \otl C \vdL A \otl (B \otl C)}{} \\[5pt] \infer [\Gg ]{A \otl B \vdL B \otr A}{} \quad \infer [\Gg ^{-1}]{A \otr B \vdL B \otl A}{} \\[5pt] \infer =[\pi ]{A \vdL B \llolli C}{A \otl B \vdL C} \quad \infer =[\pi ^{\mf {R}}]{A \vdL B \rlolli C}{A \otr B \vdL C} \end {array}\end {equation*}


$f : A \vdL B$


$g : C \vdL D$


$f \otr g$


$\gamma \circ (g \otl f) \circ \gamma ^{-1}$


$\lambda ^{\mf {R}}$


$\rho ^{\mf {R}}$


$\alpha ^{\mf {R}}$


$\otr $


$\otl $


$\gamma $


$\gamma ^{-1}$


$\mathtt {SkMBiCA}$


\begin {equation*}\arraycolsep =5pt \scriptsize \begin {array}{lc} \text {(category laws)} & \id \circ f \doteq f \qquad f \doteq f \circ \id \qquad (f \circ g) \circ h \doteq f \circ (g \circ h) \\[5pt] \text {($\otl $ functorial)} & \id \otl \id \doteq \id \qquad (h \circ f) \otl (k \circ g) \doteq h \otl k \circ f \otl g \\[5pt] \text {($\llolli $ functorial)} & \id \llolli \id \doteq \id \qquad (f \circ h) \llolli (k \circ g) \doteq h \llolli k \circ f \llolli g \\[5pt] \text {($\rlolli $ functorial)} & \id \rlolli \id \doteq \id \qquad (f \circ h) \rlolli (k \circ g) \doteq h \rlolli k \circ f \rlolli g \end {array}\end {equation*}


\begin {equation*}\arraycolsep =5pt \scriptsize \begin {array}{lc} & \lambda \circ \id \otl f \doteq f \circ \lambda \\ \text {($\lambda ,\rho ,\alpha $ nat. trans.)} & \rho \circ f \doteq f \otl \id \circ \rho \\ & \alpha \circ (f \otl g) \otl h \doteq f \otl (g \otl h) \circ \alpha \\[5pt] & \lambda \circ \rho \doteq \id \qquad \id \doteq \id \otl \lambda \circ \alpha \circ \rho \otl \id \\ (\text {Mac Lane axioms}) & \lambda \circ \alpha \doteq \lambda \otl \id \qquad \alpha \circ \rho \doteq \id \otl \rho \\ & \alpha \circ \alpha \doteq \id \otl \alpha \circ \alpha \circ \alpha \otl \id \\ (\text {$\gamma $ isomorphism}) & \gamma \circ \gamma ^{-1} \doteq \id \qquad \gamma ^{-1} \circ \gamma \doteq \id \\[5pt] & \pi f \circ g \doteq \pi (f \circ (g \otl \id )) \qquad \pi (f \circ g) \doteq (\id \llolli f) \circ \pi g \\[1.5pt] (\text {$\pi ^{(\mf {R})}$ nat. trans.}) & \pi (\id \otl f) \doteq (f \llolli \id ) \circ \pi \id \quad \pi ^{\mf {R}} (\id \otr f) \doteq (f \rlolli \id ) \circ \pi ^{\mf {R}} \id \\[1.5pt] & \pi ^{\mf {R}} f \circ g \doteq \pi ^{\mf {R}} (f \circ (g \otr \id )) \qquad \pi ^{\mf {R}} (f \circ g) \doteq (\id \rlolli f) \circ \pi ^{\mf {R}} g \\[5pt] & \pi (\pi ^{-1} f) \doteq f \qquad \pi ^{-1} (\pi f) \doteq f \\ (\text {$\pi ^{(\mf {R})}$ isomorphism}) & \\ & \pi ^{\mf {R}} (\pi ^{\mf {R}-1} f) \doteq f \qquad \pi ^{\mf {R}-1} (\pi ^{\mf {R}} f) \doteq f \end {array}\end {equation*}


$\mathtt {SkMBiCA}$


$\mathsf {SkMBiC}$


$\mathsf {FSkMBiC(At)}$


$\mf {At}$


$\mathsf {FSkMBiC(At)}$


$\mf {Fma})$


$A$


$B$


$A \vdL B$


$\doteq $


$f \otr g$


$\gamma $


$\gamma $


$\gamma ^{-1}$


$\gamma \circ f \otl g \doteq \gamma \circ f \otl g \circ \id \doteq \gamma \circ f \otl g \circ \gamma ^{-1} \circ \gamma = g \otr f \circ \gamma $


$(\lambda ^{\mf {R}}, \rho ^{\mf {R}}, \alpha ^{R})$


$\mbb {D}$


$G: \mf {At} \to \mbb {D}$


$\overline {G}_0 : \mf {Fma} \to \mbb {D}_0$


$\mbb {D}_0$


$\mbb {D}$


$\overline {G}_1 : \mf {FSkMBiC (At)} (A , B) \to \mbb {D} (\overline {G}_0 (A) , \overline {G}_0 (B))$


$\overline {G} : \mf {FSkMBiC (At)} \to \mbb {D}$


$\overline {G} (X) = G(X)$


$\mathsf {SkMBiC}$


$\mathtt {LSkG}$


$\GG \mid S \vdG A$


$(A_n, (\dots , (A_1, A_0)) \dots )$


$\rlolli $


$\rlleft $


$\rlright $


$\mathtt {LSkG}$


$\mathtt {SkMBiCT}$


$\mathtt {LSkT}$


$\mathsf {SkMBiC}$


$\mathtt {SkMBiCT}$


$\mathtt {SkMBiCT}$


$T ::= \mf {Fma} \mid {-}\mid (T, T)\mid (T;T)$


$\otl $


$\otr $


$\mathtt {LSkT}$


$T \vdT A$


$\mathtt {SkMBiCT}$


\begin {equation*}\label {eq:seqcalc:SkBiCT} \begin {array}{c} \infer [\ax ]{A \vdT A}{} \quad \infer [\unitr ]{{-} \vdT \I }{} \quad \infer [\unitl ]{T[\I ] \vdT C}{T [{-}] \vdT C} \\[5pt] \textcolor {black}{ \infer [\tll ]{T [A \ot ^{\mf {L}} B] \vdT C}{T [A , B] \vdT C} \quad \infer [\trl ]{T , U \vdT A \ot ^{\mf {L}} B}{ T \vdT A & U \vdT B } }\\[5pt] \textcolor {black}{ \infer [\llleft ]{T[A \llolli B , U] \vdT C}{ U \vdT A & T[B] \vdT C } \quad \infer [\llright ]{T \vdT A \llolli B}{T , A \vdT B} } \end {array}\end {equation*}


\begin {equation*}\begin {array}{c} \textcolor {black}{ \infer [\assl ]{T [(U_0 , U_1) , U_2] \vdT C}{T [U_0 , (U_1 , U_2)] \vdT C} \
\infer [\mf {unitL^{L}}]{T[{-},U] \vdT C}{T[U] \vdT C} \
\infer [\mf {unitR^{L}}]{T[U] \vdT C}{T[U,{-}] \vdT C} }\\[5pt] \infer =[\comm ]{T[U_1 ; U_0] \vdT C}{T [U_0 , U_1] \vdT C} \\[5pt] \textcolor {black}{ \infer [\tlr ]{T [A \ot ^{\mf {R}} B] \vdT C}{T [A ; B] \vdT C} \quad \infer [\trr ]{T ; U \vdT A \ot ^{\mf {R}} B}{ T \vdT A & U \vdT B } } \\[5pt] \textcolor {black}{ \infer [\rlleft ]{T[A \rlolli B ; U] \vdT C}{ U \vdT A & T[B] \vdT C } \quad \infer [\rlright ]{T \vdT A \rlolli B}{T ; A \vdT B} } \\[5pt] \textcolor {black}{ \infer [\assr ]{T [U_0 ; (U_1 ; U_2)] \vdT C}{T [(U_0 ; U_1) ; U_2] \vdT C} \
\infer [\mf {unitL^{R}}]{T[U;{-}] \vdT C}{T[U] \vdT C} \
\infer [\mf {unitR^{R}}]{T[U] \vdT C}{T[{-};U] \vdT C} } \end {array}\end {equation*}


$\mathtt {LSkT}$


$\ax ,\unitr $


$\unitl $


$\mathtt {RSkT}$


$\ax ,\unitr $


$\unitl $


$\comm $


$\mathtt {LSkT}$


$\tlr $


$\trr $


$\rlleft $


$\mathtt {LSkT}$


\begin {equation*}\small \begin {array}{c} \begin {array}{c} \infer [\tlr ']{T [B \ot ^{\mf {R}} A] \vdT C}{T [A , B] \vdT C} \end {array} = \begin {array}{c} \infer [\tlr ]{T [B \ot ^{\mf {R}} A] \vdT C}{ \infer [\comm ]{T [B ; A] \vdT C}{T[A , B] \vdT C} } \end {array} \end {array}\end {equation*}


\begin {equation*}\begin {array}{c} \begin {array}{c} \infer [\trr ']{U, T \vdT A \otr B}{ T \vdT A & U \vdT B } \end {array} = \begin {array}{c} \infer [\comm ]{U , T \vdT A \otr B}{ \infer [\tlr ]{T ; U \vdT A \otr B}{ T \vdT A & U \vdT B } } \end {array} \end {array}\end {equation*}


\begin {equation*}\begin {array}{c} \begin {array}{c} \infer [\rlleft ']{T[U , A \rlolli B] \vdT C}{ U \vdT A & T[B] \vdT C } \end {array} = \begin {array}{c} \infer [\ot \mf {comm}]{T[U , A \rlolli B] \vdT C}{ \infer [\rlleft ]{T[A \rlolli B ; U] \vdT C}{ \deduce {U \vdT A}{} & \deduce {T[B] \vdT C}{} } } \end {array} \end {array}\end {equation*}


\begin {equation*}\begin {array}{c} \infer [\rlright ']{T \vdT A \rlolli B}{ A , T \vdT B } \end {array} = \begin {array}{c} \infer [\rlright ]{T \vdT A \rlolli B}{ \infer [\ot \mf {comm}]{T ; A \vdT B}{ A , T \vdT B } } \end {array}\end {equation*}


$\mathtt {LSkT}$


$\mf {cut}$


$\mathtt {SkMBiCT}$


\begin {equation*}\begin {array}{c} \infer [\mf {cut}]{T[U] \vdT C}{ U \vdT A & T[A] \vdT C } \end {array}\end {equation*}


$\ot \mf {comm}$


$\mf {cut}$


$\relax \square $


$\mathtt {SkMBiCA}$


$\mathtt {SkMBiCT}$


$T$


$T^{\#}$


$T$


$\otl $


$\otr $


$-$


$\I $


$T[\cdot ]$


$U$


$T[U]^{\#} = T[U^{\#}]^{\#}$


$T[\cdot ]$


$T[\cdot ] = [\cdot ]$


$[U]^{\#} = U^{\#}$


$T[\cdot ] = (T'[\cdot ] , T'')$


$T'[U]^{\#} = T'[U^{\#}]^{\#}$


$()^{\#}$


$(T'[U] , T'')^{\#} =\linebreak {T'[U]^{\#} \otl T''^{\#}} = T'[U^{\#}]^{\#} \otl T''^{\#} = (T'[U^{\#}] , T'')^{\#}$


$\relax \square $


$T[\cdot ]$


$f: A \vdL B$


\begin {equation*}\begin {array}{c} \infer [{T[f]^{\#}}]{T[A]^{\#} \vdL T[B]^{\#}}{ \deduce {A \vdL B}{f} } \end {array}\end {equation*}


$T[\cdot ]$


$T[\cdot ] = [\cdot ]$


$T[A]^{\#} = A$


$T[B]^{\#} = B$


$f$


$T[\cdot ] = (T'[\cdot ] ; T'')$


\begin {equation*}\begin {array}{c} \infer ={(T'[A] ; T'')^{\#} \vdL (T'[B] ; T'')^{\#}}{ \infer [\otr ]{T'[A]^{\#} \otr T''^{\#} \vdL T'[B]^{\#} \otr T''^{\#}}{ \deduce {T'[A]^{\#} \vdL T'[B]^{\#}}{f} & \infer [\id ]{T''^{\#} \vdL T''^{\#}}{} } } \end {array}\end {equation*}


$T[\cdot ] = (T';T''[\cdot ])$


$\relax \square $


$\mathtt {SkMBiCT}$


$\mathtt {SkMBiCA}$


$f:A \vdL C$


$\mf {A2T} f : A \vdT C$


$f:T \vdT C$


$\mf {T2A} f : T^{\#} \vdL C$


$\mf {A2T}$


$f$


\begin {equation*}\begin {array}{c} \begin {array}{c} \infer [\id ]{A \vdL A}{} \end {array} \mapsto \begin {array}{c} \infer [\ax ]{A \vdT A}{} \end {array} \end {array}\end {equation*}


\begin {equation*}\begin {array}{c} \begin {array}{c} \infer [\comp ]{A \vdL C}{ \deduce {A \vdL B}{f'} & \deduce {B \vdL C}{f''} } \end {array} \mapsto \begin {array}{c} \infer [\mf {cut}]{A \vdT C}{ \deduce {A \vdT B}{\mf {A2T} f'} & \deduce {B \vdT C}{\mf {A2T} f''} } \end {array} \end {array}\end {equation*}


\begin {equation*}\begin {array}{c} \begin {array}{c} \infer [\otl ]{A \otl B \vdL C \otl D}{ \deduce {A \vdL C}{f'} & \deduce {B \vdL D}{f''} } \end {array} \mapsto \begin {array}{c} \infer [\tll ]{A \otl B \vdT C \otl D}{ \infer [\trl ]{A , B \vdT C \otl D}{ \deduce {A \vdT C}{\mf {A2T} f'} & \deduce {B \vdT D}{\mf {A2T} f''} } } \end {array} \end {array}\end {equation*}


\begin {equation*}\begin {array}{c} \begin {array}{c}  \infer [\llolli ]{A \llolli B \vdL C \llolli D}{ \deduce {C \vdL A}{f'} & \deduce {B \vdL D}{f''} }  \end {array} \mapsto \begin {array}{c}  \infer [\llright ]{A \llolli B \vdT C \llolli D}{ \infer [\llleft ]{A \llolli B , C \vdT D}{ \deduce {C \vdT A}{\mf {A2T} f'} & \deduce {B \vdT D}{\mf {A2T} f''} } }  \end {array} \end {array}\end {equation*}


\begin {equation*}\begin {array}{c} \begin {array}{c}  \infer [\lambda ]{\I \otl A \vdL A}{}  \end {array} \mapsto \begin {array}{c}  \infer [\tll ]{\I \otl A \vdT A}{ \infer [\unitl ]{\I , A \vdT A}{ \infer [\mf {unitL^{L}}]{{-} , A \vdT A}{ \infer [\ax ]{A \vdT A}{} } } }  \end {array} \end {array}\end {equation*}


\begin {equation*}\begin {array}{c} \begin {array}{c}  \infer [\rho ]{A \vdL A \otl \I }{}  \end {array} \mapsto \begin {array}{c}  \infer [\mf {unitR^{L}}]{A \vdT A \otl \I }{ \infer [\trr ]{A , {-} \vdT A \otl \I }{ \infer [\ax ]{A \vdT A}{} & \infer [\unitr ]{{-} \vdT \I }{} } }  \end {array} \end {array}\end {equation*}


\begin {equation*}\begin {array}{l} \begin {array}{c} \infer [\alpha ]{(A \otl B) \otl C \vdL A \otl (B \otl C)}{} \end {array} \\[10pt] \qquad \qquad \qquad \mapsto \begin {array}{c} \infer [\tll ]{(A \otl B) \otl C \vdT A \otl (B \otl C)}{ \infer [\tll ]{(A \otl B) , C \vdT A \otl (B \otl C)}{ \infer [\mf {assoc^{L}}]{(A , B) , C \vdT A \otl (B \otl C)}{ \infer [\trl ]{A , (B , C) \vdT A \otl (B \otl C)}{ \infer [\ax ]{A \vdT A}{} & \infer [\trl ]{B , C \vdT B \otl C}{ \infer [\ax ]{B \vdT B}{} & \infer [\ax ]{C \vdT C}{} } } } } } \end {array} \end {array}\end {equation*}


\begin {equation*}\begin {array}{c} \begin {array}{c}  \infer [\gamma ]{A \otl B \vdL B \otr A}{}  \end {array} \mapsto \begin {array}{c}  \infer [\tll ]{A \otl B \vdT B \otr A}{ \infer [\ot \mf {comm}]{A , B \vdT B \otr A}{ \infer [\trr ]{B ; A \vdT B \otr A}{ \infer [\ax ]{B \vdT B}{} & \infer [\ax ]{A \vdT A}{} } } }  \end {array} \end {array}\end {equation*}


\begin {equation*}\begin {array}{c} \begin {array}{c}  \infer [\gamma ^{-1}]{A \otr B \vdL B \otl A}{}  \end {array} \mapsto \begin {array}{c}  \infer [\tlr ]{A \otr B \vdT B \otl A}{ \infer [\ot \mf {comm}^{-1}]{A ; B \vdT B \otl A}{ \infer [\trl ]{B , A \vdT B \otl A}{ \infer [\ax ]{B \vdT B}{} & \infer [\ax ]{A \vdT A}{} } } }  \end {array} \end {array}\end {equation*}


\begin {equation*}\begin {array}{c} \begin {array}{c}  \infer [\pi ]{A \vdL B \llolli C}{ \deduce {A \otl B \vdL C}{f'} }  \end {array} \mapsto \begin {array}{c}  \infer [\llright ]{A \vdT B \llolli C}{ \infer [\tll ^{-1}]{A , B \vdT C}{ \deduce {A \otl B \vdT C}{\mf {A2T} f'} } }  \end {array} \end {array}\end {equation*}


\begin {equation*}\begin {array}{c} \begin {array}{c}  \infer [\pi ^{-1}]{A \otl B \vdL C}{ \deduce {A \vdL B \llolli C}{f'} }  \end {array} \mapsto \begin {array}{c}  \infer [\tll ]{A \otl B \vdT C}{ \infer [\llright ^{-1}]{A , B \vdT C}{ \deduce {A \vdT B \llolli C}{\mf {A2T} f'} } }  \end {array} \end {array}\end {equation*}


$\rlolli $


$\pi ^{\mf {R}}$


$\mf {T2A}$


$f$


\begin {equation*}\begin {array}{c} \begin {array}{c}  \infer [\ax ]{A \vdT A}{}  \end {array} \mapsto \begin {array}{c}  \infer [\id ]{A \vdL A}{}  \end {array} \end {array}\end {equation*}


\begin {equation*}\begin {array}{c} \begin {array}{c}  \infer [\unitr ]{{-} \vdT \I }{}  \end {array} \mapsto \begin {array}{c}  \infer [\id ]{\I \vdL \I }{}  \end {array} \end {array}\end {equation*}


\begin {equation*}\begin {array}{c} \begin {array}{c}  \infer [\unitl ]{T[\I ] \vdT C}{ \deduce {T[{-}] \vdT C}{f'} }  \end {array} \mapsto \begin {array}{c}  \infer ={T[\I ]^{\#} \vdL C}{ \deduce {T[{-}]^{\#} \vdL C}{\mf {T2A} f'} }  \end {array} \end {array}\end {equation*}


\begin {equation*}\begin {array}{l} \begin {array}{c} \infer [\ot \mf {comm}]{T[U_1 ; U_0] \vdT C}{ \deduce {T[U_0 , U_1] \vdT C}{f'} } \end {array} \\[1cm] \ \mapsto \scalebox {0.9}{$\begin {array}{c} \infer [\comp ]{T[U_1 ; U_0]^{\#} \vdL C}{ \infer ={T[U_1 ; U_0]^{\#} \vdL T[U_0 , U_1]^{\#}}{ \infer [\text {Lemma} \ \ref {lem:subst:T2A}]{T[U_1^{\#} \otr U_0^{\#}]^{\#} \vdL T[U_0^{\#} \otl U_1^{\#}]^{\#}}{ \infer [\gamma ^{-1}]{U_1^{\#} \otr U_0^{\#} \vdL U_0^{\#} \otl U_1^{\#}}{} } } &\hspace *{-0,3cm} \deduce {T[U_0 , U_1]^{\#} \vdL C}{\mf {T2A f'}} } \end {array}$} \end {array}\end {equation*}


\begin {equation*}\begin {array}{c} \begin {array}{c}  \infer [\tll ]{T[A \otl B] \vdT C}{ \deduce {T[A , B] \vdT C}{f'} }  \end {array} \mapsto \begin {array}{c}  \infer ={T[A \otl B]^{\#} \vdL C}{ \deduce {T[A , B]^{\#} \vdL C}{\mf {T2A} f'} }  \end {array} \end {array}\end {equation*}


\begin {equation*}\begin {array}{c} \begin {array}{c}  \infer [\trl ]{T , U \vdT A \otl B}{ \deduce {T \vdT A}{f'} & \deduce {U \vdT B}{f''} }  \end {array} \mapsto \begin {array}{c}  \infer ={(T , U)^{\#} \vdL A \otl B}{ \infer [\otl ]{T^{\#} \otl U^{\#} \vdL A \otl B}{ \deduce {T^{\#} \vdL A}{\mf {T2A} f'} & \deduce {U^{\#} \vdL B}{\mf {T2A} f''} } }  \end {array} \end {array}\end {equation*}


\begin {equation*}\begin {array}{l} \begin {array}{c} \infer [\llleft ]{T[A \llolli B , U] \vdT C}{ \deduce {U \vdT A}{f'} & \deduce {T[B] \vdT C}{f''} } \end {array} \\[1cm] \mapsto \scalebox {0.703}{$\begin {array}{c} \infer [\comp ]{T[(A \llolli B) , U^{\#}]^{\#} \vdL C}{ \infer ={T[(A \llolli B) , U]^{\#} \vdL T[B]^{\#}}{ \infer [\comp ]{T[(A \llolli B) \otl U^{\#}]^{\#} \vdL T[B]^{\#}}{ \infer [\text {Lem. \ref {lem:subst:T2A}}]{T[(A \llolli B) \otl U^{\#}]^{\#} \vdL T[(A \llolli B) \otl A]^{\#}}{ \infer [\otl ]{(A \llolli B) \otl U^{\#} \vdL (A \llolli B) \otl A}{ \infer [\id ]{A \llolli B \vdL A \llolli B}{} & \deduce {U^{\#} \vdL A}{\mf {T2A} f'} } } &\hspace *{-0.2cm} \infer [\text {Lem. \ref {lem:subst:T2A}}]{T[(A \llolli B) \otl A]^{\#} \vdL T[B]^{\#}}{ \infer [\pi ^{-1}]{(A \llolli B) \otl A \vdL B}{ \infer [\id ]{A \llolli B \vdL A \llolli B}{} } } } } &\hspace *{-4cm} \deduce {T[B]^{\#} \vdL C}{\mf {T2A} f''} } \end {array}$} \end {array}\end {equation*}


\begin {equation*}\begin {array}{c} \begin {array}{c}  \infer [\llright ]{T \vdT A \llolli B}{ \deduce {T , A \vdT B}{f'} }  \end {array} \mapsto \begin {array}{c}  \infer [\pi ]{T^{\#} \vdL A \llolli B}{ \deduce {T^{\#} \otl A \vdL B}{\mf {T2A} f'} }  \end {array} \end {array}\end {equation*}


\begin {equation*}\begin {array}{l} \begin {array}{c} \infer [\assl ]{T [(U_0 , U_1) , U_2] \vdT C}{ \deduce {T [U_0 , (U_1 , U_2)] \vdT C}{f'} } \end {array} \\[.5cm] \mapsto \scalebox {0.7}{$\begin {array}{c} \infer [\comp ]{ T [(U_0 , U_1) , U_2]^{\#} \vdT C }{ \infer ={T [(U_0 , U_1) , U_2]^{\#} \vdL T [U_0 , (U_1 , U_2)]^{\#}}{ \infer [\text {Lemma \ref {lem:subst:T2A}}]{T [(U_0^{\#} \otl U_1^{\#}) \otl U_2^{\#}]^{\#} \vdL T [U_0^{\#} \otl (U_1^{\#} \otl U_2^{\#})]^{\#}}{ \infer [\alpha ]{(U_0^{\#} \otl U_1^{\#}) \otl U_2^{\#} \vdL U_0^{\#} \otl (U_1^{\#} \otl U_2^{\#})}{} } } &\hspace *{-0,3cm} \deduce {T [U_0 , (U_1 , U_2)]^{\#} \vdL C}{\mf {T2A} f'} } \end {array}$} \end {array}\end {equation*}


\begin {equation*}\begin {array}{l} \begin {array}{c} \infer [\mf {unitL^{L}}]{T[{-},U] \vdT C}{ \deduce {T[U] \vdT C}{f'} } \end {array} \\[.5cm] \mapsto \begin {array}{c} \infer [\comp ]{T[{-} , U]^{\#} \vdL C}{ \infer ={T[{-} , U]^{\#} \vdL T[U]^{\#}}{ \infer [\text {Lemma \ref {lem:subst:T2A}}]{T[\I \otl U^{\#}]^{\#} \vdL T[U^{\#}]^{\#}}{ \infer [\lambda ]{\I \otl U^{\#} \vdL U^{\#}}{} } } & \deduce {T[U]^{\#} \vdT C}{\mf {T2A} f'} } \end {array} \end {array}\end {equation*}


\begin {equation*}\begin {array}{l} \begin {array}{c} \infer [\mf {unitR^{L}}]{T[U] \vdT C}{ \deduce {T[U, {-}] \vdT C}{f'} } \end {array} \\[.5cm] \mapsto \begin {array}{c} \infer [\comp ]{T[U]^{\#} \vdL C}{ \infer ={T[U]^{\#} \vdL T[U , {-}]^{\#}}{ \infer [\text {Lemma \ref {lem:subst:T2A}}]{T[U^{\#}]^{\#} \vdL T[U^{\#} \otl \I ]^{\#}}{ \infer [\rho ]{U^{\#} \vdL U^{\#} \otl \I }{} } } & \deduce {T[U , {-}]^{\#} \vdT C}{\mf {T2A} f'} } \end {array} \end {array}\end {equation*}


$\relax \square $


$\mathtt {SkMBiCA}$


$\mathtt {SkMBiCA}$


$\mathtt {SkMBiCA}$


$\langle W ,\leq ,\mbb {I}, \mbb {L}\rangle $


$W$


$\leq $


$W$


$\mbb {I}$


$W$


$\mbb {L}$


$W$


$\leq $


$\mbb {L}abc$


$a$


$b$


$c$


$\mbb {I}$


$\I \ot \I $


$\begin {array}{ll} \text {Left Skew Associativity (LSA)} & \forall a,b,c,d,x \in W, \mbb {L}abx \ \& \ \mbb {L}xcd \\ & \longrightarrow \exists y \in W \ \text {such that} \ \mbb {L}bcy \ \& \ \mbb {L}ayd. \\[3pt] \text {Left Skew Left Unitality (LSLU)} & \forall a, b \in W, e \in \mbb {I}, \mbb {L}eab \longrightarrow b \leq a. \\[3pt] \text {Left Skew Right Unitality (LSRU)} & \forall a \in W, \exists e \in \mbb {I} \ \text {such that} \ \mbb {L}aea.\\[3pt] \text {Right Skew Associativity (RSA)} & \forall a,b,c,d,x \in W, \mbb {L}bcx \ \& \ \mbb {L}axd \\ & \longrightarrow \exists y \in W \ \text {such that} \ \mbb {L}aby \ \& \ \mbb {L}ycd. \\[3pt] \text {Right Skew Left Unitality (RSLU)} & \forall a \in W, \exists e \in \mbb {I} \ \text {such that} \ \mbb {L}eaa. \\[3pt] \text {Right Skew Right Unitality (RSRU)} & \forall a,b \in W, e \in \mbb {I}, \mbb {L}aeb \longrightarrow b \leq a. \end {array}$


$\mbb {R}$


\begin {equation*}\begin {array}{cc} \text {$\mbb {LR}$-reverse} & \forall a,b,c \in W, \mbb {L}abc \longleftrightarrow \mbb {R}bac. \end {array}\end {equation*}


$\mathtt {SkMBiCA}$


$\langle W , \leq , \mbb {I} , \mbb {L} , \mbb {R}\rangle $


$\mbb {LR}$


$\mbb {L}$


$\mbb {R}$


$\mbb {LR}$


$\mathtt {NL}$


$\mathtt {NL}$


$W$


$W$


$\mc {P}_{\darr }(W)$


$v: \mf {Fma} \to \mc {P}_{\darr }(W)$


$\mathtt {SkMBiCA}$


\begin {equation*}\small \begin {array}{ll} v(\I ) & = \mbb {I} \\ v(A \otl B) &= \{c : \exists a \in v(A) , \exists b \in v(B) , \ \mbb {L}abc \} \\ v(A \llolli B) &= \{c : \forall a \in v(A), \forall b \in W , \ \mbb {L}cab \Rightarrow b \in v(B) \} \\ v(A \otr B) &= \{c : \exists a \in v(A) , \exists b \in v(B) , \ \mbb {R}abc \} \\ v(A \rlolli B) &= \{c : \forall a \in v(A), \forall b \in W , \ \mbb {R}cab \Rightarrow b \in v(B) \} \end {array}\end {equation*}


$v(A \otl B)$


$v(A \otr B)$


$\mbb {L}$


$v(A \llolli B)$


$v(A \rlolli B)$


$\mbb {L}$


$c \in v(A \llolli B)$


$c' \in W$


$c' \leq c$


$\forall a \in v(A), \forall b\in W, \mbb {L}c'ab$


$\mbb {L}$


$\mbb {L}cab$


$b \in v(B)$


$c' \in v(A \llolli B)$


$\mathtt {SkMBiCA}$


$\mathtt {SkMBiCA}$


$\langle W , \leq , \mbb {I} , \mbb {L} , \mbb {R} , v \rangle $


$A \vdL B$


$\langle W , \leq , \mbb {I} , \mbb {L} , \mbb {R} , v \rangle $


$v(A) \subseteq v(B)$


$v$


$v(A) \subseteq v(B)$


$A \vdL B$


$\mathtt {SkMBiCA}$


$\mathtt {SkMBiCA}$


$\alpha $


$\alpha ^{\mf {R}}$


$\mathtt {SkMBiCA}$


$\lambda : \I \otl A \vdL A$


$\mathtt {SkMBiCA}$


$\langle W , \mbb {I} , \mbb {L} , \mbb {R} , v \rangle $


$a \in v(\I \otl A)$


$e \in \mbb {I}$


$a' \in v(A)$


$\mbb {L}ea'a$


$a \leq a'$


$a \in v(A)$


$\rho : A \vdL A \otl \I $


$\mathtt {SkMBiCA}$


$\langle W , \mbb {I} , \mbb {L} , \mbb {R} , v \rangle $


$a \in v(A)$


$e \in \mbb {I}$


$\mbb {L}aea$


$a \in v(A \otl \I )$


$\gamma : A \otl B \vdL B \otr A$


$\mathtt {SkMBiCA}$


$\langle W , \mbb {I} , \mbb {L} , \mbb {R} , v \rangle $


$c \in v(A \otl B)$


$a \in v(A)$


$b \in v(B)$


$\mbb {L}abc$


$\mbb {LR}$


$\mbb {R}bac$


$c \in v(B \otr A)$


$\gamma ^{-1}$


$\relax \square $


$\mathtt {SkMBiCA_{e}}$


$\langle W , \leq , \mbb {I} , \mbb {L}, \mbb {R}, v \rangle $


$W = \mf {Fma}$


$A \leq B$


$A \vdL B$


$\mbb {I} = v(\I )$


$\mbb {L} ABC$


$C \vdL A \otl B$


$\mbb {R} ABC$


$C \vdL A \otr B$


$v(A) = \{ B : B \vdL A \text { is provable in \SkBiCA } \}$


$\mathtt {SkMBiCA}$


$(\mf {Fma} , \vdL )$


$\id $


$\comp $


$\mbb {I}$


$\comp $


$\mbb {L}$


$\mbb {R}$


$\comp $


$\otl $


$\otr $


$\langle \mf {Fma} , \vdL , \mbb {I} , \mbb {L}, \mbb {R}\rangle $


$\mbb {L} , \mbb {R}$


$A$


$B$


$J \in \mbb {I}$


$\mbb {L}JAB$


$J \vdL \I $


$B \vdL J \otl A$


$B \vdL A$


\begin {equation*}\begin {array}{c} \infer [\comp ]{B \vdL A}{ \infer [\comp ]{B \vdL \I \otl A}{ \deduce {B \vdL J \otl A}{} & \infer [\otl ]{J \otl A \vdL \I \otl A}{ \deduce {J \vdL \I }{} & \infer [\id ]{A \vdL A}{} } } & \infer [\lambda ]{\I \otl A \vdL A}{} } \end {array}\end {equation*}


$\rho $


$A$


$A \vdL A \otl \I $


$\mbb {L}AIA$


$v$


$\comp $


$\langle \mf {Fma} , \vdL , \mbb {I} , \mbb {L}, \mbb {R}, v \rangle $


$\mathtt {SkMBiCA}$


$\relax \square $


$A \vdL B$


$\mathtt {SkMBiCA}$


$\mathtt {SkMBiCA}$


$A \vdL B$


$\mathtt {SkMBiCA}$


$v(A) \subseteq v(B)$


$A \vdL A$


$v$


$A \in v(A)$


$v(A) \subseteq v(B)$


$A \in v(B)$


$A \vdL B$


$\relax \square $


$\langle W , \leq , \mbb {I} , \mbb {L} , \mbb {R} \rangle $


\begin {equation*}\arraycolsep =1pt \scriptsize \begin {array}{ccccc} & \mbb {LR} \text {-reverse holds} & \longleftrightarrow & \gamma \ \text {and} \ \gamma ^{-1} \text {are valid} & \\ \alpha ^{(\mf {R})} \ \text {valid} \ & \longleftrightarrow & \text {LSA (RSA) holds} & \longleftrightarrow & L^{(\mf {R})} \ \text {valid} \\ \lambda ^{(\mf {R})} \ \text {valid} \ & \longleftrightarrow & \text {LSLU (RSLU) holds} & \longleftrightarrow & j^{(\mf {R})} \ \text {valid} \\ \rho ^{(\mf {R})} \ \text {valid} \ & \longleftrightarrow & \text {LSRU (RSRU) holds} & \longleftrightarrow & i^{(\mf {R})} \ \text {valid} \end {array}\end {equation*}


$\mbb {LR}$


$\gamma $


$\gamma ^{-1}$


$v(A \otl B) = v(B \otr A)$


$(\longrightarrow )$


$x \in v(A\otl B) \subseteq W$


$a \in v(A), b \in v(B)$


$\mbb {L}abx$


$\mbb {LR}$


$\mbb {R}bax$


$x \in v(B \otr A)$


$(\longleftarrow )$


$v,A,B$


$v(A \otl B) = v(B \otr A)$


$a, b, x \in W$


$\mbb {L}abx$


$v(A) = a \darr $


$v(B) = b\darr $


$A, B \in \mf {At}$


$v$


$x$


$v(A \otl B)$


$v(B \otr A)$


$\mbb {R}bax$


$\lambda :$


$\lambda $


$(\longrightarrow )$


$\lambda $


$(\longleftarrow )$


$\lambda $


$A$


$v$


$v(\I \otl A) \subseteq v(A)$


$a, b \in W$


$e \in \mbb {I}$


$\mbb {L}eab$


$v(A) = a \darr $


$A \in \mf {At}$


$\mbb {L}eab$


$b \in v(A)$


$b \leq a$


$\rho :$


$\rho $


$(\longrightarrow )$


$\rho $


$(\longleftarrow )$


$\rho $


$A$


$v$


$v(A) \subseteq v(A \otl \I )$


$a \in W$


$v(A) = a \darr $


$A \in \mf {At}$


$a' \in v(A)$


$e \in \mbb {I}$


$\mbb {L}a'ea$


$\mbb {L}$


$\mbb {L}aea$


$\alpha :$


$\alpha $


$(\longrightarrow )$


$s \in v((A \otl B) \otl C)$


$a \in v(A), b \in v(B), x \in v(A \otl B), c \in v(C), \mbb {L}abx$


$\mbb {L}xcs$


$y \in W$


$\mbb {L}bcy$


$\mbb {L}ays$


$v$


$y \in v(B \otl C)$


$s \in v(A \otl (B \otl C))$


$(\longleftarrow )$


$\alpha $


$A, B, C, v$


$v((A \otl B) \otl C) \subseteq v(A \otl (B \otl C))$


$a,b,x,c,d \in W$


$\mbb {L}abx$


$\mbb {L}xcd$


$v(A) = a\darr , v(B) = b\darr $


$v(C) = c\darr $


$A, B,C \in \mf {At}$


$x \in v(A \otl B)$


$d \in v((A \otl B) \otl C)$


$d$


$v(A \otl (B \otl C))$


$a',b',y,c' \in W$


$\mbb {L}b'c'y$


$\mbb {L}a'yd$


$\mbb {L}$


$\mbb {L}bcy$


$\mbb {L}ayd$


$L:$


$A,B,C$


$v$


$v(B \llolli C) \subseteq v((A \llolli B) \llolli (A \llolli C))$


$(\longrightarrow )$


$s \in v(B \llolli C$


$s \in v((A \llolli B) \llolli (A \llolli C))$


$x \in v(A \llolli B), \ \mbb {L}sxy, \ y \in v(A \llolli C),\ a \in A, \ c \in W$


$\mbb {L}yac$


$c \in C$


$x' \in W$


$\mbb {L}xax'$


$\mbb {L}sx'c$


$x' \in B$


$x \in v(A \llolli B)$


$c \in C$


$s \in v(B \llolli C)$


$(\longleftarrow )$


$A,B,C$


$v$


$v(B \llolli C) \subseteq v((A \llolli B) \llolli (A \llolli C))$


$a,b,x,c,d \in W$


$\mbb {L}abx$


$\mbb {L}xcd$


$v(A) = c\darr $


$v(B) = \{y : \mbb {L}bcy \}$


$v(C) = \{ d' : \exists y \in v(B), \mbb {L}ayd' \}$


$A,B,C \in \mf {At}$


$y \in v(B)$


$d' \in W$


$\mbb {L}ayd'$


$v(C)$


$d' \in v(C)$


$a \in v(B \llolli C)$


$a \in v((A \llolli B) \llolli (A \llolli C))$


$b' \in v(A \llolli B)$


$x' \in W$


$c' \in v(A)$


$d' \in W$


$\mbb {L}ab'x'$


$x' \in v(A \llolli C)$


$\mbb {L}x'c'd'$


$d' \in C$


$v(B)$


$\mbb {L}abx$


$\mbb {L}xcd$


$b \in v(A \llolli B)$


$x \in v(A \llolli C)$


$d \in v(C)$


$y \in W$


$\mbb {L}bcy$


$\mbb {L}ayd$


$j^{\mf {R}}:$


$A,B$


$v$


$\mbb {I} \subseteq v(A \rlolli B)$


$v(A) \subseteq v(B)$


$(\longrightarrow )$


$a \in v(A)$


$e \in \mbb {I}$


$\mbb {R}eaa$


$a \in v(B)$


$e \in v(A \rlolli B)$


$(\longleftarrow )$


$A, B$


$v$


$\mbb {I} \subseteq v(A \rlolli B)$


$v(A) \subseteq v(B)$


$a \in W$


$v(A) = a \darr $


$v(B) = \{ b : \exists e \in \mbb {I}, \mbb {R}eab \}$


$A,B \in \mf {At}$


$e' \in \mbb {I}$


$a' \in v(A)$


$b' \in W$


$\mbb {R}e'a'b'$


$\mbb {R}$


$b' \in v(B)$


$e' \in v(A\rlolli B)$


$\mbb {I} \subseteq v(A \rlolli B)$


$v(A) \subseteq v(B)$


$a \in v(B)$


$e \in \mbb {I}$


$\mbb {R}eaa$


$L^{\mf {R}}:\ $


$A,B,C,D$


$v$


$v(A) \subseteq v(B \rlolli (C \rlolli D))$


$X$


$v(A) \subseteq v(X \rlolli D)$


$v(B) \subseteq v(C \rlolli X)$


$(\longrightarrow )$


$A, B , C, D$


$a \in v(A)$


$b, z \in W$


$b \in v(B)$


$\mbb {R}abz$


$z \in v(C \rlolli D)$


$z \in v(C \rlolli D)$


$c, d \in W$


$c \in v(C)$


$\mbb {R}zcd$


$d \in v(D)$


$z, d \in W$


$a \in v(A)$


$b \in v(B)$


$c \in v(C)$


$\mbb {R}abz$


$\mbb {R}zcd$


$d \in v(D)$


$X = B \otr C$


$a \in v(A)$


$a \in v((B \otr C) \rlolli D)$


$x \in v(B \otr C)$


$d \in W$


$\mbb {R}axd$


$\otr $


$\mbb {R}bcx$


$b \in v(B)$


$c \in v(C)$


$z \in W$


$\mbb {R}abz$


$\mbb {R}zcd$


$d \in v(D)$


$a \in v((B \otr C) \rlolli D)$


$b \in v(B)$


$c \in v(C)$


$x \in W$


$\mbb {R}bcx$


$x \in v(B \otr C)$


$\otr $


$b \in v(C \rlolli (B \otr C))$


$(\longleftarrow )$


$A,B,C,D$


$v$


$v(A) \subseteq v(B \rlolli (C \rlolli D))$


$X$


$v(A) \subseteq v(X \rlolli D)$


$v(B) \subseteq v(C \rlolli X)$


$a,b,c,d,x\in W$


$\mbb {R}axd$


$\mbb {R}bcx$


$v(A) = a\darr $


$v(B) = b\darr $


$v(C) = c\darr $


$v(D) = \{d' : \exists y,\mbb {R}aby \& \mbb {R}ycd' \}$


$A,B,C,D \in \mf {At}$


$a' \in v(A)$


$b' \in v(B)$


$x' \in W$


$c' \in v(C)$


$d' \in W$


$\mbb {R}a'b'x'$


$\mbb {R}x'c'd'$


$\mbb {R}$


$v(D)$


$d' \in v(D)$


$v(A) \subseteq v(B \rlolli (C \rlolli D))$


$X$


$v(A) \subseteq v(X \rlolli D)$


$a' \in v(A)$


$x' \in X$


$d' \in W$


$\mbb {R}a'x'd'$


$d' \in v(D)$


$v(B) \subseteq v(C \rlolli X)$


$b' \in v(B)$


$c' \in v(C)$


$x' \in W$


$\mbb {R}b'c'x'$


$x' \in v(X)$


$\mbb {R}bcx$


$(2)$


$x \in v(X)$


$\mbb {R}axd$


$(1)$


$d \in v(D)$


$y \in W$


$\mbb {R}aby$


$\mbb {R}ycd$


$\relax \square $


$\langle W, \leq , \mbb {I}, \mbb {L}\rangle $


$\mbb {L}$


$\langle W, \leq , \mbb {I}, \mbb {L}\rangle $


$\mathtt {SkMBiCA}$


$\langle W, \leq , \mbb {I}, \mbb {L}, \mbb {R}\rangle $


$\langle W, \leq , \mbb {I}, \mbb {L}\rangle $


$\langle W, \leq , \mbb {I}, \mbb {R} \rangle $


$\mbb {L}\mbb {R}$


$\mbb {L}\mbb {R}$


$\langle W, {\leq }, \mbb {I}, \mbb {L} \rangle $


$\langle W, \leq , \mbb {I}, \mbb {R} \rangle $


\begin {equation*}\begin {array}{lcl} \langle W, \leq , \mbb {I}, \mbb {L}\rangle \ \text {left skew associative} & \!\!\!\!\longleftrightarrow \!\!\!\! & \langle W, \leq , \mbb {I}, \mbb {R}\rangle \ \text {right skew associative} \\ \langle W, \leq , \mbb {I}, \mbb {L}\rangle \ \text {left skew left unital} & \!\!\!\!\longleftrightarrow \!\!\!\! & \langle W, \leq , \mbb {I}, \mbb {R}\rangle \ \text {right skew right unital} \\ \langle W, \leq , \mbb {I}, \mbb {L}\rangle \ \text {left skew right unital} & \!\!\!\!\longleftrightarrow \!\!\!\! & \langle W, \leq , \mbb {I}, \mbb {R}\rangle \ \text {right skew left unital} \end {array}\end {equation*}


$\mathtt {SkMBiCA}$


$\otl $


$A \otl B = \{c : \exists a \in A \ \& \ \exists b \in B \ \& \ \mbb {L}abc \}$


$\alpha $


$(A \otl B) \otl C \subseteq A \otl (B \otl C)$


$\alpha $


$\mathsf {SkMBiC}$


$\langle W, \leq , \I , \mbb {L}, \mbb {R}\rangle $


$W$


$A, B$


$A \to B$


$A \subseteq B$


$(\mc {P}_{\darr }(W) , \subseteq )$


$\mathtt {SkMBiCA}$


$\mathsf {SkMBiC}$


$\langle W, \leq , \mbb {I}, \mbb {L}\rangle $


$(\mc {P}_{\darr }(W), \subseteq )$


\begin {equation*}\begin {array}{lcl} (\mbb {I}, \otl ) \ \text {left skew monoidal} & \longleftrightarrow & (\mbb {I}, \llolli ) \ \text {left skew closed} \\ (\mbb {I}, \otr ) \ \text {right skew monoidal} & \longleftrightarrow & (\mbb {I}, \rlolli ) \ \text {right skew closed} \end {array}\end {equation*}


$\mbb {LR}$


\begin {equation*}\begin {array}{lcl} (\mbb {I}, \otl ) \ \text {left skew monoidal} & \longleftrightarrow & (\mbb {I}, \otr ) \ \text {right skew monoidal} \\ (\mbb {I}, \llolli ) \ \text {left skew closed} & \longleftrightarrow & (\mbb {I}, \rlolli ) \ \text {right skew closed} \\ (\mbb {I}, \otl ) \ \text {associative normal} & \longleftrightarrow & (\mbb {I}, \otr ) \ \text {associative normal} \\ (\mbb {I}, \otl ) \ \text {left unital normal} & \longleftrightarrow & (\mbb {I}, \otr ) \ \text {right unital normal} \end {array}\end {equation*}


\begin {equation*}\begin {array}{lcl} (\mbb {I}, \otl ) \ \text {right unital normal} & \longleftrightarrow & (\mbb {I}, \otr ) \ \text {left unital normal} \\ (\mbb {I}, \llolli ) \ \text {associative normal} & \longleftrightarrow & (\mbb {I}, \rlolli ) \ \text {associative normal} \\ (\mbb {I}, \llolli ) \ \text {left unital normal} & \longleftrightarrow & (\mbb {I}, \rlolli ) \ \text {right unital normal} \\ (\mbb {I}, \llolli ) \ \text {right unital normal} & \longleftrightarrow & (\mbb {I}, \rlolli ) \ \text {left unital normal} \end {array}\end {equation*}


$\mathtt {SkMBiCA}$


$\lo $


$\ol $


$A$


$B$


$A \lo B$


$B \ol A$


$\mf {ex} : A \ot B \vdL B \ot A$


$A \lo B \vdL B \ol A$


$B \ol A \vdL A \lo B$


\begin {equation*}\begin {array}{c} \begin {array}{c} \infer [\pi _{\ol }]{A \lo B \vdL B \ol A}{ \infer [\comp ]{(A \lo B) \ot A \vdL B}{ \infer [\mf {ex}]{(A \lo B) \ot A \vdL A \ot (A \lo B)}{} & \infer [\pi ^{-1}_{\lo }]{A \ot (A \lo B) \vdL B}{ \infer [\id ]{A \lo B \vdL A \lo B}{} } } } \end {array} \\[10pt] \begin {array}{c} \infer [\pi _{\lo }]{B \ol A \vdL A \lo B}{ \infer [\comp ]{A \ot (B \ol A) \vdL B}{ \infer [\mf {ex}]{A \ot (B \ol A) \vdL (B \ol A) \ot A}{} & \infer [\pi _{\ol }^{-1}]{(B \ol A) \ot A \vdL B}{ \infer [\id ]{(B \ol A) \vdL B \ol A}{} } } } \end {array} \end {array}\end {equation*}


$\mathtt {LSkA}$


\begin {equation*}\begin {array}{c} \infer [\mf {ex}]{A \ot B \vdL B \ot A}{} \end {array}\end {equation*}


$\ex '$


$\ex $


$\id $


$\comp $


$\ot $


$f : (A \ot B) \ot C \vdL D$


$(B \ot A) \ot C \vdL D$


\begin {equation*}\begin {array}{l} \begin {array}{c} \infer [\ex ']{(B \ot A) \ot C \vdL D}{ \deduce {(A \ot B) \ot C \vdL D}{f} } \end {array} \\[0.8cm] = \begin {array}{c} \infer [\comp ]{(B \ot A) \ot C \vdL D}{ \infer [\ot ]{(B \ot A) \ot C \vdL (A \ot B) \ot C}{ \infer [\ex ]{B \ot A \vdL A \ot B}{} & \infer [\id ]{C \vdL C}{} } & \deduce {(A \ot B) \ot C \vdL D}{f} } \end {array} \end {array}\end {equation*}


$\mf {ex}$


$\lambda ^{-1}$


$\rho ^{-1}$


$\alpha ^{-1}$


\begin {equation*}\arraycolsep =5pt \begin {array}{c} \begin {array}{rcc} \lambda ^{-1} &\equalsign & \infer [\comp ]{A \ot \I \vdL A}{ \infer [\mf {ex}]{A \ot \I \vdL \I \ot A}{} & \infer [\lambda ]{\I \ot A \vdL A}{} } \\[20pt] \rho ^{-1} &\equalsign & \infer [\comp ]{A \vdL \I \ot A}{ \infer [\rho ]{A \vdL A \ot \I }{} & \infer [\mf {ex}]{A \ot \I \vdL \I \ot A}{} } \\[20pt] \alpha ^{-1} &\equalsign & \scalebox {0.84}{$\begin {array}{c} \infer [\ex ']{A \ot (B \ot C) \vdL (A \ot B) \ot C}{ \infer [\ex ']{(B \ot C) \ot A \vdL (A \ot B) \ot C}{ \infer [\comp ]{(C \ot B) \ot A \vdL (A \ot B) \ot C}{ \infer [\alpha ]{(C \ot B) \ot A \vdL C \ot (B \ot A)}{} & \infer [\ex ']{C \ot (B \ot A) \vdL (A \ot B) \ot C}{ \infer [\ex ']{(B \ot A) \ot C \vdL (A \ot B) \ot C}{ \infer [\id ]{(A \ot B) \ot C \vdL (A \ot B) \ot C}{} } } } } } \end {array}$} \end {array} \end {array}\end {equation*}


\begin {equation*}\begin {array}{c} \infer [s]{(A \ot B) \ot C \vdL (A \ot C) \ot B}{} \quad \infer [s']{B \lolli (A \lolli C) \vdL A \lolli (B \lolli C)}{} \end {array}\end {equation*}


$s$


$\lolli $


$s'$


$\mathtt {SkMBiCA}$


$\mathtt {SkMBiCT}$


$\mathtt {SkMBiCA_{e}}$


$\mathtt {SkMBiCT_{e}}$


$\mathtt {SkMBiCA_{e}}$


$\mathbb {C}$


$s_{A , B ,C} : (A \ot B) \ot C \to (A \ot C) \ot B$


$((A\otimes B)\otimes C)\otimes D$


$((A\otimes B)\otimes D)\otimes C$


$((A\otimes D)\otimes B)\otimes C$


$((A\otimes C)\otimes B)\otimes D$


$((A\otimes C)\otimes D)\otimes B$


$((A\otimes D)\otimes C)\otimes B$


$s_{A\otimes B,C,D}$


$s_{A,B,D}\otimes C$


$s_{A,B,C}\otimes D$


$s_{A\otimes C,B,D}$


$s_{A,C,D}\otimes B$


$s_{A\otimes D,B,C}$


$((A\otimes B)\otimes C)\otimes D$


$((A\otimes C)\otimes B)\otimes D$


$((A\otimes C)\otimes D)\otimes B$


$(A\otimes B)\otimes (C\otimes D)$


$(A\otimes (C\otimes D))\otimes B$


$s_{A,B,C}\otimes D$


$s_{A\otimes C,B,D}$


$\alpha _{A\otimes B,C,D}$


$\alpha _{A,C,D}\otimes B$


$s_{A,B,C\otimes D}$


$((A\otimes B)\otimes C)\otimes D$


$((A\otimes B)\otimes D)\otimes C$


$((A\otimes D)\otimes B)\otimes C$


$(A\otimes (B\otimes C))\otimes D$


$(A\otimes D)\otimes (B\otimes C)$


$s_{A\otimes B,C,D}$


$s_{A,B,D}\otimes C$


$\alpha _{A,B,C}\otimes D$


$\alpha _{A\otimes D,B,C}$


$s_{A,B\otimes C,D}$


$((A\otimes B)\otimes C)\otimes D$


$(A\otimes (B\otimes C))\otimes D$


$A\otimes ((B\otimes C)\otimes D)$


$((A\otimes B)\otimes D)\otimes C$


$(A\otimes (B\otimes D))\otimes C$


$A\otimes ((B\otimes D)\otimes C)$


$\alpha _{A,B,C}\otimes D$


$\alpha _{A,B\otimes C,D}$


$s_{A\otimes B,C,D}$


$A\otimes s_{B,C,D}$


$\alpha _{A,B,D}\otimes C$


$\alpha _{A,B\otimes D,C}$


$(A\otimes C)\otimes B$


$(A\otimes B)\otimes C$


$(A\otimes B)\otimes C$


$s_{A,B,C}$


$s_{A,C,B}$


$A \otimes (B \otimes (C \otimes D))$


$B \otimes (A \otimes (C \otimes D))$


$B \otimes (C \otimes (A \otimes D))$


$A \otimes (C \otimes (B \otimes D))$


$C \otimes (A \otimes (B \otimes D))$


$C \otimes (B \otimes (A \otimes D))$


$s^{\mathsf {R}}_{A,B,C\otimes D}$


$A\otimes s^{\mathsf {R}}_{B,C,D}$


$B\otimes s^{\mathsf {R}}_{A,C,D}$


$s^{\mathsf {R}}_{B,C,A\otimes D}$


$s^{\mathsf {R}}_{A,C,B\otimes D}$


$C\otimes s^{\mathsf {R}}_{A,B,D}$


$A \otimes (B \otimes (C \otimes D))$


$A \otimes (C \otimes (B \otimes D))$


$C \otimes (A \otimes (B \otimes D))$


$(A \otimes B) \otimes (C \otimes D)$


$C \otimes ((A \otimes B) \otimes D)$


$A\otimes s^{\mathsf {R}}_{A,C,B\otimes D}$


$\alpha ^{\mathsf {R}}_{A,B,C\otimes D}$


$s^{\mathsf {R}}_{A,C,B\otimes D}$


$C\otimes \alpha ^{\mathsf {R}}_{A,B,D}$


$s^{\mathsf {R}}_{A\otimes B,C,D}$


$A \otimes (B \otimes (C \otimes D))$


$B \otimes (A \otimes (C \otimes D))$


$B \otimes (C \otimes (A \otimes D))$


$A \otimes ((B \otimes C) \otimes D)$


$(B \otimes C) \otimes (A \otimes D)$


$s^{\mathsf {R}}_{A,B,C\otimes D}$


$A\otimes \alpha ^{\mathsf {R}}_{B,C,D}$


$B\otimes s^{\mathsf {R}}_{A,C,D}$


$\alpha ^{\mathsf {R}}_{B,C,A\otimes D}$


$s^{\mathsf {R}}_{A,B\otimes C,D}$


$A \otimes (B \otimes (C \otimes D))$


$A \otimes ((B \otimes C) \otimes D)$


$(A \otimes (B \otimes C)) \otimes D$


$B \otimes (A \otimes (C \otimes D))$


$B \otimes ((A \otimes C) \otimes D)$


$(B \otimes (A \otimes C)) \otimes D$


$A\otimes \alpha ^{\mathsf {R}}_{B,C,D}$


$s_{A\otimes B,C,D}$


$\alpha ^{\mathsf {R}}_{A,B\otimes C,D}$


$s^{\mathsf {R}}_{A,B,C\otimes D}$


$B\otimes \alpha ^{\mathsf {R}}_{A,C,D}$


$\alpha ^{\mathsf {R}}_{B,A\otimes C,D}$


$B \otimes (A \otimes C)$


$A \otimes (B \otimes C)$


$A \otimes (B \otimes C)$


$s^{\mathsf {R}}_{B,A,C}$


$s^{\mathsf {R}}_{A,B,C}$


$W_A$


$W_K$


$a^V$


$W_A$


$W_K$


$V(p_K)$


$\beta $


$_\agent $


$\agent $


$i$


$\agent \ni $


$a$


$\in \Nom _1$


$x$


$\in W_A$


$i$


$\agent \ni $


$T$


$(\cdot )^V$


$\beta $


$_\agent $


$\tableauAK $


\begin {gather*}\infer [{[\neg _A]}^{*1}] {@_b @_k b} {@_a @_k \neg b} \qquad \infer [{[\neg _K]}^{*1}] {@_a @_l l} {@_a @_k \neg l} \\ \\ \infer [{[\land ]}] {\deduce {@_a @_k \psi } {@_a @_k \varphi }} {@_a @_k (\varphi \land \psi )} \qquad \infer [{[\lor ]}] {@_a @_k \varphi \mid @_a @_k \psi } {@_a @_k (\varphi \lor \psi )} \\ \\ \infer [{[\Dia _A]}^{*1, *2, *3}] {\deduce {@_b @_k \varphi }{@_a @_k \Dia _A b}} {@_a @_k \Dia _A \varphi } \qquad \infer [{[\Dia _K]}^{*1, *2, *4}] {\deduce {@_a @_l \varphi }{@_a @_k \Dia _K l}} {@_a @_k \Dia _K \varphi } \\ \\ \infer [{[\Box _A]}^{*5}] {@_b @_k \varphi } {\deduce {@_a @_k \Dia _A b}{@_a @_k \Box _A \varphi }} \qquad \infer [{[\Box _K]}^{*5}] {@_a @_l \varphi } {\deduce {@_a @_k \Dia _K l}{@_a @_k \Box _K \varphi }} \\ \\ \infer [{[@_A]}] {@_b @_k \varphi } {@_a @_k @_b \varphi } \quad \
\infer [{[@_K]}] {@_a @_l \varphi } {@_a @_k @_l \varphi } \quad \
\infer [{[\Id _A]}^{*2}] {@_b @_k \varphi } {\deduce {@_a @_k b} {@_a @_k \varphi }} \quad \
\infer [{[\Id _K]}^{*2}] {@_a @_l \varphi } {\deduce {@_a @_k l} {@_a @_k \varphi }}\end {gather*}


$@_a @_k \Dia _A b$


$@_a @_k \Dia _K l$


$[\Dia _A]$


$[\Dia _K]$


$b$


$l$


$b \in \Nom _A$


$l \in \Nom _K$


$s$


$s' : B \lolli (A \lolli C) \to A \lolli (B \lolli C)$


$s'$


$\mathbb {C}$


$s^{\mf {R}}_{A , B ,C} : A \ot (B \ot C) \to B \ot (A \ot C)$


$\mf {s'^{R}} : \int ^{Y}\mbb {C} (B , Y \lolli D) \times \mbb {C} (A , C \lolli Y) \to \int ^{X}\mbb {C} (A , X \lolli D) \times \mbb {C} (B , C \lolli X)$


$s$


$s^{\mf {R}}$


$s'$


$s'^{\mf {R}}$


$\mathtt {LSkA}$


\begin {equation*}\infer [s]{(A \ot B) \ot C \vdL (A \ot C) \ot B}{}\end {equation*}


$s'$


\begin {equation*}\scalebox {0.7}{$\begin {array}{c} \infer [\pi ]{B \lolli (A \lolli C) \vdL A \lolli (B \lolli C)}{ \infer [\pi ]{(B \lolli (A \lolli C)) \ot A \vdL B \lolli C}{ \infer [\comp ]{((B \lolli (A \lolli C)) \ot A) \ot B \vdL C}{ \infer [\mf {s}]{((B \lolli (A \lolli C)) \ot A) \ot B \vdL ((B \lolli (A \lolli C)) \ot B) \ot A}{} & \infer [\pi ^{-1}]{((B \lolli (A \lolli C)) \ot B) \ot A \vdL C}{ \infer [\pi ^{-1}]{B \lolli (A \lolli C) \ot B \vdL A \lolli C}{ \infer [\ax ]{B \lolli (A \lolli C) \vdL B \lolli (A \lolli C)}{} } } } } } \end {array}$}\end {equation*}


\begin {equation*}\scalebox {0.7}{$\begin {array}{c} \infer [\pi ^{-1}]{(A \ot B) \ot C \vdL (A \ot C) \ot B}{ \infer [\pi ^{-1}]{A \ot B \vdL C \lolli ((A \ot C) \ot B)}{ \infer [\comp ]{A \vdL B \lolli (C \lolli ((A \ot C) \ot B))}{ \infer [\pi ]{A \vdL C \lolli (B \lolli ((A \ot C) \ot B))}{ \infer [\pi ]{A \ot C \vdL B \lolli ((A \ot C) \ot B)}{ \infer [\ax ]{(A \ot C) \ot B \vdL (A \ot C) \ot B}{} } } & \infer [\mf {s'}]{C \lolli (B \lolli ((A \ot C) \ot B)) \vdL B \lolli (C \lolli ((A \ot C) \ot B))}{} } } } \end {array}$}\end {equation*}


$\relax \square $


$X$


$Y$


$\mathtt {LSkA}$


\begin {equation*}\infer [s^{\mf {R}}]{A \ot (B \ot C) \vdL B \ot (A \ot C)}{}\end {equation*}


$s'^{\mf {R}}:$


$Y$


$B \vdL Y \lolli D$


$A \vdL C \lolli Y$


$X$


$A \vdL X \lolli D$


$B \vdL C \lolli X$


$s'^{\mf {R}}$


$s^{\mf {R}}$


$Y$


$B \vdL Y \lolli D$


$A \vdL C \lolli Y$


$X = B \ot C$


$A \vdL (B \ot C) \lolli D$


$B \vdL C \lolli (B \ot C)$


\begin {equation*}\begin {array}{c} \scalebox {0.85}{$\begin {array}{c} \infer [\pi ]{A \vdL (B \ot C) \lolli D}{ \infer [\comp ]{A \ot (B \ot C) \vdL D}{ \infer [s^{\mf {R}}]{A \ot (B \ot C) \vdL B \ot (A \ot C)}{} &\hspace *{-0.5cm} \infer [\comp ]{B \ot (A \ot C) \vdL D}{ \infer [\ot ]{B \ot (A \ot C) \vdL B \ot Y}{ \infer [\id ]{B \vdL B}{} & \infer [\pi ^{-1}]{A \ot C \vdL Y}{ \deduce {A \vdL C \lolli Y}{\text {Assumption}} } } & \infer [\pi ^{-1}]{B \ot Y \vdL D}{ \deduce {B \vdL Y \lolli D}{\text {Assumption}} } } } } \end {array}$} \\[1.5cm] \begin {array}{c} \infer [\pi ]{B \vdL C \lolli (B \ot C)}{ \infer [\id ]{B \ot C \vdL B \ot C}{} } \end {array} \end {array}\end {equation*}


$X$


$B \ot C$


$B \vdL C \lolli (B \ot C)$


$A \ot (B \ot C) \vdL B \ot (A \ot C)$


$\id : B \ot (A \ot C) \vdL B \ot (A \ot C)$


$\id : A \ot C \vdL A \ot C$


$\pi $


$\pi \ \id : B \vdL (A \ot C) \lolli (B \ot (A \ot C))$


$\pi \ \id : A \vdL C \lolli (A \ot C)$


$A \ot C = Y$


$s'^{\mf {R}}$


$X$


$A \vdL X \lolli (B \ot (A \ot C))$


$B \vdL C \lolli X$


\begin {equation*}\begin {array}{c} \infer [\comp ]{A \ot (B \ot C) \vdL B \ot (A \ot C)}{ \infer [\ot ]{A \ot (B \ot C) \vdL A \ot X}{ \infer [\id ]{A \vdL A}{} & \infer [\pi ^{-1}]{B \ot C \vdL X}{ \deduce {B \vdL C \lolli X}{\text {By $s'^{\mf {R}}$}} } } & \infer [\pi ^{-1}]{A \ot X \vdL B \ot (A \ot C)}{ \deduce {A \vdL X \lolli (B \ot (A \ot C))}{\text {By $s'^{\mf {R}}$}} } } \end {array}\end {equation*}


$\relax \square $


$\mathsf {SymSkMBiC}$


$s$


$s^{\mf {R}}$


${B \otl \gamma } \circ \gamma \circ s \circ \gamma ^{-1} \circ {A \otr \gamma ^{-1}}$


$A \otr (B \otr C)$


$A \otr (C \otl B)$


$(C \otl B)\otl A$


$B \otr (A \otr C)$


$B \otr (C \otl A)$


$(C \otl A)\otl B$


$A\otr \gamma ^{-1}$


$s^{\mf {R}}$


$\gamma ^{-1}$


$s$


$B\otr \gamma $


$\gamma $


$\mathsf {SymSkMBiC}$


$\mathtt {SkMBiCA_{e}}$


$\mathtt {SkMBiCA}$


\begin {equation*}\begin {array}{c} \infer [s]{(A \otl B) \otl C \vdL (A \otl C) \otl B}{} \end {array}\end {equation*}


$s^{\mf {R}}$


$\mathtt {SkMBiCA_{e}}$


$s'$


$s'^{\mf {R}}$


$\mathtt {SkMBiCA_{e}}$


$\mathsf {SymSkMBiC}$


$\mathsf {FSymSkMBiC(At)}$


$\mf {At}$


$\mathsf {FSkMBiC(At)}$


$\mathsf {FSymSkMBiC(At)}$


$\mf {Fma}$


$A$


$B$


$A \vdL B$


$\doteq $


\begin {equation*}\label {eq:sym:doteq} \arraycolsep =10pt \scriptsize \begin {array}{lc} & s \otl \id \circ s \circ s \otl \id \doteq s \circ s \otl \id \circ s \\ (\text {sym. axioms}) & s \circ \alpha \doteq \alpha \otl \id \circ s \circ s \otl \id \quad s \circ \alpha \otl \id \doteq \alpha \circ s \otl \id \circ s \\ & \alpha \circ \alpha \otl \id \circ s \doteq \id \otl s \circ \alpha \circ \alpha \otl \id \\[5pt] \text {(\( s\) symmetry)} & s \circ s \doteq \id \end {array}\end {equation*}


$\mathtt {SkMBiCT}$


$\mathtt {SkMBiCT_{e}}$


\begin {equation*}\infer [\mf {ex^{L}}]{T[(U_0 , U_2) , U_1] \vdT C}{T[(U_0 , U_1) , U_2] \vdT C} \quad \infer [\mf {ex^{R}}]{T[U_1 ; (U_0 ; U_2)] \vdT C}{T[U_0 ; (U_1 ; U_2)] \vdT C}\end {equation*}


$\mathtt {SkMBiCT_{e}}$


$\mathtt {SkMBiCT_{e}}$


$\ot \mf {comm}$


$\mathtt {SkMBiCA_{e}}$


$\mathtt {SkMBiCT_{e}}$


$\mathtt {SkMBiCA_{e}}$


$\mathtt {SkMBiCT_{e}}$


$f\!:\!A\! \vdL \! C$


$\mf {A2T} f \!:\! A \!\vdT \! C$


$f:T \vdT C$


$\mf {T2A} f : T^{\#} \vdL C$


$T^{\#}$


$\otl $


$\otr $


$-$


$\I $


$s$


$\mf {A2T}$


$\mf {ex^{L}}$


$\mf {ex^{R}}$


$\mf {T2A}$


\begin {equation*}\begin {array}{l} \begin {array}{c} \infer [s]{(A \otl B) \otl C \vdL (A \otl C) \otl B}{} \end {array} \\[20pt] \qquad \qquad \qquad \qquad \qquad \mapsto \begin {array}{c} \infer [\tll ]{(A \otl B) \otl C \vdT (A \otl C) \otl B}{ \infer [\tll ]{(A \otl B) , C \vdT (A \otl C) \otl B}{ \infer [\mf {ex^{L}}]{(A , B) , C \vdT (A \otl C) \otl B}{ \infer [\trl ]{(A , C) , B \vdT (A \otl C) \otl B}{ \infer [\trl ]{A , C \vdT A \otl C}{ \infer [\ax ]{A \vdT A}{} & \infer [\ax ]{C \vdT C}{} } & \infer [\ax ]{B \vdT B}{} } } } } \end {array} \end {array}\end {equation*}


\begin {equation*}\begin {array}{l} \begin {array}{c} \infer [\mf {ex^{L}}]{T[(U_0 , U_2) , U_1] \vdT C}{ \deduce {T[(U_0 , U_1) , U_2] \vdT C}{f'} } \end {array} \\[1cm] \mapsto \scalebox {0.715}{$\begin {array}{c} \infer [\comp ]{T[(U_0 , U_2) , U_1]^{\#} \vdT C}{ \infer ={T[(U_0 , U_2) , U_1]^{\#} \vdL T[(U_0 , U_1) , U_2]^{\#}}{ \infer [\text {Lemma} \ \ref {lem:subst:T2A}]{T[(U^{\#}_0 \otl U^{\#}_2) \otl U^{\#}_1]^{\#} \vdT T[(U^{\#}_0 \otl U^{\#}_1) \otl U^{\#}_2]^{\#}}{ \infer [s]{(U^{\#}_0 \otl U^{\#}_2) \otl U^{\#}_1 \vdT (U^{\#}_0 \otl U^{\#}_1) \otl U^{\#}_2}{} } } &\hspace *{-0.2cm} \deduce {T[(U_0 , U_1) , U_2]^{\#} \vdT C}{\mf {T2A} f'} } \end {array}$} \end {array}\end {equation*}


\begin {equation*}\begin {array}{l} \begin {array}{c} \infer [\mf {ex^{R}}]{T[U_1 ; (U_0 ; U_2)] \vdT C}{ \deduce {T[U_0 ; (U_1 ; U_2)] \vdT C}{f'} } \end {array} \\[1cm] \mapsto \scalebox {0.715}{$\begin {array}{c} \infer [\comp ]{T[U_1 ; (U_0 ; U_2)]^{\#} \vdT C}{ \infer ={T[U_1 ; (U_0 ; U_2)]^{\#} \vdL T[U_0 ; (U_1 ; U_2)]^{\#}}{ \infer [\text {Lemma} \ \ref {lem:subst:T2A}]{T[U^{\#}_1 \otr (U^{\#}_0 \otr U^{\#}_2)]^{\#} \vdT T[U^{\#}_0 \otr (U^{\#}_1 \otr U^{\#}_2)]^{\#}}{ \infer [s^{\mf {R}}]{U^{\#}_1 (\otr U^{\#}_0 \otr U^{\#}_2) \vdT U^{\#}_0 \otr (U^{\#}_1 \otr U^{\#}_2)}{} } } &\hspace *{-0.2cm} \deduce {T[U_0 ; (U_1 ; U_2)]^{\#} \vdT C}{\mf {T2A} f'} } \end {array}$} \end {array}\end {equation*}


$\relax \square $


$\mathtt {SkMBiCA_{e}}$


$\mathtt {SkMBiCT_{e}}$


$A$


$B$


$A \llolli B \vd _{i} A \rlolli B$


$A \rlolli B \vd _{i} A \llolli B$


$i \in \{ \mf {L}, \mf {T} \}$


$\mathtt {SkMBiCT_{e}}$


$\mathtt {SkMBiCT_{e}}$


$A$


$B$


$??$


\begin {equation*}\begin {array}{c} \infer [\rlright ]{X \llolli Y \vdT X \rlolli Y}{ \infer [\tlr ]{(X \llolli Y) \otr X \vdT Y}{ \deduce {(X \llolli Y) ; X \vdT Y}{??} } } \qquad \infer [\rlright ]{X \rlolli Y \vdT X \llolli Y}{ \infer [\tll ]{(X \rlolli Y) \otl X \vdT Y}{ \deduce {(X \rlolli Y) , X \vdT Y}{??} } } \end {array}\end {equation*}


$\mathtt {SkMBiCA_{e}}$


$\mathtt {SkMBiCA_{e}}$


\begin {equation*}\small \begin {array}{ll} \text {Left Skew Commutativity (LSC)} & \forall a,b,c,d,x \in W, \mbb {L}abx \ \& \ \mbb {L}xcd \\ & \longrightarrow \exists y \in W \ \text {s.t.}\ \mbb {L}acy \ \& \ \mbb {L}ybd. \\[5pt] \text {Right Skew Commutativity (RSC)} & \forall a,b,c,d,x \in W, \mbb {L}bcx \ \& \ \mbb {L}axd \\ & \longrightarrow \exists y \in W \ \text {s.t.} \ \mbb {L}acy \ \& \ \mbb {L}byd. \end {array}\end {equation*}


$\mathtt {SkMBiCA_{e}}$


$\mathtt {SkMBiCA}$


$\mbb {L}$


$\mbb {R}$


$\mathtt {SkMBiCA_{e}}$


$\mathtt {SkMBiCA_{e}}$


$A \vdL B$


$\mathtt {SkMBiCA_{e}}$


$\mathtt {SkMBiCA_{e}}$


$f = s : (A \otl B) \otl C \vdL (A \otl C) \otl B$


$\mathtt {SkMBiCA_{e}}$


$\langle W , \mbb {I} , \mbb {L} , \mbb {R} , v \rangle $


$d \in v((A \otl B) \otl C)$


$x \in v(A \otl B)$


$c \in v(C)$


$\mbb {L}xcd$


$a \in v(A)$


$b \in v(B)$


$\mbb {L}abx$


$y \in W$


$\mbb {L}acy$


$\mbb {L}ybd$


$d \in v((A \otl C) \otl B)$


$\relax \square $


$\mathtt {SkMBiCA}$


$\langle W , \leq , \mbb {I} , \mbb {L}, \mbb {R}, v \rangle $


$W = \mf {Fma}$


$A \leq B$


$A \vdL B$


$\mbb {I} = v(\I )$


$\mbb {L} ABC$


$C \vdL A \otl B$


$\mbb {R} ABC$


$C \vdL A \otr B$


$v(A) = \{ B : B \vdL A \text { is provable in \ComSkBiCA } \}$


$\mathtt {SkMBiCA_{e}}$


$A , B , C , C' , D$


$f : C' \vdL A \otl B$


$g : D \vdL C' \otl C$


$A \otl C$


$A \otl C \vdL A \otl C$


$D \vdL (A \otl C) \otl B$


\begin {equation*}\scalebox {0.81}{$\begin {array}{c} \infer [\comp ]{D \vdL (A \otl C) \otl B}{ \deduce {D \vdL C' \otl C}{g} & \infer [\comp ]{C' \otl C \vdL (A \otl C) \otl B}{ \infer [\otl ]{C' \otl C \vdL (A \otl B) \otl C}{ \deduce {C' \vdL A \otl B}{f} & \infer [\ax ]{C \vdL C}{} } & \infer [s]{(A \otl C) \otl B \vdL (A \otl B) \otl C}{} } } \end {array}$}\end {equation*}


$\relax \square $


$A \vdL B$


$\mathtt {SkMBiCA_{e}}$


$\mathtt {SkMBiCA_{e}}$


$\langle W , \leq , \mbb {I} , \mbb {L} \rangle $


\begin {equation*}\begin {array}{ccccc} s \ \text {valid} \ & \longleftrightarrow & \text {LSC holds} & \longleftrightarrow & s' \ \text {valid} \\[0.2cm] s^{\mf {R}} \ \text {valid} \ & \longleftrightarrow & \text {RSC holds} & \longleftrightarrow & s'^{\mf {R}} \ \text {valid} \end {array}\end {equation*}


$s:$


$s$


$(\longrightarrow )$


$s$


$(\longleftarrow )$


$s$


$A , B , C$


$v((A \otl B) \otl C) \subseteq v((A\otl C) \otl B)$


$a , b , c , d , x \in W$


$\mbb {L}abx$


$\mbb {L}xcd$


$v(A) = a\darr , v(B) = b\darr $


$v(C) = c\darr $


$A, B,C \in \mf {At}$


$x \in v(A \otl B)$


$d \in v((A \otl B) \otl C)$


$d \in v((A \otl C) \otl B)$


$a' \in v(A)$


$c' \in v(C)$


$y \in v(A \otl C)$


$b' \in v(B)$


$\mbb {L}a'c'y$


$\mbb {L}yb'd$


$\mbb {L}$


$\mbb {L}acy$


$\mbb {L}ybd$


$s':$


$s'$


$(\longrightarrow )$


$A , B , C$


$v(B \llolli (A \llolli C)) \subseteq v(A \llolli (B \llolli C))$


$d \in v(B \llolli (A \llolli C))$


$a \in v(A)$


$b \in v(B)$


$x, c \in W$


$\mbb {L}dax$


$\mbb {L}xbc$


$c \in v(C)$


$y \in W$


$\mbb {L}dby$


$\mbb {L}yac$


$d \in v(B \llolli (A \llolli C))$


$c \in v(C)$


$(\longleftarrow )$


$s'$


$A , B , C$


$v (B \llolli (A \llolli C)) \subseteq v(A \llolli (B \llolli C))$


$a , b , c , d , x \in W$


$\mbb {L}abx$


$\mbb {L}xcd$


$v(A) = b\darr $


$v(B) = c\darr $


$v(C) = \{ d' : \exists y .\mbb {L}acy \& \mbb {L}ybd \}$


$A , B , C \in \mf {At}$


$c' \in v(B)$


$b' \in v(A)$


$y' , d' \in W$


$\mbb {L}ac'y'$


$\mbb {L}y'b'd'$


$\mbb {L}$


$\mbb {L}acy'$


$\mbb {L}y'bd'$


$d' \in v(C)$


$y' \in v(A \llolli C)$


$a \in v(B \llolli (A \llolli C))$


$s'$


$\mbb {L}abx$


$\mbb {L}xcd$


$x \in v (B \llolli C)$


$d \in v(C)$


$y \in W$


$\mbb {L}acy$


$\mbb {L}ybd$


$s^{\mf {R}}:$


$s^{\mf {R}}$


$(\longrightarrow )$


$A , B , C$


$v(A \otr (B \otr C)) \subseteq v(B \otr (A \otr C))$


$d \in v(A \otr (B \otr C))$


$a \in v(A)$


$b \in v(B)$


$c \in v(C)$


$x \in v(B \otr C)$


$\mbb {L}bcx$


$\mbb {L}axd$


$y \in W$


$\mbb {L}acy$


$\mbb {L}byd$


$y \in v(A \otr C)$


$d \in v(B \otr (A \otr C))$


$(\longleftarrow )$


$s^{\mf {R}}$


$a , b , c , d , x \in W$


$\mbb {L}bcx$


$\mbb {L}axd$


$v(A) = a\darr , v(B) = b\darr $


$v(C) = c\darr $


$A, B, C \in \mf {At}$


$x \in v(B \otr C)$


$d \in v(A \otr (B \otr C))$


$d \in v(B \otr (A \otr C))$


$a',b',y,c' \in W$


$\mbb {L}a'c'y$


$\mbb {L}b'yd$


$\mbb {L}$


$\mbb {L}acy$


$\mbb {L}byd$


$s'^{\mf {R}}:$


$s'^{\mf {R}}$


$(\longrightarrow )$


$A , B , C$


$D$


$Y$


$v(B) \subseteq v(Y \rlolli D)$


$v(A) \subseteq v(C \rlolli Y)$


$X$


$v(A) \subseteq v(X \rlolli D)$


$v(B) \subseteq v(C \rlolli X)$


$X = B \otr C$


$v (B) \subseteq v(C \rlolli (B \otr C))$


$a \in v(A)$


$x \in v(B \rlolli C)$


$d \in W$


$\mbb {L}axd$


$b \in v(B)$


$c \in v(C)$


$\mbb {L}bcx$


$y \in W$


$\mbb {L}acy$


$\mbb {L}byd$


$v(A) \subseteq v(C \rlolli Y)$


$y \in v(Y)$


$v(B) \subseteq v(Y \rlolli D)$


$d \in v(D)$


$(\longleftarrow )$


$s'^{\mf {R}}$


$a , b , c , d , x \in W$


$\mbb {L}bcx$


$\mbb {L}axd$


$v(A) = a\darr $


$v(B) = b\darr $


$v(C) = c\darr $


$v(D) = \{ d' : \exists y. \mbb {L}acy \& \mbb {L}byd \}$


$A , B , C , D\in \mf {At}$


$v(A)$


$v(C \rlolli (A \otr C))$


$b' \in v(B)$


$y' \in v(A \otr C)$


$d' \in W$


$\mbb {L}b'y'd'$


$a' \in v(A)$


$c' \in v(C)$


$\mbb {L}a'c'y'$


$\mbb {L}$


$\mbb {L}acy'$


$\mbb {L}by'd'$


$d' \in v(D)$


$v(B) \in v((A \otr C) \rlolli D)$


$Y = A \otr C$


$s'^{\mf {R}}$


$X$


$v(A) \subseteq v(X \rlolli D)$


$v(B) \subseteq v(C \rlolli X)$


$b \in v(C \rlolli X)$


$\mbb {L}bcx$


$x \in v(X)$


$a \in v(X \rlolli D)$


$\mbb {L}axd$


$d \in v(D)$


$y \in W$


$\mbb {L}acy$


$\mbb {L}byd$


$\relax \square $


$\mathtt {RSkT}$


$\mathtt {SkMBiCT}$


$\mathtt {SkMBiCA}$


$\mathtt {SkMBiCA_{e}}$


$\langle W, {\leq }, \mbb {I}, \mbb {L}, \mbb {R} \rangle $


$\mbb {L}$


$\mbb {R}$


$\mbb {LR}$


$\mbb {L}$


$\mbb {R}$


$\mathtt {SkMBiCA}$


$(\mc {P}_{\darr }(W) , \subseteq )$


$\mathtt {SkMBiCA}$


$\mathtt {LSkT}$


$\mathtt {SkMBiCT}$


$\otimes $


$\multimap $


$\multimapinv $


$\mathbf {G} = (G, \otimes , \multimap , \multimapinv , \leq )$


$(G, \otimes )$


$(G, \leq )$


$a \otimes b \leq c \text { iff } b \leq a \multimap c \text { iff } a \leq c \multimapinv b$


$a, b, c \in G$


$\mathbf {G}$


$\top $


$\bot $


$(G, \otimes , \multimap , \multimapinv , \leq )$


$1 \in G$


\begin {equation*}1 \otimes a = a = a \otimes 1\end {equation*}


$a \in G$


$(G, \otimes , \multimap , \multimapinv , 1, \leq )$


$\top , \bot $


$(G, \otimes , \multimap , \multimapinv , 1, \leq )$


$(G, \vee , \wedge , \top , \bot , \leq )$


$(G, \otimes , \multimap , \multimapinv , \vee , \wedge , 1, \top , \bot , \leq )$


$\otimes $


$\mathcal {L}_2$


$\mathcal {L}_1$


$\mathcal {L}_1$


$\mathcal {L}_1$


$(G, \otimes , \multimap , \multimapinv , 1, \leq )$


$(G, \vee , \wedge , \neg , \bot ,\top , \leq )$


$(G, \otimes , \multimap , \multimapinv , \vee , \wedge , \neg , 1, \top ,\linebreak \bot , \leq )$


$(G, \otimes , \multimap , \multimapinv , 1, \leq )$


$(G, \vee , \wedge , \rightarrow , \bot , \top , \leq )$


$(G, \otimes , \multimap , \multimapinv , \vee , \wedge , \rightarrow , 1, \top ,\linebreak \bot , \leq )$


$\otimes , \multimap , \multimapinv , \vee , \wedge $


$\neg $


$1, \top , \bot $


$\otimes $


$\wedge $


$\epsilon $


$\delta $


$\epsilon $


$\delta $


$\epsilon $


$\Gamma [\_]$


$\Delta $


$\_$


$\Gamma [\Delta ]$


$\Gamma $


$A$


$\Gamma $


$A$


$\Gamma \Rightarrow A$


$\begin {array}{clcl} \text {(id)} & A \Rightarrow A & \text {(cut)} & \dfrac {\Gamma \Rightarrow A \quad \Delta [A] \Rightarrow C}{\Delta [\Gamma ] \Rightarrow C} \end {array}$


$\begin {array}{clcl} (\otimes \Rightarrow ) & \dfrac {\Gamma [(A, B)] \Rightarrow C}{\Gamma [A \otimes B] \Rightarrow C} & (\Rightarrow \otimes ) & \dfrac {\Gamma \Rightarrow A \quad \Delta \Rightarrow B}{\Gamma , \Delta \Rightarrow A \otimes B} \end {array}$


$\begin {array}{clcl} (\multimap \Rightarrow )& \dfrac {\Gamma [B] \Rightarrow C \quad \Theta \Rightarrow A}{\Gamma [(\Theta , A \multimap B)] \Rightarrow C} & (\Rightarrow \multimap ) & \dfrac {A, \Gamma \Rightarrow B}{\Gamma \Rightarrow A \multimap B} \end {array}$


$\begin {array}{clcl} (\multimapinv \Rightarrow ) & \dfrac {\Gamma [A] \Rightarrow C \quad \Theta \Rightarrow B}{\Gamma [(A \multimapinv B, \Theta )] \Rightarrow C} & (\Rightarrow \multimapinv ) & \dfrac {\Gamma , B \Rightarrow A}{\Gamma \Rightarrow A \multimapinv B} \end {array}$


$\begin {array}{clcl} (\wedge \Rightarrow ) & \dfrac {\Gamma [(A; B)] \Rightarrow C}{\Gamma [A \wedge B] \Rightarrow C} & (\Rightarrow \wedge ) & \dfrac {\Gamma \Rightarrow A \quad \Gamma \Rightarrow B}{\Gamma \Rightarrow A \wedge B} \end {array}$


$\begin {array}{clcl} (\vee \Rightarrow ) & \dfrac {\Gamma [A] \Rightarrow C \quad \Gamma [B] \Rightarrow C}{\Gamma [A \vee B] \Rightarrow C} & (\Rightarrow \vee ) & \dfrac {\Gamma \Rightarrow A}{\Gamma \Rightarrow A \vee B}\quad \dfrac {\Gamma \Rightarrow B}{\Gamma \Rightarrow A \vee B} \end {array}$


$\begin {array}{clcl} (\top \Rightarrow ) & \dfrac {\Gamma [\Delta ] \Rightarrow C}{\Gamma [(\top ; \Delta )] \Rightarrow C} \, \dfrac {\Gamma [\Delta ] \Rightarrow C}{\Gamma [(\Delta ; \top )] \Rightarrow C} & \qquad (\Rightarrow \top ) & \Gamma \Rightarrow \top \end {array}$


$\begin {array}{clcl} (\bot \Rightarrow ) & \Gamma [\bot ] \Rightarrow C \end {array}$


$\begin {array}{clcl} \text {($\wedge $-ass)} & \dfrac {\Gamma [\Delta _1 ; (\Delta _2 ; \Delta _3)] \Rightarrow C}{\overline {\Gamma [(\Delta _1 ; \Delta _2) ; \Delta _3] \Rightarrow C}} & \text {($\wedge $-ex)} & \dfrac {\Gamma [\Delta ; \Theta ] \Rightarrow C}{\Gamma [ \Theta ; \Delta ] \Rightarrow C} \end {array}$


$\begin {array}{clcl} \text {($\wedge $-weak)} & \dfrac {\Gamma [\Delta ] \Rightarrow C}{\Gamma [\Delta ; \Theta ] \Rightarrow C} & \text {($\wedge $-cont)} & \dfrac {\Gamma [\Delta ; \Delta ] \Rightarrow C}{\Gamma [\Delta ] \Rightarrow C} \end {array}$


$\begin {array}{clcl} (1\Rightarrow ) & \dfrac {\Gamma [\Delta ] \Rightarrow C}{\Gamma [(1, \Delta )] \Rightarrow C} \quad \dfrac {\Gamma [\Delta ] \Rightarrow C}{\Gamma [(\Delta , 1)] \Rightarrow C} & \qquad (\Rightarrow 1) & \epsilon \Rightarrow 1 \end {array}$


$\begin {array}{clcl} (\neg \Rightarrow ) & A \wedge \neg A \Rightarrow \bot & (\Rightarrow \neg ) & \top \Rightarrow A \vee \neg A \end {array}$


$\mu $


$\mathbf {B}$


\begin {gather*}\mu (\epsilon ) = 1\\ \mu (\delta ) = \top \\ \mu ((\Gamma , \Delta )) = \mu (\Gamma ) \otimes \mu (\Delta )\\ \mu ((\Gamma ; \Delta )) = \mu (\Gamma ) \wedge \mu (\Delta )\end {gather*}


$\Gamma \Rightarrow A$


$\mathbf {B}$


$\mu $


$\mu (\Gamma ) \leq \mu (A)$


$\otimes , \multimap , \multimapinv , \vee , \wedge , \to $


$1, \top , \bot $


$(\neg \Rightarrow )$


$(\Rightarrow \neg )$


$\begin {array}{clcl} (\to \Rightarrow )& \dfrac {\Gamma [B] \Rightarrow C \quad \Theta \Rightarrow A}{\Gamma [(\Theta ; A \to B)] \Rightarrow C} & (\Rightarrow \to ) & \dfrac {\Gamma ; A \Rightarrow B}{\Gamma \Rightarrow A \to B} \end {array}$


$f: U \mapsto Y$


$U \subseteq X$


$X$


$Y$


$f: X \to Y$


$U = X$


$f(x) = \infty $


$f$


$x$


$I, J, K$


\begin {equation*}(U, \{f^{n_i}_i\}_{i \in I}, \{a_j\}_{j \in J}, \{R^{m_k}_k\}_{k \in K})\end {equation*}


$\{a_j\}_{j \in J} \subseteq U$


$f^{n_i}_i: U^{n_i} \to U$


$i \in I$


$R^{m_k}_k \subseteq U^{m_k}$


$k \in K$


$I, J, K$


\begin {equation*}(U, \{f^{n_i}_i\}_{i \in I}, \{a_j\}_{j \in J}, \{R^{m_k}_k\}_{k \in K})\end {equation*}


\begin {equation*}(U', \{f'^{n_i}_i\}_{i \in I}, \{a'_j\}_{j \in J}, \{R'^{m_k}_k\}_{k \in K})\end {equation*}


$\iota : U \to U'$


$\iota $


$j \in J$


$\iota (a_j) = a'_j$


$i \in I$


$x_1, x_2, \dots , x_{n_i} \in U$


$f^{n_i}_i (x_1, x_2, \dots , x_{n_i}) \neq \infty $


$\iota (f^{n_i}_i (x_1, x_2, \dots , x_{n_i}) = f'^{n_i}_i (\iota (x_1), \iota (x_2), \dots , \iota (x_{n_i}))$


$k \in K$


$(\iota (x_1), \iota (x_2), \dots , \iota (x_{m_k})) \in (R'^{m_k}_k) \iff $


$(x_1, x_2, \dots , x_{m_k}) \in R^{m_k}_k$


$x_1, x_2, \dots , x_{m_k} \in U$


$\mathbf {A}$


$\mathbf {B}$


$\mathbf {A}$


$\mathbf {B}$


$\mathbf {A}$


$\mathbf {B}$


$\mathbf {A}$


$\mathbf {B}$


$A \subseteq B$


$\mathbf {A}$


$\mathbf {B}$


$\mathcal {K}$


$\mathcal {K}^P$


$\mathcal {K}$


$\mathbf {L} = (L, \vee , \wedge , \top , \bot , \leq )$


$\mathbf {L}$


$\mathbf {L'}$


$\mathbf {L}$


$\mathbf {L'}$


$\mathbf {L}$


$(L, \vee , \wedge , \top , \bot , \leq )$


$(L, \leq )$


$\top $


$\bot $


$\leq $


$\vee , \wedge $


$\leq $


$a \vee b \neq \infty $


$a \vee b$


$\{a, b\}$


$\leq $


$a \wedge b \neq \infty $


$a \wedge b$


$\{a, b\}$


$\leq $


$\mathbf {B} = (B, \otimes , \multimap , \multimapinv , \vee , \wedge , \neg , 1, \top , \bot , \leq )$


$\mathbf {B}$


$\mathbf {B}$


$a \in B$


$\neg a \neq \infty $


$\neg a \in B$


$a \vee \neg a = \top $


$a \wedge \neg a = \bot $


$(B, \otimes , \multimap , \multimapinv , \vee , \wedge , \top , \bot , \leq )$


$(P, \leq )$


$A \subseteq P$


$A$


$a \in A$


$b \in P$


$a \leq b$


$b \in A$


$A$


$a \in A$


$b \in P$


$b \leq a$


$b \in A$


$(P, \leq )$


$a \in P$


\begin {equation*}[a) = \{b \in P: a \leq b\} \qquad (a] = \{b \in P: b \leq a\}\end {equation*}


$[a)$


$(a]$


$(L, \vee , \wedge )$


$F \subseteq L$


$F$


$\textimplies {a \leq b \land a \in F}{b \in F}$


$\textimplies {a \in F \land b \in F}{a \wedge b \in F}$


$F$


$F \neq L$


$F$


$\textimplies {a \vee b \in F}{a \in F \lor b \in F}$


$(L, \vee , \wedge )$


$F$


\begin {equation*}F_a = \left \{y \in L: \exists _{x \in F} x \wedge a \leq y\right \}\end {equation*}


$F_a$


$\neg a \in F \text { iff } a \notin F$


$\textimplies {a \in F \land b \in F}{a \wedge b \in F \lor a \wedge b = \infty }$


$a, b \in B$


$(B, \vee , \wedge , \neg , \top , \bot )$


$F \subseteq B$


$F$


$a \in F$


$\neg a \in F$


$a \in B$


$F$


$a \vee \neg a = \top \in F$


$a \in B$


$a \in F$


$\neg a \in F$


$a \in B$


$a \vee b \in F$


$a \notin F$


$b \notin F$


$\neg a \in F$


$\neg b \in F$


$\neg a \wedge \neg b \in F$


$\neg (a \vee b) \in F$


$(a \vee b) \wedge \neg (a \vee b) = \bot \in F$


$\relax \square $


$(L, \vee , \wedge )$


$F \subseteq L$


$b \in L$


$b \notin F$


$P \subseteq L$


$F \subseteq P$


$b \notin P$


$F$


$b \in L$


$b \notin F$


$F$


$b$


$\mathcal {E}$


$L$


$F$


$b$


$F \in \mathcal {E}$


$C \subseteq \mathcal {E}$


$\mathcal {E}$


$F \subseteq \bigcup C$


$b \notin \bigcup C$


$\bigcup C$


$c, d \in \bigcup C$


$c \in G$


$d \in G'$


$G, G' \in C$


$C$


$G \subseteq G'$


$G' \subseteq G$


$c$


$d$


$G$


$G'$


$c \wedge d \in G$


$c \wedge d \in G'$


$c \wedge d \in \bigcup C$


$\bigcup C$


$\bigcup C$


$P \in \mathcal {E}$


$\mathcal {E}$


$P$


$c, d \notin P$


$c \vee d \in P$


$c \notin P$


$P \subseteq P_c$


$P$


$\mathcal {E}$


$P_c \notin \mathcal {E}$


$F \subseteq P_c$


$b \in P_c$


$d \notin P$


$b \in P_d$


$P_c, P_d$


$x, y \in P$


$x \wedge c \leq b$


$y \wedge d \leq b$


$x \wedge y \wedge c \leq b$


$x \wedge y \wedge d \leq b$


$(x \wedge y \wedge c) \vee (x \wedge y \wedge d) \leq b$


$x \wedge y \wedge (c \vee d) \leq b$


$x, y, c \vee d \in P$


$b \in P$


$c, d \notin P$


$c \vee d \in P$


$b \in P$


$P$


$\relax \square $


$(L, \vee , \wedge )$


$a, b \in L$


$a \not \leq b$


$F \subseteq L$


$a \in F$


$b \notin F$


$[a)$


$b \notin [a)$


$P$


$a \in P$


$b \notin P$


$\relax \square $


$\mathbf {B}$


$F, G$


$\mathbf {B}$


$H$


$\mathbf {B}$


$\{ x \otimes y: x \in F \land y \in G \} \subseteq H$


$F'$


$G'$


$F \subseteq F'$


$G \subseteq G'$


$\{ x \otimes y: x \in F' \land y \in G \} \subseteq H$


$\{ x \otimes y: x \in F \land y \in G' \} \subseteq H$


$F, G$


$H$


$\{ x \otimes y: x \in F \land y \in G \} \subseteq H$


$F'$


$F \subseteq F'$


$\{ x \otimes y: x \in F' \land y \in G \} \subseteq H$


$\mathcal {E}$


$Q$


$\mathbf {B}$


$\{ x \otimes y: x \in Q \land y \in G \} \subseteq H$


$F \in \mathcal {E}$


$\mathcal {E}$


$\bot = \bot \otimes 1 \in H$


$\bigcup C \in \mathcal {E}$


$C \subseteq \mathcal {E}$


$a \in \bigcup C$


$Q \in C$


$a \in Q$


$\{ x \otimes y: x \in Q \land y \in G \} \subseteq H$


$y \in G$


$a \otimes y \in H$


$\bigcup C \in \mathcal {E}$


$P \in \mathcal {E}$


$\mathcal {E}$


$P$


$a \vee b \in P$


$a, b \notin P$


$P_a, P_b$


$P \subset P_a$


$P \subset P_b$


$P$


$P_a, P_b \notin \mathcal {E}$


$\{ x \otimes y: x \in P_a \land y \in G \} \not \subseteq H$


$\{ x \otimes y: x \in P_b \land y \in G \} \not \subseteq H$


$x, y \in P$


$z_1, z_2 \in G$


$(x \wedge a) \otimes z_1 \notin H$


$(y \wedge b) \otimes z_2 \notin H$


$x, y, a \vee b \in P$


$x \wedge y \wedge (a \vee b) \in P$


$(x \wedge y \wedge (a \vee b)) \otimes (z_1 \wedge z_2) \in H$


\begin {multline*}(x \wedge y \wedge (a \vee b)) \otimes (z_1 \wedge z_2) = ((x \wedge y \wedge a) \vee (x \wedge y \wedge b)) \otimes (z_1 \wedge z_2) =\\ = (x \wedge y \wedge a) \otimes (z_1 \wedge z_2) \vee (x \wedge y \wedge b) \otimes (z_1 \wedge z_2)\end {multline*}


$H$


$(x \wedge y \wedge a) \otimes (z_1 \wedge z_2) \in H$


$(x \wedge y \wedge b) \otimes (z_1 \wedge z_2) \in H$


$H$


$(x \wedge a) \otimes z_1 \in H$


$(y \wedge b) \otimes z_2 \in H$


$a \in P$


$b \in P$


$F' = P$


$G'$


$G \subseteq G'$


$\{ x \otimes y: x \in F \land y \in G' \} \subseteq H$


$\relax \square $


$\mathfrak {F} = (P, I, R)$


$\mathfrak {F}$


$I \subset P$


$R$


$P$


$\forall _{x, x', y, z \in P} \big ( \textimplies {R(x, y, z) \land x' = x}{R(x',y,z)}\big )$


$\forall _{x, y, y', z \in P} \big ( \textimplies {R(x, y, z) \land y' = y}{R(x,y',z)}\big )$


$\forall _{x, y, z, z' \in P} \big ( \textimplies {R(x, y, z) \land z = z'}{R(x,y,z')}\big )$


$\forall _{x \in P}\exists _{y, z \in I} \big ( R(x,y,x) \land R(z,x,x) \big )$


$\forall _{x, z \in P}\forall _{y \in I} \big ( \textimplies {R(x,y,z) \lor R(y,x,z)}{x = z} \big )$


$\mathbf {B} = (B, \otimes , \multimap , \multimapinv , \vee , \wedge , \neg , 1, \top , \bot , \leq )$


$\mathfrak {F}_\mathbf {B} = (\mathscr {F}(B), \mathscr {I}_\mathbf {B}, \mathscr {R}_\mathbf {B})$


$\mathscr {F}(B)$


$\mathbf {B}$


$\mathscr {I}_\mathbf {B}$


\begin {align*}\mathscr {R}_\mathbf {B}(F,G,H) \iff & \left ( \forall _{a,b \in B} \textimplies {a \in F \land b \in G}{ a \otimes b \in H \vee a \otimes b = \infty } \right )\\ \land &\left (\forall _{a, b \in B} \textimplies {a \in F \land a \multimap b \in G \land a \multimap b \neq \infty }{ b \in H} \right )\\ \land &\left (\forall _{a, b \in B} \textimplies {b \multimapinv a \in F \land a \in G \land a \multimapinv b \neq \infty }{ b \in H} \right ).\end {align*}


$\mathbf {B}$


$F \in \mathscr {F}(B)$


$P, Q \in \mathscr {F}(B)$


$\mathscr {R}_\mathbf {B}(F,P,F)$


$\mathscr {R}_\mathbf {B}(Q,F,F)$


$1 \in P, 1 \in Q$


$F \in \mathscr {F}(L)$


$P$


$1 \in P$


$\mathscr {R}_\mathbf {L}(F,P,F)$


$\mathscr {R}_\mathbf {L}(Q,F,F)$


$\mathcal {E}$


$\mathbf {L}$


$G \in \mathcal {E}$


$1 \in G$


$f \otimes g \in F$


$f \in F$


$g \in G$


$\mathcal {E}$


$[1) \in \mathcal {E}$


$\bigcup C$


$C \subseteq \mathcal {E}$


$\bigcup C \in \mathcal {E}$


$1 \in \bigcup C$


$f \in F$


$g \in \bigcup C$


$g \in G$


$G \in C$


$f \otimes g \in F$


$P \in \mathcal {E}$


$\mathcal {E}$


$P$


$a \vee b \in P$


$a, b \notin P$


$P_a$


$P_b$


$P \subset P_a$


$P \subset P_b$


$P$


$\mathcal {E}$


$P_a, P_b \notin \mathcal {E}$


$1 \in P_a, P_b$


$f_a \in F$


$x \in P$


$f_a \otimes (x \wedge a) \notin F$


$f_b \in F$


$y \in P$


$f_b \otimes (y \wedge b) \notin F$


$f_a, f_b \in F$


$f_a \wedge f_b \in F$


$a \vee b \in P$


$(x \wedge y) \wedge (a \vee b) = (x \wedge y \wedge a) \vee (x \wedge y \wedge b) \in P$


$(f_a \wedge f_b) \otimes [(x \wedge a) \vee (y \wedge b)] \in F$


\begin {equation*}(f_a \wedge f_b) \otimes [(x \wedge a) \vee (y \wedge b)] = ((f_a \wedge f_b) \otimes (x \wedge a)) \vee ((f_a \wedge f_b) \otimes (y \wedge b))\end {equation*}


$F$


$(f_a \wedge f_b) \otimes (x \wedge a) \in F$


$(f_a \wedge f_b) \otimes (y \wedge b) \in F$


$(f_a \wedge f_b) \otimes (x \wedge a) \in F$


$f_a \otimes (x \wedge a) \in F$


$\otimes $


$(f_a \wedge f_b) \otimes (y \wedge b) \in F$


$f_b \otimes (y \wedge b) \in F$


$a \in P$


$b \in P$


$\mathscr {R}_\mathbf {L}(F,P,F)$


$\relax \square $


$\mathbf {B}$


$\mathfrak {F}_\mathbf {B} = (\mathscr {F}(B), \subseteq , \mathscr {R}_\mathbf {B})$


$F, G, H \in \mathscr {F}(B)$


$\textimplies {a \in F \land b \in G}{ a \otimes b \in H}$


$a, b \in B$


$\textimplies {a \in F \land a \multimap b \in G}{b \in H}$


$a, b \in B$


$\textimplies {b \multimapinv a \in F \land a \in G }{b \in H}$


$a, b \in B$


$a \in F$


$a \multimap b \in G$


$\mathscr {R}_\mathbf {B}(F,G,H)$


$a \otimes (a \multimap b) \in H$


$b \in H$


$a \otimes (a \multimap b) \leq b$


$a \in F$


$b \in G$


$b \leq a \multimap (a \otimes b)$


$a \multimap (a \otimes b) \in G$


$a \otimes b \in H$


$\relax \square $


$\mathbf {B}$


$F, G$


$\mathbf {L}$


$\mathbf {H}$


$\mathbf {H}$


$\{ x \otimes y: x \in F \land y \in G \} \subseteq H$


$F'$


$G'$


$F \subseteq F'$


$G \subseteq G'$


$\mathscr {R}_\mathbf {L}(F',G',H)$


$F'$


$\{ x \otimes y: x \in F' \land y \in G \} \subseteq H$


$G'$


$\{ x \otimes y: x \in F' \land y \in G' \} \subseteq H$


$\mathscr {R}_\mathbf {L}(F',G',H)$


$\relax \square $


$\mathfrak {F} = (P, I, R)$


$X, Y \subseteq P$


\begin {gather*}X \ocirc Y = \left \{ z \in P : \exists _{x, y \in P} x \in X \land y \in Y \land R(x, y, z) \right \}\\ X \omultimap Y = \left \{ y \in P: \forall _{x, z \in P} \textimplies {R(x, y, z) \land x \in X }{z \in Y}\right \}\\ Y \omultimapinv X = \left \{ x \in P: \forall _{y, z \in P}\textimplies { R(x, y, z) \land y \in X}{z \in Y} \right \}\end {gather*}


$\mathbf {B}_{\mathfrak {F}} = (\powerset {P}, \ocirc , \omultimap , \omultimapinv , \cup , \cap , {}^c, I, P, \emptyset , \subseteq )$


$X^c = \powerset {P} \setminus X$


$X \in \powerset {P}$


$\mathfrak {F}$


$\mathbf {B}$


$\mathfrak {F}_\mathbf {B} = (\mathscr {F}(B), \subseteq , \mathscr {R}_\mathbf {B})$


$a, b \in B$


$H \in \mathscr {F}(B)$


$a \otimes b \in H$


$F, G \in \mathscr {F}(B)$


$a \in F$


$b \in G$


$\mathscr {R}_\mathbf {B}(F,G,H)$


$G \in \mathscr {F}(B)$


$a \multimap b \not \in G$


$F, H \in \mathscr {F}(B)$


$a \in F$


$b \not \in H$


$\mathscr {R}_\mathbf {B}(F,G,H)$


$F \in \mathscr {F}(B)$


$b \multimapinv a \not \in F$


$G, H \in \mathscr {F}(B)$


$a \in G$


$b \not \in H$


$\mathscr {R}_\mathbf {B}(F,G,H)$


$a \otimes b \in H$


$x \otimes y \in H$


$a \leq x$


$b \leq y$


$\{ x \otimes y: x \in [a) \land y \in [b)\} \subseteq H$


$F, G$


$\mathscr {R}_\mathbf {B}(F,G,H)$


$G$


$a \multimap b \notin G$


$aG = \{ a \otimes x : x \in G\}$


$aG$


$Q = \{x \in L: \exists _{y \in aG} y \leq x \}$


$x, y \in Q$


$x', y' \in G$


$a \otimes x' \leq x$


$a \otimes y' \leq y$


$x', y' \in G$


$x' \wedge y' \in G$


$a \otimes (x' \wedge y') \in aG$


\begin {equation*}a \otimes (x' \wedge y') \leq (a \otimes x') \wedge (a \otimes y') \leq x \wedge y\end {equation*}


$x \wedge y \in Q$


$b \notin Q$


$b \in Q$


$x \in G$


$a \otimes x \leq b$


$x \leq a \multimap b$


$a \multimap b \in G$


$Q$


$b \notin Q$


$H$


$Q \subseteq H$


$b \notin H$


$\{ x \otimes y : x \in [a) \land y \in G\} \subseteq H$


$F$


$\mathscr {R}_\mathbf {L}(F, G, H)$


$\relax \square $


$\mathbf {B}$


$a, b \in L$


$a \not \leq b$


$F \subseteq B$


$a \in F$


$b \notin F$


$\mathbf {B'}$


$\iota $


$\mathbf {B}$


$\mathbf {B'}$


$F \subseteq B'$


$a \in F$


$b \notin F$


$\iota ^{-1}(F)$


$\mathbf {B}$


$a \in \iota ^{-1}(F)$


$b \notin \iota ^{-1}(F)$


$\relax \square $


$\mathbf {B} = (B, \otimes , \multimap , \multimapinv , \vee , \wedge , \neg , 1, \top , \bot , \leq )$


$\mathbf {B}_{\mathfrak {F}_\mathbf {B}}$


$\iota (a) = \{ F \in \mathcal {F}_B : a \in F \}$


$a \in B$


$\iota $


$a \leq b$


$H \in \iota (a)$


$b \in H$


$H \in \iota (b)$


$\iota (a) \subseteq \iota (b)$


$a \not \leq b$


$H$


$a \in H$


$b \notin H$


$\iota (a) \not \subseteq \iota (b)$


$a \leq b$


$\iota (a) \subseteq \iota (b)$


$\iota $


$\iota (\bot ) = \emptyset $


$\top $


$\iota (\top ) = \mathscr {F}(B)$


$a, b \in B$


$a \otimes b \neq \infty $


\begin {equation*}\iota (a) \ocirc \iota (b) = \left \{ H \in \mathscr {F}(B) :\!\!\!\!\!\! \exists _{F, G \in \mathscr {F}(B)}\!\!\!\!\!\! F \in \iota (a) \land G \in \iota (b) \land \mathscr {R}_\mathbf {B}(F, G, H) \right \}.\end {equation*}


$\iota (a \otimes b) \subseteq \iota (a) \ocirc \iota (b)$


$H \in \iota (a \otimes b)$


$a \otimes b \in H$


$F, G \in \mathscr {F}(L)$


$a \in F$


$F \in \iota (a)$


$b \in G$


$G \in \iota (b)$


$\mathscr {R}_\mathbf {B}(F,G,H)$


$\iota (a) \ocirc \iota (b) \subseteq \iota (a \otimes b)$


$H \in \iota (a) \ocirc \iota (b)$


$F \in \iota (a)$


$G \in \iota (b)$


$\mathscr {R}_\mathbf {B}(F,G,H)$


$a \in F$


$b \in G$


$a \otimes b \in H$


$\mathscr {R}_\mathbf {B}$


$H \in \iota (a \otimes b)$


$a \multimap b$


$a \multimapinv b$


$a \vee b \neq \infty $


$\iota (a \vee b) \subseteq \iota (a) \cup \iota (b)$


$H \in \iota (a \vee b)$


$a \vee b \in H$


$H$


$a \in H$


$b \in H$


$H \in \iota (a)$


$H \in \iota (b)$


$a \in H$


$b \in H$


$a \vee b \in H$


$\iota (a) \cup \iota (b) \subseteq \iota (a \vee b)$


$a \wedge b \neq \infty $


$H \in \iota (a \wedge b)$


$a \in H$


$b \in H$


$H \in \iota (a)$


$H \in \iota (b)$


$H \in \iota (a)$


$H \in \iota (a)$


$a \wedge b \in H$


$H \in \iota (a \wedge b)$


$\relax \square $


$\mathbf {B} = (B, \otimes , \multimap , \multimapinv , \vee , \wedge , \neg , 1, \top , \bot , \leq )$


$\neg a \neq \infty $


$\neg a \in B$


$a \vee \neg a = \top $


$a \wedge \neg a = \bot $


$1 \otimes a = a = a \otimes 1$


$a \in B$


$\mathbf {B}$


$\mathcal {F}$


$\mathbf {B}$


$\mathcal {I} \subseteq \mathcal {F}$


$1 \in F$


$F \in \mathcal {I}$


$\forall _{a, b \in L} \Big ( \textimplies {a \not \leq b}{\exists _{F \in \mathcal {F}} a \in F \land b \not \in F} \Big )$


$\otimes $


$\forall _{H \in \mathcal {F}}\forall _{a,b \in L} \Big ( \textimplies {a \otimes b\! \in \! H}{ \!\!\!\!\!\exists _{F,G \in \mathcal {F}}\!\!\!\!\! a\! \in \! F \land b\! \in \! G \land \mathscr {R}_\mathbf {L}(F,G,H)} \Big )$


$\multimap $


$\forall _{G\! \in \! \mathcal {F}}\forall _{a,b \in L} \Big ( \textimplies {a \multimap b \neq \infty \land a \multimap b \not \in G}{}\Big .$


$\Big .\textimplies {}{\exists _{F,H \in \mathcal {F}} a \in F \land b \not \in H \land \mathscr {R}_\mathbf {L}(F,G,H)}\Big )$


$\multimapinv $


$\forall _{F \in \mathcal {F}}\forall _{a,b \in L} \Big (\textimplies {a \multimapinv b \neq \infty \land a \multimapinv b \not \in F}{}\Big .$


$\Big .\textimplies {}{\exists _{G,H \in \mathcal {F}} a \in G \land b \not \in H \land \mathscr {R}_\mathbf {L}(F,G,H)}\Big )$


$\forall _{F \in \mathcal {F}} \exists _{G_1, G_2 \in \mathcal {I}} \Big ( \mathscr {R}_\mathbf {L}(F,G_1,F) \land \mathscr {R}_\mathbf {L}(G_2, F, F) \Big )$


$\mathbf {B} = (B, \otimes , \multimap , \multimapinv , \vee , \wedge , \neg , 1, \top , \bot , \leq )$


$\mathbf {A} = (A, \ocirc , \omultimap , \omultimapinv , \ovee , \owedge , \oneg , \oi , \otop , \obot , \oleq )$


$\iota $


$\mathbf {B}$


$\mathbf {A}$


$\mathcal {F}$


$\mathbf {B}$


$\otimes $


$\multimap $


$\multimapinv $


\begin {equation*}\mathcal {F} = \{\iota ^{-1}(F): F\text { is a prime filter of }\mathbf {A}\}\end {equation*}


$F$


$\mathbf {A}$


$F_\iota = \iota ^{-1}(F)$


$\otimes $


$\multimap $


$\multimapinv $


$\mathcal {I} \subseteq \mathcal {F}$


\begin {equation*}\mathcal {I} = \{F \in \mathcal {F}: 1 \in F \}\end {equation*}


$F_\iota \in \mathcal {F}$


$G$


$\mathbf {A}$


$1 \in G$


$\mathscr {R}_\mathbf {A}(F,G,F)$


$G_\iota \in \mathcal {I}$


$\mathscr {R}_\mathbf {B}(F_\iota , G_\iota , F_\iota )$


$H$


$H_\iota \in \mathcal {I}$


$\mathscr {R}_\mathbf {B}(H_\iota , F_\iota , F_\iota )$


$\mathbf {B}$


$\mathbf {A}$


$\mathbf {B}$


$\mathbf {A}$


$\mathfrak {F} = (\mathcal {F}, \mathcal {I}, \mathscr {R}_\mathbf {B})$


$F, H \in \mathcal {F}$


$G \in \mathcal {I}$


$\mathscr {R}_\mathbf {B}(F, G, H)$


$a \in F$


$1 \in G$


$a \otimes 1 \in H$


$F \subseteq H$


$a \in H$


$a \notin F$


$\neg a \in F$


$\mathbf {A} = (\powerset {\mathcal {F}}, \otimes , \multimap , \multimapinv , \cup , \cap , \mathcal {I}, \mathcal {F}, \emptyset , \subseteq )$


$\mathfrak {F}$


$\iota $


$a \in L$


$\iota (a) = \{ F \in \mathcal {F}: a \in F \}$


$\iota $


$a, b \in L$


$a \leq b$


$\iota (a) \subseteq \iota (b)$


$a \not \leq b$


$F \in \mathcal {F}$


$a \in F$


$b \not \in F$


$\iota (a) \not \subseteq \iota (b)$


$a \leq b$


$\iota (a) \subseteq \iota (b)$


$\iota $


$\iota $


$\otimes , \multimap , \multimapinv , \vee , \wedge , \top , \bot $


$\iota (1) = \mathcal {I}$


$\mathcal {I} \subseteq \iota (1)$


$1$


$\mathcal {I}$


$F \in \iota (1)$


$G \in \mathcal {I}$


$\mathscr {R}_\mathbf {B}(F,G,F)$


$1 \in F$


$G \subseteq F$


$a \in F$


$a \notin G$


$\neg a \in G$


$\neg a \in F$


$G = F$


$F \in \mathcal {I}$


$a \in B$


$\iota (\neg a) = \{ F \in \mathcal {F}: \neg a \in F\} = \{ F \in \mathcal {F}: a \not \in F \}$


$\{ F \in \mathcal {F}: a \not \in F \} = \{ F \in \mathcal {F}: a \in F\}^c$


$\relax \square $


$\mathbf {B} = (B, \otimes , \multimap , \multimapinv , \vee , \wedge , \neg , 1, \top , \bot , \leq )$


$\mathbf {B}$


$|B|$


$\mathbf {B}$


$\mathbf {B}$


$\mathbf {B}$


$\mathbf {B}$


$\leq $


$\top , \bot $


$\leq $


$1 \otimes a = a$


$a \otimes 1 = a$


$a \in L$


$\neg a \neq \infty $


$\neg a \in B$


$a \vee \neg a = \top $


$a \wedge \neg a = \bot $


$a \in B$


$\mathcal {F}_n$


$\mathcal {F}_0$


$\mathbf {B}$


$S \subseteq B$


$\mathcal {O}(2^{2|B|})$


$i = 0$


$\mathcal {I}_i = \{ F \in \mathcal {F}_i: 1 \in F \}$


$F \in \mathcal {F}_i$


$\otimes $


$\multimap $


$\multimapinv $


$F$


$F$


$\mathcal {F}_{i+1}$


$\mathcal {F}_{i+1} = \emptyset $


$\mathcal {F}_i = \mathcal {F}_{i+1}$


$i+1$


$F$


$\mathcal {O}(2^{3|B|})$


$\mathcal {F}_i$


$\mathcal {O}(2^{|B|})$


$i$


$2^{|B|}$


$\mathcal {O}(2^{5|B|})$


$\mathcal {O}(|B|^2 2^{|B|})$


$\relax \square $


$\Gamma \Rightarrow C$


$G \Rightarrow C$


$G$


$\Gamma $


$\otimes $


$\wedge $


$\epsilon $


$\delta $


$\top $


$G \Rightarrow A$


$G \Rightarrow A$


$s(p) = 1$


$s(1) = 1$


$s(\top ) = 1$


$s(\bot ) = 1$


$s(A \otimes B) = s(A) + s(B) + 1$


$s(A \multimap B) = s(A) + s(B) + 1$


$s(A \multimapinv B) = s(A) + s(B) + 1$


$s(A \wedge B) = s(A) + s(B) + 1$


$s(A \vee B) = s(A) + s(B) + 1$


$s(\neg A) = s(A) + 1$


$s(A \to B) = s(A) + s(B) + 1$


$s(G \Rightarrow A) = s(G) + s(A)$


$\mathbf {A}$


$\mu $


$\mathcal {L}$


$\mathbf {A}$


$\mu $


$\mu (\top ) = \top $


$\mu (\bot ) = \bot $


$\mu (1) = 1$


$\mu (D \otimes E) \neq \infty $


$\mu (D) \neq \infty , \mu (E) \neq \infty $


$\mu (D \otimes E) = \mu (D) \otimes \mu (E)$


$\mu (D \multimap E)\! \neq \! \infty $


$\mu (D)\! \neq \! \infty , \mu (E)\! \neq \! \infty $


$\mu (D \multimap E)\! =\! \mu (D) \multimap \mu (E)$


$\mu (D \multimapinv E)\! \neq \! \infty $


$\mu (D)\! \neq \! \infty , \mu (E)\! \neq \! \infty $


$\mu (D \multimapinv E)\! =\! \mu (D) \multimapinv \mu (E)$


$\mu (D \wedge E) \neq \infty $


$\mu (D) \neq \infty , \mu (E) \neq \infty $


$\mu (D \wedge E) = \mu (D) \wedge \mu (E)$


$\mu (D \vee E) \neq \infty $


$\mu (D) \neq \infty , \mu (E) \neq \infty $


$\mu (D \vee E) = \mu (D) \vee \mu (E)$


$\mu (\neg D) \neq \infty $


$\mu (D) \neq \infty $


$\mu (\neg D) = \neg \mu (D)$


$G \Rightarrow C$


$\mu $


$G \Rightarrow C$


$\mu $


$\mu (G) \neq \infty $


$\mu (C) \neq \infty $


$\mu (G) \leq \mu (C)$


$\mathcal {K}$


$\Phi = \{G_1 \Rightarrow C_1, G_2 \Rightarrow C_2, \dots , G_k \Rightarrow C_k\}$


$G \Rightarrow C$


$n := 2(s(G_1 \Rightarrow C_1) + s(G_2 \Rightarrow C_2) + \dots + s(G_k \Rightarrow C_k) + s(G \Rightarrow C)) + 4.$


$\Phi $


$G \Rightarrow C$


$\mathbf {A} \in \mathcal {K}^P$


$|A| \leq n$


$\mu $


$\Phi $


$\mathbf {A}$


$\mu $


$\mu (G)$


$\mu (C)$


$G \Rightarrow C$


$\mathbf {A}$


$\mu $


$\mathbf {A} \in \mathcal {K}^P$


$|A| \leq n$


$\mu $


$\Phi $


$\mathbf {A}$


$\mu $


$\mu (G)$


$\mu (C)$


$G \Rightarrow C$


$\mu (G) \not \leq \mu (C)$


$\mathbf {A}' \in \mathcal {K}$


$\iota $


$\mathbf {A}$


$\mathbf {A}'$


$\iota (\mu (G_i)) \oleq \iota (\mu (C_i))$


$i = 1, \dots , k$


$\iota (\mu (G)) \onleq \iota (\mu (C))$


$\mathbf {A}'$


$\mu ' = \iota \circ \mu $


$\Phi $


$G \Rightarrow C$


$\mathbf {A'}$


$\Phi $


$G \Rightarrow C$


$G \Rightarrow C$


$\mathbf {A}' \in \mathcal {K}$


$\mu '$


$\Phi $


$\mu '$


$\mathbf {A} \in \mathcal {K}^P$


$T$


$1, \top , \bot $


$G_1, C_1, \dots , G_k, C_k, G, C$


$A = \{ \mu '(D) : D \in T \} \cup \{ \oneg \mu '(D) : D \in T\}$


$D \in T$


$D = E \otimes F$


$\mu '(E) \otimes \mu '(F) := \mu '(E \otimes F)$


$D \in T$


$D = E \multimap F$


$\mu '(E) \multimap \mu '(F) := \mu '(E \multimap F)$


$D \in T$


$D = E \multimapinv F$


$\mu '(E) \multimapinv \mu '(F) := \mu '(E \multimapinv F)$


$D \in T$


$D = E \vee F$


$\mu '(E) \vee \mu '(F) := \mu '(E \vee F)$


$D \in T$


$D = E \wedge F$


$\mu '(E) \wedge \mu '(F) := \mu '(E \wedge F)$


$1 \otimes a := a$


$a \otimes 1 := a$


$\neg a := \oneg a$


$a \vee \neg a := \top $


$a \wedge \neg a := \bot $


$a \in A$


$\leq = {\oleq } \cap A^2$


$|A| \leq n$


$\mathbf {A} \in \mathcal {K}^P$


$\mu = \mu '_{|T}$


$\mu $


$\mu (G_i) \leq \mu (C_i)$


$i = 1, \dots , k$


$\mu (G) \not \leq \mu (C)$


$\mu (G)$


$\mu (C)$


$\Phi \vdash G \Rightarrow C$


$G \Rightarrow C$


$\mathbf {A} \in \mathcal {K}^P$


$\mu $


$|A| \leq n$


$\Phi $


$\mathbf {A}$


$\mu $


$\mu (G)$


$\mu (C)$


$n$


$\mathcal {O}(n^2)$


$\mathcal {O}(n)$


$\mathcal {O}(n)$


$\infty $


$\mathcal {O}(2^{Ln^3})$


$L$


$\mathcal {O}(2^{Ln^3}2^{5n})$


$\mathbf {A}$


$\mathcal {O}(|A|^n)$


$\Phi $


$G \Rightarrow C$


$\mathcal {O}(n)$


$\Phi $


$G \Rightarrow C$


$\mathbf {A}$


$\mathcal {O}(2^{n^3})$


$\mathcal {O}(2^{Ln^3}2^{5n}2^{n^3}) = \mathcal {O}(2^{(L+1)n^3+5n})$


$\relax \square $


$\mathbf {H} = (H, \otimes , \multimap , \multimapinv , \vee , \wedge , \to , 1, \top , \bot , \leq )$


$\mathbf {H}$


$\mathbf {H}$


$(H, \otimes , \multimap , \multimapinv , \vee , \wedge , 1, \top , \bot , \leq )$


$\mathbf {H} = (H, \otimes , \multimap , \multimapinv , \vee , \wedge , \to , 1, \top , \bot , \leq )$


$F \subseteq H$


$F$


$\textimplies {a \to b \neq \infty \land a \in F \land a \to b \in F}{b \in F}$


$\mathfrak {F} = (P, I, R)$


$X, Y \subseteq P$


\begin {gather*}X \ocirc Y = \left \{ z \in P : \exists _{x, y \in P} x \in X \land y \in Y \land R(x, y, z) \right \}\\ X \omultimap Y = \left \{ y \in P: \forall _{x, z \in P} \textimplies {R(x, y, z) \land x \in X }{z \in Y}\right \}\\ Y \omultimapinv X = \left \{ x \in P: \forall _{y, z \in P}\textimplies { R(x, y, z) \land y \in X}{z \in Y} \right \}\\ X \to ' Y = \bigcup \{Z \in \powerset {P} : X \cap Z \subseteq Y\}\end {gather*}


$\mathbf {H}_{\mathfrak {F}} = (\powerset {P}, \ocirc , \omultimap , \omultimapinv , \cup , \cap , \to ', I, P, \emptyset , \subseteq )$


$\mathbf {H} = (H, \otimes , \multimap , \multimapinv , \vee , \wedge , \to , 1, \top , \bot , \leq )$


$1 \otimes a = a = a \otimes 1$


$a \in H$


$\mathbf {H}$


$\mathcal {F}$


$\mathbf {H}$


$\otimes $


$\multimap $


$\multimapinv $


$\mathcal {I} \subseteq \mathcal {F}$


$1 \in F$


$F \in \mathcal {I}$


$\forall _{a, b \in H}\textimplies {a \to b \neq \infty }{b \leq a \to b}$


$\forall _{F \in \mathcal {F}}\forall _{a, b \in H}\Big (\textimplies {a \to b \neq \infty \land a \not \in F \land a \to b \not \in F}{}\Big .$


$\textimplies {}{\Big .\exists _{F' \in \mathcal {F}} \big (F \subseteq F' \land a \in F' \land a \to b \not \in F'\big )\Big )}$


$\mathbf {H} = (H, \otimes , \multimap , \multimapinv , \vee , \wedge , \to , \top , \bot , \leq )$


$\mathbf {A} = (A, \ocirc , \omultimap , \omultimapinv , \ovee , \owedge , \oto , \otop , \obot , \oleq )$


$\iota $


$\mathbf {H}$


$\mathbf {A}$


$\mathcal {F}$


$\mathbf {H}$


$\otimes $


$\multimap $


$\multimapinv $


\begin {equation*}\mathcal {F} = \{\iota ^{-1}(F): F\text { is a prime filter of }\mathbf {A}\}\end {equation*}


$a, b \in H$


$a \to b \neq \infty $


$a, a \to b \notin F_\iota $


$F$


$\mathbf {A}$


$\iota (a), \iota (a \to b) \notin F$


$\iota (a \to b) = \iota (a) \oto \iota (b)$


$F_{\iota (a)}$


$\iota (a) \in F_{\iota (a)}$


$\iota (a) \oto \iota (b) \in F_{\iota (a)}$


$x \in F$


$\iota (a) \wedge x \oleq \iota (a) \oto \iota (b)$


$\iota (a) \wedge \iota (a) \wedge x \oleq \iota (b)$


$\iota (a) \wedge \iota (a) \wedge x = \iota (a) \wedge x$


$\iota (a) \wedge x \oleq \iota (b)$


$x \oleq \iota (a) \oto \iota (b)$


$\iota (a) \oto \iota (b) \in F$


$\iota (a) \oto \iota (b) \notin F_{\iota (a)}$


$F'$


$\mathbf {A}$


$F_{\iota (a)} \subseteq F'$


$\iota (a) \oto \iota (b) \notin F'$


$\mathbf {H}$


$\mathbf {A}$


$\iota $


$\mathbf {H}$


$\mathbf {A}$


$\mathfrak {F} = (\mathcal {F}, \subseteq , \mathscr {R}_\mathbf {H})$


$\mathbf {A} = (\powerset {\mathcal {F}}, \otimes , \multimap , \multimapinv , \cup , \cap , \oto , \mathcal {F}, \emptyset , \subseteq )$


$\mathfrak {F}$


$\iota $


$a \in H$


$\iota (a) = \{ F \in \mathcal {F}: a \in F \}$


$\iota $


$\mathcal {F}$


$\otimes $


$\multimap $


$\multimapinv $


$\iota (a \to b) = \iota (a) \oto \iota (b)$


$a, b \in H$


$a \to b \neq \infty $


\begin {equation*}\iota (a) \oto \iota (b) = \bigcup \{ X \in \mathcal {F}: \iota (a) \cap X \subseteq \iota (b) \}\end {equation*}


$\iota (a \to b) = \iota (a) \to \iota (b)$


$F \in \iota (a) \cap \iota (a \to b)$


$a \in F$


$a \to b \in F$


$b \in F$


$F \in \iota (b)$


$\iota (a \to b) \subseteq \iota (a) \oto \iota (b)$


$\{X_i\}_{i \in I}$


$X_i = \bigcap \{ \iota (c_{i,j}): j \in J_i\}$


$\iota (a) \cap X_i \subseteq \iota (b)$


$\{c_{i,j}\}_{j \in J_i}$


$i \in I$


$F \in \mathcal {F}$


$a \in F$


$\{c_{i,j}\}_{j \in J_i} \subseteq F$


$b \in F$


$F \in \iota (a)$


$F \in X$


$F \in X_i$


$a \in F$


$b \in F$


$F \in \iota (b)$


$b \leq a \to b$


$a \to b \in F$


$F \in \iota (a \to b)$


$a \notin F$


$a \to b \notin F$


$F' \in \mathcal {F}$


$F \subseteq F'$


$a \in F'$


$a \to b \notin F'$


$b \notin F'$


$\{c_{i,j}\}_{j \in J_i} \subseteq F \subseteq F'$


$b \notin F'$


$a \to b \in F$


$X = \bigcup \{X_i: i \in I\}$


$\iota (a) \cap X = \bigcup \{ \iota (a) \cap X_i : i \in I \} \subseteq \iota (b)$


$i \in I$


$X_i \subseteq \iota (a \to b)$


$X \subseteq \iota (a \to b)$


$\iota (a) \to \iota (b) \subseteq \iota (a \to b)$


$\relax \square $


$\mathbf {H} = (H, \otimes , \multimap , \multimapinv , \vee , \wedge , \to , 1, \top , \bot , \leq )$


$\mathbf {H}$


$|H|$


$\leq $


$\top , \bot $


$\leq $


$1 \otimes a = a$


$a \otimes 1 = a$


$a \in L$


$\mathcal {F}_n$


$\mathcal {F}_0$


$\mathbf {B}$


$S \subseteq B$


$\mathcal {O}(2^{2|H|})$


$i = 0$


$\mathcal {I}_i = \{ F \in \mathcal {F}_i: 1 \in F \}$


$F \in \mathcal {F}_i$


$\otimes $


$\multimap $


$\multimapinv $


$F$


$F$


$\mathcal {F}_{i+1}$


$\mathcal {F}_{i+1} = \emptyset $


$\mathcal {F}_i = \mathcal {F}_{i+1}$


$i+1$


$F$


$\mathcal {O}(2^{3|H|})$


$\mathcal {F}_i$


$\mathcal {O}(2^{|H|})$


$i$


$2^{|H|}$


$\mathcal {O}(2^{5|H|})$


$\mathcal {O}(|H|^2 2^{|H|})$


$\mathcal {O}(2^{5|H|})$


$\relax \square $


$\to $


$K_i$


$K_i \varphi $


$i$


$\varphi $


\begin {equation*}\langle \texttt {Friend} \rangle i \land @_i [\texttt {Know}] p \rightarrow \langle \texttt {Friend} \rangle [\texttt {Know}] p,\end {equation*}


$p =$


$i =$


$@$


$@_i p$


$p$


$i$


$p$


$p$


$\agent $


$\Prop $


$\agent $


$K_i$


$K_i \varphi $


$i$


$\varphi $


$\Prop $


$\agent $


$\varphi $


$\langEL $


\begin {equation*}\varphi \Coloneqq p \mid \neg \varphi \mid \varphi \land \varphi \mid K_i \varphi \end {equation*}


$p \in \Prop $


$i \in \agent $


$\neg $


$\land $


$\lor $


$\rightarrow $


$\MEL $


$(W, (R_i)_{i \in \agent }, V)$


$W$


$i \in \agent $


$R_i$


$W$


$V: \Prop \rightarrow \pset {W}$


$\MEL $


$w$


$\varphi \in \langEL $


$\MEL , w \models \varphi $


\begin {align*}\MEL , w \models p \ &\iff \ w \in V(p) \text {, where } p \in \Prop \\ \MEL , w \models \neg \varphi \ &\iff \ \text {Not } \MEL , w \models \varphi \ (\MEL , w \not \models \varphi ) \\ \MEL , w \models \varphi \land \psi \ &\iff \ \MEL , w \models \varphi \text { and } \MEL , w \models \psi \\ \MEL , w \models K_i \varphi \ &\iff \ \text {For all } v \in W, w R_i v \text { implies } \MEL , v \models \varphi .\end {align*}


$\varphi $


$\modelsEL \varphi $


$\MEL , w \models \varphi $


$\MEL $


$w$


$K$


$F$


$n$


$@$


$@_n p$


$p$


$n$


$\Prop $


$\Nom $


$\varphi $


\begin {equation*}\varphi \Coloneqq p \mid n \mid \neg \varphi \mid \varphi \land \varphi \mid K \varphi \mid F \varphi \mid @_n \varphi ,\end {equation*}


$p \in \Prop $


$n \in \Nom $


$\langle K \rangle $


$\langle F \rangle $


$\langle K \rangle \varphi \coloneqq \neg K \neg \varphi $


$\langle F \rangle \varphi \coloneqq \neg F \neg \varphi $


$(W, A, (\sim _a)_{a \in A},\linebreak (\asymp _w)_{w \in W}, V)$


$W$


$A$


$a \in A$


$\sim _a$


$W$


$w \in W$


$\asymp _w$


$A$


$V$


$p$


$W \times A$


$n$


$W \times \{ a \}$


$a \in A$


$\asymp _w$


$A$


$a \in A$


$V(n) = W \times \{ a \}$


$n^V$


\begin {align*}\Kmodel , w, a \models p \ &\iff \ (w, a) \in V(p) \text { where } p \in \Prop , \\ \Kmodel , w, a \models n \ &\iff \ n^V = a, \text { where } n \in \Nom \\ \Kmodel , w, a \models K \varphi \ &\iff \ \Kmodel , v, a \models \varphi \text { for every } v \sim _a w, \\ \Kmodel , w, a \models F \varphi \ &\iff \ \Kmodel , w, b \models \varphi \text { for every } b \asymp _w a, \\ \Kmodel , w, a \models @_n \varphi \ &\iff \ \Kmodel , w, n^V \models \varphi .\end {align*}


$K p$


$p$


$K F p$


$p$


$F K p$


$p$


$\langle F \rangle n$


$n$


$@_n K p$


$n$


$p$


$\Prop _H$


$\Prop _S$


$I$


$(W, R, V)$


$\varphi $


$p_H \in \Prop _H$


$p_S \in \Prop _S$


\begin {equation*}\varphi \Coloneqq p_H \mid p_S \mid I \mid \neg \varphi \mid \varphi \land \varphi \mid \Dia _H \varphi \mid \Dia _S \varphi .\end {equation*}


$x$


$y$


$W$


\begin {align*}\Kmodel , x, y \models p_H \ &\iff \ x \in V(p_H) \text { where } p_H \in \Prop _H \\ \Kmodel , x, y \models p_S \ &\iff \ y \in V(p_S) \text { where } p_S \in \Prop _S \\ \Kmodel , x, y \models I \ &\iff \ x = y \\ \Kmodel , x, y \models \Dia _H \varphi \ &\iff \ \text {there is some } x' \text { such that } x R x' \text { and } \Kmodel , x', y \models \varphi \\ \Kmodel , x, y \models \Dia _S \varphi \ &\iff \ \text {there is some } y' \text { such that } y R y' \text { and } \Kmodel , x, y' \models \varphi .\end {align*}


$\Box _H \Dia _S I$


$\Prop _A$


$\Prop _K$


$p_K \in \Prop _K$


$a \in \Nom _A$


$k \in \Nom _K$


$\Prop _A$


$p_A \in \Prop _A$


$\Prop _A$


$\Prop _K$


$\Nom _A$


$\Nom _K$


$\varphi $


$\langAK $


\begin {equation*}\varphi \Coloneqq p_A \mid p_K \mid a \mid k \mid \neg \varphi \mid \varphi \land \varphi \mid \Box _A \varphi \mid \Box _K \varphi \mid @_a \varphi \mid @_k \varphi ,\end {equation*}


$p_A \in \Prop _A$


$p_K \in \Prop _K$


$a \in \Nom _A$


$k \in \Nom _K$


$\Nom _A$


$\Nom _K$


$\lor $


$\rightarrow $


$\Dia _A$


$\Dia _K$


$\MAK $


$(W_A \times W_K, (R_y)_{y \in W_K}, (S_x)_{x \in W_A}, V_A, V_K)$


$W_A, W_K$


$y \in W_K$


$R_y$


$W_A$


$x \in W_A$


$S_x$


$W_K$


$V_A: \Prop _A \cup \Nom _A \rightarrow \pset {W_A}$


$a \in \Nom _A$


$V_A(a) = \{ x \} \text { for some } x \in W_A$


$V_K: \Prop _K \cup \Nom _K \rightarrow \pset {W_K}$


$k \in \Nom _K$


$V_K(k) = \{ y \} \text { for some } y \in W_K$


$\Nom _A$


$V_A$


$\Nom _K$


$V_K$


$V$


$V_A \cup V_K$


$V(p_A) = V_A(p_A)$


$x \in W_A$


$V_A(a) = \{ x \}$


$a^V$


$k^V$


$\MAK $


$(x, y) \in W_A \times W_K$


$\varphi \in \langAK $


$\MAK , (x, y) \models \varphi $


\begin {align*}\MAK , (x, y) \models p_A \ &\iff \ x \in V(p_A) \text {, where } p_A \in \Prop _A \\ \MAK , (x, y) \models p_K \ &\iff \ y \in V(p_K) \text {, where } p_K \in \Prop _K \\ \MAK , (x, y) \models a \ &\iff \ x = a^V \text {, where } a \in \Nom _A \\ \MAK , (x, y) \models k \ &\iff \ y = k^V \text {, where } k \in \Nom _K \\ \MAK , (x, y) \models \neg \varphi \ &\iff \ \text {Not } \MAK , (x, y) \models \varphi \ (\MAK , (x, y) \not \models \varphi ) \\ \MAK , (x, y) \models \varphi \land \psi \ &\iff \ \MAK , (x, y) \models \varphi \text { and } \MAK , (x, y) \models \psi \\ \MAK , (x, y) \models \Box _A \varphi \ &\iff \ \text {For all } x' \in W_A, x R_y x' \text { implies }\\ &\phantom {\iff \ \ } \MAK , (x', y) \models \varphi \\ \MAK , (x, y) \models \Box _K \varphi \ &\iff \ \text {For all } y' \in W_K, y S_x y' \text { implies }\\ &\phantom {\iff \ \ } \MAK , (x, y') \models \varphi \\ \MAK , (x, y) \models @_a \varphi \ &\iff \ \MAK , (a^V, y) \models \varphi \\ \MAK , (x, y) \models @_k \varphi \ &\iff \ \MAK , (x, k^V) \models \varphi .\end {align*}


$x \in W_A$


$y \in W_K$


$p_K$


$W_A$


$p_K$


$@$


$@_a \varphi $


$a$


$\varphi $


$W_A$


$\varphi $


$\MAK $


$\modelsAK \varphi $


$\MAK , (x, y) \models \varphi $


$\MAK $


$(x, y)$


$@_i \varphi $


$@_i \varphi $


$\MAK , (x, y) \models @_a \varphi \ (a \in \Nom _A)$


$\MAK , (a^V, y) \models \varphi $


$z \in W_K$


$\MAK , (a^V, z) \not \models \varphi $


$@_a \varphi $


$(x, z)$


$@_k \varphi \ (k \in \Nom _K)$


$@_a @_k \varphi \ (a \in \Nom _A, k \in \Nom _K)$


$\MAK , (x, y) \models @_a @_k \varphi $


$\MAK , (a^V, k^V) \models \varphi $


$@_a @_k \varphi $


$\Box _K \varphi $


$\varphi $


$\Box _A \varphi $


$\varphi $


$\Box _A \Box _K p_K$


$p_K$


$\Dia _A \Box _K p_K$


$p_K$


$\Box _K \Dia _A \Box _K p_K$


$p_K$


\begin {equation*}\Dia _A a \land @_a \Box _K p_K \rightarrow \Dia _A \Box _K p_K ,\end {equation*}


$p_K$


$a$


$@_n K p \rightarrow p$


$\asymp _w$


$\Kmodel = (W, A, (\sim _a)_{a \in A}, (\asymp _w)_{w \in W}, V)$


\begin {align*}W &= \{ w, v \} \\ A &= \{ a, b \} \\ \sim _a &= \sim _b = W \times W \\ \asymp _w &= \asymp _v = A \times A \\ V(p) &= \{ (w, b), (v, b)\} \\ V(n) &= W \times \{ b \}.\end {align*}


$\Kmodel , (w, a) \models @_n K p$


$\Kmodel , (w, a) \not \models p$


$@_a \Box _K p_K \rightarrow p_K$


$\MAK $


$S_x$


$\MAK , (x, y) \models @_a \Box _K p_K$


$\MAK , (a^V, y) \models \Box _K p_K$


$S_y$


$\MAK , (a^V, y) \models p_K$


$p_K$


$W_K$


$\MAK , (x, y) \models p_K$


$\relax \square $


$x R_y x'$


$y$


$x$


$x'$


$\Box _A \Box _K p_K$


$p_K$


$T: \langEL \rightarrow \langAK $


\begin {align*}T: \Prop \ni p &\mapsto p_K \in \Prop _K \text { is a bijection} \\ T: \agent \ni i &\mapsto a \in \Nom _A \text { is a bijection} \\ T(\neg \varphi ) &= \neg T(\varphi ) \\ T(\varphi \land \psi ) &= T(\varphi ) \land T(\psi ) \\ T(K_i \varphi ) &= @_{T(i)} \Box _K T(\varphi ).\end {align*}


\begin {equation*}T(K_i (p \land K_j \neg q)) = @_{a_i} \Box _K (p_K \land @_{a_j} \Box _K \neg q_K).\end {equation*}


$a_i$


$T(i) \ (i \in \agent )$


$K_i \varphi $


$@_{T(i)} \Box _K T(\varphi )$


$\varphi \in \langEL $


\begin {equation*}\modelsEL \varphi \ \iff \ \modelsAK T(\varphi ).\end {equation*}


$\MEL = (W, (R_i)_{i \in \agent }, V)$


$\MAK ^\alpha $


\begin {equation*}\MAK ^\alpha = (\agent \times W, \emptyset , (R_i)_{i \in \agent }, V^\alpha ),\end {equation*}


$p_A \in \Prop _A$


$V^\alpha (p_A) = \emptyset $


$p_K \in \Prop _K$


$V^\alpha (p_K) = V(T^{-1}(p_K))$


$a \in \Nom _A$


$V^\alpha (a) = \{ T^{-1}(a) \}$


$y_0 \in W$


$k \in \Nom _K$


$V^\alpha (k) = \{ y_0 \}$


$(R_y)_{y \in W_K}, V^\alpha (p_A),$


$V^\alpha (k)$


$T$


$\Prop _K$


$\Nom _A,$


$\Box _K$


$@_a$


$\varphi \in \langEL $


$i \in \agent $


\begin {equation*}\MEL , w \models \varphi \iff \MAK ^\alpha , (i, w) \models T(\varphi ).\end {equation*}


$\varphi $


$(\varphi = p)$


$i \in \agent $


\begin {align*}\MEL , w \models p &\iff w \in V(p) \\ &\iff w \in V^\alpha (T(p)) \\ &\iff \MAK ^\alpha , (i, w) \models T(p).\end {align*}


$(\varphi = \neg \psi , \psi \land \chi )$


$(\varphi = K_j \psi )$


$\MEL , w \models K_j \psi $


$v$


$w R_j v$


$\MEL , v \models \psi $


$v \in W$


$v \in W$


$R_j$


$w$


$\MEL , v \models \varphi $


$\MAK ^\alpha , (j, v) \models T(\varphi )$


$v$


$\MAK ^\alpha , (j, w) \models \Box _K T(\varphi )$


$V^\alpha $


$\MAK ^\alpha , (i, w) \models @_{T(j)}\Box _K T(\varphi )$


$i \in A$


$v \in W$


$w R_j v$


$\MAK ^\alpha , (j, w) \models \Box _K T(\varphi )$


$\MAK ^\alpha , (i, w) \models @_{T(j)} \Box _K T(\varphi )$


$i \in \agent $


$\MAK ^\alpha , (i, w) \models @_{T(j)} \Box _K T(\varphi )$


$i \in \agent $


$\MAK ^\alpha , (i, w) \models T(K_j \varphi )$


$i \in A$


$\MAK ^\alpha , (i, w) \models T(K_j \psi )$


$v$


$w R_j v$


$\MAK ^\alpha , (j, v) \models T(\psi )$


$v$


$w R_j v$


$\MEL , w \models K_j \psi $


$\MEL , v \models \psi $


$v$


$\MEL , w \models K_j \psi $


$\relax \square $


$\MAK = (W_A \times W_K, (R_y)_{y \in W_K},\linebreak (S_x)_{x \in W_A}, V)$


$\MEL ^\beta $


$\MEL ^\beta = (W_K, (S_i^\beta )_{i \in \agent }, V^\beta $


$\agent $


$y S^\beta _i z$


$\MEL ^\beta $


$y S_{T(i)^V} z$


$\MAK $


$V^\beta (p) = V(T(p))$


$\beta : W_A \rightarrow \agent $


$\beta (T(i)^V) = i$


$i \in \agent $


$W_A$


$\agent $


$\varphi \in \langEL $


$x \in W_A$


\begin {equation*}\MAK , (x, y) \models T(\varphi ) \iff \MEL ^\beta , y \models \varphi .\end {equation*}


$\varphi $


$(\varphi = p)$


$x \in W^A$


\begin {align*}\MAK , (x, y) \models T(p) &\iff y \in V(T(p)) \\ &\iff y \in V^\beta (p) \\ &\iff \MEL ^\beta , y \models p.\end {align*}


$(\varphi = \neg \psi , \psi \land \chi )$


$(\varphi = K_j \psi )$


$\MAK , (x, y) \models T(K_j \psi )$


$\MAK , (x, y) \models @_{T(j)} \Box _K T(\psi )$


$z$


$y S_{T(j)^V} z$


$\MAK , (T(j)^V, z) \models T(\psi )$


$S_i^\beta $


$z \in W_K$


$y S^\beta _j z$


$\MEL ^\beta , y \models K_j \psi $


$\MAK , (T(j)^V, z) \models T(\psi )$


$\MEL ^\beta , z \models \psi $


$z$


$\MEL ^\beta , y \models K_j \psi $


$\MEL ^\beta , y \models K_j \psi $


$z \in W_K$


$y S_j^\beta z$


$\MEL ^\beta , z \models \psi $


$z \in W_A$


$y S_{T(j)^V} z$


$\MAK , (x, y) \models T(K_j \psi )$


$x \in W_A$


$y S_j^\beta z$


$\MAK , z \models \psi $


$\MAK , (T(j)^V, z) \models T(\psi )$


$z$


$\MAK , (x, y) \models @_{T(j)} \Box _K T(\psi )$


$x \in W_A$


$\MAK , (x, y) \models T(K_j \psi )$


$\relax \square $


$\varphi $


$\not \modelsAK T(\varphi )$


$\MAK $


$(x, y)$


$\MAK , (x, y) \models \neg T(\varphi )$


$\MAK , (x, y) \models T(\neg \varphi )$


$\MEL ^\beta , y \models \neg \varphi $


$\not \modelsEL \varphi $


$\relax \square $


$i \in \agent $


$R_i$


$\MEL $


$R_i$


$\MAK ^\alpha $


$x \in W_A$


$S_x$


$\MAK $


$S_i^\beta $


$\MEL ^\beta $


$S_i^\beta $


$\relax \square $


$\neg \varphi $


$\neg @_a \varphi $


$@_a \neg \varphi $


$(x, y)$


$\varphi $


$a \in \Nom _A$


\begin {equation*}\MAK , (x, y) \models @_a \neg \varphi \iff \MAK , (x, y) \models \neg @_a \varphi .\end {equation*}


$k \in \Nom _K$


$\tableauAK $


$@_a @_k \varphi $


$\varphi $


$a \in \Nom _A, k \in \Nom _K$


$\varphi $


$a, b \in \Nom _A$


$k \in \Nom _K$


$t \in \Prop _K \cup \Nom _K$


$@_a @_k t, @_b @_k \neg t \in \Theta $


$a \in \Nom _A$


$k, l \in \Nom _K$


$s \in \Prop _A \cup \Nom _A$


$@_a @_k s, @_a @_l \neg s \in \Theta $


$\Theta $


$\Theta $


$\varphi $


$\Theta $


$\varphi \in \Theta $


$\tableauAK $


$[\lor ]$


$\varphi $


$\varphi $


$\tableauAK $


$@_a @_k \neg \varphi $


$a \in \Nom _A$


$k \in \Nom _K$


$\varphi $


$\tableauAK $


$@_a @_k \varphi , @_b @_l \psi \ (a, b \in \Nom _A, \ k, l \in \Nom _K)$


$@_a @_k \varphi $


$@_b @_l \psi $


$\varphi $


$\psi $


$@_a @_k \varphi $


$\Theta $


$@_a @_k \varphi $


$@_a @_k \varphi $


$\Theta $


$\relax \square $


$\Theta $


$(a, k) \ (a \in \Nom _A, k \in \Nom _K)$


$\Theta $


$T^\Theta ((a, k))$


\begin {equation*}T^\Theta ((a, k))\! =\! \{ \varphi \! \mid \! @_a @_k \varphi \! \in \! \Theta \text { is a prefixed subformula of the root formula} \}.\end {equation*}


$@_a @_k \varphi $


$T^\Theta ((a, k))$


$(a, k)$


$\Theta $


$a, b \in \Nom _A$


$k, l \in \Nom _K$


$\Theta $


$(b, l)$


$(a, k)$


$\Theta $


$(a, k) \prec _\Theta (b, l)$


$k = l$


$b$


$[\Dia _A]$


$@_a @_k \Dia _A \varphi $


$a = b$


$l$


$[\Dia _K]$


$@_a @_k \Dia _K \varphi $


$(a, k) \prec _\Theta (b, l)$


$k = l$


$@_a @_k \Dia _A b \in \Theta $


$a = b$


$@_a @_k \Dia _K l \in \Theta $


$\Theta $


$G^\Theta = (N^\Theta , \prec _\Theta )$


$N^\Theta = \{ (a, k) \mid \text {there is a } \varphi \text { such that } @_a @_k \varphi \in \Theta \}$


$\prec _\Theta $


$G^\Theta $


$G$


$G$


$(a, k)$


$(a', k')$


$(a, k) \prec _\Theta (b, l)$


$(a', k') \prec _\Theta (b, l)$


$k\! =\! k'\! =\! l$


$@_a @_k \Dia _A b$
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PREFACE: NON-CLASSICAL LOGICS. THEORY
AND APPLICATIONS (PART II)

The articles in the present and forthcoming issues are revised and extended
versions of papers presented at the conference Non-Classical Logics. Theory
and Applications, held in £.6dZ on 4-8 September 2024.1

Non-Classical Logics. Theory and Applications (NCL) is an interna-
tional conference series devoted to novel results and survey work in broadly
understood non-classical logics and their applications. The first two edi-
tions took place in L6dz, Poland, in 2008 and 2009. Subsequently, the con-
ference was held alternately in Torun (2010, 2012, 2015, 2018) and %.6dz
(2011, 2013, 2016, 2022). The tenth edition, organised by the University of
Lodz in 2022, was the first to publish its proceedings in Electronic Proceed-
ings in Theoretical Computer Science. This practice was continued in the
most recent, eleventh edition, with all accepted long papers again appear-
ing in an EPTCS volume. The 2024 edition was supported by the European
Research Council as part of the project Coming to Terms: Proof Theory
for Definite Descriptions and Other Terms (ExtenDD), and featured four

IDue to the high number of accepted post-conference submissions, the editors de-
cided to divide them into two sets that have been published in two separate issues.
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invited talks, eighteen contributed talks, and eighteen short presentations
accepted through a light reviewing process.

Given that non-classical logics form a broad and diverse area of re-
search within logic, the contributions collected in this issue address a wide
range of topics. They include, among others, a non-standard definition of
identity, semi-substructural logic, Lambek calculus, or multi-dimensional
modal logics.

The paper “Qualified Definiteness” by Bartosz Wieckowski revisits Rus-
sell’s analysis of definite descriptions and targets a well-known tension:
natural language permits “loose” uses of “the F'” even when strict unique-
ness fails. Rather than abandoning Russell’s framework or shifting to a
purely model-theoretic treatment of incomplete descriptions, the author
refines the uniqueness clause itself. The key move is to replace primitive
identity in Russell’s analysis with a defined notion of qualified identity—
identity relative to a specified set of predicates (). This yields a graded
notion of definiteness: maximal (strict) definiteness when @ includes all
predicates, and restricted (loose) definiteness when @ is a proper subset.
The resulting system formally distinguishes between genuine uniqueness
and indiscernibility relative to selected respects.

The main contribution is a proof-theoretic treatment of qualified def-
initeness within an intuitionistically acceptable framework. Building on
a bipredicational language with a primitive notion of predication failure,
the paper develops natural deduction systems, establishes normalisation
and subformula (more generally, subexpression) properties, and provides a
proof-theoretic semantics via canonical derivations. The technical novelty
lies in internalising identity conditions through introduction/elimination
rules that mirror the definitional structure of qualified identity, avoiding
second-order quantification while preserving fine-grained control over dis-
cernibility. The framework is then applied systematically to complete, in-
complete, generic, nested, predicative, and possessive definite descriptions.

Cheng-Syuan Wan’s article “Semi-Substructural Logics a la Lambek
with Symmetry” addresses a structural mismatch in the proof theory of
skew monoidal closed categories. Earlier sequent calculi (with stoups, &
la Girard) successfully captured left skew monoidal closed categories, but
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did not extend smoothly to right skew or bi-closed variants, especially in
the presence of symmetry. Wan identifies the source of the difficulty in the
implicit left-associative structure of antecedents and proposes more flexible
syntactic frameworks: a tree-based sequent calculus (in the style of non-
associative Lambek calculus) and an equivalent axiomatic calculus with
single-formula antecedents.

The principal contributions are twofold. First, the paper proves equiv-
alence between the stoup-based and tree-based systems and establishes cut
elimination. Second, it provides soundness and completeness results for the
axiomatic calculi with respect to ternary relational semantics, and proves a
correspondence theorem linking frame conditions to structural laws in the
categorical setting. The technically interesting move is the shift from flat
antecedents to tree-structured ones, which makes the skew (non-symmetric,
non-associative) behaviour explicit and enables a uniform treatment of left,
right, and bi-closed skew structures—including symmetric extensions. This
yields an algebraically transparent account of how categorical coherence
corresponds to relational constraints.

The article “Complexity of Nonassociative Lambek Calculus with Clas-
sical and Intuitionistic Logic” by Pawel Placzek investigates the compu-
tational complexity of consequence relations for extensions of the non-
associative Lambek calculus (NL). While pure NL has a polynomial-time
decidable finitary consequence relation, adding unrestricted additive con-
nectives (as in full NL) leads to undecidability. Interestingly, the distribu-
tive version restores decidability at exponential time. The author examines
what happens when NL is combined not merely with distributive lattice
structure, but with full Boolean (BFNL) or Heyting (HFNL) algebraic
structure.

The main result is that both BFNL and HFNL retain decidability with
an EXpPTIME upper bound (in the unital case), despite incorporating clas-
sical or intuitionistic logic into a non-associative, non-commutative setting.
The proof strategy is algebraic: the author develops machinery for partial
residuated Boolean and Heyting algebras, analyses embeddability condi-
tions, and uses filter-extension techniques (adapted to partial structures) to
control model construction. A key technical insight is that, in the Boolean
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case, working with the full power set rather than families of upsets sim-
plifies the treatment of negation while preserving the necessary structural
properties. The complexity bounds are thus obtained by careful algebraic
model analysis rather than purely syntactic proof-theoretic methods.

Finally, Yuki Nishimura’s paper “Agent-Knowledge Logic for Alterna-
tive Epistemic Logic” introduces agent-knowledge logic, a two-dimensional
modal-hybrid system designed as an alternative to standard epistemic logic.
Inspired by Facebook logic and the Logic of Hide and Seek Game, the
framework separates the dimensions of agents and epistemic alternatives. It
incorporates two modal operators (over agents and knowledge), two kinds
of propositional variables (agent-dependent and agent-independent), and
two kinds of nominals, enabling explicit reference to particular agents and
epistemic states.

The first main contribution is a formal embedding of standard epis-
temic logic into agent-knowledge logic, demonstrating that the new system
properly generalizes the classical one. The second is the construction of a
tableau calculus with a termination property, establishing decidability via
finite proof search. Conceptually, the innovative aspect lies in decoupling
agent-dependent and agent-independent propositions while preserving hy-
brid reference mechanisms. This yields expressive power beyond standard
epistemic logic (e.g., formalising “one of an agent’s friends knows p”) while
maintaining a well-behaved proof-theoretic framework.
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Bartosz Wieckowski

QUALIFIED DEFINITENESS

Abstract

According to Russell, the definite article ‘the’ in a definite description ‘the F”’
is used strictly in case there is a unique F' and it is used loosely in case there
is more than one F'. Russell’s analysis of constructions of the form ‘the F' is
G’ is concerned only with the strict use. We modify this analysis so as to al-
low also for the loose use. This is achieved essentially by replacing the usual
undefined notion of identity in Russell’s uniqueness clause with the defined no-
tion of qualified identity (i.e., ‘a is the same as b in all O-respects’, where Q
is a subset of the set of predicate constants P) proposed in earlier work. This
modification gives us qualified notions of uniqueness and definiteness. A qual-
ified definiteness statement ‘the Q-unique F' is G’ is strict in case Q@ = P and
loose in case Q is a proper subset of P. The account is made formally precise in
terms of proof theory and proof-theoretic semantics. The framework is intended
to be acceptable from a foundational intuitionistic point of view. It is applied to
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natural language constructions with complete, incomplete, and generic definite
descriptions. Also constructions with nested and with predicatively used definite
descriptions are considered as well as constructions involving possessives. This
work incorporates and extends my NCL’2/-paper ‘Incomplete descriptions and
qualified definiteness’.

Keywords: definite descriptions (generic, incomplete, nested, Haddock, predica-
tive), identity, intuitionistic logic, proof-theoretic semantics, uniqueness.

2020 Mathematical Subject Classification: 03A05, 03B65, 03F03.

1. Introduction

Sometimes we use the definite description ‘the F’ in cases in which there is
a unique F. According to Russell, the definite article ‘the’ is used strictly
in such cases.! For example, speaking about Leo XIV, we use ‘the pope’
in (1) in this way.

(1) The pope is bald.

Sometimes, as Russell notes, we use ‘the F’ also in cases, in which there
is more than one F. For example, ‘the bishop’ in (2) is used in this loose
way (as would be ‘the pope’ during a schism).

(2) The pope blesses the bishop.

According to Russell, such loose uses of ‘the F’ should be avoided in favour
of the indefinite description ‘an F’. It seems, though, that Russell’s advice
is not entirely adequate. For example, in case multiple F's are present and
one intends to say something about a particular F (e.g., [20]).

In this paper, we propose a formal account of both uses of ‘the F’ in
terms of qualified definiteness. On a Russellian analysis, a construction of

TRussell ([16]: 481): “Now the, when it is strictly used, involves uniqueness; we do,
it is true, speak of “the son of So-and-so” even when So-and-so has several sons, but it
would be more correct to say “a son of So-and-so”. Thus for our purposes we take the
as involving uniqueness.”
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the form ‘the F' is G’ is explained in terms of an existence, a uniqueness,
and a predication clause:

(E) There is at least one F.
(U) There is at most one F.
(P) Every F is G.

We modify this analysis mainly by replacing the usual undefined notion of
identity in the definition of uniqueness with the defined notion of qualified
identity proposed in [24], i.e., ‘a is the same as b in all Q-respects’, where
Q is a subset of the set of predicate constants P. The notion of qualified
uniqueness that results from this replacement says:

(QU) For every x and y, if they are F', then they are identical with respect
to every predicate in Q.

Finally, a statement of qualified definiteness says, combining the three Rus-
sellian components:

(QD) The Q-unique z which is F'is G.

Qualified definiteness, unlike standard definiteness, allows for fine-tuning.
Let Q' be a proper subset of P (i.e., @ C P). If Q = P in (QD), then
we get the reading ‘the only x which is F' is G. We may use this reading
only in case there is a single x that is F'. This is definiteness proper. If, on
the other hand, we put @ = Q’, then we get: ‘the x which is F' is G". We
may use this reading only in case there are at least two things which are
F that are indiscernible with respect to @', but discernible with respect to
P\ Q. This is restricted definiteness. What is subject to restriction, on
this account, is thus the set of O-respects (rather than, e.g., a domain of
quantifiers [18]).

Below, we provide the details of this proposal. It will differ from
competing semantic analyses of incomplete descriptions also in that it will
be couched in a framework of proof-theoretic semantics (see [17] for an
overview) rather than in some version of model-theoretic semantics. (For
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an overview of the literature on incomplete descriptions see, e.g., [1, ch. 9],
[12, sect. 5.3]. An elaborate model-theoretic account is [2].)

Sect. 2 defines the formal language. Sect. 3 recapitulates the relevant
fragment of the intuitionistic bipredicational natural deduction systems de-
fined in [24] and combines it with the rules for definiteness proposed in [3, 4]
into proof systems for qualified definiteness, establishing normalization and
the subexpression (incl. subformula) property for them. Sect. 4 defines an
intuitionistic proof-theoretic semantics for qualified definiteness in terms of
canonical derivations, and Sect. 5 applies this semantics to complete, in-
complete, and generic definite descriptions in the manner suggested above.
In Sect. 6 this account of definiteness is generalized so as to allow also
for the analysis of natural language constructions with nested and with
predicative uses of definite descriptions. Also constructions involving pos-
sessives are considered. This work incorporates [25] and extends that paper
essentially with the generalizations described in Sect. 6.

2. The language

We extend the bipredicational language £ motivated and defined in [24]
with contextually defined operators for qualified definiteness and call the
extended language L.

L is a first-order language. It is bipredicational, since it allows for
both predication and predication failure. We first recapitulate those parts
of its definition which are relevant for present purposes.

DEFINITION 2.1. C is the set of individual (or nominal) constants (form:
«;) and P is the set of n-ary predicate constants (form: ¢) of £. Moreover,
Atm is the set of atomic sentences (form: ¢™aj...a,) of L. Atm(a) =gy
{A € Atm : A contains at least one occurrence of a € C} and Atm(p™) =gy
{A € Atm : A contains an occurrence of ¢ € P}. A nominal term o; is
either a nominal constant or a nominal variable x;. Atomic formulae have
the form ¢"0;...0, and are used for predication. Negative predications
(or predication failures) take the form —¢™0;...0,, (reading: ‘the ascriptive
combination of ¢™ with o1, ..., 0, fails’).
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DEFINITION 2.2. Defined symbols of L:
1. mA =4y AD L (negation)
2. A+ B =45 (AD B)&(B D A) (equivalence)
3. Let ¢™ be an n-ary predicate constant.

P (01,02) =dey
V1. Ve, Ve, ((e"0122...2, > @ 02X...2,)
& (P10 < P X109...2y)
& ... & (1. 101 > O"T1..Tp_102))

N;Ln (01,02) =def
V1. Ve, 1Va, ((—e"0122...2, > —@"02x2...2,)
& (—p"z101...y < —P"T109...2,)
& ... & (—¢"r..xp_101 & —Q"T1...Tp_102))

Let cp’fl, ..., pkm be all the predicate constants in Q, where ¢; is k;-ary
and Q C P.

Positive qualified identity:

+
01 =Q 02 =(ef Pf;i (01,00) & ... & Pf;:;’(ol,OQ)
(‘o1 is the same as 09 in all Q-respects’)
Negative qualified identity:

01 ;Q 02 =def N’L;i (01,02) & ... & N{;Z (01702)
(‘o1 is the same as oy in no Q-respect’)

Remark 2.3. Note that, in contrast to —, the operator for predication failure
— is primitive. Moreover, unlike the former, it is sensitive to the internal
structure of the formula to which it is prefixed. See [24] for the motivation
of —.

Remark 2.4. Being a defined notion, qualified identity differs not only from
standard identity, but also from the notion of relative identity introduced
by Geach in [5]. For a more detailed comparison see [24].
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Remark 2.5. If the stroke for predication failure were not present in the
language, £ would be the language of plain first-order logic without stan-
dard identity. Importantly, the definition of qualified identity does not
appeal to second-order quantification. In this respect our notion differs
from the notion of identity considered, for example, by Read in [14]: a = b
=def VF(F(I 4 Fb)

L extends £ with operators for qualified definiteness by adapting the
definitions from [3, 4].

DEFINITION 2.6. We write ¢(x), suppressing the arity of ¢, for atomic
formulae ¢™01...0,, containing (possibly multiple occurrences of) z. Let

QCP.
1. Positive qualified definiteness:
V(torp(@)) =aep Frp(x) & Yuvv((p(u) & ¢(v)) D u Lo v)

Positive qualified uniqueness

& Vw(p(w) O ¢(w))
(‘the Q-unique = which is ¢ is ¢’; simpler: ‘the Q-unique ¢ is 9’)

2. Negative qualified definiteness:
(eor— () =der Iz —p(x) & Yuvo((—p(u) & —p(v)) Du=9v)

Negative qualified uniqueness

& Vw(—p(w) D h(w))
(‘the Q-unique z which fails to be ¢ is ¥’; simpler: ‘the Q-unique —¢
is 1)

Remark 2.7. The definition of positive qualified definiteness differs from
the definition of definiteness proposed in [3, 4] in that it does not make use
of the familiar primitive notion of identity in the uniqueness part. In this
respect, it significantly departs also from the tradition.

Remark 2.8. The reading of the positive qualified uniqueness formula is
‘there is at most one Q-qualified ¢’, that of the negative qualified unique-
ness formula is ‘there is at most one Q-qualified —¢’.
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Qualified definiteness allows for degrees.

DEFINITION 2.9. Let Q" C P. Qualified definiteness has (i) the highest
degree of definiteness, in case @ = P, and (ii) a lower degree, in case
Q= Q'. Given @ C P, we can make the following distinction:

1. Maximal definiteness:

(a) Y(tpxp(x)): ‘the only x which is ¢ is ¥’;

(b) ¥(tpx — ¢(x)): ‘the only x which fails to be ¢ is ¥’
2. Restricted definiteness:

(a) Y(tgxp(x)): ‘the x which is ¢ is ¢’

(b) ¥(torx — @(x)): ‘the z which fails to be ¢ is 9.

A loosely used definite description ‘the F” is, thus, construed as a
restriction of a strictly used ‘the F” (i.e., the maximally definite description
‘the only F”).

DEFINITION 2.10. Negative predications with qualified definite descriptions
take the following forms:

1. —¢(tgxp(x)): ‘the Q-unique = which is ¢ fails to be 9’
2. —(tgx — ¢(x)): ‘the Q-unique = which fails to be ¢ fails to be .

Remark 2.11. L1 is an extension of £ only in the sense that it uses abbre-
viations which are not present in L.

3. Proof systems

In order to obtain a proof system for reasoning with qualified definiteness,
we enrich the intuitionistic bipredicational I0(S;")-systems defined in [24]
with rules for qualified definiteness, by adapting the rules for definiteness

presented in [3, 4]. We call the resulting systems I0(S;)¢-systems.
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3.1. Bipredicational natural deduction
We first repeat the parts of the definition of I0(S;")-systems from [24] which

are relevant for present purposes.

3.1.1. Bipredicational subatomic systems

DEFINITION 3.1. A bipredicational subatomic system Sy, is a pair (Z,Rp),
where 7 is a subatomic base and Ry, is a set of introduction and elimination
rules for atomic sentences and negative predications. T is a 3-tuple (C, P, v),
where v is such that:

1. For any a € C, v : C — p(Atm), where v(a) C Atm(a).
2. For any ¢" € P, v: P — p(Atm), where v(¢™) C Atm(o™).

We let 7T' =g4er v(7) for any 7 € C U P, and call 7' the set of term
assumptions for 7. Ry contains I/E-rules of the following form:

Dy D, D, D,
o r .. nl Doy...o,
(2 nal @ (asI) Po--An (CLSEz)
poag...ap 7,
DO D1 Dn Dl
o a0 .. o, —olaq...op
Ll - ! (—as]) ZPo--On (—asE;)
—ppoq...0m e

Side conditions:
1. asl: pfag..on € T Ny’ N..Na,T.
2. —asl: pgaj...an € i NN Na,I
3. asE; and —asE;: i € {0,...,n} and 7; € {©F, a1, ..., n }-

Terminology: We say that —pfag...an is negatively contained in @i N
aI'N...Na,I, in case the side condition on —asl is satisfied.
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DEFINITION 3.2 (Derivations in Sp-systems).

Basic step. Any term assumption 71", any atomic sentence (resp. neg-
ative predication), i.e., a derivation from the open assumption of pjay...cu,
(resp. —pgaq...ap,) is an Sp-derivation.

Induction step. If D;, for i € {0,...,n}, are Sp-derivations, then an
Sp-derivation can be constructed by means of the I/E-rules for as and —as
displayed above.

Remark 3.3. The term assumptions are, so to speak, proof-theoretic se-
mantic values of the non-logical constants. Applications of the subatomic
introduction rules asl and —asl serve to establish, on the basis of these val-
ues, the truth of atomic sentences and negative predications, respectively.
Negative predication (or predication failure) is understood as subatomic
derivation failure (cf. [24]).

3.1.2. Bipredicational subatomic identity systems

DEFINITION 3.4. Atomic sentences ¢(«y) and p(az) are mirror atomic sen-
tences if and only if they are exactly alike except that the former contains
occurrences of a1 at all the places at which the latter contains occurrences
of aig, and vice versa.

DEFINITION 3.5. A bipredicational subatomic identity system S, is a 3-
tuple (Z, Ry, R; ), which extends a bipredicational subatomic system with
a set Ry of I/E-rules for (positive/negative) qualified identity sentences,
where Q C P.

[+

1.

QI
[p1 ()] [ (ag)] ) [or(an)]®) [op(ag)]*2)
Dy, Dy, Dy, Dy,
p1(az) p1(a1) or(az) or(a)

+
o0, 11, .., k
+ (=D, 11 2
a1 =g Q2
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Dl ’Di1 Dl ’Di2

+ +
a1 =g Q2 %‘(041) (i B 1) Q] =g Q2 <Pi(042)
pi(az) o wi(a)

(LoE:2)

where ¢; € Q, i € {1, ..., k}, and ¢;(a1) and ¢;(az) are mirror atomic

sentences.
2. =¢:
[—@1(01)] M) [—1 ()] [—gr(ar)]®V) [—pp(az)] =)
D1, Dy, Dy, Dy,
—p1(a2) —p1(ar) —pr(a2) —pr(ar) _
_ (:QI), 11,...,ko
a1 =g az
Dy D;, D, D;,
ar =gy —ypi(ar) _ ap =g az  —pi(ag) _
—pi(a) (SeBl) —pi(on) (Sek:2)

where @; € Q,i € {1,...,k}, and ¢;(c1) and @;(as) are mirror atomic
sentences.

Remark 3.6. In contrast to the standard I-rules for identity, the I-rules
for qualified identity allow one to introduce formulae in which the identity
predicate is not necessarily flanked by two occurrences of the same constant.

DEFINITION 3.7. It will sometimes be convenient to use the notation {D}
for the set of the subderivations Ds,,Da,, ..., Dk, , Dk, in applications of
I-rules for qualified identity.

Remark 3.8. The I-rules for qualified identity reflect the definitions of the
qualified identity predicates stated in Definition 2.2(3). They absorb the
logical operators at work in the definientia into the metalanguage. As
mentioned, second-order quantifiers are not among these operators. It can
be argued that the rule (=I) proposed in [14] and its refined version (=I")
proposed in [15] do indeed reflect the second-order definition of identity
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mentioned in Remark 2.5, that is, a = b =4,y VF(Fa <> Fb). Read’s rules,
with F' a predicate variable that ranges over monadic (sic!) predicate letters
([15, p. 415, fn. 20]), are as follows:

[Fa] [Fa]  [FD]

D, D Dy

Eb Eb Fa /
a=p D Tamp G0

Side condition on (=I):
“provided ‘F” does not occur (as a predicate variable) in any assumption
other than Fa” ([14, p. 116]).

Side condition on (=T ):
“where the predicate variable ‘F’ does not occur in any parametric
assumptions” ([15, p. 415]).

Read’s rules involve no second-order universal quantifier in their body.
However, their side conditions are reminiscent of the usual condition on VI,
except for dealing with predicate variables. In this way, the second-order
universal quantifier of the aforementioned definition appears to be absorbed
into the side conditions. In [14], Read argues that (=I") can be simplified to
(=I). We note that, from a foundational intuitionistic perspective, Read’s
argument is not acceptable as it appeals to classical reductio ad absurdum
(cf. [14, p. 116]). In [15], Read adopts general elimination rules for = and
argues in favour of (=I').

3.1.3. Bipredicational subatomic natural deduction systems

DEFINITION 3.9 (Derivations in 10(S;)-systems).

Basic step. Any derivation in an Sj -system and any formula A (i.e.,
a derivation from the open assumption of A) is a derivation in an I0(S;")-
system.

Induction step. If D1, Ds, and D3 are derivations in an I0(S;)-system,
and C possibly a term assumption, then a derivation in an I0(S;)-system
can be constructed by means of the rules:
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D1 D Dy D1
A B A& B A&B
LBy ASB (gpy  ASE (o)
D, D,
A B
eV gy i)
(A (B Al >
Dl D2 D3 Dl A :)lB A?( E)
AV B C C B B 2
c (VE), u,v 155 (OI), u
Dy D, D, [A(a/0)]™
A(z/o) VrA A(z/o) Dy D,
E 7
vea D A(w/o) VE) = GD 344 = C 3E),
Dy
1.
L (1)

Side conditions:

1. In VI: (i) if o is a proper variable y, then o = x or o is not free in
A, and o is not free in any assumption of a formula which is open
in the derivation of A(x/0); (ii) if o is a nominal constant, then o
does neither occur in an undischarged assumption of a formula, nor
in Vz A, nor in a term assumption leaf ol'; (iii) o is nominal constant

and Dy for all o € C.
A(z /o)

2. In VE: o is free for z in A.

3. In JE: (i) if o is a proper variable y, then o = x or o is not free in
A, and o is not free in C nor in any assumption of a formula which
is open in the derivation of the upper occurrence of C' other than
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[A(x/0)]™); (ii) if 0 is a nominal constant, then o does neither occur
in an undischarged assumption of a formula, nor in 3z A, nor in C,
nor in a term assumption leaf ol.

4. In 3I: o is free for z in A.

Minimal bipredicational subatomic natural deduction systems, MO(S;)-
systems, result from I0(S;)-systems, in case Li is removed.

In case we employ the VI-rule according to the provisos for it given in
(i) [(ii), (iii)], we use the labels VI.i [VL.ii, VLiii]. Similarly, for the IE-rule
and the labels JE.i and JE.ii.

We mention the main results obtained for I0(S;)-systems in [24] mak-
ing use of the methods developed in [13]; see also [21].

THEOREM 3.10 (Normalization). Any derivation D in an I0(S;)-system
can be transformed into a normal I0(S;")-derivation.

Importantly, I0(S;")-systems enjoy the subformula property as a spe-
cial case of the subexpression property. The latter property deals with units
and expressions. Roughly, a unit is either a formula or a term assumption
7', and an expression is either a formula or the non-logical constant 7

of rT.

THEOREM 3.11 (Subexpression property). If D is a normal derivation of
a unit U from a set of units T in an I0(S;)-system, then each unit in D
is a subexpression of an expression in T U{U}.

COROLLARY 3.12 (Subformula property). If D is a normal I0(S;")-derivation
of formula A from a set of formulae I', then each formula in D is a subfor-
mula of a formula in T'U {A}.

These results guarantee, e.g., the consistency of the systems and sim-
plify proof search in them.

Remark 3.13. Digression: 10(S;)-systems are special cases of the I(S;)-
systems studied in [24]. The ‘0’ indicates the lack of rules which handle
predication conflicts (c-rules; cf. [24]: 116). The terminology of negative
containment (Definition 3.1) introduced in [25] becomes relevant, in case
c-rules are present in an I(S;)-system. For such systems the following
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formulation of the subexpression property is more adequate than the one
used in [24]: ‘(...) then each unit in D is a subexpression of an expression
in DU {U} or negatively contained’. Similarly, for the formulation of the
subformula property: ‘(...) then each formula in D is a subformula of
a formula in T'U {A} or negatively contained’ The original formulation
which treats —as-formulae as “subexpressions” of term assumptions for the
non-logical constants in U (resp. A) constitutes an abuse of terminology.

3.2. Bipredicational natural deduction for qualified definiteness

We now add rules for the introduction and elimination of qualified defi-
niteness to I0(S;)-systems in order to obtain I0(S;")t-systems which are
sufficient to define a proof-theoretic semantics for the simplest possible
constructions involving definite descriptions.

DEFINITION 3.14. Let Q@ C P. In the tgl-rule below, the conclusion of
D, [Da, Ds] corresponds to the E- [QU-, P-] clause. Likewise for tg—I.

1. Rules for positive qualified definiteness:

D1 Da D3
Jrp(z)  Vuvu((e(u) & p(v) DuFgv)  Vw(p(w) D p(w)) (tol)
V(ozp(a)) °
Dl Dl
Y(oze(z)) Y(ozp())
—— = (1oEl) (toE2)
Jzp(x) ° Vuvo((e(u) & o(v)) D u ;Q )
D1

Y(cozp(z)) (1oF3)

Vw(p(w) O 9h(w))

The tgl/E-rules for —(1goxzp(x)) are analogous.
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2. Rules for negative qualified definiteness:

D1 Dz D3
3z —p(z)  Yuvu((—p(u) & —p(v)) Du=gv) Vuw(—p(w) D p(w))

Pligw — o) el
Dl Dl
Y(Lox — @(x)) (1o—F1) YP(or — () - (lo—E2)
Jx — o(x) YuVo((—¢(u) & —p(v)) Du=g v)
D1

Y(eow — (7))
Vw(—p(w) D ¢(w))

(to—E3)

The tg—1/E-rules for —¢)(tgx — ¢(x)) are analogous.

Example 3.15. Let Q = {¢1,....,or}, Q C P, and ;,p; € Q, where 4,5 €
{1,....,k} and i # j.

;' al’
_ wi(a) (3.1)
D= Jzp;(x)
[pi(e)&pi(8)] V) () &pi(B)] V)
[p1(a)]11) vi(B) [p1(8)](12) vi(@)
o1 BT 1l ol
»1(B) p1(a) {D} Lo ko
+
a=9 B

1
(pi(@)&pi(B)) Datq B
p,  (pi@)&pi(v) Datov)
2 = 111
Vao((pi(u)&pi(v) D uEg v)

iii

(3.2)
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fpi()]@
w;T al’
pj(a) ) (3.3)
pil@) D@

* T Vo(pi(w) D gy (w)

D1 D2 Ds
Jwpi(r)  Yuvo((pi(u)&ei(v) DuTgwv)  Vw(pi(w) D p;j(w)) (3.4)
(tol)
vj(tozpi(x))

3.3. Normalization and the subformula property

In order to prove normalization for I0(S;"):-systems, we make use of the
following conversions.

DEFINITION 3.16. The conversions (detour, permutation, simplification)
for 10(S; " )e-systems comprise those for I0(S;")-systems (see [24]) and the
following detour conversions:

1. 1g-Conversions:

Dy D2 D3
Jwp(z)  Vuvo((p(u) & o(v) Dutgv)  Vu(p(w) D P(w))
(el
P(ozp(x)) (1oE1)
Jrp(x) O
D1
Jzp(x)
D1 Dy D3
Jop(z)  Vuvo((p(u) & p(v) Duzgv)  Vw(p(w) D (w))
(tol)
Y(Lozp(z))
(toE2)

Vuvo((p(u) & (v)) D u g v)
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Do
Vuvo((p(u) & (v)) D uZg v)

D1 Dy D3
Jwp(z)  Vuvo((p(u) & o) DuZgv)  Vul(p(w) D P(w))
(tel)
Y(eomp(T))
(toE3)

Vu(p(w) D p(w))

Ds
Vw(p(w) D P(w))

2. 1g—-Conversions: analogous.

Remark 3.17. Unlike the ¢E2-rules in [3, 4], the above E2-rules have a single
premiss and invert directly.

THEOREM 3.18 (Normalization). Any derivation D in an I0(S; )i-system

can be transformed into a normal 10(S;)i-derivation.

PrOOF: We repeat the corresponding proof for I10(S; )-systems in [24],
taking also the detour conversions for qualified definiteness into account.
As a result, all detours can be eliminated from derivations in these systems.
a

THEOREM 3.19 (Subexpression property). If D is a normal derivation of
a unit U from a set of units T' in an I0(S; )i-system, then each unit in D
is a subexpression of an expression in T U {U}.

PrOOF: We proceed like in the corresponding proof for I0(S;)-systems
in [24]. As a result, all expressions in D are subexpressions of either the
root or the leaves of D. O
COROLLARY 3.20 (Subformula property). If D is a normal I0(S;)¢-derivation

of formula A from a set of formulae I', then each formula in D is a subfor-
mula of a formula in T'U {A}.
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Remark 3.21. Since the identity predicates used in the proof systems [3, 4],
are primitive, such a subformula result is not available for these systems.
This remark also applies to other available intuitionistic natural deduction
systems for definiteness (e.g., [11, 19]).

COROLLARY 3.22 (Internal completeness). Internal completeness of I0(S;")¢-
systems in the sense of [6] (adapted to natural deduction) is given by Corol-
lary 3.20.2 To establish internal completeness for them in the sense of [24,
p. 127], we proceed like described therein.

4. A proof-theoretic semantics

On the basis of the results obtained, we may formulate a subatomic proof-
theoretic semantics for qualified definiteness. For this purpose, we adjust
the corresponding definitions form [24] to the present systems.

DEFINITION 4.1.

1. A derivation D of a formula A in an I0(S;)t-system is a canonical
derivation iff it derives A by means of an application of an I-rule (in
the last step of D).

2. A canonical derivation D of A in an I0(S; )e-system is a canonical
proof of A in that system iff there are no applications of as-rules or
—as-rules in D and all assumptions of D have been discharged.

3. The conclusions of canonical I0(S;)¢-derivations are I10(S;”)c-theses
and the conclusions of I0(S;")t-derivations which are also proofs are
10(S;)-theorems.

2Cf. Girard ([6, pp. 139-140]): “If we consider cut-free proofs, then all possible
proofs are already there, there is no way to produce new ones. In other terms, the
calculus is complete—nothing is missing. Observe that this completeness does not refer
to any sort of model, it is an internal property of syntax. Such a property cannot be
an accident, it should be given its real place, the first: The subformula property is the
actual completeness.”
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DEFINITION 4.2 (Meaning). Let I be an I0(S;")¢-system.

1. The meaning of a non-logical constant T is given by the term as-
sumptions 7I" for 7 which are determined by the subatomic base of
the S -system of 1.

2. The meaning of a formula A of L. is given by the set of canonical
derivations of A in I.

Remark 4.3. The rules for qualified identity (Definition 3.5) allow not only
for reductions in terms of detour conversions, but also for expansions (cf.
[22, p. 256]). This is a further point, in which they differ from the standard
natural deduction rules for identity (cf. [24, p. 104]). For an overview of
the structural proof theory of identity see [9].

Remark 4.4. Note that this formal account of meaning does not make use of
a semantic ontology (e.g., individuals, possible worlds), something essential
to model-theoretic semantics. Specifically, the meaning of 3-formulae does
not presuppose a domain of individuals. Strictly speaking, 3z A reads: ‘For
at least one x, A’, where z is a nominal variable ranging over C. This feature
of the present semantics makes it particularly natural for the analysis of
constructions which involve non-denoting (or empty) terms (e.g., ‘Pegasus’,
‘the captive unicorn’).

5. On incomplete descriptions
Qualified uniqueness allows for fine-tuning.

Remark 5.1. Let {¢;} € @ C P and ¢; € P, where i € {1,....,k}. We
consider the following cases: (i) @ =P, (ii) @ = @', and (iii) @ = {p;}.

Case (i): Like (3.2), but with Q replaced by P. This case gives us
the maximal degree of qualified uniqueness. For every = and y, if they are
v, then they are identical with respect to every predicate (i.e., they are
indiscernible in every respect).

Case (ii): Like case (i), but with P replaced by Q' and with {D} re-
placed by {D}’, where {D}’ C {D}. This case gives us an intermediate
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degree of qualified uniqueness. For every x and y, if they are ¢;, then
they are identical with respect to every predicate in Q' (i.e., they are in-
discernible with respect to Q’, but discernible with respect to P\ Q').

Case (iii):
[pi ()& (B)] V) [pi (o) & (B)] V)
[ ()] (1) vi(B) [ps(8)]12) wi(a)
pil’ B ;N al’
wi(B) wi(a) 11 1o
@ i{%} B 1 (51)

(pi(@)&pi(B)) Da i,y B
Vy((pi(@)&pi(y)) D aE(y,1 v)

Vavy (s (2)&ei(y) D = (4} v)

iii

iii

This case gives us the minimal degree of qualified uniqueness. For every x
and y, if they are ¢;, then they are identical with respect to every predicate
in the singleton {p;} (i.e., they are indiscernible with respect to the predi-
cate @;, but discernible with respect to at least one predicate in P\ {¢;}).
(Likewise for negative qualified uniqueness.)

Qualified definiteness allows for fine-tuning, since it involves qualified
uniqueness.

Remark 5.2. Let {¢;} C Q' C P, let P = ¢;, and B = @; for ¢;,p; € Q',
where 4,5 € {1,..,k} and ¢ # j. P: ‘.. is a pope’; B: ‘.. is bald.
And let Do (i) [D2(i%), Do (iii)] refer to the derivation for case (i) [(ii), (iii)]
mentioned in the previous remark. We may, then, distinguish three general
cases of qualified definiteness.

Case (i). Maximal qualified definiteness:
D D4y Ds
Jepi(e)  Vuvo((pi(w)&ei(v) DuTp o) Vulei(w) D p;(w)) o (5.2)

wj(tprpi(x)) 7
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The premisses of the tpl-application say that there is at least one thing
which is ¢;, that any two things which are ¢; are the same in any respect,
and that everything that is ¢; is ;. The conclusion ¢;(tpxp;(z)) can be
read: ‘the P-unique x which is ¢; is ¢;’, or, simplifying the reading of
Definition 2.9(1) further, ‘the only ¢; is ¢,;. We may use these readings
only in case there is a single x that is ¢;. This is definiteness proper. We
use it for the analysis of (1), in case there is no schism.

Case (ii). Intermediate qualified definiteness:
D Dois) Ds
Jopi(x)  Vuvu((pi(w)&ei(v) Dute v)  Vulei(w) D p;(w)) oD (5.3)

vj(torzpi(x)) 2

The premisses of the tg/I-application say that there is at least one thing
which is ;, that any two things which are ; are the same (only) in any Q’-
respect, and that everything that is ¢; is ¢;. The conclusion ¢;(to xp;(x))
can be read: ‘the Q'-unique x which is ¢; is ¢;’, or simply ‘the ¢, is ¢,
We may use these readings only in case there are at least two things that
are ; which are discernible with respect to P \ Q'. It will be natural to
use this restricted kind of definiteness for the analysis of (1) in times of
schism.
Case (iii). Minimal qualified definiteness:

Dy Da (i) Dy
Jopi(@)  Vuru((pi(u)&ei(v) Du L,y v)  Valeiw) D e (w) (54)
(t{eiyD)
@ (t{p 170 (T))

The premisses of the 1y, I-application say that there is at least one thing
which is ¢;, that any two things which are ¢; are the same only with
respect to {¢;}, and that everything that is ¢; is ¢;. The conclusion
©j(t{pzpi(x)) can be read: ‘the {¢;}-unique x which is ¢; is ;" We
may use this reading only in case there are at least two things that are ¢;
which are discernible with respect to at least one predicate in P\ {¢;}.
In a sense, this minimal degree of definiteness (a special case of restricted
definiteness; cf. Definition 2.9(2)) comes close to generic definiteness: ‘the
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generic ¢; is ;. Similarly for negative qualified definiteness.

Ezxample 5.3. 1t is straightforward to construct canonical derivations for
simple constructions such as those given below. For reasons of convenience,
the predicates in the symbolizations are written out.

(1) The pope is bald. Bald(tpxzPope(x))

(3) The king of France is not real. —Real(tpx(King-of?(x, France)))
(4) The bishop is bald. Bald(tg xBishop(x))

(5) The Englishman is brave. Brave(t{gngiishman}(Englishman(z))
(6) The non-smoker is healthy. Healthy(t{smoker}®(—Smoker(x)))

Concerning (3): cf. Remark 4.4. The symbolization of (6) in terms of
negative predication is not entirely direct. The use of subatomic negation
(cf. [23]) should be more adequate here.

6. Generalizations

Building on [3, 4], we now generalize the I0(S; )i-systems for qualified
definiteness described above (1g-systems, for short) in order to obtain proof
systems which are suitable for the analysis of constructions such as, e.g.,
(2) and:

(7) The dog descends from the wolf. (Cf. [12, (33)].)
(8) The pope puts the zucchetto on the zucchetto. (Cf. [12, (38)].)
(9) The king of the jungle loves the queen of the desert.
(10) Leo XIV is the bishop of Rome. (Cf. [12, (61)].)
(11) The rabbit in the box looks at the rabbit in the hat. (Cf. [8, p. 661].)
)

(12) The man wearing the beret with the button is French. ([10, p. 450].)
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(13) The man wearing the beret and carrying the newspaper is French.
([10, p. 451].)

(14) The man wearing the beret and carrying the newspaper walks his
dog.

We proceed in three generalization steps.

6.1. Generalization A: Parallel qualified definiteness

First, we turn the rules for parallel definiteness from [3, 4] into rules for
parallel qualified definiteness. These rules will allow us to analyse construc-
tions such as (2), (7), and (8).

DEFINITION 6.1. Contextual definitions (Li*). We write o(z1, ..., Ty, ), SUp-
pressing the arity of ¢, for atomic formulae ¢™0;...0,, containing (possibly
multiple occurrences of) z;, where i € {1,...,m}. We generalize the con-
textual definitions for qualified definiteness (Definition 2.6) by replacing
them with contextual definitions for parallel qualified definiteness. Let

Q1,..., 2 CP.

1. Parallel positive qualified definiteness:
¢(L91$1‘/’1 (1) ens LQnmnS@n(l’n)) =def

(Fzrp1(z1) & ... & Fznen(an)) &

(Vur Vor (o1 (u1) &1 (v1)) D ur Tg, v1) & ... &
VunVon ((on (un)&pn(vn)) D un ;Qn wn)) &
(Vw1..Ywn ((e1(w1) & ... & on(wn)) D Y(wi,...,wn)))

2. Parallel negative qualified definiteness:
Yo T1 — 1(%1), -1, T — Pn(Tn)) =def

Fz1 —p1(z1) & ... & Tzp — on(Tn)) &

(VurVur ((—p1(u1)& — p1(v1)) D u1 ;Ql v1) & ... &

Y Yo ((—@n (un )& — (Pn('Un)) D Un ;Qn U")) &
(Yw1..Vwn ((—p1(w1) & ... & —pn(wp)) D Y(wi,...,wy)))

(Likewise with —1.)
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Ezample 6.2. Symbolizations:

(2) The pope blesses the bishop.
Blesses?(1tpx(Pope(x)), 1oy(Bishop(y)))

(7) The dog descends from the wolf. (Cf. [12, (33)].)
Descends-from? (v pogyx(Dog(x)), tywor 1y (Wol f(y)))

(8) The pope puts the zucchetto on the zucchetto. (Cf. [12, (38)].)
Puts-on®(vpx(Pope(r)), Lory(Zucchetto(y)), Lo z(Zucchetto(z)))

Next, we generalize to-systems by replacing the rules for qualified
definiteness (Definition 3.14) with rules for parallel qualified definiteness.
We call the resulting systems g A-systems. To present the generalized rules
in a more compact form we make use of abbreviations.

DEFINITION 6.3. Abbreviations (1gA-systems). Let Qp C P with k €

{1,...,n}.

1. Abbreviations for parallel positive qualified definiteness:
(a) Eg: Jzper(zk)
(b) QUi: Vuy¥oi ((on (ur)&eor () O i, Lo, vr)
(¢) P: Vwi.Vwn((p1(w1)&...&pn(wn)) D P(wi, ..., wn))

2. Abbreviations for parallel negative qualified definiteness:
(a) —Eg: Jzk — pr(zr)
(b) —QUi: YurVui (=g (ur)& — @i (vk)) D uk =g, vk)
(c) —=P: Vwi..Vwn ((—p1(w1)&...& — pn(wn)) D P(wi, ..., wn))

(Likewise with —q.)

DEFINITION 6.4. Derivations (1gA-systems). The following rules replace
the rules for qualified definiteness in Definition 3.14.

1. Rules for parallel positive qualified definiteness:
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D1, D1, D2, D2, Ds
Ei ... B, QU ... QU, P

(tolf)
Yo 2191(21), -5 L0, Tnpn(Tn)) ‘
D1
Lo, T 1)y .0y LO, T T
YL, T191(21) 9, Tnpn(Tn)) (LoEAD)
Ey
Dy
Lo, T 1)y, LO, T T
Yo, z101( 1)QU Q. Tn®n(Zn)) (1oE)2)
k
D1
Yo, 101(®1), 110, Tnpn(Tn)) (10F3)
P i

where i € {1,...,n} (arity of ¥), k € {1,...,n}

2. Rules for parallel negative qualified definiteness:

'D11 D1, D21 Do, D3
—Ey .. —E, -QUi..-QU, —P A
(to-13)
Yo, 1 — @1(21); L0, Tn — @n(Tn))
D1
Lo, X1 — T1)y .0y LO, Ty — T
Yo 21 — ¢1(21), s t0n Tn — Pn(2n)) (to_Ep1)
_Ek
D1
Lo, X1 — T1)y .oy LO, Ty — T
Yo, x1 — p1( 1)QU 2, %n = ¢n(®n)) (to_E}2)
- k
D1
¢(LQ1I1 - ‘pl(xl)v"'vLan" — (pn(xn)) (L ,E‘.\3)
5 o-E;

where ¢ € {1,...,n} (arity of ¥), k € {1,...,n}

(Likewise with —1.)
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DEFINITION 6.5 (Detour conversions (1gA-systems)). Like Definition 3.16,
except that the conversions for qualified definiteness are replaced by the

following ones.
1. Detour conversions for parallel positive qualified definiteness:

Dy, D1, D2y D2, D
E1 ... En QUi .. QU, P (ol))  conv D,
Yo, z191(21), -5 L0, Tnn(2n)) | %
E (LQEkl)
k
Dy, D1, D2y D2, Dz
Ey ... By QUi ... QU, P (1ol cony Do,
P(tg, 7191(21), -, L0, Tnen(Tn)) (LQE;AQ) QU
QU F
D1, Dy, Da, Do, Ds
E1 En QU1 QUn P IA 3
(tol?) conv
Yo, T191(%1); - L0, Tnn(Tn)) (1oE3)
P QL
2. Detour conversions for parallel negative qualified definiteness: mutatis

mutandis.

Remark 6.6. Normalization, the subexpression property, the subformula
property, and internal completeness for 1o A-systems are obtained in a man-
ner analogous to Theorem 3.18, Theorem 3.19, and the corollaries of the
latter. Specifically, for normalization also the detour conversions for paral-
lel qualified definiteness have to be used. These involve no complications.
This makes it rather straightforward to establish the results. Meaning is
then explained like in Definition 4.2.

Ezample 6.7. Consider (8). We use the following symbolization:
P (upx(P(2)),10y(Z1(y)), L0 2(Z(2)))
Let @', Q" C P such that @ # Q. For reasons of illustration, let the
derivations for the E-clauses have the form of (3.1).
Diue)y  DPxp)  Dsm)

Pl (z) FyZ'(y) 322'(2) (6.1)

Let the derivations for the QU-clauses have the form of (3.2).
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Diqu)
Yaur Vor (P (ur) &P (v1)) D u1 Tp v1)

Daqu)
VuaVos (21 (u2)& 2 (v2)) D ug T/ v2)
Ds(qu)

6.2
VU3VU3((Z1(U3)&Z1(03)) D us ;Qu v3) ( )

The conclusion of Dy(qy) says that there is at most one P-qualified pope,
that of Dy(quy says that there is at most one Q'-qualified zucchetto, and
that of Dy(qry says that there is at most one Q"-qualified zucchetto. Ac-
cordingly, given the derivations of the E-clauses, there is a unique pope,
but there is more than one zucchetto. Finally, let the derivation for the
P-clause be an adjustment of (3.3).

Dep)
lewungg((Pl(wl)&Zl(wg)&Zl(wg)) ) P3(’LU1,U)2,w3))
Let {Dm)} = {Dix),Dor), D3y} and {Dquy}t = {Diqu): Paqu);
D3uy}- We combine these derivations by means of the I-rule for par-
allel positive qualified definiteness into a canonical derivation:

Py} {Puyt D)
P3(pa(PY(x)), 10 y(ZY(y)),10r2(Z1(2)))

(6.3)

(tol) (6.4)

6.2. Generalization B: Parallel nested qualified definiteness

In a second generalization step, we adapt the rules for nested definiteness
defined in [3, 4] to parallel nested qualified definiteness. This will allow us
to analyse constructions like (9) and (10).

DEFINITION 6.8 (Contextual definitions (L£:*)). We generalize the def-
initions for parallel qualified definiteness in Definition 6.1 by replacing
them with definitions for parallel nested qualified definiteness. Let

Q145+, 9n,, CP.
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1. Parallel nested positive qualified definiteness:

Y(tQn, Tny Pny (Tng s tQo, T21902, (T2, o, LQy, 17 P11 (T11))01), o0

0@ T P (Trm s 3 LQa, T2, P20 (T2 1001 T10n P11, (1)) -+4)) =dey

(1 ong (Tng ;- LQy, 21921 (T215 05 LQ1, T11 914 (x1,))&..&

3T Prn (T s s 000, T2 P2 (B20 s -5 101, Tl PLin (21,,))))&

(Vun, Yon, ((ng (ung ;s - LQo, T21$2, (@25 LQq, T1:¥1, (z1,))&

+
Py (Ung sy LQy, 21921 (T2, 0500y 21,90 (211)))) D uny =@, Vny )& &
Yun, Y0nm (Orm (Unp, s o 6Qa T2 P2m (T205 5L, Tl P1p (£1,,)))&
O (Vnum s s LQo, T20 P2 (B2 -5 Q1 Ty PLin (T1,))))

+
D Ungy, =9,,, Vnm))&

(Ywny - Vwn,, (Pny (Wny s ooy 0Qs, T21 P21 (T215 oy L01, Z1101, (21,))) & &
O (Wnp s o5 LQo, . T200 P2 (T2 -5 Q1 Ty PLin (T1,))))
D Y(wny sy Wiy, )

. Parallel nested negative qualified definiteness:

QZJ(Lin Tny — Pny (2”17 9 bQo T2 T P2 (‘T21 v bQq Ty — P1y (mll))-“): ey
Qi Trim = Priam (Tri s -5 Q0 T2 = P20 (T2 05 LQ1, Ty — Py (T1,,))--2))

=def

Bzny — @ny (Tng, - LQgy, T21 — P2 (@21, s Loy, Ty — Py (z1,))&..&
Iy = Pri (Trgn s o 0Qa,, T2 = P2 (B2p5 s Q1 Tl — €1, (71,,,)))) &

(Vunlvvnl ((_Qo’fn (unl PR Lle T2, — P2, (:E21 PRRES) Lgll L1, — P11, (:1?11 )))&

—#ny (Vngs oL@y, 21 =92, (B2, L@y, 1 —¢n(71,)))) D Uny ;in vny)&...&
Yn, Y, ((—0nm (Unp s s 0@y T2 — 02, (T2, L1, Tl — P10 (B1,,)))&
= P (Vnpms 00y, T2 = P2, (T2 -5 LQ1, Tl — 1., (21,,,))))

D Unp =Qn,, Vnm ))&

(Ywny - Vwn,, (=Pny (Wny s o b0y, T2y — @21 (B2, 5001, T11 — ¢1, (21,))) & &
= P (Wnps oy 0Qy T2, — 02, (T2, 1001, Tl — 1, (T1,,))))
D w(wm LS} 'UJnm)))

(Likewise with —1).)
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Ezample 6.9. Symbolizations:

(9) The king of the jungle loves the queen of the desert.
Loves2(bgzlx(King—of2(x, Lglly(Jungle(y)))),
L,, 2(Queen-of*(z, g, u(Desert(u)))))

(10) Leo XIV is the bishop of Rome.
Holds*(LeoX 1V, 1px(Of fice-of?(x, 1py(Bishop-of?(y, Rome)))))

The symbolization of (10) does apparently not rest on an interpretation of
that sentence which takes ‘is’ to express identity (cf. [16, p. 483]). It rests
on an interpretation which takes the description in (10) to be predicative.
However, it does not construe that description as a predicate (cf. [7]; for
overview see [12, sect. 7.1]). Rather it takes the ‘is’ to indicate a relational
predicate that needs to be specified.

In order to obtain 1o B-systems, we generalize g A-systems by replac-
ing the rules for parallel qualified definiteness (Definition 6.4) with rules
for parallel nested qualified definiteness.

DEFINITION 6.10 (Abbreviations (1o B-systems)).
1. Abbreviations for parallel nested positive qualified definiteness:

(a) E-abbreviations:

{E }:

Jz1,01, (#11) 5 o0y 301,01, (T1,,)

B, E1,,

{E2, }:

2, 2, (T2, s LQy, T1, 01 (z1,)) 5

Ea,
32, P2, (T2, - LQy,, T1m Pl (z1,,))
B2,

{Eny, }:
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2y Png (Tng s oL@y, T21921 (T2, -, LQy, 1,014 (T11))) 5oy
Eny
3T Prm (B s s 0Q0,, T2 P2m (T2 -9 1Oy, T10n PLin (T1,,)))
En'm,

QU-abbreviations: see Figure 1.

P-abbreviations:
Py:

Vwy, - Vwi,, (01, (wi) & &p1,,, (w1,,)) D Y1 (wiy, - wiy,))
Ps:

Yz, .. Ywa,, (92, (w2, s L0y, T1, 01, (21,)) & &

02 (W2, 5 ooy LQ1,, Tlm Plm (#1,,))) D Y2(wa2y, ...sw2,,))

Py
anl '“vw"m ((QOTH(wnl’ ceey LQ21$21 ‘P21(w21: cees bgllfcll 5011(1'11 )))&&
O (Wnpyy s ooy 0Qo B2, P2, (W25 0001, T P11 (T11)))

D Yn(wny, - Wn,,))
(Likewise with —;.)
QD-abbreviations:
QDx:
P1(0Qy, 711011 (T11); -+ L Q1 Tl Pl (T1,))
QD>:
wZ(LQzl T2, P2, (T2q, - LQq, T11¥1, (#11))5 o5
LQa., B2 P2 (B2, 54Oy, B1,, P1(%1,,)))

QDy:
¢n(Lin Tni Pny (l’nl EREES] LQ21 $21 9021 (I21 7y LQ11 xll <P11 (3:11 )))7 ]
LOnp, Y G LQs,, T2m P2m (@255 LQ1,, T1m 01(x1,,))--)

(Likewise with —;.)

2. Abbreviations for parallel nested negative qualified definiteness: mu-
tatis mutandis.
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DEFINITION 6.11 (Derivations (1o B-systems)). The following rules re-
place the rules for parallel qualified definiteness in Definition 6.4.

1. Rules for parallel nested positive qualified definiteness:
{D11 } {D21 } D31
{Elk } {QUlk } Py

ol?
QD1 (Lo 1,1)
{D1,} {D2,} D,
E U, P,
{En, ) (QUn}  Po o
QDn ’
D, Dy Dy
QD; D QD;
.J (LQELIi,jl) ] (LQEi,jQ) P.J ("QE?,]'3)
Jk Jk J

where i € {1,...,m} (arity of predicate in QDj), j € {1,...,n} (level of nesting),

ked{l,..,m}
2. Rules for parallel nested negative qualified definiteness:
{D1,} {D2,} D3,
{-E1,} {-QU1,} —P B
—ODx (LQ*Ii,l)
{D1,} {D2.} Ds,,
—FEn, -QU, —P,
) ok P g
D1 D1 D1
-QD; B —QD; B QD; B
Tj: (LQ*Ek,jl) TUJZ (LQ*Ek,]Q) _ij (L —Ei,jS)

where i € {1,...,m} (arity of predicate in QDj), j € {1,...,n} (level of nesting),
ke{l,..,m}

(Likewise with —1;.)
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DEFINITION 6.12 (Detour conversions (1o B-systems)).
1. Detour conversions for parallel nested positive qualified definiteness:

{D11} {D21} D31
{Elk} {QUlk} Py

oD, (tol?y)
{D1,.} {D2,} D3,
{En,} - {QUn,}  Pn ()
~ (0B} 1)
conv

{D11} {D21} D31
{Elk} {QUlk} Py

oDs (LQIZ‘J)
Dy
En,
{Dh} {D21} D31
E Ui, P
{E,} gQDllk} ! (LT} )
2n
. conv U
{D1,) (D2} Ds, @Un,
E, Un, Py
{En;.} - {QUn, } (to? )

(toEE ,2)
QUn, ko
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{Dh} {D21} D31
{Elk} {QUlk} Py

Lol?

QD1 (o 1,1)

3n
: conv
{D1,.} {D2,} D3, "
{E”k} {QU’ﬂk} Pn ( ®
oD Lo i,n)
= (1oE},3)
P, ’

2. Detour conversions for parallel nested negative qualified definiteness:
mutatis mutandis.

Remark 6.13. A remark analogous to Remark 6.6 applies to g B-systems.

Ezample 6.14. We construct a canonical derivation for (9). We use the
following symbolization:

L2(10,, 2(K2 (2,00, y(T (1)), oy, (@2 (2 10y, u(D} (w)))
Let Q1,, Q1,,92,,92, CP.
Di(m) Daqu) Dap
Hy‘]l (y) ‘v’u1Vv1((J1(u1)&J1(v1)) D uy igll v1) le(Jl(wl) D K2(0417w1))
Dll(E) 2)/2(QU) D:/S(P)
FuD(u) bl (DY (u))&D (1)) D uy o, vf)  Vwi(DH(w)) D Q3 (az,w)))
The first level of parallel nesting:

Dury Daquy) Dswp)
K*(a1, 9, y(J' ()
0(K2(2, 10, y(J1 (1))

(LQIgJ)

Dy =

Dsqu)

VusVoa (K2 (uz, 1o, y(J1 (1) &K (v2, 10, y(J1 (1)) D uz Tg, v2)
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/ / /
Pimy Paoey Paey o
2,1
, Q*(az.ta,, u(D (w)))

M) 52(Q e, (D ()

DPsqu)
Vg Voh (Q2(uh, Loy, w(D () &Q?(vh, 1, u(D (u)))) D uj Loy, vh)
The second level of parallel nesting:
{D(&)} = {Dar): Py} {Puy} = {DPs(quy> Dsqun t

Dg(p)
Vwaws (K2 (w2, 1, y(J (1) &(Q% (w3, 1o, u(D*(w)))) D L2 (w2, w3))

P&t {Pu)} Dewr
(1, 2(K2(2, 12, w7 @), v, 7@ (2 12, (D ()

(LQIS,Z) (6'5>

A canonical derivation for (10) can be constructed in a similar manner.
6.3. Generalization C: Parallel conjunctively nested qualified
definiteness

Finally, we generalize the systems for parallel nested qualified definiteness
so as to allow for conjunctions also in the scope of qualified definiteness
operators. This will allow us to deal with constructions such as (11)—(14).

DEFINITION 6.15. CN-formulae:
1. A positive CN-formula is either

(a) an atomic formula,
(b) a parallel QD-formula, or

(¢) a parallel QD-formula containing a conjunction of formulae of
the form of (1a), (1b), (1c).
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A negative CN-formula is either

(a) an atomic negative predication,
(b) a parallel negative QD-formula, or

(c) a parallel negative QD-formula containing a conjunction of for-
mulae of the form of (2a), (2b), (2¢).

DEFINITION 6.16 (Contextual definitions (£:°)). We generalize the defini-
tions for parallel nested qualified definiteness in Definition 6.8 by replacing
them with definitions for parallel conjunctively nested qualified definite-

ness.

Let Qi,,...,9Qy,, € P and let C(zj,) (resp. —C(zxj,)) be a CN-

formula (negative CN-formula) for j € {1,...,n} and k € {1,...,m}.

1.

Parallel conjunctively nested positive qualified definiteness: like Defi-
nition 6.8(1), but with the occurrences of ‘¢’ replaced by ‘C".

Parallel conjunctively nested negative qualified definiteness: like Def-
inition 6.8(2), but with the occurrences of ‘—¢’ replaced by ‘—C".

(Likewise with —1.)

Ezxample 6.17. The symbolizations of the following examples make use of
conjunction in the scope of the tg-operators.

(11)

(12)

(13)

(14)

The rabbit in the box looks at the rabbit in the hat.
Looks-at*(1g:z(Rabbit(z) & In?(z,1o,y(Box(y)))),
Lo z(Rabbit(z) & In?(z,to,u(Hat(u)))))

The man wearing the beret with the button is French.

French(tg,z(Man(x) & Wears?(z,1g,y(Beret(y) & Has*(y,
Lo, 2(Button(z)))))))

The man wearing the beret and carrying the newspaper is French.
French(tg,x(Man(x)&Wears®(z, 1o, y(Beret(y))) & Carries®(,
Loy z(Newspaper(z)))))

The man wearing the beret and carrying the newspaper walks his
dog.
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Walks?(1g,x(Man(z)&W ears®(z, 10, y(Beret(y))) & Carries®(z,
vo, z(Newspaper(z)))), Lo, u(Dog(u)&Owns? (g, x(Man(x)&
(Wears®(z,.0,y(Beret(y)))&Carries® (z,.q, z(Newspaper(z)))),u)))

No conjunction surfaces in (11) and (12). Moreover, (11) and (14) are
parallel also on the outermost level. The latter contains the possessive
construction ‘his dog’, where the possessive pronoun ‘his’ stands in for a
definite description. Examples (1)-(10) are special cases of parallel con-
junctively nested qualified definiteness.

Remark 6.18. Note that (11), like (8), involves multiple uses of an incom-
plete description (i.e., ‘the rabbit’). If our symbolization of (11) were to
reflect the relevant part of the scenario depicted by Haddock (i.e., there
are three rabbits, two hats, and one box, where one rabbit is in a hat and
one is in the box; cf. [8, p. 661]), we might consider using the symboliza-
tion Looks-at® (1o, x(Rabbit(x) & In*(x,10,y(Box(y)))), Loy z(Rabbit(z) &
In?(z,1g,u(Hat(u))))) instead, thereby leaving room for the symbolization
of a further use of ‘the rabbit’ and a further use of ‘the hat’?

DEFINITION 6.19. Abbreviations (1oC-systems). The abbreviations are like
those of 1o B-systems in Definition 6.10, except that the occurrences of ¢
(resp. —) are replaced by C (—C).

DEFINITION 6.20. Derivations (toC-systems). The following rules replace
the rules for parallel nested qualified definiteness in Definition 6.11.

1. Rules for parallel conjunctively nested positive qualified definiteness:

{D11} {D21} D31
{Elk} {QUlk} Py

. (1alf,)
{D1.} {D2,} D,

En Un P’n -
B} g e

3T would like to thank Jan Képping for making me aware of Haddock’s Puzzle [8] by
which (11) is inspired.
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D, Dy Dy

QD; QD; QD; .
~ (1B ;1) = (1B ;2) 57 (1QEf;3)
Jk Ik J

where i € {1,...,m} (arity of predicate in QDj;), j € {1,...,n} (level of nesting),
ke{l,..,m}

2. Rules for parallel conjunctively nested negative qualified definiteness:

{Dll} {D21} D31

{=£,} {-QUy} -~ (o 1))
_QDl Q— 7,1
{D1,} {D2,} Ds,,
_Enk - Unk P, c
{~Bn) ) Ry

Dy Dy Dy
Tjk (to-Ef ;1) a0, (to-Ef ,;2) =0 (to-Ef ;3)

where i € {1,...,m} (arity of predicate in QD;), j € {1,...,n} (level of nesting),
ke{l,..,m}
(Likewise with —1;.)

DEFINITION 6.21 (Detour conversions (tgC-systems)). The detour conver-
sions for parallel conjunctively nested qualified definiteness are, mutatis
mutandis, like those of Definition 6.12.

Remark 6.22. A remark analogous to Remark 6.6 applies also to tgC-
systems.

Ezample 6.23. We construct a canonical derivation for (12). Symbolization:
F(gya(M*(z) & W (2, 10,y(Bl(y) & H?(y,10,2(B}(2)))))))

Let Qj, Q; Q P
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Di(r) Daqu) D3(p)
B2B3(2)  VurVor((BY(u1)&Bi(v1)) Dur Lo, v1)  Ywi(Bi(wi) D H(ar,wr))
Dy Dum)  Daen) Dup) ey
Bi(a1) H?(an1,00,2(B5(2))) '
Bi(a1)&H? (a1, g, 2(B3(2)))
Fy(Bi (y)&H?(y, 10, 2(B3(2))))

D5y =

Ds(qu)
VuaYva (B} (u2)&H? (uz, 102(B} (2))))&(B} (v2) & H? (v2, 102(B} (2))))) D uz Tg, v2)
Da(p)
Vwa (B} (w2)&H? (w2, 192(B5(2)))) D W2 (az, w2))
Dg Dsmy  DPeu)y  Drp)
M'(az)  W?2(az2,10,y(Bi(y) & H*(y,t0,2(B5(
M (a2)&W?(az2, to,y(B1 (y)&H?(y, 10, 2(B5(2)
Fo(M (2)&W? (2, 10, y(B1 (y)&H?(y, Lo, 2(B3(2)

(LQIg,z)

2))))
)
)

Dyg) =

Drou)

VusVos (M (uz)&W?(us, Lo, y(B1 (y)&H?(y, 1, 2(B3(2))))))
(M (v3)&W? (v3, L0, y(BY ()& H?(y, 10, 2(B3())))))) D us o, vs)
Diap)

Vs (M1 (w3)&W? (w3, 10, y(Bi (y)&H?(y, 10, 2(B5(2)))))) D F'(w3))

Dygy  Dioeu)y  DPiup) (10l 4) (6.6)
Fl(tgya(M(z) & W2(z,10,y(Bl(y) & H2(y,00,2(B5(2)))

Ezample 6.24. Consider (14). Symbolization:
Wi (Lo a(M! (2)&W3 (2,10, y(B' (1)) & C*(z, 19, 2(N'(2)))), 1o, u(D' (u)&
0% (1o, (M (2)& (W3 (x,10,y(B' (1)) & C?(x, 1, 2(N'(2)))), u)))

Note that the second occurrence of & in the first description is the one
which corresponds to the conjunction figuring at the surface of (14). Let
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Di(k) Daqu) D3(p)
B y)  VurVor (B (u1)&B(v1)) D ur £g, v1)  Ywi(B'(w1) D W3 (a1, w1))
!
D/1(E) DQ(QU) Dé(P)

FaN(2) g Yo (N () &N () D uf Zgp vf) VWi (N (wy) D C2(a,w)))

Dimy  DPiyquy  Dip

Duey Daquy DPswp) .
2 1 (tel5 1) 2 1
o W3 (a1,t0,y(B*(¥))) C?(an, 107 2(N1(2)))
M*(ar) W3 (o1, 10, y(B' (1)) &C? (a1, 17 2(N'(2)))
Ml(al)&WE(ahLgly(Bl(y)))&CQ(ahLQIIZ(Nl(Z)))
Sae(M* (2)&W3 (2,10, y(B' (9)))&C? (z, 101 2(N'(2))))

(LQIg,l)

Dsmy =

=A1(z)
Ds(qu)
YuaVua (A1 (u2) & A1(v2)) D ug T, va)
Dr(p)
Vwa (M (w2)&W3 (w2, 10, y(B' ()))&C? (w2, 1o, (N (2)))) D O* (w2, a2))
Ds Dsz)  Psquy  Drp)
D'(a2) OXigur(M(2)&W5(z,10,y(B'(y)))&CHx,1012(NY(2)))),02)
DY02) &0t gur (MY (2)&W3(x, 10, y(B(1))&CHx,L012(N'(2)))),02)
Fu(DNw)&O0X 1oz (M (2)&W3(2,0,y(B'(1)))&CHx i grz(N'(2))))u)

c

(LQ12,2)

Dy (py=

Ag(u)
Dio(Qu)
VugV’Ug((AQ(ug)&AQ(’Ug)) D us ;Qg v3)
Diip)
VwsVws (M (ws)&W3 (w3, 1, y(B' (1)) &C? (w3, 1o; 2(N' (2)))) &
(DY (wa)&O? (1o, (M (2)&W3 (2, 10, y(B' () &C? (2, 101 2(N'(2)))), w4)))
D W(ws, wa))

Dsey Doy Dequ) Dioqu) DPiip)

(tol33)
Wi (vguo(M* (2)&W3 (2, 10,y(B' (1)) & C? (2,197 2(N'(2)))),
Loy u(D (u)&O0? (1, n(M* ()& (W (2, 10,y(B' (1)) & C*(z,192(N'(2)))), 1))
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7. Concluding remarks

We have shown that dropping the standard primitive notion of identity from
Russell’s analysis of definite descriptions in favour of the defined notion of
qualified identity [24] can lead us to proof systems for definiteness which
not only enjoy good proof-theoretic properties (normalization, subexpres-
sion property, subformula property, internal completeness), but which also
admit a formulation of an intuitionistically acceptable proof-theoretic se-
mantics for natural language constructions which involve various kinds of
definite descriptions (complete, incomplete, generic, parallel, nested, Had-
dock, predicative). It is hoped that the framework developed above is ver-
satile enough to be adapted so as to handle a wider range of definiteness
constructions.
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SEMI-SUBSTRUCTURAL LOGICS A LA LAMBEK
WITH SYMMETRY

Abstract

This work studies the proof theory and ternary relational semantics of left (right)
skew monoidal closed categories and skew monoidal bi-closed categories, both
symmetric and non-symmetric, from the perspective of non-associative Lambek
calculus. Uustalu et al. used sequents with stoup (the leftmost position of an
antecedent that can be either empty or a single formula) to deductively model
left skew monoidal closed categories, yielding results regarding proof identities
and categorical coherence. However, their syntax does not work well when mod-
eling right skew monoidal closed and skew monoidal bi-closed categories, whether
symmetric or non-symmetric.

We solve the problem via more flexible and equivalent frameworks to charac-
terize the categories above: tree sequent calculus (where antecedents are binary
trees) and axiomatic calculus (where antecedents are a single formula), inspired
by works on non-associative Lambek calculus. Moreover, we prove that the ax-
iomatic calculi are sound and complete with respect to their ternary relational
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models. We also prove a correspondence between frame conditions and structural
laws, providing an algebraic way to understand the relationship between the left
and right skew monoidal closed categories, encompassing both symmetric and
non-symmetric variants.

Keywords: substructural logic, Lambek calculus, non-associative Lambek calcu-
lus, category theory, skew monoidal category, ternary relational semantics.

1. Introduction

Substructural logics are logic systems that lack at least one of the structural
rules, weakening, contraction, and exchange. Joachim Lambek’s syntactic
calculus [18] is a well-known example that disallows weakening, contrac-
tion, and exchange. Another example, linear logic, proposed by Jean-Yves
Girard [14], is a substructural logic in which weakening and contraction are
in general disallowed but can be recovered for some formulae via modali-
ties. Substructural logics have been found in numerous applications from
computational analysis of natural languages to the development of resource-
sensitive programming languages.

Left skew monoidal categories [26] are a weaker variant of Saunders
Mac Lane’s monoidal categories where the structural morphisms of asso-
ciativity and unitality are not required to be bidirectional, they are natural
transformations with a particular orientation. Therefore, they can be seen
as semi-associative and semi-unital variants of monoidal categories. Left
skew monoidal categories arise naturally in the semantics of programming
languages [2], while the concept of semi-associativity is connected with
combinatorial structures like the Tamari lattice and Stasheff associahedra
37, 22].

In recent years, Tarmo Uustalu, Niccolo Veltri, and Noam Zeilberger
started a research project on semi-substructural logics, which is inspired by
a series of developments on left skew monoidal categories and their variants
by Szlachényi, Street, Bourke, Lack and others [26, 16, 25, 17, 8, 5, 6, 7].

We call the logics of left skew monoidal categories and their variants
semi-substructural logics, because they are intermediate logics between
(certain fragments of) non-associative and associative intuitionistic linear
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logic (or Lambek calculus). Semi-associativity and semi-unitality are en-
coded as follows. Sequents are in the form S | I' - A, where the antecedent
consists of an optional formula S, called stoup, adapted from Girard [15],
and an ordered list of formulae I'. The succedent is a single formula A.
We restrict the application of introduction rules in an appropriate way to
allow only one of the directions of associativity and unitality.

This approach has successfully captured languages for several varieties
of skew structured categories, including (i) left skew semigroup [37], (i%)
left skew monoidal [31], (i4i) left skew (prounital) closed [29], (iv) left skew
monoidal closed categories [27, 33], and (v) distributive left skew monoidal
categories with finite products and coproducts [35] through skew variants
of fragments of non-commutative intuitionistic linear logic with different
combinations of connectives (I, ®,—o, A, V). Additionally, discussions have
covered partial normality conditions, in which one or more structural mor-
phisms are required to have an inverse [30], as well as extensions with skew
exchange a la Bourke and Lack [32, 35, 34].

In all of the aforementioned works, internal languages of left skew
monoidal categories and their variants are characterized in a similar way
which we call sequent calculus a la Girard. These calculi with sequents of
the form S | T+ A are cut-free and by their rule design, they are decidable.
Moreover, they all admit sound and complete subcalculi inspired by An-
dreoli’s focusing [3] in which rules are restricted to be applied in a specific
order. A focused calculus provides an algorithm to solve both the proof
identity problems for its non-focused calculus and coherence problems for
its corresponding variant of left skew monoidal category.

By reversing all structural morphisms and modifying the coherence con-
ditions in left skew monoidal closed categories, right skew monoidal closed
categories emerge [28]. Moreover, skew monoidal bi-closed categories are
defined by appropriately integrating left and right skew monoidal closed
structures. It is natural for us to consider sound sequent calculi for these
categories. However, the implication rules are not well-behaved when just
modeling right skew monoidal closed categories with sequent calculus a la
Girard.

The problem stems from the skew structure concealed within the flat
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antecedent of S | I' = A. While the antecedent S | I' is defined similarly
to an ordered list, it is actually a tree associating to the left. We start
in Section 2 by introducing the sequent calculus & la Girard (LSkG) for
left skew monoidal closed categories from [27] and its equivalent sequent
calculus & la Lambek (LSkT)!, which is inspired by sequent calculus for
non-associative Lambek calculus [9, 23] with trees as antecedents.

Associative (non-associative) Lambek calculus can be extended with
permutation by adding a rule of exchange [23]. In the commutative version
of the Lambek calculus, two implications \ and  collapse into one, i.e. for
any formulae A and B, AN\ B is logically equivalent to B / A. This leads to
a natural question to consider semi-substructural logics with permutation.
An immediate idea is adding an axiom of permutation directly into the
calculus. Veltri addressed the addition of permutation to sequent calculi
for symmetric skew monoidal and skew closed categories [32, 34]. Here,
we extend this work by generalizing these results to symmetric right skew
categories and symmetric skew monoidal bi-closed categories.

In Section 3, we introduce definitions of left (right) skew monoidal
closed categories and skew monoidal bi-closed categories, and normality
conditions for skew categories. In Section 4, we describe two calculi that
characterize skew monoidal bi-closed categories: one is an axiomatic cal-
culus (SkMBiCA), while the other is a sequent calculus (SkMBiCT) similar
to the multimodal non-associative Lambek calculus [21]. In Section 5, we
introduce the relational semantics for SkMBiCA via preordered sets of possi-
ble worlds with ternary relations. Furthermore, we show a correspondence
theorem (Theorem 5.8) between conditions on ternary relations and struc-
tural laws on any frame. The theorem allows us to prove a thin version of
main theorems in [28]. Finally, in Section 6, we incorporate commutativity
into semi-substructural logics from both syntactic and semantic perspec-
tive following the method in [32, 34] and extend the result to symmetric
right skew categories and symmetric skew monoidal bi-closed categories.

1We attribute this name to Lambek since he proposed the non-associative calculus
in [19], though he did not discuss the tree sequent style presentation.
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Publication History This paper is an extended version of [36]. Com-
pared to the conference version, we have added Lemmata 2.10 and 4.4,
which are essential to the proof of equivalence of calculi (LSkG and LSkT
for the former and SkMBiCA and SkMBiCT for the latter) and detailed the
proof of Theorem 4.6. The whole Section 6, studying the syntax and se-
mantics of semi-substructural logics with permutation, is new.

2. Sequent Calculus

We recall the sequent calculus a la Girard for left skew monoidal closed cat-
egories from [27], which is a skew variant of non-commutative multiplicative
intuitionistic linear logic.

Formulae (Fma) in LSkG are inductively generated by the grammar
AB:=X|1| A® B| A— B, where X comes from a set At of atoms, |
is a multiplicative unit, ® is multiplicative conjunction and — is a linear
implication.

A sequent is a triple of the form S | T' k¢ A, where the antecedent
splits into: an optional formula S, called stoup [15], and an ordered list
of formulae I" and succedent A is a single formula. The symbol S consis-
tently denotes a stoup, meaning S can either be a single formula or empty,
indicated as S = —; furthermore, X, Y, and Z always represent atomic
formulae.

DEFINITION 2.1. Derivations in LSkG are generated recursively by the
following rules:

“|THe¢A B|AkeC ~|TreC
ax s
AT Fe A A=B|T,AlC | TheC
A|B,THeC AlTheC . SINAFGB
A@B|TreC 25 Z|ATFcC S|TreA —<B °

 SITreA —|AlcB
—1 Fel S|T,Atc A@ B

®R
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The inference rules of LSkG are similar to the ones in the sequent calculus
for non-commutative multiplicative intuitionistic linear logic (NMILL) [1],
but with some crucial differences:

1. The left logical rules IL, ®L and —L, read bottom-up, are only al-
lowed to be applied on the formula in the stoup position.

2. The right tensor rule ®R, read bottom-up, splits the antecedent of a
sequent S | T, A g A® B and in the case where S is a formula, S is
always moved to the stoup of the left premise, even if I" is empty.

3. The presence of the stoup distinguishes two types of antecedents,
A|T and — | A,T. The structural rule pass (for ‘passivation’), read
bottom-up, allows the moving of the leftmost formula in the context
to the stoup position whenever the stoup is empty.

4. The logical connectives of NMILL (and associative Lambek calculus)
typically include two ordered implications \ and ,/, which are two
variants of linear implication arising from the removal of the exchange
rule from intuitionistic linear logic. In LSkG, only the right residuation
(B / A= A —o B) of Lambek calculus is present.

For a more detailed explanation and a linear logical interpretation of LSKG,
see [27, Section 2].
THEOREM 2.2. The rules
S|ITFcA A|AbLgC —|Tkc A S|Ap, A A FcC
S|T.ArcC > S| A0, A FgC

ccut

are admissible in LSkG.

PRrROOF: The proof proceeds by induction on the height of derivations and
the complexity of cut formulae. Specifically, for scut, we first perform in-
duction on the left premise f, and if necessary, we perform subinduction on
g or the complexity of the cut formula A. For ccut, we start by performing
induction on the right premise g instead. The cases other than —oL and
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—oR have been discussed in [31, Lemma 5], so we will only elaborate on the

cases of —o.
We first deal with scut. If f = —oL(f’, f”), then we permute scut up, i.e.

f/ fll
—|Trg A" B'|AtgA g

A B |T,AtcA b AlArecC
A B |T,A A C

scut
I g
f/ BI‘AI—GA A‘AI—GC
T | The A B |AAFgC
A — B'|T,AAt¢ C

scut

—o

If f=—R f’, then we perform a subinduction on g:
- If g = —L(g¢’,¢"), then
! g g"
S|T,Atg B —|AtcA B|AtgC
S|TreA—B R TALB[AAFGC
SIT,AJAkg C

—o

scut

f/ gI/
g S|T,AF¢B B|AtcC
T | Atc A S|T,AAF¢cC
S|T,AAFgC

scut

ccut

where the complexity of the cut formulae is reduced.

— For other rules, we permute scut up. For example, if g = —R ¢/, then
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f/ gl
S|T,Alg B A—B|AA g B
S|Tt¢A—oB ~ A—B|AFrgA —B °
scut

S|, Atg A — B
/
S|T,Arc B . J
s S|TFGA—B ~ A—-B|AAtgB
S|T,A, A F¢ B °
S|T,Abg A — B

cut

—o

For ccut, if g = —R ¢/, then we permute ccut up. If g = —L(¢’,g"), we
permute ccut up as well, but depending on where the cut formula is placed,
we either apply ccut on f and ¢’ or f and g”. O
Moreover, LSKG is sound and complete wrt. left skew monoidal closed
categories [27, Theorem 3.2].
By soundness and completeness, similar to the result in [31] for skew
monoidal categories, we mean that LSkG is deductively equivalent to the

axiomatic characterization of the free left skew monoidal closed category
(LSKA).

DEFINITION 2.3. Derivations in LSkA are generated by the following rules.
. AHLB BRHC AHLC BH.D
id comp
AFLA AL C ARBFH C®D
CHA BkH.D N p
A—BF C =D ~ 1@AF A" AF Al
AR BF.C
@
(A®B) @CH A®B&®C)  AFLB—-C "

®

Throughout this paper, we will often treat derivations as formal objects.
We use notation such as f: A Borg:S|T kg C to denote a specific
derivation f or g of the sequent that follows the colon. This convention is
adopted from type theory and the “proofs-as-morphisms” paradigm, where
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a derivation is treated as a concrete term or morphism, and the sequent is
its type or specification.

This axiomatic calculus is a semi-unital and semi-associative variation of
Moortgat and Oehrle’s calculus [23, Chapter 4] of non-associative Lambek
calculus (NL), where only right residuation is present.

However, different from NL, the rule comp cannot be eliminated from
LSkA. For example, consider the following derivation:

A A
(e X)FI®X |®X|—Xco

o (o X)F X

mp

One can observe that no other axiom or inference rule can produce the
endsequent in the comp-free calculus. Therefore, comp is an essential rule
in this calculus.

We only care about sequent derivability in this section, therefore we
omit the congruence relations on sets of derivations A+ Band S |T'F¢ A
that identify certain pairs of derivations. However, the congruence relations
are essential for these calculi being correct characterizations of the free left
skew monoidal closed category.

The calculus LSkG, being an equivalent presentation of a skew version
of NL, provides an effective procedure to determine formulae derivability in
LSkA. In other words, for any formula A, b A if and only if — | Fg A.
Exhaustive proof search in LSkG always terminates, so for any A, either it
finds a proof or it fails and there is no proof

Adapted from [23], we define trees inductively by the grammar T' ::=

Fma| — | (T,T), where — is an empty tree. A context is a tree with a hole
defined recursively as C ::= [-] | (C,T) | (T,C). The substitution of a tree
into a hole is defined recursively:
subst([-,U) = U
subst((T',C),U) = (T’,subst(C,U))

subst((C,T"),U) = (subst(C,U),T")

We use T[] to denote a context and T[U] to abbreviate subst(T[],U).
Sometimes we omit parentheses for trees when it does not cause ambiguity.
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Sequents in LSKT are in the form T F1 A where T is a tree and A is a single
formula.

DEFINITION 2.4. Derivations in LSkT are generated recursively by follow-
ing rules:

Arr A
T~ Fr C T[A, Bt C
[~ L R [A, B] Fr oL Tkt A U}—TB®R
Tt C R T[A® B Fr C T,UFrt A® B
Ut A T[B]Fr C T,Arr B
TA =B, U FC - TrrA—B R
T[Us, (U1, Uy)] b1 C T[U] 1 C T[U,~]Fr C
assoC —————— unitL ——————— unitR
T[(Uy, Uy),Us] b1 C T[-, U Fr C T[U] Fr C

This calculus is similar to the ones for NL [23] and NL with unit [9] but
with semi-associative (assoc) and semi-unital (unitL and unitR) rules. The
structural rule unitL, read bottom-up, removes an empty tree from the left.
It helps us to correctly characterize the axiom A in LSKT, i.e. I® At A is
derivable while A F1 | ® A is not. Analogously for the rule unitR, from a
bottom-up perspective, adds an empty tree from the right, and we cannot
capture p in LSkT without unitR (a double question mark ?? means that no
rule can be applied to close the derivation):

ax

AT A , 29 27
A ANy e x
L Ar 4 ' X _rtlox ©R
@Arr A ® XFrlox UMk
27?
A4 TR x i x
A-_rrAal R o xiex b
A Ael MR Xaiex o
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THEOREM 2.5. The rule
Ukt A T[AF C
TU|Fr C

cut

is admissible in LSKT.

PrROOF: We perform induction on the structure of derivation f of the left
premise, and if necessary, we perform subinduction on the derivation g or
the complexity of the cut formula A. Cases of logical rules ax, ®L, ®R, —oL,
and —R have been discussed in [23], so we only elaborate on the new cases
arising in LSkT.

e The first new case is that f = IR, then we inspect the structure of g.
— If g = ax: | b1 |, then we define cut(IR,ax) = IR.

— If g =IL ¢, then there are two subcases:

x if the | introduced by IL is the cut formula, then we define

/

g
T C /
R e, g
— 1l T+t C . T[]+t C
T[]+ C <
x if the | introduced by IL is not the cut formula, then we
define
g/
T[-]+r C
e,
cut
TU==}]Fr C
gl
1 T .
cu
~ 7=} C
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where T{"==}[.] means that a formula occurrence | at some
fixed position in the context has been replaced by —.

— If g =R ¢, where R is a one-premise rule other than IL, then
cut(IR, R ¢’) = R(cut(IR, ¢")).

— The cases of an arbitrary two-premises rule are similar.

e The only other new cases are IL and the structural rules, which are
all one-premise left rules, where we can permute cut upwards. For
example, if f = unitL f/, then we define

/
T'[U] 7 A
# unitl g
T[-, Ukt A TAFr C
TIT'[-,U]]Fr C

cut

!
g
T'U|Fr A T[A] bt .
- T C
unitL

Tr'=Ullkr ©

The other cases are similar. O
The proof of equivalence relies on the following lemmata and definitions.

DEFINITION 2.6. For any tree T, T™ is the formula obtained from T by
replacing commas with ® and — with |, respectively.

LEMMA 2.7. For any context T[] and tree U, T[U|* = T[U*]*.

ProoF: The proof proceeds by induction on the structure of T'[:].

If T[] =[], then [U]* = U* by the definition of substitution.

T[] = (T'[],T"), then by inductive hypothesis, we have T'[U]* = T'[U*]*

and by definition, we have (T'[U],T")* = T'[U]* @-T"* = T'[U*]* @"

T//* — (T/[U*]7 T//)*.

The case T[] = (T",T"[]) is symmetric. O
In the remainder of the section, we will refer to uses of Lemma 2.7 by

double lines.
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LEMMA 2.8. Given a context T[] and a derivation f : A FL B, the
following rule is admissible:

Al
L
- - = T *
T[A]* b T[B]* Lf]
PRrROOF: The proof proceeds by induction on the structure of T'[].
If T[] =[], then we have T[A]* = A and T[B]* = B, and f is the desired
derivation.
If T[] = (T'[]; T"), then we construct the desired derivation as follows:
e
- T'[f]* id

T'[A]" - T'[B)* T b T
T/[A]* ® T//* '_L T/[B}* ® T//*
(TI[A]’T//)* FL (T/[BLTI/)*

The case T[] = (T",T"[]) is symmetric. O
DEFINITION 2.9. We define an encoding function [— | —] that transforms
a tree and an ordered list of formulae into a tree associating to the left:
[TIn=r
[T B,T]=[(T,B)|T]
LEMMA 2.10. For any stoup S and contexts T and A, [[S|T] | A] =[S |
I, A].

PRrROOF: The proof proceeds by induction on A.

EA=[],then [[SIT]|[]]=[SIT]=1[S|T,[]] by definition.

If A = (A,A’), then by Definition 2.9, inductive hypothesis, and asso-
cativity of lists, we have [[S | T] | 4,A] = [[S | T,A] | AT £ [9 |

(I, A), AT =[5 T, (4,AN]. U
With the above lemmata, definition, and the functions s(.5) that maps
a stoup to a tree (i.e. s(S) = — if S = — or s(S) = B if S = B), we can

state and prove the equivalence between LSkG and LSKT.
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THEOREM 2.11. The calculi LSKG and LSKT are equivalent, meaning that
the two statements below are true:

o For any derivation f : S | T g C, there exists a derivation G2T f :
[s(9) [Tl kv C.

o For any derivation f : T b1 C, there exists a derivation T2Gf : T* |
Fe C.

ProOOF: Both G2T and T2G are constructed by induction on height of f.

For G2T, the interesting cases are ®R and —L. For example, if f =
QR(f’, f"), then by inductive hypothesis, we have two derivations G2T f’:
[s(S) | T] bt A and G2T f” : [I | A] b+ B. Our goal sequent is [[s(S) |
I'] | A] F+ A ® B, which is constructed as follows:

G2T #/ G2T f”
[s(S) | TiFr A [~ |A]br B
[ [ TLI- | AlFr A® B

[:(5) [ T].~ [AlFr A9 B 20
SYIT][A]Fr AwB "™
[[s(S) [T] | A Fr Lemma 2.10

[s(S) | T,AlFr A® B

where assoc* means multiple applications of assoc. The case of —oL is
similar.

For T2G, the construction relies on Lemma 2.8 heavily. For example,
when f = unitR g, where we have g : T[U, —] bt C. By inductive hypoth-
esis, we have T2G g : T[U* @ I]* | ¢ C. With Lemma 2.8, we construct
the desired derivation as follows:

a
0| Feor X T rai R
®R

o | e Ul Lemma 2.8 T2G g
TUT | FeTIU" ® 1" S TNt | ke C
| ke C

scut

The other cases are similar. O



Semi-Substructural Logics a la Lambek with Symmetry 533

3. Skew Categories

In this section, we present the definitions of left (right) skew monoidal
closed categories, skew monoidal bi-closed categories, and various terms
that will be used in the following section for discussion.

DEFINITION 3.1. A left skew monoidal closed category C is a category
with a unit object | and two functors ® : Cx C — C and —: C°? xC — C
forming an adjunction — ® B 4+ B — — for all B, and three natural
transformations A, p, a typed Ag : |1® A = A, pgy : A - AR® | and
aapc:(A®B)®C — A® (B ® (), satistying coherence conditions on
morphisms due to Mac Lane [20]:

el (Ao e B2 4e (1o B)
V N pa®B1 LA®Ap
| | A9 B=————AQ®B

QA B
(Il A)® B |® (A® B)
)\A®B\ AA@B
A® B

(AeB ol — 2P Ag Bl
PA®B\ /A
A®B

X pB

&XA,BRC,D

(A (B®C))® D A® ((B®C)® D)
aaBc®DT lA®aB,c,p
(A B)®(C)® D — (A®B)® (C®D) — A® (B® (C® D))

QARB,C,D QA B,CQD

Left skew monoidal closed category has other equivalent characteriza-
tions [25, 28], because natural transformations (A, p, @) are in bijective cor-
respondence with tuples of (extra)natural transformations (j,4, L) typed
jail—>A—oAig:loA—A and Laypc:B—oC— (A —B)—
(A — (). In particular, in a left skew non-monoidal closed category,
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(\, p, ) are not available and one has to work with (5,4, L) and the corre-
sponding equations.

DEFINITION 3.2. A right skew monoidal closed category (C,|,®,—o) is
defined with the same objects and adjoint functors as in left skew monoidal
closed category but three natural transformations AR, pR, aR are typed
A A= 104, pf - Al — Aand off 5 - 1 A®(B®C) — (A®B)®C. The
equations on morphisms are analogous but modified to fit the definition.

Similar to left skew monoidal closed categories, natural transformations
(AR, pR, aR) are in bijective correspondence with tuples (5%, iR, LR) typed
j;Rx,B :C(l,A— B) - C(A,B),i% : A—1— A, and LQ,B,C,D :C(A,B —
(C — D)) — fX C(A,X — D) x C(B,C — X), where fX is a coend,
cf. [28, Section 4], and C(A, B) means the set of morphisms from A to B.
In parts of the next sections, where we only work with thin categories (for
any two objects A and B, C(A, B) is either empty or a singleton set), it is
safe to replace [ X With an existential quantifier.

In the rest of the paper, we usually omit subscripts of natural transforma-
tions.

DEFINITION 3.3. A left skew monoidal closed category is called

associative normal if « is a natural isomorphism;
— left unital normal if X is a natural isomorphism;

— right unital normal if p is a natural isomorphism.

Fully normal if a, A, and p are all natural isomorphisms.

Each normality condition can be expressed equivalently using j, 4, and L.
The normality conditions for right skew monoidal closed categories follow
the same pattern, but with o, A%, and p’ instead of «, A, and p.

DEFINITION 3.4. A category (C, |, ®, —ob, @R, —oR) is skew monoidal bi-
closed (SkMBIC) if there exists a natural isomorphism v : A®-B — BaR A,
(C, I, ®%, —ob) is left skew monoidal closed such that right skew structural
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rules are dictated by the left skew ones via 7, i.e. \R = ~yop, pR =710\
and o = (y®R C)oyoa oy o (AR ~y71) diagrammatically:

R R

A | &R A ARl —F—— A
gl N1
A ) A oA N A
AR (B&RO) of (AR B) @R C
A®Rv‘1J ‘w@Rc
AR (C®"B) (Be-A)eRC

- I

(C®"B)®@" A ——— C " (Bg" A)

This definition combines concepts from skew bi-monoidal and bi-closed

categories as introduced in [28].
In contrast to the categorical model of associative Lambek calculus,

the monoidal bi-closed category, we do not have both left (\) and right
residuation (), but instead have two right residuations corresponding to
different tensor products. However, with the natural isomorphism -, and
selecting a specific tensor, we can simulate both left and right residuations.

In the remainder of the paper, we will develop axiomatic and sequent
calculi for SkMBIC and explore its relational semantics.

4. Calculi for SKMBIC

By defining new formulae and adding rules in LSkA, we can have an ax-
iomatic calculus SkMBiCA, where formulae (Fma) are inductively generated
by the grammar A,B == X ||| A®tB| A —-"B|AxRB| AR B.
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X and | adhere to the definitions provided in Section 2, and ®" and —o"
(®R and —oR) represent left (right) skew multiplicative conjunction and
implication, respectively.

Derivations in SkMBiCA are inductively generated by the following rules:

 AFHLB BH.C
|d comp
AL C

AH.C BH.D
AEBH C®-D

CH A BH.D ., CH A BHD

A—LBH C—'D ° A—RBH C—-RD °

AFLA

R

A P «
QLA AT AF AR (At B)e-CH A" (BatC)

-1

N
AR B BoRA A®RBF. BatA |
AQ-BH C ARBH C
T
AF B—-'C AF B-RCT"

For any f: Al Band g: C D, we define f @R g as yo (g®" f)oy~L.
AR pR_and oR are also derivable.

One might note that the connective ®R is not strictly necessary from a
logical perspective, as it will be inter-definable with ®" via the vy and ~*
axioms above. However, we include both sets of connectives explicitly in
the syntax.

DEFINITION 4.1. The congruence relation on derivations in SkMBiCAis
defined by the following:

category laws) idof=f f=foid (fog)oh=fo(goh)
®' functorial) idetid=id (hof)®- (kog)=h®"koftyg
L functorial) id —olid=id (foh) ot (kog)=h —otkof -ty

(
(
(
(—oR functorial) id —Rid=id (foh) —oR(kog)=h —-oRkof—-oRg

—o
—o
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Xoid@L f=fol
(A, p, @ nat. trans.) pof=f@tidop
ao(f@ g)@-h=fa (g h)oa

dop=id id=id®-Xoaop®-id

(Mac Lane axioms) doa=x®-id aop=id®‘p
aca=id® acaoa®id
(v isomorphism) ~yo~~l =id v loy=id

nfog=mn(fo(g@"id)  7(fog)=(id—"f)ong
(#® nat. trans.)  w(id @ f) = (f -l id) owid 7R(id @R f) = (f —oR id) o #Rid
mRfog=mR(fo(g@Rid)  nR(fog)=(id R f)onRyg

R )
ARERI) = AR ) = f

(=(® isomorphism)

Similar to the constructions in [31, 30, 29, 32, 27], SkMBiCA generates
the free SKMBIC (FSkMBIC(At)) over a set At in the following way:

— Objects of FSkMBIC(At) are formulae (Fma).

— Morphisms between formulae A and B are derivations of sequents
A | B and identified up to the congruence relation = in Defini-
tion 4.1. Notice that by the definition of f ®R ¢ and v being an
isomorphism, v and v~! are natural transformations. For example,
yof@tg=n~of@‘goid=vof@-goy toy=gaR foy. Similarly,
naturality of (AR, pR, af*) and the Mac Lane axioms corresponding to
them hold as well.

Given a skew monoidal bi-closed category D with function G : At — D,
we can define functions Gy : Fma — Dy (D is the collection of objects
in D) and G; : FSkMBIC(At)(4,B) — D(Go(A),Go(B)) by induction
on complexity of formulae and height of derivations respectively. This
construction uniquely specifies a strict skew monoidal bi-closed functor
G : FSkMBIC(At) — D satisfying G(X) = G(X).

However, it remains unclear how to construct a sequent calculus a la Gi-
rard for SkMBIC.2 A simpler scenario to consider is the sequent calculus for

2An anonymous reviewer has suggested that an Andreoli-style focusing calculus
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right skew monoidal closed categories. In this context, recalling Definition
3.2, where natural transformations are in an opposite direction compared
to left skew monoidal closed categories. One approach is to propose a dual
sequent calculus to LSkG. Here, sequents would be of the form I' | S ¢ A,
indicating a reversal of stoup and context, with all left rules applicable
solely to the stoup. We should think of the antecedents as trees associat-
ing to the right, structured as (A, (..., (A1, 4g))...). Nevertheless, —oR,
by definition, is again a right residuation, implying that —RL and —RR
should resemble those in LSkG. This requirement then necessitates contexts
to appear on the right-hand side of the stoup.

Fortunately, we can develop a sequent calculus, denoted as SkMBiCT,
which is inspired by LSkT to characterize SkMBIC categories. Specifically,
SkMBiCT is an instantiation of Moortgat’s multimodal Lambek calculus [21]
with unit, semi-unital, and semi-associative structural rules.

Trees in SkMBiCT are inductively defined by the grammar 7' ::= Fma |
— | (T, T) | (T;T). What we have defined are trees with two different ways
of linking nodes: through the use of commas and semicolons, corresponding
to ® and ®R, respectively. Contexts and substitution are defined analo-
gously to those of LSKT. Sequents are in the form 7T Ft A analogous to
those in Section 2.

Derivations in SkMBiCT are generated recursively by the following rules:
T[-]Fr C
ax IR IL
AT A — k1l Tl Fr C
T[A,B]l—TC L TH A URT B
TA Bl+C %" T.Urr ActB
Ut A TBlFr C L T, A+t B
T[A—-B,UFrC = Tkt A—B

®'R

'R

might also be possible, where the focused formula is not separated into a stoup but
instead keeps its place within the sequence of antecedent formulae. This presents an in-
teresting direction for future investigation, especially for studying the equational theory
of derivations. The present work, however, concentrates on the explicit use of structural
rules on tree structures to achieve the required flexibility.
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T[Uy, (U1, Uz)| 1 C . TUFr C L T, -t C .
T[(Uo, U1),Us] F1 C assoc 7T[—,U] +C unitL 771[(]] + C unitR
TUy, Ui b1 C
T[Uh:Ug] Fr C o™
T[A;BlFr C TH+A Ukt B

R
TARBF-C © " T.UF AcRB

U}—TA T[B] |—TC R|_ T,A }—TB
T[A—RB;UFrC ° = Tt A—RB °
T[(Up; Uy ); Us] 1 C T[U] Fr C T[—UlFr C

e e L e LI U
T[Uo; (U Up)] F1 C assoc TU; -] C unitL T[U]Fr C unitR

®RR

RR

We can think of these rules as originating from two separate calculi: LSkT
(the red part with ax, IR, and IL) and another for right skew monoidal closed
categories (RSKT, the blue part with ax, IR, and IL), linked by ®comm, in
other words, we can mimic all the blue rules in the style of LSkT (only com-
mas appear in antecedents) and conversely, the red rules can be expressed
using the blue rules. For example, we can express ®RL, ®RR and —oRL in
the style of LSkT:

T[A,B] 1 C
T[A,B] Fr C il e L
TEE ’R]A; SR = TBA C ®C1mm
[B&" Al Fr TBeR A Fr C
TrrA Ut B Lo A UL D o
UJTW— A®RTB OR = T;UFTA@)RB@?
D ——— comm
T UTrr AR B

l_
Ubt A T[B]Fr C R [;;T AR 5[5] ;g _ R
TU,A—-R Bltr C — = A" BUFr ®comm
T[U,A—R B 1 C
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ATH B
A,Tl_TB Rby m@)comm
TrrA kB ° R = 202 rp
T A—-RB

THEOREM 4.2. Similar to LSKT, cut is admissible in SkMBiCT.

Ubt A T[A]FrC
T[U] Fr C

cut

PRrROOF: The proof proceeds similarly to that of Theorem 2.5. For the
new logical rules in blue, the proofs follow the same pattern as their red
counterparts. Since ®comm and all the logical and structural rules in blue
are one-premise left rules, we can permute cut upwards. O

The equivalence between SkMBiCA and SkMBiCT can be proved by induc-
tion on height of derivations with the following admissible rules, definition,
and lemmata:

DEFINITION 4.3. For any tree T, T# is the formula obtained from T by
replacing commas with ®" and semicolons with ®R, and — with |, respec-
tively.

LEMMA 4.4. For any context T[] and tree U, T[U|# = T[U#]#

PrOOF: The proof proceeds by induction on the structure of T[-].

If T[] = [], then [U]# = U# by the definition of substitution.

If T[] = (T[], T"), then by inductive hypothesis, we have T'[U ]# =
T'[U#]# and by the definition of ()#, we have (T'[U],T")#
T/[U]# ®L TH# — T/[U#]# ®L T!"# — (TI[U#],T/’)#

Other cases are similar. (]

In the remainder of the paper, we will refer to uses of Lemma 4.4 by
double lines.
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LEMMA 4.5. Given a context T[] and a derivation f : A FL B, the
following rule is admissible:

T T

Proor: The proof proceeds by induction on the structure of T'[:].

If T[-] = [-], then we have T[A]# = A and T[B]# = B, and f is the desired
derivation.
If T[] = (T'[]; T"), then we construct the desired derivation as follows:

f -
TI[AJ# L T[Bl# T T

R
T/[A]# ®R T//# |_L T/[B]# ®R T//# ®
(T'[A]; T")# 0 (T'[B]; T")#

The case T[] = (T";T"[]) is symmetric, while other cases are covered in
the proof of Lemma 2.8. O

THEOREM 4.6. SkMBiCT is equivalent to SkMBiCA, meaning that the fol-
lowing two statements are true:

1. For any derivation f : At C, there exists a derivation A2Tf : At
C.

2. For any derivation f : T bt C, there exists a derivation T2Af :
T# . C.

PrROOF: We first construct A2T by structural induction on the deriva-
tion f.

Case f =id.

id T X

AF A9 — A7 4
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Case f = comp(f’, f").
/
A B BHC
AL C

"

Case f = @"(f', f").

f/ fl/
AFLC BH.D
A®L B C&D

Case f =—" (f', ).

f/ f//
CH A BF.D
A—'BrH C oD °

comp

@t 7 A BFrC&LD

Cheng-Syuan Wan

A2Tf'  A2Tf"
ws AF1B BFrC
AFrC

cut

A2Tf  A2Tf”
At C BFiD

®'R
®LL

AR "B C®"D

A2Tf  A2Tf”
CrrA BreD |
L™ ALBCHD Ot
) I—R

A—t Bt C—tD

Case f = A\
ArFr A
\ TI—TAuth
L PR
- Ak A~ = LA A ILLL
ot ArrA®
Case f = p.
At A > —F R
— ®RR
AL Al = A -Fr At
unitR"
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Case f = a.

[0
(ALB)@-CH At (Bt 0)

BirB ™ ChC ™
A A™ T BCrrBetc
A(B.C)Fr At (Bete) © "
(4,B),CFr A" (B&tC) aSS‘ECL
(A= B),CrrAet (Be'c) © N
(A®LB)®LCFTA®L(B®LC)®
Case f =1.
BirB ™ Arr A
e AR B;AI—TB®RA®§)mm
®LBh B® ABr BofA "
®
AQ-BFr BeR A
Case f=~"1.
By B ™ AFvA "
i — 1 B A B A o
AR"BFH B®-A —A;BI—TB®LA ®c<;n|jm
AcRBrrBatA ®
Case f =7 f'.
o A2T f/
A@LBI—TC
L Ly —1
AG' B C v g el
At B —tC —'R

AI—TB—OLO



544 Cheng-Syuan Wan

Case f =71 f'.
/- A2Tf/
L
AFL B _ob C — M _OLR_l
A®LB H C 71-71 M ®L
- A@"Brr C

Other cases for —oR and 7R are similar.
We construct T2A by structural induction on f as well.

Case f = ax.

AA> = Arad

Case f = IR.
TR e
Case f =1L f'.
7 T2Af!
T[-]Fr C L T-#* . C
Tt C T# . C
Case f = ®comm f’
f/
TUo,Ui] b7 C -
—_— mm
T UgFr C -0

-1
v
Uf eRUE L UY o U
T[Ul; Ug]# FL J’[Uv()7 Ul]# T'[Uvo7 Ul]# FL C
T[Uy; U)# L C

Lemma 4.5

comp
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Case f =®L f'
f T2Af’
TABFC | TABFFRC
Al oL A ®
T[A ®L B] Fr C T[A ®L B]# L C

Case f = @R(f’, f").

/ ) TOAf  T2Af”
Tlf A Uﬁ B TPhA U R B ®
L T2 glR 7 T#eLU# 1 AR B

T.Urr A B
! (T,U)#* - Ac' B

L

Case f = —oLL.
/ f//
UbrA T[BJFrC |
TA—rB,UFrC "

AL BrRALB " Utra | At B A<tB |
(A" B) e UPr (A Bt 4 ° o (A" B)@tAr B " s
s TIA—B) " UAF o T((A = By ot A ™ 2 Tja U ) et aF e T o
T[(A ' B) o' U#|# -, TB)* ToAF"
L # # #
TI(A < B).UJ r T(B] TBF O

T[(A —t B),U#|# F_C

Case f = —'R f'

I’ T2Af’
T,AI—TB L = T#®LA|—|_B -
T A—-lB T# . At B
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Case f = assoct f’

!
TV, (U, Us)] b1 C )
T[(Uy, Uy), Us] b C 3%°°¢

«
i et vf) o uf b UF et (UF et UF)

s TIUF & UF) o' UFI# F TIUF - (UF o U Femma 1.5 ToAf
T((Uo, Uy), Ua]# b1 T[Us, (U, Us)|# T(Uo, Uy B# L O
T[(Uo, Ur), Us)# 1 C
Case f = unitL" f/
/
TU|Fr C L
T, U] Fr C unitL
——— A
| @ U# - U# . s
T 7 Lemma 4.
_ # # #
T[—, UJ# F T[U] TP 1 C o
T—,U}* . C
Case f = unitR" f’
f/
T[Ua _] I_T c
— 7~ unitRt
TU]Fr C
——
U# L U# ®L I L 45
emma 4.
#1# # oL N#
N T[U] #H_ TU ®#” Tzif/
T[U)* F T[U, -] TU,-* b1 C comp
TU# . C

Other cases for right skew rules are similar. O
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5. Relational Semantics of SkMBiCA and Application

In this section, we present the relational semantics of SkMBiCA. Further-
more, the relational semantics for SkMBiCA is characterized modularly, al-
lowing us to construct models for semi-substructural logics step by step by
incorporating additional structural conditions into the frame. The modu-
larity allows us to provide an algebraic proof for the main theorems con-
cerning the interdefinability of a series of skew structured categories as
discussed in [28].

DEFINITION 5.1. A preordered ternary frame with a special subset is
(W, <,T,LL), where:

o W is a set of worlds, and < is a preorder relation on W.
o I is a downwards closed subset of W.

e L is a ternary relation on W that is upwards closed in its first two
arguments and downwards closed in its last argument with respect
to <.

The intended meaning of a relation Labe is that worlds a (left daughter)
and b (right daughter) combine to form world ¢ (root). Notice that the unit
is interpreted as a set of worlds I, rather than a single world, to ensure that
the interpretation can include all formulae provably equivalent to the unit,
eg. I®I

DEFINITION 5.2. We list properties of ternary relations which we will

focus on.
Left Skew Associativity (LSA) Ya,b,c,d,x € W,Labx & Lxcd
— Jy € W such that Lbcy & Layd.

Left Skew Left Unitality (LSLU) Va,b € W,e € I, Leab — b < a.
Left Skew Right Unitality (LSRU)  Va € W, 3e € I such that Laea.

Right Skew Associativity (RSA) Va,b,c,d,x € W, Lbcx & Laxd
— Jdy € W such that Laby & Lycd.

Right Skew Left Unitality (RSLU)  Va € W, Je € I such that Leaa.
Right Skew Right Unitality (RSRU) Va,b € W,e € [,Lacb — b < a.
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Given another ternary relation R, we define
LR-reverse Va,b,c € W, Labc +— Rbac.

The associativity and unitality conditions are adapted from the theory of
relational monoids [24] and relational semantics for Lambek calculus [12].

A SkMBiCA frame is a quintuple (W, <,I,L,R), where LR-reverse is
satisfied, L satisfies LSA, LSLU, LSRU, and R automatically satisfies RSA,
RSLU, RSRU because of LR-reverse.

Unlike studies in NL e.g. [12, 21, 23], where two associativity conditions
simultaneously hold for a relation or not, we explore two relations where
one satisfies LSA and the other satisfies RSA. Another distinction from
the existing studies on semantics for NL with unit [9] (or non-commutative
linear logic [1]) is that while W is commonly assumed to be an unital
magma (or monoid in the case of linear logic), here, we should consider
that the unit behaves differently for different relations.

We denote the set of downwards closed subsets of W as P (W).

DEFINITION 5.3. A function v : Fma — P (W) on a SkMBiCA frame is a
valuation if it satisfies:

(h =1
v(A®"B)  ={c:3ac

v(A -t B) ={c:Vac

v(A®RB) = {c:3a €v(A),3b € v(B), Rabc}

v(A—R B) ={c:Vaecv(A),¥be W, Reab= b€ v(B)}

Notice that v(A ®- B) and v(A ®R B) are downwards closed since L is
downwards closed at its third argument. On the other hand, v(A —! B)
and v(A —R B) are downwards closed since the first argument of L is
upwards closed. For example, consider any ¢ € v(A —ob B) and any ¢/ € W
with ¢ < . If Va € v(A),Vb € W, Lc'ab, then by upwards closedness of L,
we have Lcab and then b € v(B), which further implies ¢’ € v(A —' B).

We define a SkMBiCA model to be a SkMBiCA frame with a valuation
function, i.e. (W, <,I,L,R,v). A sequent A k| B is valid in a model (W, <
JLL,R,v) if v(A) C v(B) and is valid in a frame if for any v for that frame,
v(A) C v(B).

A),3b € v(B), Labc}

A),Yb e W, Leab = b € v(B)}
4,

A
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THEOREM 5.4 (Soundness). If a sequent A - B is provable in SkMBiCA
then it is valid in any SkMBiCA model.

PRrOOF: The proof is adapted from [12, 23], where the cases of o and af
have been discussed. Therefore, we only elaborate on new cases arising in
SkMBiCA.

If the derivation is the axiom A : | ®- A - A, then for any SkMBiCA
model (W,I,L,R,v) and any a € v(l ®- A), there exist e € I, a’ €
v(A), and Lea’a. By LSLU, we know that a < @, and then a € v(A).

If the derivation is the axiom p: A+ A ®" |, then for any SkMBiCA
model (W)I,L,R,v) and any a € v(A), by LSRU, there exists e € I
such that Laea, which means that a € v(A ®" ).

If the derivation is the axiom v : A ®" B - B ®R A, then for any
SkMBiCA model (W,I,L,R,v) and any ¢ € v(A ®" B), there exist
a € v(A) and b € v(B) such that Labc. By LR-reverse, we have
Rbac, therefore ¢ € v(B ®R A).

The case of 7! is similar.

O

DEFINITION 5.5. The canonical model of SkMBiCA, is (W, <, I,L,R,v)
where:

W =Fma and A < B if and only if A+ B,
I=w(l),

LABC if and only if C' . A®" B,

RABC if and only if C - A ®R B, and

v(A) = {B: BF_ A is provable in SkMBiCA}.

LEMMA 5.6. The canonical model is a SkMBiCA model.
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PROOF:

— The set (Fma, ) is a preorder because of the rules id and comp, and
the set I is downwards closed because of comp. The relations L and R
are downwards closed in their last argument because of the rule comp.
They are upwards closed in their first two arguments due to the rules
®t and ®R, respectively. These facts ensure that (Fma, -, I, L, R) is
a ternary frame.

— We show two cases (LSRU and LSRU) of the proof that L, R satisfy
their corresponding conditions, while other cases are similar.

(LSLU) Given any two formulae A and B, and J € I with LJAB,
we have J |, and B F_ J®" A, then we can construct B F_ A

as follows:
Jh | AF A ";@L
L L L
B JR-A J®LA|—|_|® Acomp - A\
B I®-A I ® AFLAcomp
BH A

(LSRU) By the axiom p, for any formula A, we have A - A®I i.e.
LATA.

— The valuation v is downwards closed because of the rule comp. The
other conditions on connectives are satisfied by definition.

Therefore, (Fma,, I, L, R, v) is a SkMBiCA model. O

THEOREM 5.7 (Completeness). If Ab| B is valid in any SkMBiCA model,
then it is provable in SkMBiCA.

Proor: If Ak B is valid in any SkMBiCA model, then it is valid in the
canonical model, i.e. v(4) C v(B) in the canonical model. From A | A,
by definition of v, we have A € v(A), and because v(A) C v(B), we know
that A € v(B), therefore A | B.

We show a correspondence between frame conditions and the validity
of structural laws in frames.
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THEOREM 5.8. For any ternary frame (W, <,I, L, R),

LR-reverse holds — v and v~ Yare valid
a® valid s LSA (RSA) holds — L®) yalid
AR) walid — LSLU (RSLU) holds — i® walid
p®R) walid — LSRU (RSRU) holds — iR wvalid

PRrROOF: The first case is that LR-reverse holds if and only if v and !
are valid, i.e. v(A ®" B) = v(B ®R A).

(—) For any = € v(A ®" B) C W, there exists a € v(A4),b € v(B) and
Labr. By LR-reverse, we have Rbar meaning that z € v(B ®R A).
The other way around is similar.

(¢+—) Suppose that for any v, A, B, we have v(A ®@- B) = v(B ®@R A).
Consider any a,b,z € W such that Labx. We take v(A4) = al and
v(B) = b] for some A, B € At. By the definition of v and assumption,
x belongs to v(A ®" B) which is equal to v(B ®R A), therefore Rbaz.
The other direction is similar.

A LSLU holds if and only if A is valid.

(—>) This is similar to case of A in the proof of Theorem 5.4.

(+—) Suppose that A is valid, i.e. for any A and v, we have v(I®-A) C
v(A). Consider any a,b € W, e € I such that Leab. We take
v(A) = al for some A € At. By Leab and the assumption, we
know that b € v(A), which means that b < a.

p: LSRU holds if and only if p is valid.

(—>) This is similar to case of p in the proof of Theorem 5.4.

(¢+—) Suppose p is valid, i.e. for any A and v, v(A) C v(A ®" ).
Consider any a € W. We take v(A) = al for some A € At. By
the assumption, there exist ' € v(A) and e € I such that La’ea.
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Because L is upwards closed in its first argument, we know that
Laea.

a : LSA holds if and only if « is valid.

(—>) For any s € v((A ®@" B) @ C), there exists a € v(A),b €
v(B),r € v(A®" B),c € v(C),Labx, and Laes. By LSA, there
exists y € W such that Lbcy and Lays, then by definition of v,
y€v(B®"C) and s € v(A R (Bt Q).

(¢+—) Suppose that « is valid, i.e. for any A, B, C, v, we have v((A®"
B)®-C) Cv(A®L(B®-C)). Consider any a,b,z,c,d € W such
that Labz and Lzcd. We take v(A) = al,v(B) =bl, v(C) =cl
for some A, B,C € At, then we know that x € v(A ®" B) and
d € v((A®" B) ®" C). By the assumption, d belongs to v(A ®"
(B ®" 0)) as well, which means that there exist a’,¥’,y,¢’ € W
such that LLb/'c’y and La’yd. Because L is upwards closed in its
first and second arguments, we have Lbcy and Layd as desired.

L : LSA holds if and only if for any A, B,C and v, v(B —t C) C
v((A —ob B) —ob (A -t 0)).

(—) For any s € v(B —o- C), we show s € v((4 —' B) —ot
(A —t C)). By definition, from assumptions x € v(A4 —ot
B), Lszy, y € v(A —' C), a € A, ¢ € W, and Lyac, we have
to prove that ¢ € C. By LSA, there exists 2’ € W such that
Lzaz’' and Lsz’c. We get 2/ € B due to z € v(A —' B). Thus,
we have ¢ € C because s € v(B —ot C).

(+—) Suppose that for any A, B,C and v, we have v(B —' C) C
v((A —ot B) —ob (A —ot ). Consider a,b,x,c,d € W such
that Labx and Laed. Take v(A) = ¢l, v(B) = {y : Lbey}, and
v(C) = {d' : Jy € v(B),Layd'} for some A, B,C € At. Given
any y € v(B) and any d’ € W, if Layd’, then by definition of
v(C), d € v(C), therefore a € v(B —' C). By assumption,
a € v((A —ob B) —ot (A —ot (C)) as well, which means that,
for any o' € v(A —t B), 2’ € W, ¢ € v(A) and d' € W, if
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jR

LR

Lab'a’, then 2’ € v(A —b C), and if La’c’d’, then d’ € C. By
the definition of v(B) and assumptions Labz and Lzcd, we have
b€ v(A -t B), z € v(A —ot C), therefore d € v(C), which
means that there exists y € W such that Lbcy and Layd.

: RSLU holds if and only if for any A, B and v, if I C v(A —R B),

then v(A) C v(B).

(—) By RSLU, for all a € v(A), there exists e € I such that Reaa,
then we have a € v(B) because e € v(A —oR B).

(¢+—) Suppose that for any A, B and v, if I C v(A —R B), then
v(A) C v(B). Consider any a € W. We take v(A) = al and
v(B) = {b: Je € I,Reab} for some A, B € At. For any ¢’ € I,
a' € v(A), and v/ € W, if Re’a’d’, then because R is upwards
closed in its second argument, we have &’ € v(B), which means
e’ € v(A —oR B). Therefore I C v(A —oR B). From the assump-
tion, we can now conclude that v(A) C v(B). In particular,
a € v(B), which means that there exists e € I such that Reaa.

RSA holds if and only if for any A, B,C, D and v, if v(A) C v(B —oR
(C —oR D)) then there exists X such that v(A) C v(X —oR D) and
v(B) Cv(C —R X).

(—>) We expand the assumption.

For any A,B,C,D, a € v(A), and b,z € W, if b € v(B) and
Rabz then z € v(C —R D) and for all z € v(C —R D), for all
¢,d € W if ¢ € v(C) and Rzed, then d € v(D). In other words,
for any z,d € W, if there are a € v(A), b € v(B), ¢ € v(C),
Rabz, and Rzed, then d € v(D).

We take X = B ®R C and show it satisfies the two following
statements:

— For any a € v(A), we show that a € v((B&RC) —R D). For
any x € v(B ®R C) and d € W, if Raxd, then by definition
of ®R, we have Rbcx, where b € v(B) and ¢ € v(C). By
RSA, there exists z € W such that Rabz, and Rzcd. By the
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expanded assumption, d € v(D). Therefore a € v((B ®R
C) —R D).

— For any b € v(B), c € v(C), and x € W, suppose Rbcz, then
x € v(B ®R O) by definition of ®R. Therefore b € v(C —oR
(B&R(C)).

(¢+—) Assume that for any A, B,C,D and v, if v(A) C v(B —oR
(C —oR D)), then there exists X such that v(A) C v(X —R D)
and v(B) C v(C —R X). Suppose that we have a,b,c,d,z € W
such that Razd and Rbez, then we take v(A) = al, v(B) =
bl, v(C) = ¢l, and v(D) = {d : Jy,Raby&Rycd’'} for some
A, B,C,D € At. For any a' € v(A), given any &/ € v(B), z’ €
W, € v(C), d € W such that Ra’b'2’ and Rz'c’d’. Because
R is upwards closed in its first and second arguments, by the
definition of v(D), we have d’ € v(D), which means v(A) C
v(B —oR (C —R D)). By the assumption, there exists X such
that

1. v(A) C v(X —R D), which means that for any a’ € v(A),
given any o’ € X, d' € W, if Ra’2’'d’, then d’' € v(D), and

2. v(B) C v(C —oR X)), which means that for any V' € v(B),
given any ¢ € v(C) and 2’ € W, if Rb'¢’2’, then 2’ € v(X).

By Rbex, and (2), we know that x € v(X). By Raxd, and (1),

we know that d € v(D), which means that there exists y € W
such that Raby and Ryed.

The other cases are similar to the arguments above. O

A frame (W, <,IL) is left (right) skew associative if L satisfies LSA
(RSA). For other conditions, the naming is similar. If (W, < I, L) satisfies
LSA, LSLU, and LSRU (respectively RSA, RSLU, RSRU), then it is a left
(respectively right) skew frame.

We can think of a SkMBiCA frame (W, < I, IL,R) as a combination of
two ternary frames (W, < /I,L) (left skew frame) and (W, <,I,R) (right
skew frame) sharing the same set of possible worlds, where the ternary
relations are interdefinable by LR-reverse. Whenever LR-reverse holds,
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then (W, <, I L) is left skew if and ounly if (W, </ ILR) is right skew. In
fact, we have:

(W, <,I,L) left skew associative «— (W, < /I, R) right skew associative
(W, <,I,L) left skew left unital <«+— (W, < I, R) right skew right unital
(W, <,I,L) left skew right unital «+— (W, < /I, R) right skew left unital

If we state the structural laws semantically rather than syntactically, as
in the sequent calculus SkMBiCA, we can reformulate Theorem 5.8 without
referring to sequents and valuations. For example, we can define @ on
downwards closed sets of worlds as A®LB = {c:Ja € A & 3b € B & Labc}
and express a as (A®" B) @ C C A®!L (B &b C). It is the case that «
holds in a frame if and only if it satisfies LSA.

We construct a thin SkMBIC from the frame (W, <,|,L, R) and provide
algebraic proofs for the main theorems in [28]. The objects in the category
are downwards closed subsets of W and for A, B, we have a map A — B if
and only if A C B.

COROLLARY 5.9. The category (P (W), C) generated from any SkMBiCA
frame is a thin SkMBIC.

A frame (W, < 1,L) is associative normal if it satisfies LSA and RSA
simultaneously, and left (right) unital normal if LSLU and RSLU (LSRU
and RSRU) are satisfied. Therefore, by Theorem 5.8, we have a thin version
of the main results in [28].

COROLLARY 5.10. Given any frame, for the category (P (W), C) generated
from the frame we have:

(I, @) left skew monoidal ~ +— (I, —ob) left skew closed
(I, ®R) right skew monoidal <— (I, —oR) right skew closed

Moreover, if the frame satisfies LR-reverse then:

(I, ®") left skew monoidal
(I, —ob) left skew closed
(I, ®*) associative normal
(I, ®*) left unital normal

+— (I, ®R) right skew monoidal
(I, —oR) right skew closed
+— (I, ®R) associative normal
< (I, ®R) right unital normal

)
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,®%) right unital normal  +— (I, ®R) left unital normal
L) associative normal +— (I, —R) associative normal
< (I, —oR) right unital normal

< (I, —oR) left unital normal

3 )

(I
(I, —

(I, —ob) left unital normal
(I, —ob) right unital normal

) )

6. SkMBiCA with Symmetry

Two implications \_and  collapse into one in commutative Lambek cal-
culus, i.e. for any formulae A and B, AN\ B is logically equivalent to B / A.
In particular, consider an axiomatic presentation of non-associative Lam-
bek calculus with exchange ex: AQ B+ B® A, both AN B+ B/ A and
B/ At AN B are provable. We adapt the notations in [23, Section 4]
to fit in our discussion.

ANBr A~B 9,
(ANB) @A A® (ANB) A®(A\B)I—LB:o\m
(ANB)©AF B _ P
ANBH B/ A |
B/ A B,/ 49
Ae(B/AF B/ Hed " (B/AwArB "/
Aw(B/A)F B _ omp
B/ AR AN B

It leads to a natural question to consider semi-substructural logics with
permutation. An immediate idea is to adding the following axiom to LSkA:

ARBH BoA

Following this axiom, we can define a derivable rule ex’ that swaps any
two adjacent formulae in the antecedent. This rule is defined through
combinations of the axioms ex and id and the rules comp and ®. For
example, given a derivation f : (A ® B) ® C kL D and the goal sequent
(B® A)® C kL D, we can use the derivable rule:
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f
(A©B)®C k. D
BoA)eCH D &

BoAr AoB & chcg
= (BRA)RCH (A®B)®C (A By @ CH.D
(BRA)®@CH.D

comp

However, as observed by Bourke and Lack [7], the axiom ex makes the
calculus fully normal, i.e. A1, p~1, and a~! are provable.

A
comp

ARIFI0A S TodAr A
A= Ao A

A Ael” Asified &
comp
pil = AFHI®A

(AeB)eCh (AeB)aC 9

Bedalr AeBal ™

ol _ (CeBeArCeBoA) " C®(B®A)FL(A®B)®C§zmp
(CeB)oAr AoB)oC
(BeCO)®AF (AsB)aC ®

AR (BoC)FL(AeB)aC &

Therefore semi-substructural logics need a different treatment of commu-
tativity.

Veltri has recently investigated the proof theory of symmetric left skew
monoidal categories and symmetric left skew closed categories [32, 34].
These are variants of Mac Lane’s symmetric monoidal categories and de
Shippers’ symmetric closed categories [11] which are originally introduced
by Bourke and Lack [7] where the natural isomorphism representing sym-
metry involves three objects rather than two. Following the design of
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axiomatic calculus (called Hilbert-style calculus in the original papers) in
Veltri’s studies, where symmetry is represented by the following axioms
(notations are modified to fit our discussion):

!
(A2B)@CH (A®C)@B " B o(A—=0)FA—=(B-0C)°®

The axiom s is introduced for the axiomatic calculus of symmetric left skew
monoidal categories where —o is not present, while s’ is the dual case for
symmetric left skew closed categories.

These axioms only take care of symmetric left skew categories. In the
remainder of the section, we first extend the proof-theoretical analysis to
symmetric right skew and symmetric skew monoidal bi-closed categories.
We will first introduce the definition of symmetric left (and right) skew
monoidal closed categories, then prove the equivalence of the axioms of
symmetry proof-theoretically. After that we introduce the commutative
extension of SkMBiCA (SkMBiCT), called SkMBiCA. (SkMBiCT.) and prove
the equivalence of the axiomatic and tree calculi. Finally, we prove that
SkMBiCA,. is sound and complete with respect to the preordered ternary
relation model and extend the correspondence theorem (Theorem 5.8) with
axioms of symmetry.

Definition of symmetric left skew monoidal closed category:

DEFINITION 6.1. A symmetric left skew monoidal closed category C is a
left skew monoidal closed category equipped with a natural isomorphism
sapc:(A®B)®C — (A® C)® B satisfying the equations in Figure 1.

Similar to left skew monoidal closed categories, left skew symmetric
monoidal closed categories admit an equivalent characterization, i.e. the
natural isomorphism s is bijective with the natural isomorphism s’ : B —o
(A—C) = A — (B — C) [7]. In other words, s’ correctly characterizes
symmetry in a symmetric left skew non-monoidal closed category.

DEFINITION 6.2. A symmetric right skew monoidal closed category C is a
right skew monoidal closed category equipped with a natural isomorphism
557370 :A® (BRC) — B® (A® C) satisfying the equations in Figure 2,
which are similar to the ones in Figure 1 with modified bracketing.
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SA®B,C,D sa,B,D®C
(A@B)©C) 8D 228 (AeB)® D) & C (A® D)@ B)®C
SA,B,C ®D‘ ‘5A®D,B,C
SA®RC,B,D sa,c,p ®B
(A®C)®@B)® D (A®C)®D)® B (A®D)®C)® B
sa,B,c ®D SA®C,B,D
(A®B)®C)® D (A®C)®B)@ D ———— ((A®C)®D)® B
aA@B,c,D‘ ‘QA,C,D ®B
(A® B)® (C ® D) W (A® (C®D)® B
SA®B,C,D sa,B,D®C
(A@B)©C) 8D 228 (AeB)® D) & C (A® D)@ B)®C
QA B,C ®D‘ ‘QA®D,B,C
(A® (B®C)® D YWy (A®D)® (B® C)
aa,B,c®D QA B®C,D
(A®B)®C)® D (A®(B®C)®D — A®(B®C)® D)
5A®B,C,D‘ ‘A®SB,C’,D
aa B,p®C QA,B®D,C
(A®B)®D)®C (AR (BR®D)®C ——— AR (B®D)®C)
A (A®C)®B%
(AR B)®C (A B)® C

Figure 1: Equation:
category.

s of morphisms in symmetric left skew monoidal closed
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R R
SA,B,C®D B®shcp
A8 (Be (CaD) 22 g aeCeD) —2PBe (o (As D))

A®SRB7C,D‘ ‘SRB7C,A®D
SEX,C,B@D C®S§,B,D
AR (C®(B®D) ——S5C®(A®(BR® D)) ————5C®(B®(A® D))
A®SEXCB®D SECB@D
A®R(BR(C®D) ———— AR (C®(BD) ———— C® (A® (B® D))
O‘E&,B,cquJ JC®O‘RA,B,D
(A®B)® (C® D) . C®((A®B)®D)
SA®B,C,D
R R
SA,B,C®D B®sycp
AR(BR(C®D)) ———— B® (A® (C® D)) ———— B® (C® (A® D))
A®O‘%,C,D‘ ‘aRB,C,A(@D
AR ((B®C)® D) - (B®C)® (A® D)
SA,BRC,D
A®aRB,C,D ai,B@C,D
AR(BR(C®D) —— A ((B®C)®D) ———— (A (B®C(C))® D
5A®B,C,D‘ ‘SE,B,CQ@D
B®0‘§,c,D O‘RB,A®C,D
B®(A®(C®D) —5Bg(A®C)®D) —"""5 (B (A®C))® D
LI
A® (B®C) A® (B®C)

Figure 2: Equations of morphisms in symmetric right skew monoidal closed
category.
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There exists a bijective correspondence with natural isomorphisms s'R :

[V C(B,Y — D)XC(A,C —Y) = [* C(A, X — D)xC(B,C — X)ina
symmetric right skew non-monoidal closed category. We prove the bijective
correspondence between s and sR and s’ and s'R proof-theoretically.

THEOREM 6.3. In an extension of LSKA, if

(A2B)®CF (ARC)®B =

is derivable in the calculus, then s’ is derivable and vice versa.

PrOOF: From s to s'.

B—(A—<C)F B—o(A=<C)

. Bo(A—0eBhA—C "

(B—~(A—=0C)@A) @Bk ((B—(A—=C)®B)®A ((Bw(AwC))@B)@A)—LCZ()mP
(B—o(A—C)®@A)@Bk_C
(B=(A=C)@Ar B—C
Bo(A=O)FAwB-C) "

1

™

From s’ to s.

A0 @B (A 0B

A®CF B < (AoC)@B) "

A C - (B—=((A2C)2B) " C—=(B—=(A8C)@B))F B —(C = (A C) o B))
AR B - (C = (A C) e B))
A@BH C—((A®C)®B) ~
(A®B)@CH (A2C)@B " 0

S/
comp

™

In this context, we overload the notations X and Y to represent un-
known formulae rather than atomic ones.

THEOREM 6.4. In an extension of LSKA, if

R
A®(BRC)FH . B® (AxC) °

is derivable, then the following statement holds:
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s'R . If there exists a formula Y such that two sequents B F Y — D
and AL C — Y hold, then there exists a formula X such that two
sequents AL X — D and BF_ C — X hold.

Conwersely, if s’ is true in the calculus, then s® is derivable.

PrOOF: From sR to s’R. Suppose that there exists a formula Y such that
two sequents B Y —o Dand A+ C — Y hold, then we take X = BRC
and construct the desired sequents A - (B® C) — D and B . C —o
(B® C) as follows:

Assumption
AR C—Y | Assumption

BB Y Ascry T BH Y —D
BOMARC) L BRY B®Y k. D g;mp
A®(BeC)FLB® (A®C) ° B®(A®C)}—LDcomp

A® (B®C)F. D
AL (B®C) =D

BoCF BoC idﬁ
B C— (B®O)

Then the formula X is B® C, where B C — (B ® C) is derivable.
From s'® to s'R. To prove the sequent A® (B®C) . B® (A®C), we start
from the following two axiom sequents id : BQ (A® C) . B (A® C)
and id : AQ C L A® C. By applying m on both sequents, we obtain
mid:BFL(A®C) - (B®(A®C(C))andmid: AFL C — (AR C). We
take A® C =Y to apply s'R, then there exists a formula X such that two
sequents AL X — (B® (A® ()) and Bt C — X hold. The desired
derivation is constructed as follows:

BySIR
y BH C—X | By s'R
A A B@Chxg ARLX = (B®(A®C)) |
A® (BoC)FLAGX AeXh BoAel) I

AR (B®C)FLB® (A®C)
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O

DEFINITION 6.5. A symmetric skew monoidal bi-closed category
SymSkMBIC is a skew monoidal bi-closed category with the left skew sym-
metry s. s is defined as B ®@-vyovyosoy~to A ®R y~1, diagrammatically:

®R ’7_1 —1
AR (BeRCO) AR (C & B) (Ce-B)e"- A
sRJ Js
BaR(ARO) —— B (0" A) (Ce-A)®-B
"y

The axiomatic calculus that is sound and complete with respect to
SymSkMBIC is SkMBiCA, which is extended from SkMBiCA by adding the
axiom:

S
(A-B)@-CH (A®-C)®"B

The axiom s® is defined by transforming the diagram in Definition 6.5 into
a proof in SkMBiCA., and then by Theorems 6.3 and 6.4, s’ and s'R are
derivable in SkMBiCA,.

Moreover, we can construct the free SymSkMBIC (FSymSkMBIC(At))
over a set At by a similar construction of FSkKMBiIC(At) in Section 4:

— Objects of FSymSkMBIiC(At) are formulae (Fma).

— Morphisms between A and B are derivations of sequents A - B and
identified up to the congruence relation = defined in Definition 4.1
with following additional equations:

s®lidosos®tid=sos®Lidos

(sym. axioms) soa=a®idosos®tid soa®tid=aos®tidos
aca®lidos=id®soaoa®’id

(s symmetry) sos=id

On the other hand, the commutative extension of SkMBiCT (SkMBiCT,)
is defined by adding the following two rules:
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T[(Uo, Uh), sl Fr € T[Uo; (Uy; Up)] 1 C
T((Uo, Us),Uh] b C & T[Uy; (Ug; Ua)] Fr C

A result similar to Theorems 6.3 and 6.4 can also be proved in SkMBiCT,.
We adopt a symmetric presentation to emphasize that SkMBiCT, should be
viewed as a combination of two distinct calculi, connected through the rule
®comm.

Moreover, SkMBiCA, and SkMBiCT, are equivalent.

THEOREM 6.6. SkMBiCA, is equivalent to SkMBiCT., meaning that the
following two statements hold:

e For any derivation f: Al C, there exists a derivation A2T f: At C.

o For any derivation f : T bt C, there exists a derivation T2Af :
T# L C, where T# transforms a tree into a formula by replacing
commas with @ and semicolons with @R, and — with |, respectively.

PRrROOF: We extend the proof of Theorem 4.6 by examining the additional
cases of s (for A2T) and ex" and ex®R (for T2A).

Case f = s

S
(A" B)@-CH (A C)®" B

ax

AAY THC )
AcCitagtc “R BB ™
(A,C),BFt (A-C)2" B ©R
(A,B),C 1 (AR-C)®"B
(At B),Crr(AstO)at B ©
(Ae'B) o' Crr(AstC)o B & F

ex
L
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Case f =ext f

f/
T[(U, Uy),Us] b1 C
T[(Uo, Us),Uh] Fr C &

S
(U 8- uf) - Uff b1 (U & UT) - Uf
— TLUF o Uf) @t UF)# by T(UF ' Uf) ot UF] ToAf"
T[(Uo, Us), Un]# = T[(Uo, Ur), Us]# T[(Uo, Uh), Uo]# k-1 C
T((Uo, U), Uh]# 1 C

” Lemma 4.5

comp

Case f = ex®R f
f/
TUo; (Ur; Ua)] F1 C

R
T[U; (Ug; Up)] Fr C &

R

S
Uff (@fUg &R UF) b1 UF of (UF o UF)

Lemma 4.5
s TIF &F (U eF UP)* 1 T(UF &F UF &® Uf)* T2Af"
TUs; (Uos U2)I# 1 T[Uo; (Uy; Ua)# TUo; (Us; Ua)I# 1 € comp
T[Uy; (Uo; Up)[# 1 C O

Recall that in commutative Lambek calculus (both associative and non-
associative), the two implications collapse into one. However, this is not the
case in either SkMBiCA, or SkMBiCT.. Specifically, for any formulae A and
B, neither of the sequents A —* B+; A —R Bnor A —R B+, A - B
(1 € {L, T}) is provable. We demonstrate this non-provability first in the
cut-free sequent calculus SkMBiCT,?3, by taking A and B as atomic formulae
(a double question mark ?? means that no rule can be applied to close the
derivation):

3The proof of cut admissibility for SkMBiCTe is a straightforward extension of the
proof of Theorem 4.2.
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7?7 77
(X =" Y)iXFrY (X <RY),XFrY "
(X = Y)ef Xy & (X—oRY)®'-XI—TY®RR

X —o'YH X RY X —RYh X 'Y

By Theorem 6.6, we know both sequents are not provable in SkMBiCA, as
well.

Lastly, we can analyze skew symmetry through the lens of ternary re-
lational semantics and obtain a sound and complete model of SkMBiCA,.
Furthermore, we obtain the correspondence theorem of ternary frame con-
ditions and validity of structural laws.

DEFINITION 6.7. We list the frame conditions properties of skew commu-
tativity:

Left Skew Commutativity (LSC)  Va,b,c,d,x € W,Labx & Lxcd
— Jy € W s.t. Lacy & Lybd.

Right Skew Commutativity (RSC) Va,b,c,d,z € W,Lbcz & Lazd
— Jy € W s.t. Lacy & Lbyd.

A SkMBiCA, frame is a SkMBiCA frame where L additionally satisfies LSC,
which implies R satisfies RSC. A SkMBiCA, model is a SkMBiCA, frame with
a valuation function.

THEOREM 6.8 (Soundness). If a sequent A B is provable in SKMBiCA,
then it is valid in any SkMBiCA, model.

PRrROOF: The proof is extended from the proof of Theorem 5.4 by exam-
ining one additional case, f = s : (A®" B) ®" C . (A®" C) @t B. For
any SkMBiCA, model (W,I,L,R,v) and any d € v((A ®" B) ®" C), there
exist * € v(A ®" B) and ¢ € v(C) such that Lzecd. Moreover, there exist
a € v(A) and b € v(B) such that Labz. By LSC, we know that there exist
y € W such that Lacy and Lybd, which means that d € v((4A ®" C) @' B).
O
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DEFINITION 6.9. The canonical model of SkMBiCA is (W, < I, L,R,v)
where:

— W =Fmaand A < B if and only if A+ B,
- IT=w(l),
— LABC if and only if C - A®" B,

RABC if and only if C'+ A @R B, and

— v(A) ={B: BF_ A is provable in SkMBiCA,}.

LEMMA 6.10. The canonical model is a SkMBiCA, model.

PROOF: The proof proceeds similarly to the proof of Lemma 5.6 but
with one additional case showing that LSC is satisfied.
Given five formulae A, B,C,C’, D and two derivations f : C' - A®" B
and ¢ : Dk C' ®' C, then we take A ®@" C as the desired formula. The
first desired sequent A ®- C k. A ®@" C is derivable and the other desired
sequent D | (A®" C) ®" B is constructed as follows:

f - aX
C'HLAQ'B CH.C o B
g C'eLOF (AR B)®-C (AetC)® B (ARt B)-C comp
D C'g-C C'@"ChH (A-C)e" B
D (ARLC)®"B

comp

Following the same argument in the proof of Theorem 5.7, we have:

THEOREM 6.11 (Completeness). If At B is valid in any SkMBiCA, model,
then it is provable in SkMBiCA,.

Finally, we extend the correspondence between frame conditions and
validity of structural laws to the symmetric case.
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THEOREM 6.12. For any ternary frame (W, </1,L),

s valid +— LSC holds +— s wvalid

sRwalid <+— RSC holds +— 'R valid

PRrOOF:
s : LSC holds if and only if s is valid.

(—) This is similar to the case of s in the proof of Theorem 6.8.

(¢+—) Suppose that s is valid, i.e. for any 4, B, C, v((A®-B)®-C) C
v((A ®" C) ®" B). Consider any a,b,c,d,> € W such that
Labr and Lzed. We take v(A) = al,v(B) = bl, v(C) = ¢l
for some A, B,C € At, then we know that = € v(A ®- B) and
d € v((A®! B)®" C). By the assumption, d € v((A®"C)&" B)
as well, which means that there exist ' € v(A), ¢ € v(C),
y € v(A®"C), and b € v(B) such that La/c'y and Lyb'd.
Because L is upward closed in its first and second argument, we
have Lacy and Lybd as desired.

s’ : LSC holds if and only if s’ is valid.

(—>) Suppose that LSC holds, we show that for any A, B, C, v(B —o"-
(A —ot C)) C v(A —t (B —t €)). Consider any d € v(B —o"
(A —b ). Assume that there exists a € v(A), b € v(B), and
x,c € W such that Ldaxr and Lxbc. Our goal is to prove that
c € v(C). By LSC, there exists y € W such that Ldby and Lyac,
then by the assumption d € v(B —ob (A —ot C)), we know that
cev(C).

(+—) Suppose that s’ is valid, i.e. for any A, B,C, v(B —o- (A —ot
C)) C v(A —ot (B —ot ©)). Consider any a,b,c,d,xz € W
such that Labx and Laxcd. Take v(A) = b}, v(B) = ¢, and
v(C) = {d' : Jy.Lacy&Lybd} for some A, B,C € At. Consider
any ¢’ € v(B),V € v(A),y,d € W, Lac'y and Ly't/d’. Because
IL is upwards closed in its second argument, we have Lacy’ and
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Ly'bd’, which means that d’ € v(C) and 3y € v(4 —t O),
therefore a € v(B —ob (A —t (). By validity of s', Labz, and
Lxcd, we know that # € v(B —obt C) and d € v(C), i.e. there
exists y € W such that Lacy and Lybd.

sR . RSC holds if and only if sR is valid.

(—) Suppose that RSC holds, we show that for any A, B, C, v(A®R
(BRRC)) Co(BaR(AxRC)). Consider any d € v(A®R (B @R
(). By definition, there exists a € v(A), b € v(B), ¢ € v(C),
r € v(B ®R O) such that Lbex and Laxzd. By RSC, there exists
y € W such that Lacy and Lbyd, then by definition, we know
that y € v(A ®R C) and therefore d € v(B @R (A @R O)).

(+—) Suppose that st is valid. Consider any a,b,c,d,z € W such
that Lbcx and Lazd. We take v(A) = al,v(B) =b], v(C) = ¢l
for some A, B,C € At, then we know that x € v(B ®R C) and
d € V(AR (B®R(C)). By the assumption, d € v(BaR (AxRC))
as well, which means that that there exist a’,b',y,¢ € W such
that La’c’y and Lb'yd. Because LL is upwards closed in its first
and second argument, we have Lacy and Lbyd as desired.

s'R . RSC holds if and only if s'R is valid.

(—) Suppose that RSC holds, we show that for any formulae A, B, C,
D, if there exists a formula Y such that v(B) C v(Y —R D)
and v(A4) C v(C —oR Y) then there exists a formula X such
that v(4) C v(X —oR D) and v(B) C v(C —R X). Take
X = B®RC, then clearly v(B) C v(C —oR (B ®R C)). For
any a € v(A), if there exist z € v(B —R C) and d € W such
that Laxd, then by definition, there exist b € v(B) and ¢ € v(C)
such that Lbcz. By RSC, there exists y € W such that Lacy
and Lbyd, then by v(A) C v(C —R Y), we have y € v(Y), and
further by v(B) C v(Y —R D), we have d € v(D).

(¢+—) Suppose that s'R is valid. Consider any a,b,c,d,z € W such
that Lbcz and Lazd. Take v(A) = al, v(B) = bl, v(C) = el,
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and v(D) = {d : Jy.Lacy&Lbyd} for some A,B,C,D € At.
Clearly, v(A) is a subset of v(C' —R (4 ®R C)). For any ¥’ €
v(B), if there exist y' € v(A ®R C) and &' € W and Lb'y'd,
then by definition, there exist ¢’ € v(A) and ¢ € v(C) such
that La’c’y’. Because LL is upwards closed in its first and second
argument, we have Lacy’ and Lby'd’, which means that d' €
v(D) and therefore v(B) € v((A @R C) —R D). Take Y =
A®R (O, then by s'R, there exists a formula X such that v(A) C
v(X —oR D) and v(B) C v(C —R X). By b € v(C —oR X) and
Lbcz, we have € v(X). By a € v(X —R D) and Laxd, we
have d € v(D), which means that there exists y € W such that
Lacy and Lbyd, as desired. O

7. Concluding remarks

This paper discusses sequent calculi for (symmetric) left (right) skew
monoidal categories and (symmetric) skew monoidal bi-closed categories in
the style of non-associative Lambek calculus. Compared to the sequent cal-
culi with stoup, the calculi a la Lambek are more flexible in the sense that
the sequent calculi for right skew monoidal closed categories (RSkT) and
skew monoidal bi-closed categories (SkMBiCT) can be formulated. More-
over, we show that they are cut-free and equivalent to the calculus with
stoup (Theorem 2.11) and the axiomatic calculus (Theorem 4.6).

Moreover, we discuss the relational semantics of SkMBiCA (SkMBiCA,)
via the ternary frame (W, < ,I,IL,R) where L and R are connected by LR-
reverse and therefore if IL satisfies left skew structural conditions then R
satisfies right skew structural conditions automatically. By Theorem 5.8,
for any SkMBiCA model, we can construct a thin skew monoidal bi-closed
category (P (W),C) and obtain algebraic proofs of the main theorems
in [28].

A deeper exploration of symmetric right skew closed categories remains
as future work, particularly in identifying appropriate coherence condi-
tions without relying on monoidal structures. This investigation will be
built upon the foundational work by Day and Laplaza [10], who explored
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a hierarchy of closed categories, from symmetric monoidal closed through
symmetric closed and closed, to non-associative closed categories. Their
research provided concrete examples where the Day convolution version of
structural laws are not bijective. This approach will extend the framework
by studying symmetric skew closed categories.

In Section 6, we established results for the special case of posetal (thin)
symmetric skew monoidal bi-closed categories, where there is at most one
morphism between any pair of objects. The natural progression is to extend
these results to non-posetal categories, requiring the coherence conditions
for symmetric right skew closed categories. This extension will extend the
Eilenberg-Kelly theorem [13, 28] to the symmetric skew monoidal closed
categories.

Another possible future direction is to incorporate modalities (exponen-
tials in linear logical terminology) into semi-substructural logic as in [21]
(modalities) and [4] (subexponentials) into non-associative Lambek calcu-
lus and non-commutative and non-associative linear logic.

Similar to the equational theories for SkMBiCA discussed in Section 4,
we also plan to investigate the equational theories on the derivations of
LSkT and SkMBiCT in the future as well as their commutative version.
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1. Introduction and preliminaries

Lambek Calculus L was introduced by Lambek [5] under the name Syntac-
tic Calculus. L is a propositional logic with three connectives ® (product),
\ and / (residuations of product). Lambek [6] introduced the nonassocia-
tive version of this logic, nowadays called Nonassociative Lambek Calculus
(NL). From a logical perspective, NL can be seen as the pure logic of resid-
uation, and L as its stronger version for associative product. For both L
and NL, Lambek provided a sequent system and proved cut elimination
[5, 6].

The product for both L and NL derives from conjunction after dropping
the structural rules of exchange, weakening, and contraction in terms of
sequent systems. NL additionally does not require being an associative
operator in terms of algebra. In effect, we obtain a pure operation joining
two formulas. This operation may be seen as a binary modality.

DEFINITION 1.1. Let G = (G, ®, \, /, <) be a structure such that (G, ®) is
a groupoid, (G, <) is a poset, and the following holds:

(RES) a@b<ciff b<a\ciff a <c¢/b

for all a,b,c € G. Then G is called a residuated groupoid.

By groupoid we mean a set closed under a binary operation without
any specific properties required. The residuated groupoids are models of
NL. The residuated groupoids where the product is associative are called
residuated semigroups and are models of L.

The most popular extensions of L and NL are: adding the (multiplica-
tive) constant 1 or adding conjunction and disjunction. The constant 1 in
algebras is a unit for the product. The conjunction and disjunction replace
the partial order with the lattice structure and lattice order. We can also
add the boundaries, i.e., T and L, as respectively, the greatest and lowest
elements. In this paper we use the same symbol for both syntactic and
semantic purposes and the exact meaning is clear from the context.

DEFINITION 1.2. Let (G, ®, )\, /, <) be a residuated groupoid and let 1 € G
be an element such that:
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I1®a=a=a®1

for all @ € G. Then (G,®,\,/,1,<) is a unital residuated groupoid. 1 is
said to be a unit.

The unital residuated groupoids are models for NL with constant 1 and
unital residuated semigroups are models for L. with constant 1.

Lambek Calculus with additive connectives (conjunction and disjunc-
tion) is called Full Lambek Calculus and denoted FL. Some authors also
require the presence of 1 (multiplicative constant) and T, L (additive con-
stants). In this paper, we follow this convention, so FL admits all these
constants. Analogously, FNL is an extension of NL with additive connec-
tives and all constants.

DEFINITION 1.3. Let (G, ®,\,/,1,<) be a unital residuated groupoid and
(G,V,A, T, 1,<) be a bounded lattice. Then, (G,®,\,/,V,A,1,T, L, <)
is a restduated lattice.

The residuated lattices are models for FNL. Residuated lattices where
® is associative are models for FL.

Pentus [7] proves that pure® L is NP-complete and Buszkowski [1] proves
that its finitary consequence relation is undecidable. A similar situation
applies if we add the constant 1. FL is a strongly conservative extension?
of L, so its finitary consequence relation is also undecidable. The same
applies to all strongly conservative extensions of L. In this paper, we focus
on extensions of NL because of that.

Buszkowski [1] proves that the finitary consequence relation for NL is
in PTIME. The same applies if we admit the constant 1. Unfortunately,
FNL has an undecidable consequence relation [3].

The lattices in the algebras of FNL are not necessarily distributive. If we
consider logic with such an axiom for additive connectives, we talk about
Distributive Full Nonassociative Lambek Calculus and denote it DFNL.
The models for this logic are residuated distributive lattices.

1By pure we mean the logic without nonlogical axioms (assumptions).

2 A logic L2, extending L1, is a (resp. strongly) conservative extension of L1, if both
logics have the same theorems (resp. the same consequence relation) in language of L.
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The finitary consequence relation of DFNL is EXPTIMFE-complete if we
do not admit the constant 1 and is in EXPTIMFE if we admit the constant,
which was proved in [9].> The lower bound of complexity of the consequence
relation for DFNL with constant 1 remains an open problem.

The other interesting extensions of FNL are BFNL and HFNL, i.e.,
Boolean FNL and Heyting FNL. These logics may be seen as extensions of
NL with Boolean and Heyting algebras or as extensions of classical logic
and intuitionistic logic with NL. Such logics have been studied by Galatos
and Jipsen [4], Buszkowski [2], and others.

DEFINITION 1.4. Let (G, ®,\,/,1, <) be a unital residuated groupoid and
(G,V,A\,—, L, T,<) be a Boolean algebra. Then, (G,®,\,/,V,A, -, 1,T,
1,<) is a residuated Boolean algebra.

DEFINITION 1.5. Let (G, ®,\,/,1, <) be a unital residuated groupoid and
(G,V,N,—, L, T,<) be a Heyting algebra. Then, (G,®,\,/,V,A,—,1, T,
1,<) is a residuated Heyting algebra.

In this paper, we provide the proof of the upper bound of the complex-
ity of the consequence relations for BENL and HFNL, extending the results
of [9], using the same methods. We also use the results from [10], where
distributive lattices, Heyting algebras, and Boolean algebras are consid-
ered. The differences between [9, 10] and this paper lay in the details. An
experienced reader can easily deduce the results of this paper by reading
cited papers, but some changes are subtle, e.g. in some places we do not
use families of upsets, but the whole powerset, because we have negation
here. Moreover, the results in [9, 10] are described in only algebraic terms
and use first-order formulas. Here, we use syntactic notion more directly,
still using algebraic methods in proofs.

We show the full proof only for the version with the constant 1 be-
cause the proofs for logics without that constant can be easily obtained by
omitting some parts.

Since HFNL and BFNL without 1 are strongly conservative extensions

3Shkatov and Van Alten [9] show that the satisfiability problem of quantifier-free
first-order formulas in the language of bounded distributive residuated lattices is EXP-
TIME-complete.
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of DFNL,* we know their finitary consequence relations are EXPTIME-
hard and, in effect, are EXPTIME-complete. The lower bound for HFNL
and BFNL with 1 is still an open problem.

In the second section, we provide the sequent systems for BFNL and
HFNL. These systems come from [4], where the authors prove the cut-
elimination theorem. In the third section, we study partial structures con-
nected with models of BFNL. We prove important theorems that allow us
to check whether a given partial structure is a partial residuated algebra. In
the fourth section, we use these theorems to prove FEXPTIME complexity
of the consequence relation for BFNL.

This paper is an extension of the conference paper [8]. The novelty
is the last section (fifth), where we add the detailed instructions how to
modify definitions, theorems and proofs to obtain the result for HFNL,
since it is analogous.

2. Sequent systems

The language of BFNL is defined as follows. We admit a countable set of
variables, which we denote by small Latin letters. The formulas are con-
structed from this set of variables by five binary connectives (®,\, /,V,A),
one unary connective (—) and three constants (1, T, L).

Usual notion of sequents using sequeces of formulas is not applicable in
nonassociative framework. The comma in sequences is a concatenation op-
eration which is associative. We need to change the structure to something
more flexible. Moreover, we need to have two types of commas: one for ®
and one for A with different properites.

We define bunches. The bunches are elements of free biunital bi-
groupoid, i.e. the algebra with two binary operations with a unit for both
of them, generated from the set of all formulas. We denote first operator by
comma and the second one by semicolon. The unit for comma is denoted
€ and unit for semicolon is 4.

4See Remark 5 in [2].



582 Pawel Placzek

One may think of bunches as of binary trees in which leaves are formulas
or € or § and every node besides leaves is labeled by comma or semicolon.

The bunch € is called an empty bunch. All the other bunches are
nonempty. We reserve Latin capital letters for formulas and Greek cap-
ital letters for bunches. A context is a bunch with an anonymous variable.
Contexts are denoted by I'[_], and when we perform the substitution of A
in place of _, we represent it as I'[A].

A sequent is a pair I', A, where I is a bunch and A is a formula. We
write [' = A for the sequent.

The axioms and the rules for BEFNL are as follows:

(d) AsA () =4 BMAI=C

Al =C
I'l(A,B)]=C I'=A A=2B
©=) Tuepsc ©% Tasass
I''Bj=C 06=A4 AT =B
O=) Tre.asi=c TV roas
I'Aj]=C ©=81B I''B=A
V=) 7B, @)] ¢ &) t=a/B
I'[(A;B)] = '=A I'=sB
(n=) F[AAB];»C =N T A
y IAl=C T[B]=C v =4 I'=B
V=) “Fuve=c Y TS4vB TS4vB
rAl=C  T[A]=C
=) frajscmanse ©D =T
(L=) Tl=C
M) N anagdy e ™ TeA=C
I'Al=C LA Al = C
(A-weak) A 6] = C (A-cont) TS C
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TA] = C Al = C

=) faajsc Tansc

(=1) e=1

(=) AN-A=1 (=) T=Av-4A

We shortly describe the semantics of BENL. The models for BNFL are
residuated Boolean algebras. The valuation is a homomorphism p from
the free algebra of formulas to a residuated Boolean algebra B extended to
bunches inductively as follows:

p(e) =1

p(é) =T
p((T,A)) = p(T) @ u(A)
n((T;4)) = w(T) A p(A)

The sequent I' = A is said to be true in B under the valuation p if p(T") <
p(A).

The language of HFNL is defined as follows. We admit a countable
set of variables, which we denote by small Latin letters. The formu-
las are constructed from this set of variables by six binary connectives
(®,\,/,V,A,—) and three constants (1, T, L).

We define bunches and sequents analogously. The axioms and the rules
of the sequent system for HFNL are similar. We replace the negation
axioms (- =) and (= —) with the following rules:

'Bjl=C 6=4 (=) A= B
r(e;A— B)|=C I'=A—-B

The models for HFNL are residuated Hayting algebras. We define val-
uation analogously.

(==)

3. Partial residuated Boolean algebras

In this section we provide the notion of partial structures and we prove
some properties. The most important result here is Theorem 3.19 which
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helps in identifying partial residuated Boolean algebras in exponential time
in the next section.

3.1. Partial structures

DEFINITION 3.1. A function f: U — Y, where U C X, is called a partial
function from X to Y (we write f : X = Y). If U = X, then the function
is said to be total.

We write f(x) = oo, if the function f on the argument x is undefined.

DEFINITION 3.2. Let I, J, K be finite indexing sets. We say
(U A" YierAastjer AR Yrek)

is a partial structure, if {a;}je; C U and f" : U™ — U is a partial
function for all 4 € I and RZ”“ C U™k for all kK € K. If all operations are
total, then we say the structure is total.

DEFINITION 3.3. Let I, J, K be finite indexing sets. Let
(U A" Yier{ajbjer, AR Frex)
be a partial structure and
(v, {fi/ni}iela {ag‘}jeh {R;ka Yrer)

be a total structure. Let ¢« : U — U’ be an injection. We say ¢ is an
embedding, if:

(i) for all j € J we have i(a;) = aj,

(ii) for all i € I and all z1,x2,...,2,, € U, if f"(z1,22,...,2p,) # 00,
then o( 1" (z1,22, ..., 2n,) = £ (L(z1), L(z2), . . ., t(Tn,)),

(iii) for all k € K we have (i(z1),t(22),...,t(zm,)) € (R™*) <=
(T1,%2, ..., Tm,) € R for all 1, 29,...,2p, €U.

If A is a partial structure, B is a total structure and there exists an
embedding from A to B, then we say A is embeddable into B. If A is
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embeddable into B and A C B, then we say A is a partial substructure of
B. Let K be a class of structures. By K we denote the class of all partial
substructures of structures of K.

DEFINITION 3.4.Let L = (L,V,A, T, 1,<) be a partial structure. We
say L is a partial lattice, if there exists a total lattice L’ such that L is
embeddable into it. If L’ is distributive, then L is a partial distributive
lattice.

One shows that a partial structure (L, V, A, T, L, <) is a partial bounded

lattice, if (L, <) is a poset, T and L are bounds of < and V, A are compatible
with <, i.e. if a Vb # oo, then a Vb is the supremum of {a, b} with respect
to < and if a A b # oo, then a A b is the infimum of {a, b} with respect to
<. See [9].
DEFINITION 3.5. Let B = (B, ®,\,/,V,A,~,1, T, L, <) be a partial struc-
ture. We say B is a partial residuated Boolean algebra, if there exists a total
residuated Boolean algebra such that B is embeddable into it and for all
a € B we have —a # 00, 7a € B, aV —a =T and a A —-a = L. One notices
that (B,®,\,/,V,A, T, L,<) is a partial bounded distributive residuated
lattice.

3.2. Filters

Let (P, <) be a poset and let A C P. We say A is an upset, if for all a € A
and all b € P such that a < b we have b € A. Analogously, A is a downset,
if for all a € A and b € P such that b < a we have b € A.

For every poset (P, <) and every element a € P we define:

[a)={be P:a<b} (a] ={beP:b<a}

One notices [a) is an upset and (a] is a downset.

DEFINITION 3.6. Let (L,V,A) be a lattice and let ' C L. We say F is a
filter, if the following conditions hold:

(F1) ifa<band a € F, thenb e F
(F2) ifac Fandbe F,thenaAbe F
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We say F'is proper, if F' # L. The filter F' is prime, if it is proper and:
(F3) ifavbe F,thena€ Forbe F

Let (L, V, A) be a lattice and F be a filter. We use the following notion:

Fa—{yEL: 3 x/\a<y}
zEF

One proves Iy is a filter.
If we consider filters on residuated Boolean algebras, then (F3) is re-
placed with the following condition:

(FB) ~a € Fiffa ¢ F

Considering filters on partial residuated Boolean algebras, we must
change definition. We replace (F2) with the following condition:

(F2) fae Fandbe F,thenaAbe ForaAb=o0

for all a,b € B.
The following properties of filters are useful and may be easily proved.

LeEmMA 3.7. Let (B,V,A,—, T,1) be a Boolean algebra and let F C B be
a proper filter. The filter F' is prime if, and only if, a € F' or —~a € F for
all a € B.

This lemma remains true for residuated Boolean algebras.

ProOOF: Let F' be a prime filter. Then aV —a = T € F for all a € B,
so the condition of lemma holds. Now let @ € F or —a € F for all a €
B. Let aVb € F and suppose a ¢ F and b ¢ F. Then —a € F and
b € F, by assumption. By (F2), ma A —=b € F. So, —=(a V b) € F. Hence,
(aVb)A—(aVb)=_L¢€F, by (F2). This is impossible. O

LEMMA 3.8. Let (L,V,A) be a distributive lattice and let F' C L be a filter
and b € L be such that b ¢ F. There exists a prime filter P C L such that
FCPandbé¢P.

PROOF: Let F be a filter, b € L and b ¢ F. We construct a prime filter
as an extension of F', but we need to avoid adding b.
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Let £ be a family of filters of L containing F' and not containing b. The
family is nonempty, since F' € £. Let C' C £ be any nonempty chain in €.
Then F CJC and b ¢ |JC. We show | JC is a filter. Let ¢,d € |JC, then
c€ G and d € G’ for some G,G’ € C. Since C is a chain, then G C G’ or
G’ C @G, so both ¢ and d are elements of G or G’. Then, by (F2), cAd € G
orcAd € G',socAhd e JC. So|JC satisfies (F2). (F1) is obvious. Hence,
JC is a filter.

By Kuratowski—Zorn’s lemma, there exists P € £, which is a maximal
element of £. We need to show P is prime. Let ¢,d ¢ P and ¢V d € P.
Since ¢ ¢ P, then P C P,, and, since P is a maximal element of £, P, ¢ £.
Clearly, F' C P., so b € P.. Analogously, since d ¢ P, then b € P,.

By definition of P., P, for some x,y € P we have zAc < band yAd < b.
Hence, zAyAc<band zAyAd<bandso (zxAyAc)V(xAyAd) <b. By
distributivity, z Ay A (¢ V d) < b. Since z,y,c¢V d € P, then b € P. Thus,
if ¢,d ¢ P, when ¢V d € P, then b € P, which is impossible by definition
of P. O

COROLLARY 3.9. Let (L, V,A) be a distributive lattice and let a,b € L be
such that a £ b. There exists a prime filter F' C L such that a € F and
b¢ F.

PrROOF: The set [a) is a filter such that b ¢ [a). Then, by Theorem 3.8,
there exists a prime filter P such that a € P and b ¢ P. O

LEMMA 3.10. Let B be a total residuated Boolean algebra and let F,G
be proper filters of B and H be a prime filter of B such that {x ® y :
x € Fandy € G} C H. Then, there exist prime filters F' and G’ such
that F C F'  and G C G and {r®y : z € F' andy € G} C H and
{r@y:z€ Fandye G'} C H.

PRrROOF: Let F,G be proper filters and H be a prime filter such that
{r®y:2x € Fandy € G} C H. We show there exists a prime filter F’
such that F C F' and {t®y:z € F andy € G} C H.

Let £ be the family of filters @ of B such that {t®y:x € Q and y €
G} C H. This family is nonempty, since F' € £. Clearly, all filters in £
are proper; otherwise L = 1 ® 1 € H, which is impossible. We show that
JC € & for every nonempty chain C C £. Now, let a € |JC. Then, for
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some @ € C wehavea € Qand {z®y:2 € Q and y € G} C H. Hence,
for some y € G, we have a®y € H. So, |JC € €.

By Kuratowski—Zorn’s lemma, there exists P € £, which is a maximal
element of £. We show P is a prime filter. Let a V b € P and suppose
a,b ¢ P. We consider P,, P,. Clearly, P C P, and P C P,. So, since P is
a maximal element, P,, P, ¢ £. So {z®y: 2 € P, andy € G} € H and
{rey:zePandyec G} Z H.

So, for some z,y € P and some 21,22 € G we have (x Aa)® 21 ¢ H
and (yAb) ® zo ¢ H. Since x,y,aVb e P, then z Ay A (aVb) € P. So we
have (z Ay A (aV b)) ® (21 A z2) € H. But:

(AyA(aVd)®(z1A22)=((zAyANa)V(zAYyAD)) @ (21 A 2z2) =
=(@AyNa)®(z1A2z2) V(T AYyAD) R (21 A 22)

So, since H is a prime filter, (zAyAa)®(z1Az2) € H or (zAyAb)@(z1A\22) €
H. Because H is a filter, then (x Aa)® 21 € H or (y Ab) ® 2o € H. This
contradicts the assumptions. Hence, a € P or b € P.

We put I/ = P. We show that there exists G’ such that G C G’ and
{r®y:x € F and y € G’} C H analogously. O

3.3. Residuated frames

DEFINITION 3.11. Let § = (P, I, R). We say § is a residuated frame, when
I C P and R is a ternary relation on P and the following conditions hold:

(U1) N - (if R(z,y,2) and &’ = z, then R(z',y, 2))

z,x’,y,z€

(U2) N (if R(z,y,2) and ¥ =y, then R(z,y/, z))

z,y,y",2EP

(U3) vV (if R(z,y,2) and z = 2/, then R(z,y,2'))
z,y,2,2' €P

4 3
(U4) zgpy,zel (R(x,y,x) and R(z,x,x))

if th =
(U5) z,;épyzl (if R(z,y, 2) or R(y,z, 2), then = 2)
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Residuated frames are the relational structures similar to groupoids.
Instead of a binary operation we use a ternary relation.

DEFINITION 3.12. Let B = (B, ®,\,/,V,A,~,1, T, L, <) be a partial resid-
uated Boolean algebra. We define the associated residuated frame §g =
(Z(B), IB,%B), where % (B) is the set of prime filters of B, .#p is the
set of all prime filters containing 1 and:

Zs(F,G,H) — ( ;VBifaEFandbGG, thena®b€H\/a®boo)
a,be

and ( }iBifaEFand a\b € G and a\b # oo, then b € H

N— "

and ( bVBifb/aeFandaEGand a/b# oo, thenbe H
a,bc

ProrosiTiON 3.13. Let B be a residuated Boolean algebra and let F' €
F(B). Then, there exist prime filters P, Q) € .#(B) such that Zg(F, P, F)
and Z(Q,F,F)and 1 € P,1 € Q.

PrROOF: Let F' € % (L), we show there exists a prime filter P such that
1€ P and #Z1(F, P, F). The proof for Zy(Q, F, F) is similar.

Let &£ be the family of filters of L such that for every filter G € £ we
have 1 € Gand f®g € F for all f € F and g € G. Clearly, all filters in
& are proper. This family is nonempty, since [1) € £. One shows that | JC
is a filter for every nonempty chain C' C £ analogously like in the proof
of Theorem 3.8. We show | JC € £. Clearly, 1 € |JC. Let f € F and
g€ JC. Then, g € G for some G € C. So, fRge F.

By Kuratowski—Zorn’s lemma, there exists P € £, which is a maximal
element of £. We show that P is a prime filter. Assume aVb € P. Suppose
a,b¢ P.

We consider P, and P,. Clearly, P C P, and P C P,. Since P is a
maximal element of £, then P,, P, ¢ .

We have 1 € P,, P,. Then, for some f, € F and some x € P, we
have f, ® (x Aa) ¢ F and for some f, € F and some y € P we have
@ (yAb) ¢ F. Since fo,fp € F, then f, A fp € F, by (F2). Since
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aVbe P, then (x Ay)A(aVd)=(zAyAa)V(zAyAb) € P.
So, (fa N fo) @ [(x Aa)V (yAb)] € F. As a consequence:

(fanfo)@[@Aa)V(yAb)] = ((farAfo)@(@Aa)V((fa A fo) @ (yAD))

Because F' is a prime filter, then (fu A fy) @(zAa) € F or (foAfy)@(yAb) €
F. Assume (fo A fp) @ (x Aa) € F. Then f, ® (x Aa) € F, by (F1) and
monotonicity of ®. Assume (f, A fy) ® (yAb) € F. Then f, ® (yAb) € F.
Both possibilites lead to the contradiction with assumptions. Hence, a € P
orbe P.

Therefore, %1, (F, P, F). O

LEMMA 3.14. Let B be a total residuated Boolean algebra and §B =
(Z(B),C, %) its associated residuated frame. Then, for F,G, H € #(B),
the following are equivalent:

(i) ifa € F and b€ G, thena®b € H for all a,b € B
(ii) if a € F and a\b € G, then b € H for all a,b € B
(iii) if b/a € F and a € G, then b € H for all a,b € B

PrROOF: We assume (i). Let a € F and a\b € G. Since #Z5(F,G, H),
a ® (a\b) € H and then b € H, because a ® (a\b) < b. Hence (ii) holds.
Now we assume (ii). Let a € F and b € G. Since b < a\(a ® b), then
a\(a®b) € G, so, by (ii), a®b € H and (i) holds. The proof of equivalence
of (i) and (iii) is similar. O
COROLLARY 3.15. Let B be a total residuated Boolean algebra and let
F, G be proper filters of L and H be a prime filter of H such that {x ® y :
x € Fandy € G} C H. Then, there exist prime filters F’ and G’ such
that F C F' and G C G’ and ZL(F',G', H).

PRrROOF: First, we construct F’ such that {x®y : 2 € F/ and y € G} C H,
by Theorem 3.10. Then, we construct G’ such that {x @y : 2z € F’' and y €
G’} C H, by Theorem 3.10. Then, by Theorem 3.14, %y, (F',G', H). O

We construct a residuated Boolean algebras from the arbitrary residu-
ated frame § = (P, I, R). Let X, Y C P, we define:
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X®'Y = {zeP: HepxeXanderand R(gc,y,z)}
@y

xX\'Y = {yeP: vV if R(x,y,z) and z € X, theanY}

x,z€

Y/'X = {x epP: Vpif R(x,y,z) and y € X, then z € Y}
Y,2€

Then, Bz = (Z(P),®',\',//,u,n, < I, P,),C) is a residuated Boolean al-

gebra, where X¢ = Z(P)\ X for all X € £(P). We call it the complex

Boolean algebra of the residuated frame §.

LEMMA 3.16. Let B be a total residuated Boolean algebra and §g =
(#(B),C,%B) its associated residuated frame. Let a,b € B.

(i) If He #(B) and a®b € H, then there exist F,G € % (B) such that
a€eF,beG and #s(F,G,H).

(i) If G € F(B) and a\b &€ G, then there exist F,H € % (B) such that
a€F,b¢ H and #s(F,G, H).

(iii) If F € #(B) and b/a & F, then there exist G, H € % (B) such that
a€G,b¢ H and #s(F,G, H).

PrOOF: We show (i). Since a® b € H, then z ® y € H for all < z and
b<wy.So, {x®y:x€la)and y € [b)} C H and, by Corollary 3.15, there
exist prime filters F, G such that Zg(F,G, H).

We show (ii). Let G be a prime filter such that a\b ¢ G. We consider
aG = {a®@x :z € G}. We extend aG to be filter. Let Q = {z € L :

EHGy < z}. Clearly, (F1) holds. Let «,y € Q. Then, for some ',y € G
yEa

we have a ® 2’ < z and a ® 3y’ < y. Since 2’,y € G, then 2’ Ay’ € G and
a® (' ANy') € aG. So:

a® @ ANY)< (@@ )A(a®y) <z Ay

Hence, z Ay € Q. We show b ¢ Q. Suppose b € @Q, then, for some x € G,
a®x <b. By (RES), z < a\b. Hence, a\b € G — contradiction. So, Q is a
filter and b ¢ Q. By Theorem 3.8, there exists a prime filter H such that
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Q CHandb¢ H. So, we have {z®y: 2 € [a)andy € G} C H. By
Theorem 3.10, there exists a prime filter F' such that ZL(F,G, H).
One shows (iii) analogously. (]

LEMMA 3.17. Let B be a partial residuated Boolean algebra and let a,b € L
be such that a £ b. There exists a prime filter ' C B such that a € F' and
b¢ F.

PROOF: By definition of a partial residuated Boolean algebra, there exists
a total residuated Boolean algebra B’ such that ¢ is an embedding of B
into B’. Then, by Corollary 3.9, there exists a prime filter F* C B’ such
that a € F and b ¢ F. Clearly, :~!(F) is a prime filter of B and a € t~(F)
and b ¢ 1 ~1(F). O

ProposITION 3.18.Let B = (B,®,\,/,V,A,~,1, T, L,<) be a partial
residuated Boolean algebra. Let Bz, be the complex Boolean algebra
of the associated residuated frame. We define v(a) = {F € Fp : a € F'} for
all a € B. Then, ¢ is an embedding.

PrOOF: Let a <b. Then, for all H € «(a), we have b € H, so H € 1(b).
Hence, t(a) C ¢(b). Let a £ b. By Theorem 3.17, there exists a prime filter
H such that « € H and b ¢ H. Hence, t(a) € ¢(b). Therefore, a < b iff
t(a) C u(b). As a consequence, ¢ is injective.

Since prime filters are proper filters, ¢(1) = (. T is an element of every
filter, so «(T) = .Z(B).

Let a,b € B and a ® b # co. By definition:

/!
t(a)®"(b) = {H € ﬁ(B)F.7GEHy(BF)' € t(a) and G € «(b) and Zg(F, G,H)} .
We show t(a ®b) C t(a) ® ¢(b). Let H € t(a®b). Then, a®b € H and by
Theorem 3.16(i), there exist F,G € .#(L) such that a € F, i.e. F € i(a)
and b € G, i.e. G € «(b) and Zg(F,G, H).

We show t(a) ® t(b) C t(a ®b). Let H € t(a) ® ¢(b). Then, for some
F € 1(a) and G € (b) we have Zg(F,G, H). In particular, a € F, b € G,
so a®b € H, by definition of Zg. Hence, H € t(a ® b).

For a\b and a/b we prove analogously, using (ii) and (iii) of Theo-
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rem 3.16 and Theorem 3.14.

Let a V b # co. We show «(a V b) C t(a) U (). Let H € t(a V b), then
aVbe H. Since H is a prime filter, a € H or b € H. Hence, H € 1(a) or
H € 1(b). Conversely, let a € H or b € H. Then, a Vb € H, by (F1). So,
t(a) Ue(b) Cela VD).

Let a Ab # oo. Let H € «(a Ab). Then, a € H and b € H, by (F1).
Hence, H € «(a) and H € 1(b), i.e. H € 1(a). Conversely, let H € 1(a).
Then, by (F2'), a Ab€ H,so H € 1(a A\D). O

The following theorem allows us to identify the partial residuated Boolean
algebras. Its proof is a merge of the proofs from [9] and [10]. We skip iden-
tical parts and we focus on nontrivial differences.

THEOREM 3.19. Let B = (B,®,\,/,V,A,—,1, T, L, <) be a partial struc-
ture such that —a # oo, ~a € B, aV-a =T, aNa = 1 and 1®a = a = a®1
for all a € B. Then, B is a partial residuated Boolean algebra if, and only
if, it is a partial bounded lattice and there exists a set F of prime filters of

B and a set T C F such that 1 € F for all F € T such that the following
conditions hold:

(S) a,l\YEL (zfa £ b, then Fé}_aeF andbg{F)

(M®) H\ZFG’Z‘YGL (zfa@bGH, the%gecjz?GF and beG and %L(F,G,H))

(M\) Gzra,bVeL (zf a\b # oo and a\b & G,
then 1 a€F andbg H and%L(F,G,H))
F,HEF

M) Y9, (if a/b# oo and a/b ¢ F,

then GJiETIe}_a eGandb¢ H and %’L(F,G,H))
1) w3 (%’L(F,Gl,F) and Ry (Go, F, F))

Proor: Let B = (B,®,\,/,V,A,—,1,T, 1, <) be a partial unital resid-
uated Boolean algebra and let A = (A, ®",\’,//,V/,A,=", 1/, T L'<) be
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a total unital residuated Boolean algebra and let ¢ be an embedding of B
into A. We show that there exists a set F of prime filters of B that satisfies
(S), M®), (M\), (M/) and (M1). We define:

F ={uYF): F is a prime filter of A}

For better readability we use the following notion: let F' be a prime filter
of A, then F, = 1 =1(F). We prove (S), (M®), (M\) and (M/) like in [9].
We show there exists Z C F such that (M1) holds. We define:

I={FeF:1cF}

Let F, € F, then, by Proposition 3.13 there exists a prime filter G of A
such that 1 € G and Za(F,G,F). Then, G, € T and #g(F,,G,, F,).
Similarly, there exists H such that H, € Z and #g(H,, F,, F)).

Now we assume B is a partial structure satisfying the assumptions of
the theorem. We construct the residuated Boolean algebra A and the
embedding of B into A. We see § = (F,Z,#g) satisfies (U1)—(U4). We
show (U5). Let F, H € F and G € T be such that Zg(F,G, H). Then, for
alla € F, since 1 € G, we have a® 1 € H, so FF C H. Suppose there exists
a € H such that a ¢ F. Then, by (FB), —a € F, which is impossible.

Let A = (Z(F),®,\,/,U,N, I, F,D,C) be the complex algebra of §.
We define the mapping ¢ for every a € L by t(a) ={F € F:a € F}. We
show ¢ is an embedding.

Let a,b € L and a < b. Then, t(a) C ¢(b), by (F1). Let a € b, then by
(S) there exists F' € F such that a € F and b € F, so t(a) € ¢(b). Hence
a < biff t(a) C ¢(b) and ¢ is injective.

One shows ¢ preserves ®,\, /,V, A, T, L, analogously like in [9].

We show «(1) = Z. The inclusion Z C (1) is trivial, since 1 belongs to
every element of Z. Let F € «(1). By (M1), there exists G € Z such that
Zs(F,G,F). Since 1 € F, then G C F. Suppose a € F and a ¢ G. Then,
by (FB), —a € G and then —a € F', which is impossible. So, G = F' and
Fel.

Let a € B, then «(-a) ={F € F:-ac€ F} ={F€F:a¢ F}, by
(FB). Thus, {F € F:a ¢ F} ={F € F:a € F}°. O
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4. The upper bound of complexity

In this section we show that the finitary consequence relation for BFNL is
decidable in exponential time.

LEMMA 4.1. Let B = (B,®,\,/,V,A,~,1, T, L, <) be a partial struc-
ture. We can verify whether B is a partial residuated Boolean algebra in
exponential time (depending on |B|).

By definition, B is a partial residuated Boolean algebra if it is embed-
dable in a total residuated Boolean algebra. Such a total algebra may have
the same set of elements, but may also have additional elements to satisfy
all the properties. Hence, to check if B is a partial residuated Boolean
algebra by definition, we need to embed B in every possible total structure
until we find one where all the properties of residuated Boolean algebra
hold. Even with the limit on the maximal size of such a structure, it would
be 2EXPTIME problem.

Hence, we use Theorem 3.19 to identify partial residuated Boolean al-
gebras.

ProoOF: We provide an algorithm to verify whether B is a partial resid-
uated Boolean algebra. We follow the analogous lemma and its proof
from [9].

Step 1. We check whether < is a partial order, T, L are bounds and the
lattice operators are compatible with <. If it fails, the algorithm
stops with negative answer. It can be done in the polynomial time.

Step 2. We check whether 1 ® a = a and a® 1 = a for all a € L. If it
fails, the algorithm stops with negative answer. It can be done in
the polynomial time.

Step 3. We check whether —a # oo, ma € B,aV-a=T and aA—a =1
for all a € B. If it fails, the algorithm stops with negative answer.
It can be done in the polynomial time.
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Step 4. We construct a descreasing sequence of families of filters F,,. We
construct the set Fy of all prime filters of B. For every subset S C B
we check the definition of prime filter. It can be done in O(22/5).

We set 7 = 0.

Step 4.1. We define Z; = {F € F; : 1 € F'}. For every prime filter
F € F; we check (M®), (M\), (M/) and (M1). If every of these
condition holds for F', then we add F to set ;1.

Step 4.2. If F;11 = (), then the algorithm stops with negative an-
swer. If F; = F;11, then the algorithm proceeds to the next
step. Else, the algorithm goes back to Step 0.1 with ¢ 4 1.

Checking conditions for arbitrary F' can be done in O(2%/8]). Num-
ber of filters in F; is O(2/Bl). Maximal i does not exceed 2!5l. So
this step can be done in O(2°5]).

Step 5. We check (S). If (S) does not hold, then the algorithm stops with
negative answer. If (S) does not hold for a family of filters, then it
does not hold for any smaller family. It can be done in O(|B|?2!B!)
time. ]

We notice that every sequent I' = C can be represented as G = C,
where G is a formula arising from I" by replacing every comma by ®, every
semicolon by A, € by 1 and é by T. So, we consider only sequents of this
form.

Let G = A be a sequent. We define the size of G = A as follows:

s(p) =1 s(1) =1
s(T) =1 s(L)=1
s(A® B) = s(A) + s(B) + 1
s(A\B) = s(A) + s(B)+1  s(A/B) = s(A)+s(B)+1

s(AANB)=s(A)+s(B)+1 s(AVB)=s(A)+s(B)+1
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s(mA) =s(4)+1 s(A— B)=s(A)+s(B)+1
s(G=A) =s(G) + s(A)

DEFINITION 4.2. Let A be a partial residuated Boolean algebra. Let p be
a partial function from the free algebra of L—formulas into A. We say p is
a valuation, if the following conditions hold:

e WM =T, pL) =1
o p(l) =1

o if u(D ® E) # oo, then u(D) # oo, u(E) # oo and u(D @ E) =
(D) @ p(E);

« if j(D\E) 00, then u(D) #00, p( E) # o0 and i D\E) = u(D)\u(E);
« if j(D/E)+00, then u(D) #00, p(E) # o0 and i(D/E) = u(D)/u(E);

. if(p()D /\(E) # 00, then p(D) # oo, u(E) # oo and pu(D A E) =

E);
o if (D V E) # oo, then pu(D) # oo, u(E) # oo and u(D V E) =
w(D) V u(E);

o if p(—D) # oo, then p(D) # oo and p(—D) = —u(D);

bl

bl

Let G = C be a sequent and p be a valuation. We say G = C' is
satisfied under the valuation p, if u(G) # oo, u(C') # oo and p(G) < p(C).

Now we are ready to prove the FXPTIME complexity of the conse-
quence relations. The following theorem was formulated in [9] in algebraic
terms of satisfiability of quantifier—free first—order formulas of the language
of residuated distributive lattices.

THEOREM 4.3. The finitary consequence relation of BFNL is EXPTIME.
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PROOF:

(i)

(1.2)

Let K be the class of residuated Boolean algebras, ® = {G; =
C1,G2 = Cs,...,Gr = Ci} be a set of sequents and G = C a
sequent. Let:

n:=2(s(G1 = C1)+s(G2 = Co)+- - +s(Gr, = Ci)+s(G = C))+4.

We show that ® entails G = C, if, and only if, for all A € K such
that |A] < n and all valuations p, if all sequents from ® are satisfied
in A under the valuation p and both p(G) and u(C) are defined,
then G = C is satisfied in A under the valuation pu.

Let A € KF, |A] < n and p be a valuation. Assume all sequents
from @ are satisfied in A under the valuation p and both u(G)
and u(C) are defined, but G = C' is not satisfied, i.e. u(G) £ u(C).
Then, for some A’ € K, we have an embedding ¢ of A into A’. Then,
(w(Gy)) <" o(w(Cy)) for all i = 1,....k and +(u(G)) £ o(u(C)) in
A’. Hence, for the valuation p' = ¢ o p all sequents from ® are
satisfied, but G = C is not satisfied in A’. Thus, ® does not entail
G=C.

Now let G = C not be satisfied in A’ € K under the valuation y’,
but all sequents from ® be satisfied under p/. We construct A € KF.

First, we define T as the set consisting of 1, T, L and all subfor-
mulas of G1,Ch,...,Gk,Cy,G,C. We put A = {/(D) : D €
TU{='W/ (D) : D € T}. In effect, negation is a total operation,
but doing this does not change final complexity. We define partial
operations as follows:

e ifDeT and D=E®F, then p/(E) @ (/' (F) := p/(E ® F);

e if DeT and D = E\F, then p/(E)\W/'(F) := W/ (E\F);
e f DeT and D = E/F, then u/(E)/u/'(F) := W/ (E/F);
e if DeTand D=EVF, then p/(E) V i/ (F) := /' (EV F);
e if DeT and D= EAF, then ¢/ (E) A/ (F) := p/(ENF);
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We define l1®a:=aand a®1:=a and —a :=-"aand aV-a:=T
and a A —a := L for all a € A.

We also define <= <’ N A% By the construction, |A| < n and
A € KP. We define pu = ,uiT. Clearly, p satisfies the conditions of
Definition 4.2 and p(G;) < u(C;) for i =1,...,k and p(G) £ u(C)
and both u(G) and pu(C) are defined.

(ii) Thus, to verify whether ® - G = C we check whether G = C' is
satisfied in all A € K under every valuation u such that |A| < n
and all sequents from ® are satisfied in A under p and both u(G)
and p(C) are defined.

We construct all partial residuated Boolean algebras with cardi-
nality not exceeding n. Each such a structure can be encoded by
matrices. Every binary operation and order is encoded by a matrix
of size O(n?) and negation is encoded by matrix of size O(n). Each
entry in the matrix can take O(n) values (including co). Hence, we
have O(QL”S) possibilities, where L is a positive integer. We check
whether such a structure is a partial residuated Boolean algebra,
using Theorem 4.1. This step can be done in (’)(2L”3 25m),

For a given residuated Boolean algebra A the number of all possible
valuations is O(]A|™). Checking if all sequents from ® and G = C
are satisfied under the arbitrary valuation is O(n). Hence, checking
whether ® entails G = C' in A is (’)(2"3).

The time of the whole algorithm is O(2L7° 25n9n”) = O(2(L+1)n*+5n)
t

The analogous result for BFL (associative version of BFNL) does not
hold. BFL is a strongly conservative extension of L and the consequence
relation of L is undecidable [1].

If we exclude the constant 1 from BFNL, the result remains true. More-
over, for 1-free BFNL the lower bound of complexity of the consequence
relation is also EXPTIME, since 1-free BENL is a strongly conservative ex-
tension of 1-free DFNL which is EXPTIME-complete [9]. The lower bound
of complexity for BEFNL or DFNL with 1 remains an open problem.
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5. Complexity of HFNL

In this section, we provide detailed instructions on how to prove the same
result for HFNL, modifying the definitions, theorems and proofs from pre-
vious sections.

We start with the following definition.

DEFINITION 5.1. Let H = (H,®,\, /,V,A,—,1, T, L, <) be a partial struc-
ture. We say H is a partial residuated Heyting algebra, if there exists a total
residuated Heyting algebra such that H is embeddable into it. One notices
that (H,®,\,/,V,A,1, T, L, <) is a partial bounded distributive residuated
lattice.

One sees that the definition is analogous to the definition of partial
residuated Boolean algebra. The most important is that it is still a partial
distributive lattice. Therefore, we can define filters in the analogous way.

Let H= (H,®,\,/,V,A,—,1, T, L, <) be a partial residuated Heyting
algebra and F C H. We say F is a filter, if (F1), (F2’) and the following
condition are satisfied.

(FH) fa »b#occanda € Fanda — b€ F,thenbe F

We notice that (FB) follows from (F1) and (F2’) in total residuated Heyting
algebras. A filter is prime if it is proper and satisfies (F3).

We define associated residuated frames to partial residuated Heyting
algebras the same way we defined them for partial residuated Boolean
algebras, since the definition again does not depend on negation.

Theorems 3.8, 3.10 and 3.14, corollaries 3.9 and 3.15, and proposi-
tion 3.13 do not depend on negation, so they remain true for (partial)
residuated Heyting algebras.

The first nontrivial difference is the construction of total residuated
Heyting algebra from residuated frames. Let § = (P, I, R) be an arbitrary
residuated frame and X,Y C P, we define:
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X®'Y = {zeP: HepxeXanderand R(gc,y,z)}
@y

xX\'Y = {yeP: vV if R(x,y,z) and z € X, then 2 € Y

}
|

Y/'X = {xEP: V if R(z,y,z) and y € X, then z € Y

y,z€P

X-'y=\J{IzezP):XnzcY}

Then Hz = (£(P),&,\,/,U,Nn, =", I,P,0,C) is a residuated Heyting
algebra.

The analogues of theorems 3.16 and 3.17 are true, since the proofs do
not use negations.

The most important difference lies in the formulation of the following
theorem.

THEOREM 5.2. Let H= (H,®,\,/,V,A\,—,1,T, L, <) be a partial struc-
ture such that 1®@a=a=a® 1 for alla € H. Then, H is a partial unital
residuated Heyting algebra if, and only if, it is a partial bounded lattice and
there exists a set F of prime H-filters of H such that (S), (M®), (M\),
(M/) are satisfied and there exists a set T C F such that 1 € F for all
F €T and (M1) is satisfied, and the following conditions hold:

) <
(H1) a’bVG’Hzfa%b;éoo, thenb<a—b

(H2) sza,le(zfaﬁb#oo anda &€ F anda —b¢& F,

then 3 (FCF anda€F anda—b¢ F'))
F'eF

The proof is similar. We show only the important parts.

Proor: Let H = (H,®,\,/,V,A,—,T,L1,<) be a partial residuated
Heyting algebra and let A = (A, ®",\’, //,V/, N, =/, T', L', <') be a residu-
ated Heyting algebra and let ¢ be an embedding of H into A. Clearly, (H1)
holds. We show that there exists a set F of prime filters of H satisfying
(S), (H2), (M®), (M\) and (M/). We define:
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F={"Y(F): F is a prime filter of A}

We prove (H2). Let a,b € H be such that a — b # oo. Assume
a,a — b ¢ F, for some prime filter F' of A. Then, ¢(a),t(a — b) ¢ F. We
have t(a — b) = t(a) =" 1(b). We take F,(,), so t(a) € F,4). Suppose,
t(a) =" 1(b) € F,q). Then, for some x € F, t(a) ANz <" 1(a) =" (D).
By residuation law, t(a) A t(a) Az <’ «(b). Clearly, t(a) A t(a) ANz =
t(a) Nz, so t(a) ANz <" u(b) and = <’ 1(a) =’ ¢(b). Hence, t(a) =" 1(b) €
F, which contradicts the assumption. Thus, t(a) =’ «(b) ¢ F,,). By
Theorem 3.8, there exists a prime filter ' of A such that F,,) C F’ and
t(a) =" 1(b) ¢ F.

The rest of this part proceeds like in Theorem 3.19.

Now we assume H is a partial structure satisfying the assumptions of
the theorem. We construct the residuated Heyting algebra A and the
embedding ¢ of H into A. We see § = (F, <, %Zu) is a residuated frame.
Let A = (2(F),®,\,/,U,N, =", F,0,C) be the complex algebra of §. We
define the mapping ¢ for every a € H by 1(a) = {F € F : a € F'}. We show
¢ is an embedding.

Since F satisfies (S), (M®), (M\) and (M/), we need to prove only that
t(a = b) = t(a) =’ ¢(b). The rest can be shown in a similar way like in
Theorem 3.19. Let a,b € H and a — b # co. We recall that:

t(a) =" u(b) = U{X eF:ua)NX Cu(b)}

We show ¢(a — b) = t(a) — ¢(b). One notices F' € t(a)Ni(a — b) iffa € F
and a - b€ F. By (FH), b € F, so F € (b). Hence, t(a — b) C t(a) =’
t(b).

Let {X;};er be an arbitrary family such that X; = N{c(c; ;) : 7 € Ji}
and ¢(a) N X; C u(b) for some family {¢; ;} ey, for all i € I. Then, for all
F € F such that a € F and {¢; j}jes, C F we have b € F, since F' € i(a)
and F' € X.

Let F € X;. Assume a € F, then b € F and F € «(b). By (HI),
b<a—bsoa—beFand F € t(a = b). Assume a ¢ F and suppose
a—b¢ F. By (H2), there exists F’ € F such that FF C F’ and a € F’ and
a—b¢ F'. Then, b ¢ F'. But {c; ;}jes; € F C F’, which contradicts
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b¢ F'. Hence,a - be F.

Let X = J{X; :4 € I}. Clearly, t(a)NX = J{e(a)NX; : 5 € I} C u(b).
For every i € I we have X; C v(a — b), hence X C v(a — b). Thus,
t(a) = u(b) C tla —b). O

Now we are ready to provide the complexity results.

LeEmMMA 5.3. LetH = (H,®,\,/,V,A\,—,1, T, L, <) be a partial structure.
We can verify whether H is a partial unital residuated Heyting algebra in
exponential time (depending on |H|).

Proor: We modify the algorithm provided in the proof of Theorem 4.1.

Step 1. We check whether < is a partial order, T, L are bounds and the
lattice operators are compatible with <. If it fails, the algorithm
stops with negative answer. It can be done in the polynomial time.

Step 2. We check whether 1 ® a =aand a®1 =a forall a € L. If it
fails, the algorithm stops with negative answer. It can be done in
the polynomial time.

Step 3. We check (H1) in polynomial time.

Step 4. We construct a descreasing sequence of families of filters F,,. We
construct the set Fy of all prime filters of B. For every subset S C B
we check the definition of prime filter. It can be done in O(221#1).

We set 7 = 0.

Step 4.1. We define Z; = {F € F; : 1 € F'}. For every prime filter
F € F; we check (M®), (M\), (M/), (M1) and (H2). If every
of these condition holds for F'; then we add F to set F;11.

Step 4.2. If F;11 = (), then the algorithm stops with negative an-
swer. If F; = F;41, then the algorithm proceeds to the next
step. Else, the algorithm goes back to Step 0.1 with 7 + 1.

Checking conditions for arbitrary F' can be done in O(23/#1). Num-
ber of filters in F; is O(2/*!). Maximal 7 does not exceed 21|, So
this step can be done in O(2°1111).



604 Pawel Placzek

Step 5. We check (S). If (S) does not hold, then the algorithm stops with
negative answer. If (S) does not hold for a family of filters, then it

does not hold for any smaller family. It can be done in O(|H|?2/11)
time.
Hence, time of the whole algorithm remains O(2°171). 0

THEOREM 5.4. The finitary consequence relation of HFNL is EXPTIME.

The proof is analogous. We just skip the parts regarding negations and
add a new connective — similarly as the rest of binary connectives.

The analogous result for HFL (associative version of HFNL) does not
hold. HFL is a strongly conservative extension of L. and the consequence
relation of L is undecidable [1].

If we exclude the constant 1 from HFNL, the result remains true. More-
over, for 1-free HFNL the lower bound of complexity of the consequence
relation is also EXPTIME, since 1-free HFNL is a strongly conservative ex-
tension of 1-free DFNL which is EXPTIME-complete [9]. The lower bound
of complexity for HFNL remains an open problem.
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1. Introduction

Investigations into knowledge and beliefs form the part of philosophy, which
is now called epistemology. This area has been the subject of various studies
from a logical standpoint. One of these was conducted by applying modal
logic, which is nowadays called epistemic logic. The operator K;, which
is the key element of this logic, constitutes formulas of the form K;p,
which express that “agent ¢+ knows that ¢.” On this basis, it is possible
to represent various concepts related to knowledge and belief in formal
language. Hintikka did pioneering work on epistemic logic in 1962 [9],
and there is a wide range of research today; see Fagin et al. [6] and van
Benthem [18].

A more recent logic for human knowledge is Facebook logic, developed
by Seligman et al. in 2011 [16]. This logic was invented to describe personal
knowledge plus the friendships of agents in a two-dimensional hybrid logic.
For instance, consider this sentence: “An agent is Andy’s friend, and Andy
knows he has a pollen allergy. Then, one of the agent’s friends knows
that they have a pollen allergy.” This inference can be written using the
language of Facebook logic as follows:

(Friend)i A @Q;[Know|p — (Friend)[Know|p,

where p = “they have pollen allergy.” and ¢ = “This is Andy.” The at sign @Q
in the logical formula is the operator of hybrid logic, where @;p can be read
as “p holds at point ¢.” Facebook logic uses nominals, a tool of hybrid logic,
to make reference to individual agents. For a thorough introduction to
hybrid logics, we refer the reader to Blackburn & ten Cate [2], Indrzejczak
[10], and Braiiner [4]. Sano [14] provides further details on two-dimensional
hybrid logic.

In fact, Facebook logic treats propositional variables differently from
epistemic logic. The truth of a propositional variable p depends not only
on the epistemic alternative but also on the agent under consideration.
Therefore, the propositions represented by the propositional variables here
are personal properties, such as, “I have a pollen allergy.”
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The new logic proposed in this paper — we will call it agent-knowledge
logic — is a modification of the aforementioned Facebook logic. One feature
of this logic is that the fragment of it is compatible with epistemic logic.
This property allows us to use agent-knowledge logic as an alternative to
epistemic logic. Indeed, this paper shows how to embed epistemic logic
into our new logic. Furthermore, agent-knowledge logic is able to formalize
a variety of sentences that cannot be represented by traditional epistemic
logic, such as “one of an agent’s friends knows p.”

In this paper, we also introduce a proof system for the logic by con-
structing a suitable tableau calculus. The tableau calculus is not only a
proof system but also a system for discovering a counterexample model in
which the formula is not valid. In particular, by constructing a tableau
calculus with the termination property — in short, that the proof ends in
finite time — we can show that the logic is decidable.

This logic has two parents: one is Facebook logic, and the other is a
logic which seems to have nothing to do with epistemic logic, namely the
Logic of Hide and Seek Game (LHS, in short) created by Li et al. in 2021
[11, 12]. This logic was originally invented to illustrate the hide and seek
game (also known as cops and robbers). In LHS, propositional variables
are split into two sets, which are related to hider and seeker, respectively.
We borrow this idea to express the agent-free propositions (“the sun rises
in the east,” for example).

We proceed as follows: Section 2 reviews the well-known epistemic logic
and explains the parents of agent-knowledge logic, Facebook logic, and
LHS, briefly. In Section 3, we introduce our new logic, that is, agent-
knowledge logic. Section 4 shows how we embed epistemic logic into our
new logic. In Section 5, we construct a tableau calculus with the termina-
tion property and completeness. Finally, in Section 6, we write about some
future prospects.
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2. Preliminary

2.1. Epistemic Logic

This section is mostly based on the work of Fagin et al. [6, Chapter 2].

In epistemic logic, we have another set A of agents besides a usual set
Prop of propositional variables. The elements of A occur in a new operator
K;. The intuitive meaning of K;p is that “agent i knows ¢.”

DEFINITION 2.1. We have two disjoint sets, Prop and A. A formula ¢ of
the epistemic logic Lgy, is defined as follows:

pu=p|-p|leNe| Kip
where p € Prop and 7 € A.

We only use = and A as primitives since other Boolean operators, such
as V and —, can be defined as compounds of the first two operators.

DEFINITION 2.2. A Kripke model for epistemic logic (we call it EL model)
Mgy, is a tuple (W, (R;)ica, V) where:

o W is a non-empty set.

e For each i € A, R; is a binary relation on W.

e V:Prop — P(W).

DEFINITION 2.3. Given an EL model Mgy, its point w, and a formula
¢ € Lg1, the satisfaction relation Mgr,w = ¢ is defined inductively as
follows:

Mg, wEp <= w € V(p), where p € Prop
MzgL,w E ¢ <= Not Mg, w | ¢ (MgL,w £ ¢)
Mg, w =AY = Mgy, w = ¢ and Mg, w =9

<~

Mg, w = K;p For all v € W, wR;v implies Mgr, v | ¢.
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As for epistemic logic, we define the validity of a formula. Later we dis-
cuss embedding epistemic logic into our new logic, so the formal definition
is needed.

DEFINITION 2.4. A formula ¢ is valid with respect to the class of EL models
(denoted by gL ¢) if Mg, w | ¢ for every model Mgy, and its every
world w.

2.2. Facebook Logic

Facebook logic, first invented by Seligman et al. [16], has two characteristics
compared to classical modal logic.

First, we have two modal operators, K and F. These modal operators
correspond to knowledge and friendship, respectively. Correspondingly, a
possible world is decomposed into two components: one representing an
agent and the other representing an epistemic alternative of an individual.

Another addition is the introduction of special propositional variables
called mominals. A nominal n is a proposition corresponding to only one
agent, that is, it is a proposition for the name of the agent. In addition, we
introduce the satisfaction operator @ used in hybrid logic. The intuitive
meaning of @,,p is that “p holds for agent n.”

Let us introduce a formal definition. We have two disjoint infinite sets,
Prop of propositional variables and Nom of nominals. A formula ¢ of the
Facebook logic is defined as follows:

pu=pln|-ploAp|Kel|Fo|Qp,

where p € Prop and n € Nom. If needed, we can define the dual (K) and
(F) of each modal operator as (K)¢ = =K—p and (F)¢ = —~F—.

The semantics of Facebook logic is based on epistemic social network
models. An epistemic social network model is a tuple (W, A, (~g)aca,
(Xw)wGWa V)a where:

o W is a set of epistemic alternatives.
e Ais a set of agents.

e For each a € A, ~, is an equivalence relation on W.
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e For each w € W, x,, is an irreflexive and symmetric relation of
friendship on A.

e V is a valuation function, which assigns a propositional variable p to
a subset of W x A and a nominal n to a set W x {a} for some a € A.

The reason for a relation <,, over A being irreflexive and symmetric can be
understood when we assume it as a friendship; no one is a friend to oneself,
and if a person is your friend, then you are a friend of them.

Then, the truth of formulas in Facebook logic is defined inductively.
The Boolean cases are omitted since they are the same as those in classical
modal logic. Also, the element a € A such that V(n) = W x {a} holds is

abbreviated as n" .
M,w,alEp < (w,a) € V(p) where p € Prop,
Myw,aEn <~ n" = a, where n € Nom
Mw,aEKp <— M,v,al= @ for every v ~, w,
Mw,a =EFp — M,w,b= p for every b <, a,
Mw,al=Qup <= M,w,n" = .

As mentioned in the Introduction, the truth of a propositional variable
depends on both an epistemic alternative and an agent.

Ezample 2.5. The following formulas of Facebook logic can be translated
into natural language as follows:

e Kp: An agent knows that they are p.

e KFp: An agent knows that all of their friends are p.

e FKp: Each of an agent’s friends knows that they are p.
o (F)n: An agent has a friend n.

e @, Kp: An agent n knows that they are p.

For readers who would like to study it deeper, Seligman et al. [16] and
its sequel, Seligman et al. [17], should be of help.
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2.3. Logic of Hide and Seek Game

The logic of hide and seek game (LHS), as the name implies, is a logic
for describing a hide and seek game. There are two players, a hider and
a seeker, and a set of propositional variables Prop and Propg for each
player to describe their state. Moreover, there is a special propositional
variable I. This is a proposition to describe that the hider and seeker are
in the same place, i.e., expressing “I find you!”

The main difference from Facebook logic is that we use the same struc-
ture (W, R, V) as in usual modal logic, which is appropriate considering
that the hide and seek game is played by two players on the same board.

Here is a definition of a formula of LHS ¢, where py € Prop; and
ps € Propg:

pu=pu|ps|I|-ploANp|Oup|dsp.

The truth value of LHS formulas is defined inductively as follows (note
that both z and y are elements of W):

M,z,y Epg <= x € V(py) where py € Propy
M,z,y Eps <= y€V(ps) where ps € Propg
Myl <= z=y
M,z,y EOup <= there is some 2’ such that xRz’ and M, z’,y = ¢
M,z,y = Osp <= there is some y' such that yRy and M,z,y" = .

Using this language, we can describe the hide and seek game. For
example, g Osl means that no matter how the hider moves, the seeker
has a one-step move to catch the hider. This expression shows the existence
of a winning strategy for the seeker.

In addition to the already mentioned Li et al. [11], Li et al. [12] may
also help readers who want to know more about LHS.
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3. Agent-Knowledge Logic

Here, we introduce a new logic, called agent-knowledge logic. As you read
in Section 1, this logic is a mixture of Facebook logic and LHS. We have
two dimensions, which correspond to agents and their knowledge, respec-
tively. This structure and the intention behind it are very similar to that
of Facebook logic. On the other hand, the idea that we use both Prop 4
and Propy is unique for LHS.

3.1. Agent-Knowledge Model

To construct the vocabulary, we require four sets of variables in total:
two for propositional variables and two for nominals, each associated with
agents and knowledge, respectively. Among these, px € Propy can be
viewed as a proposition that does not depend on an agent, such as “the
Earth goes around the Sun.” Furthermore, the two types of nominals,
a € Nomy and k € Nompg, can be interpreted as an agent name and a
label for an epistemic alternative, respectively. Interpreting the elements of
Prop , is somewhat more difficult by comparison, but p4 € Prop, could
be understood as a proposition representing some property of an agent,
such as “an agent has a pollen allergy.”

DEFINITION 3.1. We have four disjoint sets Prop 4, Propy, Nom4, and
Nomyg. A formula ¢ of the agent-knowledge logic Laxk is defined as follows:

pu=palpk|alk|-p|one|Oap|Oke | Qup | Qrp,

where p4 € Propy, px € Propg, a € Nomy, and £ € Nomg.

As we mentioned in Section 2.2, nominals in Nom4 and Nompg point to
a specific agent and a specific epistemic alternative, respectively. As well
as V and —, if we need, we can define ¢ 4 and ¢k in the usual way.

DEFINITION 3.2. An agent-knowledge model (AK model) Maxk is a tuple
(WA X WK; (Ry)yEWKa (SI)IGWA) VAv VK) where:
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Wk

> --

g<
N
N

Figure 1: An agent-knowledge model.

o Wy, Wy are disjoint non-empty sets.
e For each y € Wk, R, is a binary relation on Wy4.
e For each x € W4, S, is a binary relation on Wiy

e V4 :Propy UNomy — P(W4), where if a € Nomy, then Vi(a) =
{z} for some x € Wy.

e Vi : PropyUNomg — P(Wk), where if K € Nomy, then Vi (k) =
{y} for some y € Wk.

Note that the image of a nominal Nomy4 by Vy is a singleton (the same
fact holds for Nomg and V). Owing to this definition, a nominal behaves
as a name for each possible world.

We can illustrate an agent-knowledge model as if we write Cartesian co-
ordinates in Figure 1. In this circumstance, a nominal is true in the worlds
on the corresponding horizontal or vertical line. Likely, a propositional
variable holds in the worlds on some set of parallel lines.

We write V' to express V4 U V. For instance, V(pa) = Va(pa). More-
over, we abbreviate z € W4 such that Va(a) = {z} by a”. We do the same
for kY.
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DEFINITION 3.3. Given a model Mk, its points (z,y) € W4 x Wk, and
a formula ¢ € Lak, the satisfaction relation Max, (z,y) = ¢ is defined
inductively as follows:

Maxk, (z,y) F pa x € V(pa), where ps € Propy

Maxk, (2,9) F pr y € V(pk), where px € Propy
Maxk, (z,y) Ea z=a", where a € Nomy
Mak, (z,y) F k y = kY, where k € Nomp

MAK7 (Z‘,y) ': 2
MAK) (%y) ': L)O/\w
MAKv (xvy) ): DASD

Not MAK7 (x7y) ': ¥ (MAKa (x,y) l7é (P)
MAK7 (xay) |: "2 and MAK? (-/E7 y) ): w
For all 2’ € Wy, xR, 2’ implies

MAK; (I/a y) ': ¥
For all ¢ € Wi, yS,y' implies

MAK7 (,’L‘,y/) ): 2
MAK7 (a’vvy) ': ¥
MAK7 ('Ta kv) ': ®-

[ O A A

Maxk, (z,y) = Ok

Max, (z,y) F Qup
MAKu ($7y) ': @kw

11

The truth of each propositional variable is determined by either x € W4
or y € Wg. Especially whether pg is true or false is independent of the
element of Wy, so px can be assumed as an agent-free proposition.

The usage of the satisfaction operator @ should also be mentioned. It
refers to a specific agent or epistemic alternative while ignoring the current
one. For example, the meaning of @, is “for an agent whose name is a,
¢ holds.” The current element of W, is no longer necessary information to
determine the truth of that formula.

DEFINITION 3.4. A formula ¢ is valid with respect to the class of Mak
(denoted by F=ak @) if Maxk,(z,y) = ¢ for every model Muak and its
every pair (z,y).

Before finishing this section, it is necessary to mention the globality of
the satisfaction operator for readers familiar with hybrid logic. In ordinary
(one-dimensional, you might say) hybrid logic, a formula of the form @;p
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has globality, that is, if @;¢ is true in any possible world, then it is true in
every possible world.

On the other hand, this is not the case with agent-knowledge logic.
Suppose Mk, (7,9) = @, (a € Nomy). Then, we have Max, (@, y) =
. However, it can be the case that there is some z € Wp such that
Mk, (@V,2) = . In this case, @Q,p is not true in (z,2). Likewise,
Qe (k € Nomg) is not a global expression.

However, this does not mean that the agent-knowledge logic has com-
pletely lost its global expression. If we use two satisfaction operators to-
gether and create a formula @,Q¢p (a € Nomy, k € Nomyg), then it has
globality. In fact, Mk, (z,y) E @,Qpyp is equivalent to Mk, (a¥, k") |=
©, which shows that the truth of @Q,@y¢p does not depend at all on the cur-
rent state.

3.2. Examples

As we do in Facebook logic, we can compound friendship and knowledge in
agent-knowledge logic. We read O ¢ as “An agent knows ¢,” and L4 as
“All of an agent’s friends are ¢.” For example, we can write some sentences
as follows:

e Oa0kpi: All of an agent’s friends know py .
e Oa0kpK: Some of an agent’s friends know pg .
e OxgOa0kpr: An agent knows that some of their friends know pg.

Moreover, we can designate an individual by calling their name owing
to nominals. Consider this sentence:

An agent is Andy’s friend, and if Andy knows that the Earth
goes around the Sun, then one of the agent’s friends knows the
heliocentric theory.

This inference can be symbolized in the agent-knowledge logic as follows:

QaaNQ,Uxpr — OaUxrpk,
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where px shows “the Earth goes around the Sun” and a shows “This is
Andy”

The difference between agent-knowledge logic and Facebook logic be-
comes more pronounced when we assume that the binary relations over
epistemic alternatives are equivalence relations. For example, in Facebook
logic, the formula @, Kp — p is not valid even if =<, is an equivalence
relation. Define M = (W, A, (~4)aca, (KXw)wew, V) as follows:

W = {w,v}
A ={a,b}
~g == W X W
= ==,=AXA
V(p) ={(w,b),(v,b)}
V(n) =W x {b}.

Then, M, (w,a) = @, Kp holds but we have M, (w,a) & p. However, in
agent-knowledge logic, the situation changes.

PropPoOSITION 3.5. The formula @,0xpx — px is valid with respect to
the class of Mk where all of S, are equivalence relations.

PROOF: Suppose that Maxk, (z,y) FE @Q,0xpx. Then, we have
Mak, (@¥,y) E Okpr. By the reflexivity of S, especially we have
Mk, (aV,y) | px. Since the truth value of pg is determined only by
an element of Wy, we have Max, (z,y) = pk- O

This fact may be better understood if we interpret those formulas in
natural language. Even though Andy knows he has a pollen allergy, it
does not mean so do all agents. However, if he knows that the Earth goes
around the Sun, then it is true; the Earth really goes around the Sun.

In addition to the relationships between epistemic alternatives, we can
also impose restrictions on the relationships between agents as needed.
For example, in Facebook logic, the relationship between agents should be
irreflexive and symmetric. Also, we have another way to capture relation-
ships between agents, for example, to read xRz’ as “in the situation y,
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the agent x can see the post of 2’7 on X'. Then, we can read 040k px as
“all the people know px, as far as I know.”

4. Embedding Epistemic Logic into Agent-Knowledge
Logic

One of the aims of our new logic is to make it an alternative to Facebook
logic. In fact, any sentence we can express in basic epistemic logic can be
rewritten in this agent-knowledge logic. In this section, we show that we
can embed epistemic logic into agent-knowledge logic.

To begin with, let us define how to translate a formula of epistemic
logic.

DEFINITION 4.1. We define a translation T : Lg1, — Lak as follows:

T : Prop > p — px € Propy is a bijection
T:A>i— ac Nomy is a bijection
T(~p) = T ()
T(entp) =T(e) NT(¢)
T(K;p) = QO T ().

Ezample 4.2. Here is one example of translation:
T(Kl(p A Kj_‘q)) = @aiDK(pK A @aj DKﬂQK)-

We write a; to abbreviate T'(7) (i € A).

In fact, the idea of rewriting K;p as Qp;)0xT(¢) was presented in
Sano’s review in 2011 [15]. This was written in Japanese to introduce the
paper by Seligman et al. [16]. Unfortunately, this translation does not
work for Facebook logic, but it does work when the target logic is agent-
knowledge logic.

We aim to prove the following theorem.

IMost of the readers are familiar with the name once it had: Twitter.
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THEOREM 4.3. For all ¢ € Lgg,,
Fere <= FaxT(p).

First, we construct an AK model from an EL model.

DEFINITION 4.4. Given an EL model Mgy, = (W, (R;)ica, V), the induced
AK model M§ is defined as follows:

Gk = (A X W,0,(R;)iea, V),
where:
o For any p4y € Prop,, V%(pa) = 0.
o For any px € Propy, V(px) = V(T (pk)).
e For any a € Nomy, V%(a) = {T*(a)}.
o Take one yg € W, and for any k¥ € Nompg, V(k) = {yo}.

Note that we do not care about the definitions of (Ry)yew,,V*(pa),
and V*(k). It is because the formula translated by T requires only Prop,
Nom 4, Boolean operators, (g, and @Q,,.

LEMMA 4.5. For any ¢ € Lgr, and for any i € A, we have:
MEL,'UJ ': p = M%KW (Z,U)) ': T((p)
PrOOF: By induction on the complexity of .
(p=p) Forallie A,
MgL,wEp <= we V(p)

— we V*(T(p)

— MXKa (Z,UJ) ): T(p)
(o = ), A x) Straightforward.

(¢ = K;3) First, we prove the left-to-right direction.
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Suppose that Mgr,,w = K;9. Then, for all v such that wR;v, we
have Mygr,,v = 1. We divide the proof into two cases depending on
whether such a world v € W exists.

(i) If v € W reachable by R; from w exists, take arbitrary one.
Then, we have Mgr, v = ¢. By the induction hypothesis, espe-
cially M% ., (4, v) = T'(¢). Since we took v arbitrarily, it follows
that MQk, (j,w) = OrT(p). By the definition of V', we finally
get that MRy, (i,w) | Qp;)OgT(p) for all i € A.

(ii) If there is no v € W such that wR;v, we straightforwardly get

that MQy, (J,w) = OgT(p). In the same way as in the former
case, we have MQy, (i,w) | Qp;)OxT(p) for all i € A.

In both cases, we can reach the result MQy, (i,w) | Qp;)OxT(p)
for all i € A. Therefore, we have MQy, (i,w) = T(K;p).

Next, we prove the other direction. Take one ¢ € A and suppose
that MQy, (i, w) = T(K;¢). It means that for all v such that wR;v,
Mk, (4,v) E T(¢) holds. Take one v such that wR;v (if we cannot,
then Mgr,, w |= K1 is straightforward). By the induction hypothe-
sis, we have Mgr,,v = 1. Since we took v arbitrarily, it follows that

Mg, w = K. 0

DEFINITION 4.6. Given an AK model Max = (Wa x Wik, (Ry)yewy
(Sz)zewa, V), the induced EL model MgL is defined as follows:
MgL = (Wk, (Siﬁ)ieA, V#), where:

e A is the set used in Definition 2.1.
° ySiﬁz in MgL iff yST(i)VZ in Maxk.
« V2(p)=V(T(p)).

Let us consider a function 8 : W4 — A such that S(T(i)") = i for all
1 € A. It expresses the correspondence between an agent in W4 and an
agent in A. The illustration of this condition in Figure 2 may help your
understanding.
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A> ié»a € Nom;
ida | l'()v

L
A> Z«Tm € Wy

Figure 2: The condition g satisfies (ida is the identity on A).

LEMMA 4.7. For any ¢ € Lgr, and for any x € Wy,
Mar, (2,9) ET(9) < My ke

PrOOF: By induction on the complexity of .
(o =p) Forall x € W4,

Maxk, (z,y) E T(p) <= yeV(T(p))
= yeVip)
— Mgy Ep.

(p = ), A x) Straightforward.

= K;v) First, we prove the left-to-right direction.

(b =K; g
Suppose that Max, (z,y) = T(K;v). That is, we assume that
Maxk, (z,y) F QpOxgT(). Then, for all z such that ySp;yvz,
we have Maxk, (T(j)V,2) | T(¢). Bearing in mind the definition
of Sf, it suffices to pick up one z € Wg such that ysz (if we
cannot, it is straightforward that /\/lgL,y = K¢ holds). By the
assumption, we have Mk, (T'(4)V,2) | T(¢). By the induction
hypothesis, MEL, z = 1. Since we picked up z arbitrarily, we have

My = K.
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Next, we prove the other direction. Suppose that MgL, y = K. It
means that for all z € Wx such that ysz, MEL, z = 1 holds. Now,
pick z € Wy such that ySp(;)vz arbitrarily (if we cannot, we have
Max, (z,y) = T(K;9) for all 2 € W4), and we have ysz. Then, we
have Mk, z |= 9. By the induction hypothesis, Maxk, (T(j)V,2) &
T(¢). Since we pick up z arbitrarily, it follows that Max, (z,y) E
QO T(¥) for any « € Wa, which means Mk, (z,y) E T(K;1).

O

Now, we are ready to prove the main theorem, Theorem 4.3. Here is
the proof.

ProoOF: We prove it by showing the contraposition. To prove the left-to-
right direction, suppose that we have some ¢ such that Fax T(¢). Then,
there is a model Mk and its pair of points (x, y) such that Mk, (z,y) &
—T'(¢), which means that Mk, (z,y) = T(—¢). Then, by Lemma 4.7, we
have MéL, y |= —p, which leads us to the conclusion that g, ¢. The case
of the other direction can be done by using Lemma 4.5. O

We usually treat binary relations of EL models as equivalence relations.
Moreover, once we want to deal with beliefs by means of a modal operator,
we impose yet another condition on accessibility relations. The following
corollary shows how embedding can reflect these restrictions.

ProproOSITION 4.8. We have the following properties:

(i) For every i € A, if R; in Mgy, is reflexive (or serial, symmetric,
transitive, Euclidean), then so is R; in MQ.

(ii) For every @ € Wy, if S, in Mk is reflexive (or serial, symmetric,
transitive, Euclidean), then so is Sl-B in M’gL.

ProoOF: The former is obvious, and the latter is straightforward from the
definition of Sf . (]
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5. Proof System

In this section, we introduce a tableau calculus as a proof system.

In constructing a tableau calculus for agent-knowledge logic, we have
made significant use of that for hybrid logic. The primary reference is the
work of Bolander and Blackburn [3]. We also refer to Nishimura [13], who
studies tableau calculi for some two-dimensional hybrid logics.

For simplicity, this section deals only with the negation normal form
(NNF, in short) of formulas. Moreover, if we write -, we assume it as
its NNF. For the satisfaction operators, a formula —@,¢ is equivalent to
@,—p. That is, for any model and its possible world (z,y), a formula ¢,
and a nominal a € Nom 4, we have

Mak, (2,y) F Qu=p <= Maxk, (z,y) | —Qqup.

The same equivalence holds for the case of & € Nomg. Transformations to
the NNF involving Boolean and modal operators can be done in the usual
way.

5.1. Tableau Calculus

Here we provide a tableau calculus of agent-knowledge logic, denoted by T sk .

DEFINITION 5.1. A tableau is a well-founded tree constructed in the follow-
ing way:

o Start with a formula of the form @,Qyp (called the root formula),
where ¢ is a formula of agent-knowledge logic and ¢ € Nomy, k €
Nompg does not occur in .

o For each branch, extend it by applying rules (see Definition 5.3) to all
nodes as often as possible. However, we can no longer add any formula
in a branch if at least one of the following conditions is satisfied:

(i) Every new formula generated by applying any rule already exists
in the branch.

(i) The branch is closed (see Definition 5.2).
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Here, a branch means a maximal path of a tableau. If a formula ¢ occurs
in a branch ©, we write ¢ € O.

DEFINITION 5.2. A branch of a tableau © is closed if one of the following
conditions holds:

(ii) There are a € Nom, k,I € Nomg, and s € Prop, U Nom4 such
that @,Qxs,@Q,@Q;—s € O.

(ii) There are a,b € Nomy, k € Nompg, and ¢t € Propy, U Nomy such
that @Q,Qt, Q,Q)—t € O.

We say that © is open if it is not closed. A tableau is called closed if all
branches in the tableau are closed.

DEFINITION 5.3. We provide the rules of Tak in Figure 3.

In these rules, the formulas above the line show the formulas that have
already occurred in the branch, and the formulas below the line show the
formulas that will be added to the branch. The vertical line in the [V]
means that the branch splits to the left and right.

DEFINITION 5.4 (provability). Given a formula ¢, we say that ¢ is provable
in Tk if there is a closed tableau whose root formula is @,@Qg—¢, where
a € Nomy and k € Nompg do not occur in ¢.

5.2. Termination

A tableau calculus has the termination property if, for any tableau con-
structed in the system, all branches have a finite length. We first prove
that the tableau calculus T pk introduced above has the termination prop-
erty. This proof is based on the termination proof in [3]; however, it is
more complicated because we are now dealing with two-dimensional cir-
cumstances.

DEFINITION 5.5. Let @Q,Qpp, @Q,@Q;%) (a,b € Nomy, k,I € Nomg) be
formulas. We say that Q,Qp is a prefived subformula of @,Q;v if ¢ is a
subformula of .
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@a@k_‘b *1 @a@k_‘l *1
@, @b [4] @, @l [x]
@a@k(ﬁa/\d’) [/\]
@a@k@ @a@k(@ \ 11)) [\/]
Q, Q1 Q,Qpp | @, Q1)
@,Qr0np [0 ]*1,*2,*3 Q. Q0K 0 ]*1,*2,*4
@, @ 040 VA @, Q0! VE
QpQpp Q,Qp
Q@,@,O4¢ Q, @0k
Q,Q1,O4b 5 Q,Q, 0kl 5
@0 4] @,ap 1OK]
@a@kso @a@kw
@a@k@bSD @a@k@lcp @a@kb 2 @a@kl 2
—— [@ —— (@ ———— [Id 4]" ———— [Idg]"
Gare (M Gap O Ga, AT g g, Ui

*1: This rule can be applied only one time per formula.

*2: The formula above the line is not an accessibility formula. Here, an accessibility
formula is the formula of the form @, Q0 b (@, QO K!) generated by [0a] ([Ok]),
where b (I) is a new nominal.

*3: b € Nom 4 does not occur in the branch.

*4: | € Nomp does not occur in the branch.

*5: The second formula above the line is an accessibility formula.

Figure 3: The rules of Tax
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LEMMA 5.6. For any formula @,Qgp occurring in a branch © of a tableau,
at least one of the following conditions holds:

e @Q,Qup is a prefized subformula of the root formula.
e @Q,Qup is an accessibility formula.

ProOOF: By induction on the length of ©. (]

DEFINITION 5.7. Let © be a branch. For every pair (a,k) (a € Nomy, k €
Nom ) of nominals occurring in ©, the set 79 ((a, k)) is defined as follows:

T°((a,k))={¢|Q,Qp €O is a prefixed subformula of the root formula}.
Since the number of prefixed subformulas is finite for any formula

@,Qpp, the set T ((a,k)) is finite for any pair (a, k) of nominals.

DEFINITION 5.8. Let © be a branch of a tableau, and let a,b € Nomy4
and k,! € Nomyg be nominals occurring in ©. A pair (b,1) of nominals is
generated by (a, k) in © (denoted by (a, k) <o (b,1)) if one of the following
conditions holds:

(i) k=1 and b is introduced by applying [0 4] to @, QO .

(ii) @ = b and ! is introduced by applying [0 k] to @,Q0 k.

Observe that the following equivalences hold: (a, k) <o (b,1) if and only
if one of the following conditions holds:

(i) k=1 and there is an accessibility formula @,Q;) b € ©.
(ii) @ = b and there is an accessibility formula @,@,0 k!l € O.

Thus far, the discussion has proceeded in nearly the same manner as
in previous studies such as [3]. However, the situation changes from the
following lemma.
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LEMMA 5.9. Given a branch © of a tableau, we define a structure G =
(N®, <o) where:

e N© ={(a,k) | there is a ¢ such that Q,Q,p € O} ,
e <o is the relation defined in Definition 5.8.

Then G® is a disjoint union of well-founded and finitely branching trees.

PROOF: Properties that G is well-founded and finitely branching are
proved in a similar way to the proof of [3, Lemma 4.2]. Then the rest
of the proof is to show that G is a disjoint union of trees.

Suppose there are pairs (a, k) and (a’, k") of nominals such that both
(a,k) <o (b,1) and (a’, k') <o (b,1). This proof is split into two cases.

(a) Suppose that k=Fk"=I and there are accessibility formulas @, @0 b,
Q! QL0 b € ©. However, it never occurs since we have to introduce
a new nominal whenever we apply [0 4] or [0 k] to a branch.

(b) Suppose that k = I, o’ = b and there are accessibility formulas
@,Q@,04b,Q,Q Ol € ©. If @,@,O4b appears first, then the oc-
currence @,/ Q. Ol in O contradicts the restriction of [Q ] since
[ = k already exists in © before adding Q. QO k. 0

Note that, unlike [3, Lemma 6.4], the lemma shown above does not claim
that there are only finitely many trees. In the tableau for one-dimensional
hybrid logic, there can be only finitely many nominals that serve as roots
in G®; they are restricted to those occurring in the root formula. Conse-
quently, if N© is infinite, we immediately obtain an infinite sequence of <g
by Koénig’s Lemma. In the present case, however, if at least one member
of the pair (a, k) is a nominal from the root formula, it has the potential
to become a root of G®.

While this issue must be addressed, we first define a function meg for a
pair of nominals (a, k) that returns the maximum length of formulas labeled
by it, and then show that this value decreases along the transitions of <g.
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DEFINITION 5.10. Let © be a branch of a tableau. For any pair (a, k) of
nominals occurring in ©. We define a function me : Nom 4 x Nomg — N
as follows:

me((a, k) = max{|p| | Q,Qup € O}

Then, we want to show that (a,k) <o (b,1) implies meo((a,k)) >
me((b,1)). However, directly proving it does not work well. Thus, we
show an extended result as a lemma.

LEMMA 5.11. Let © be a branch of a tableau.

(i) If (a,k) <o (b, k), then for all | € Nompg, we have mo((a,k)) >
me((b,1)).

(i) If (a,k) <o (a,l), then for all b € Nomy, we have me((a,k)) >
me((b,1)).

Proor: We only show (i). The other part of the lemma can be shown
similarly.

Assume (a,k) <o (b, k). Take a nominal [ € Nomg and a formula ¢
such that meg((b,1)) > me((b,1')) for all I’ € Nomyg and |¢| = me((b,1)).
We show that me((a,k)) > |¢| or contradiction by dividing it into cases
depending on which rule @,@;¢ was introduced by.

(a) Suppose that @,@Q;¢ is introduced by [—4]. Straightforwardly, we
have @,@;b € ©. This is obviously not an accessibility formula, so
by Lemma 5.6, @,@;b is a prefixed subformula of the root formula
of ©. Then, b is in the root formula, which contradicts that b is a
generated nominal.

(b) Suppose that @Q,@;¢ is introduced by [—k]|. Then, we have ¢ = I
and there is another nominal [ € Nompg such that @,@Q; -l € ©.
However, it contradicts the maximality of [ and (.

(c) If @p@Q;¢p is introduced by [A], then there is another formula ¢ such
that @,@;(p A ¢) € ©. However, it contradicts the maximality of ¢.
We can prove this in a similar way in the case of [V].
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Suppose that @,@Q;¢ is introduced by [0 4]. This means that there is
another nominal " € Nomy (it may be different from ) such that
@, Q¢ is introduced from @y @;O 4. Then we have (V,1) <o (b,1),
which means b is introduced by some formula @, @;$ 4. However,
since (a,k) <o (b,k) and G = (N®, <g) defined in Lemma 5.9 is a
disjoint union of trees, we have (V',1) = (a,k). Therefore, it follows
that

me((a,k)) = me((t',1)) = [0ap| > |¢l.
We can prove this in a similar way in the case of [(4].

Suppose that @,@Q;¢ is introduced by [0k ]. Then we have that there
is another nominal I’ € Nomy such that @,@Q; ¢ € ©. However,
it contradicts the maximality of [ and ¢. We can prove this in a
similar way in the case of [Ok].

If @,Q;¢ is introduced by [@4], then there is another nominal ¥’ €
Nomy such that @, @@, € ©. By Lemma 5.6, Qup is a prefixed
subformula of the root formula of ©. Then, b is in the root formula,
which contradicts that b is a generated nominal.

If @,Q;¢p is introduced by [@Qf], then there is another nominal I’ €
Nomyg such that @,@Q;@Q;p € ©. However, it contradicts the maxi-
mality of [ and ¢.

Suppose that @,Q;¢ is introduced by [Id 4]. Then, we have another
nominal &’ € Nomy such that @, @;b € ©. Thus, by Lemma 5.6, b is
in the root formula, which contradicts that b is a generated nominal.

Suppose that @,@;¢ is introduced by [Idk]. Then, we have another
nominal I’ € Nompg such that @Q,@Q.p € ©. In this case, take I’
instead and check which rule derives @,@; . Note that this case
cannot be applied infinitely. In this case, we also have @,Q;[ € O,
so [ is in the root formula. However, the root formula contains only
a finite number of nominals. ]

Now, we address the remaining issue. As previously mentioned, G® can
be an infinite disjoint union of trees. Therefore, we consider constructing a
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single large tree by “grafting” the root of each tree onto a branch of another
tree.

DEFINITION 5.12. We define a relation <lg over Nom 4 x Nomg. For each
root (b,1) of G®, insert (a, k) <o (b, 1), where (a, k) is the earliest occurrence
of a label in © among those satisfying the following conditions:

(i) @p@Q;1) is derived from @Q,Qp by either [—ps], [Qas], or [Idas] (M €
{A,K}) and

(ii) m@((avk)) > m@((b,l))

The following lemma guarantees that the definition of <ig works well.

LEMMA 5.13. Let (b,1) be a root of G®. If the root formula of © does not
have the form @Q,Q;p, i.e., (b,1) is not a label of the root formula of O,
then there is at least one pair (b',l') satisfying the conditions (i) and (i)
in Definition 5.12.

PrOOF: For any root (b,1) of G®, take a formula 1 such that || =
me((b,1)). If Q@1 is introduced by [A] or [V], then there is a formula
@,@; (¢ A x) or @,@;(¢ V x) in ©, which contradicts the maximality of 1.
Moreover, if @,@;1) is derived by [ 4], there exists a nominal b’ € Nom 4
such that @y @Q;¢ A1), Qp @O 4b € ©. Then, we have (V/,1) <o (b,1), which
contradicts that (b,1) is a root of G® (the same applies to the cases for
(O], [[a], and [Ok]).

Therefore, @,@;p must be derived by either [—p], [Qas], or [Idpy] (M €
{A, K}). If @Q,@;1) is derived by [—4], we have ¢ = b and there is another
nominal b’ € Nomy such that @, @;—b € ©. Then, we have me((V,1)) >
[-b] > |b] = || If @,@;4) is derived by [@4], there is another nominal b’ €
Nomy such that @, @;@,1) € ©. Then, we have mg((V',1)) > |Qpp| > |9].
In the case for [Id 4], there is &’ € Nomy such that @, @i € ©. Then,
we have mg((b',1)) > |[¢|. We leave the remainder of the proof of the cases
for [-k], [Qk], and [Idk]. O

Recall that all the formulas in a tableau, except for accessibility formu-
las, are quasi-subformulas in the root formula. Observing the rules [—as],
[@ps], and [Idps] (M € {A, K}), we have the following restriction:
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(R) If (a,k) <e (a,l) holds, I occurs in a root formula. Moreover, if
(a,k) <o (b, k) holds, b occurs in a root formula.

Since the number of nominals occurring in the root formula is finite, we
cannot have the following infinite sequence

(ap, ko) <e (a1, k1) <e (az, k2) <o - -+,

where (a;, k;) # (a;,k;) (i # j) for all ¢,j € N.
Owing to <lg, we can construct a single tree by grafting trees in G©.

LEMMA 5.14. Given a branch © of a tableau, we define a structure G® =
(N®, (<o U<g)). Then G® is a finitely branching tree.

PRrROOF: When a new pair of nominals emerges in N©, we apply either
[On], [mar], [@ar], or [Ida] (M € {A,K}) to ©. Thus, any node of G©,
except for the pair of nominals that serves as a label for the root formula,
has the antecedent by either <g or <lg. Since all formulas in the tableau
are derived from the root formula, any node of G® is connected to the label
of the root formula.

We have checked that G® is finitely-branching. Moreover, from the
fact (R) and the fact that a root formula of © has only a finite number of
nominals, <g is also finitely-branching.

It is not the case that both (a, k) <e (b,1) and (a’, k") <g (b,1) hold—
otherwise, (b,1) would be and yet not be a root of G®. Also, by the
definition of <lg, any antecedent of (b,1) € N® by <g is unique. Together
with the fact that G® is a disjoint union of trees, we show that G© is a
tree. U

We do not show that G is well-founded. In fact, the following infinite
ascending branch may occur:

(a0, ko) >e (a1, k1) e (az,k2) >o ...

However, considering (R) and the finiteness of nominals occurring in the
root formula, only a finite pair of nominals occurs in that sequence. Then,
it may occur only as a finite loop. Therefore, this infinite ascending branch
does not cause any problem in applying Koénig’s lemma. Now, we are ready
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to prove the main theorem.
THEOREM 5.15. The tableau calculus T sx has the termination property.

PROOF: By reductio ad absurdum.

Suppose that there is a branch © of a tableau that is infinite. If only
a finite number of nominals occur in O, then a finite number of formulas
occur in © by Lemma 5.6, which contradicts the infinity of ©. Thus, ©
contains infinitely many nominals, so N© is infinite. Since G© is a finitely
branching tree, we find an infinite sequence

(ao, ko) <9 (a1, k1) < (a2, ko) <@t (as, ks) <& -+

by Konig’s Lemma (note that we cannot make an infinite ascending chain
by <@). Applying Lemma 5.11 and Definition 5.12, we have an infinite
descent

me((ao, ko)) > me((a1,k1)) > me((az, k2)) > me((as, k3)) > -,

which contradicts the definition of me. O

5.3. Completeness

The soundness of Tax can be proved in a similar way to the method
introduced in [13]. Then, we proceed to prove the completeness of T ak.

In preparation, we define some terminology. We say a branch © satu-
rated if every new formula generated by applying some rules already exists
in ©. Moreover, s € Nomy U Nomyg is a right nominal in a branch © if
there are some a € Nomy and k € Nompg such that @Q,@Q,s € ©. From
Lemma 5.6, it is straightforward that all the right nominals in © occur in
the root formula of ©.

DEFINITION 5.16. Given a branch © of a tableau, we define binary relations
Né) C Nom 4 xNom 4 and NgC Nom g xNompg on a set of right nominals
in © as follows.

e a NS b if there is a nominal k € Nomyg such that @Q,Q.b € O.

o k Ng [ if there is a nominal a € Nomy4 such that @,Ql € ©.
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We can show that if © is saturated, then both NS and Ng are equiva-
lence relations (see [13, Lemma 5.7]). Then, we define equivalence classes
[a]4 and [k]& of a right nominal by the relation ~§ and ~& , respectively.
Moreover, if we arrange the elements in Nom 4 and Nomyg in the order
of occurrence in the branch, respectively, we can fix the minimal element
min(A) for any subset A in Nomy or Nomy. They enable us to take a
representative of nominals.

DEFINITION 5.17. Let © be a saturated branch and s € Nomy U Nomg
a nominal occurring in ©. The urfather of s on © (denoted by ug(s)) is
defined as follows:

min([b]5) if s € Nomy and @,Q.b € O
ue(s) = { min([l]5) if s € Nomg and @Q,Q ] € ©
5 otherwise.

Given an s € Nomy U Nomg, ue(s) is well-defined (see [13, Proposi-
tion 5.10]). Moreover, the following lemma holds like [13, Lemma 5.11].

LEMMA 5.18. Let © be a saturated branch. Then, the following properties
hold:

1. Ifa € Nomy is a right nominal in ©, then there is some k € Nomg
such that Q, (o)Qra € ©. Likely, if k € Nomp is a right nominal
in ©, then there is some a € Nomy such that Q,Q, )k € ©.

2. If@,Qrb € O (b€ Nomy), then ug(a) = ug(b). Likely, if Q,Qyl €
© (Il € Nomg ), then ug(k) = ue(l).

3. For every prefized subformula @Q,Qrp € © of the root formula of O,
we have Qg (q)Qyug )P € O.

DEFINITION 5.19. Given an open saturated branch ©, a model M%), =
(W9 x WE,(RS)yGWI?,(SS)xewg,V@) generated from © is defined as
follows:
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WS = {ue(a) | a € Nom, occurs in O}
)

W2 = {ue(k) | k € Nomg occurs in ©}
RS@(M = {(ue(a),ue(b)) | accessibility formula @,Q;O b € ©}
Sf?e(a) = {(ue(k),ue(l)) | accessibility formula @,Q; 0kl € O}

V@(pA) = {ug(a) | there is k € Nomg such that @,Q;p4 € O},
where p4 € Propy
VO (px) = {ue(k) | there is a € Nom 4 such that @,Q,px € O},
where px € Propy
V®(a) = {ue(a)}, where a € Nomy
VO (k) = {ue(k)}, where k € Nomg.

LEMMA 5.20. Let © be an open saturated branch and let @, Qg be a prefixed
subformula of the root formula of ©. Then, we have:

if Q,Qp € O, then M, (ue(a), ue(k)) = ¢.

PrOOF: By induction on the complexity of .

[ = pa] Suppose that @,Q;ps € O. Then, by definition, we have ug(a) €
VO (pa). Therefore, My, (ue(a),ue(k)) = pa holds. We can do the
same in the case ¢ = px.

[ = —pa] Suppose that @Q,Q,—py € O. Since O is open, @,Q;py ¢ O is
valid for all | € Nompg. This means that ug(a) ¢ VO (pa). There-
fore, we have My, (ue(a),ue(k)) E —pa. We can do the same in
the case ¢ = —pgk.

[¢ = b] Suppose that @,Q;b € © (b € Nomy). By Lemma 5.18, we have
ug(a) = ue(b). Thus, we have My, (ue(a),ue(k)) = b by the
definition of VO(b). We can do the same in the case ¢ = 1 (I €
Nomyg).
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[ = —b] Suppose that @,Q,-b € © (b € Nomy,). Since O is satu-
rated, we also have @Q,@Qpb € ©. Then by Lemma 5.18, it follows
that @, (0)Que k)70, Qug () Que (k)b € ©. However, since © is open,
ue(a) # ue(b), which means MYy, (ue(a), ue(k)) E —b. We can do
the same in the case ¢ = -l (I € Nomg).

[

(p =

[p=0at] If @Q,Qr041Y € O, then there is a nominal b € Nom4 such
that @Q,@;, 040, @Q,Qp1) € O. It follows that u@(a)RS(_)(k)u@(b) from
the former formula. Moreover, by the latter formula and the in-
duction hypothesis, My, (ue(b),ue(k)) = ¢ holds. Therefore, we
have M%)y, (ue(a),ue(k)) E Oahb. We can do the same in the case
0= Ok.

[ = Oa%] Suppose that @,@Q,049% € O. Now, assume that there is
a nominal b € Nom, such that there is an accessibility formula
Q,Q@L04b € O (If not, then there is no state reachable from ug(a).
Thus, My, (ue(a),ue(k)) | Ot is straightforward). Then, from
the definition of R®, we have ug (a)RSC_)(k)u@(b). Moreover, since ©
is saturated, we obtain @Q,@Qg1) € ©. By the induction hypothesis,
M8y, (ug(b),ue(k)) = ¢ holds. Since we pick up an arbitrary b, we
have M%y, (ue(a), ue(k)) E Oa1. We can do the same in the case
v =Ukvy.

[p = Qpep, @Qpep] Straightforward. O

This lemma is called model existence lemma. Note that by combining
it with the termination property of Tak, we can show the finite model
property of agent-knowledge logic as well as the completeness.

YA X, ¥V x] Straightforward.

THEOREM 5.21. The tableau calculus T ox is complete for the class of all
AK models.

PrROOF: We show the contraposition.

Suppose that ¢ is not provable in Tak. Then, we can find an open and
saturated branch © with the root formula @Q,@Q;—p, where a € Nom4
and k € Nomg do not occur in ¢. Then, by Lemma 5.20, we have
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M8y, (ue(a),ue(k)) = —p. It means that there is an AK model and
its possible world that falsifies . O

The termination property and completeness of the tableau calculus tell
us about the decidability of logic. If ¢ is provable, then it is provable in
finite time. By contrast, if ¢ is unprovable, we can make a finite counterex-
ample model. From them, the following corollary holds.

COROLLARY 5.22. The agent-knowledge logic is decidable.

6. Future Work and Perspective

6.1. Adding More Operators

One of the proposed future work to make agent-knowledge logic more fruit-
ful is to add new operators.

For example, let us imitate some operators of epistemic logic. Given
a group G C A of agents, the everybody knows operator E¢g is defined as
follows:

Mg, w = Egp <= M,w K;pforalliecG.

Intuitively, this formula says that everyone in the group G knows ¢. Re-
calling that a formula Ky is translated into Qp;)OxT (), we can define
the everybody knows operator in agent-knowledge logic as follows, where
G is a subset of Nomy 4:

Mak, (z,y) E Eqp <— M, (z,y) EQ,Okp for all a € G.

This definition works well even if two nominals a,b € Nom, point to the
same agent, but only one of ¢ or b is in G. If they point to the same agent,
then the two formulas @Q,¢ and @Qp are equivalent for any world in any
model.

Based on these definitions, we may mimic other operators used in epis-
temic logic, such as the operator for common knowledge C¢ and the op-
erator for distributed knowledge Dg. Can we analyze problems that have



638 Yuki Nishimura

been considered in epistemic logic, such as the muddy children puzzle, us-
ing agent-knowledge logic? Research in this direction may be able to reflect
various results in epistemic logic in agent-knowledge logic as well.

Additionally, there is another direction to research agent-knowledge
logic, to introduce a universal operator used in hybrid logic, which may
enable us to symbolize more expressions in natural language. The defini-
tion of the universal operators A4 and E 4 are as follows:

Maxk, (z,y) E Asp < Mak, (2,y) E ¢ forall z € Wy,
Maxk, (z,y) E Eap <= there is some z € Wy
such that Maxk, (2,¥) F ¢.

Owing to these operators, we can write some expressions as follows:
o E Okpk: Someone knows pg.
o OxAAOkpk: An agent knows that all the people know pg .

o EA0040kpK: There is a person all of whose friends know pg.

6.2. Seeking More Usage

Research in agent-knowledge logic is not merely about adding new opera-
tors. In contrast, some of the languages proposed in this paper lack effective
application. For example, agent names in Nom 4 and agent-independent
propositions in Propj play essential roles to embed epistemic logic into
agent-knowledge logic. However, this paper does not go so far as to present
practical applications for the sets Prop 4 and Nomp, although it provides
interpretations for the elements of them.

It might be an interesting direction to assign interpretations to the two
sets other than agents and their epistemic alternative. For example, as
often seen in modal logics applied to computer science, elements of Wi
can be interpreted as states of a computer. In that case, W4 can be seen
as a set of named computers. Under this interpretation, agent-knowledge
logic might be able to describe a system where computers mutually monitor
each other’s behavior.
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6.3. Hilbert-Style Axiomatization

In this paper, we have given the tableau calculus for agent-knowledge logic
as a proof system. We can give another proof system, for example, Hilbert-
style axiomatization.

Fortunately, there is already abundant prior research in related fields,
such as the aforementioned Sano’s work [14] on two-dimensional hybrid
logic (see also [1], which focused on Facebook logic). For LHS, recent
research by Chen and Li [5] gives the axiomatization.

6.4. Complexity

In this paper, we have shown the decidability of the agent-knowledge logic
using tableau calculus. But what about its computational complexity? As
is already known, the satisfiability problem for epistemic logic is PSPACE-
complete [8]. If we want to use agent-knowledge logic as an alternative to
epistemic logic, we expect it to be PSPACE-complete.

The analysis of computational complexity for a fusion in modal logic
may provide a clue to solving this problem. An explanation for a fusion is
in [7, p. 111]:

Let L; and Lo be two multimodal logics formulated in lan-
guages £1 and Lo, both containing the language L of classical
propositional logic, but having disjoint sets of modal operators.
Denote by £1 ® Lo the union of £; and L5. Then the fusion
L1 ® Ly of Ly and L is the smallest multimodal logic L in the
language £1 ® Lo containing Ly U Ls.

From the results of Halpern and Moses [8], we can obtain that the satis-
fiability problem for K ® K is PSPACE-complete. Since agent-knowledge
logic is based on K ® K, we may be able to answer the question with
reference to this proof.
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