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O(e V) = (Op vOy) and (Op AOy) — O(p A ). The converse of the
these axioms, i.e., (Op vV OY) — O(¢ V ¢) and (Op A Oy) — O(e A ©)
is derivable in LK(A). Thus, the modal operator O distributes over the
both operators V and A with an equivalence. It is well known that usually,
necessity doesn’t distribute over disjunction with an equivalence in the
modal logic. So, it may be interesting to study logics like LK(A) in which
necessity distributes over disjunction with an equivalence.

Moreover, completeness of the axiom system with respect to both corre-
sponding appropriate algebras and linearly ordered algebras with a lattice-
ordered abelian groups reduct, using methods of abstract algebraic logic
is investigated. A hypersequent calculus called HLK(A) for LK(A), ex-
tending the sequent calculus for the modal-multiplicative fragment of K(A)
(introduced in [10]) is presented. Finally, the cut-elimination theorem and
the correspondence between the hypersequent calculus and the axiomati-
zation are established.

The paper is structured as follows. In the next section, syntax and se-
mantics of Linear Abelian Modal Logic are introduced. Then, in Section 3
the completeness theorem with respect to both appropriate algebras and
linearly ordered algebras is proved. The cut-elimination theorem as well
as the correspondence between the hypersequent calculus and the axiom-
atization are investigated in Section 4. Finally, Section 5 concludes the

paper.

2. Linear abelian modal logic

In this section, we introduce a many-valued modal logic, namely linear
abelian modal logic LK(A) as an extension of the minimal normal modal
logic K(A) extending Abelian logic A, the logic of lattice-ordered abelian
groups. We provide an axiom system and also algebraic and Kripke seman-
tics for LK(A). Finally, we establish a connection between algebraic and
Kripke semantics.

2.1. Axiomatizations

The language £Y of linear abelian modal logic LK(A) is consisting of the
binary connective A, V, — and unary connective OJ. The formula of LK(A)
is defined inductively by
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For a formula ¢ € Fm, we write Frxa) ¢ if there exists a LK(A)-
derivation of ¢, defined as usual as a finite sequence of £3-formulas that

ends with ¢ and is constructed inductively using the axioms and rules of
LK(A).

ProrosITION 2.1. For any ¢, € Fm,
(i) Frx@a) Op Vv Op) = O(p V),
(i) Frka) O(@AY) = (Op AOy),
(iii) Frxa) nOe — O(ne) (n>2).

PROOF: Derivation for (4) is obtained, using the axiom schemas (V1), (K),
and (Vv3), and also rules (nec), (mp) and (adj) as follows:

L. Frxa) ¢ = (V) (V1)
Frka) Ol = (¢ V1))

FLka) O(e = (V) = (Op = O(eVe))  (K)

FLk(a) Uy = O(e V) (2,3 and (mp))

Frka) DY — O(p V) (similarly)

Frx(a) (e = 0@ V) A0y =D Ve)) (4,5 and (adj))

Fuka) (He = O V) A (Op — O(p vV ¢)) — (Oe Vv Oyp) —
Oleve)))  (v3)

8. Frka) (Op VDY) = (O(pVve)) (6,7 and (mp)

Derivation for (i) is obtained, similar to the derivation of (¢), using the
axiom schemas (A1), (K) and (A3), and also rules (nec), (mp) and (adj),
and is omitted here. For derivation of (ii:), observe that nlyp — O(ny)
is derivable in LK(A) for n > 2 using (nec) and (mp) together with the
axioms of LK(A). For instance, (Oy + Op) — (¢ + ¢) is derivable as
follows:

(nec)

NS o N

L Frx@a) v = (= (p+9)) (+1)
2. Frka) O@ = (¢ = (¢ +¢)))  (nec)
3. Fika) Dl = (g = (p+¢9) = Be = O = (p+9)  (K)
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4. Iz +2) = I(x) + I(x),

5. 1(0) = 0.

An A-valuation is a function V : Fm — A satisfying V(p*¢) = V(p)*
V(@) for x € {A,V,—,+}, and V(Oyp) = I(V(g)). Formula ¢ is A-valid if

V(p) > 0 for each A-valuation V. We write =k (a) ¢ iff ¢ is valid in all
LK (A)-algebras.

Ezample 2.4. Consider the real number structure R = (R, min, max, +, —,
0,1), where I is defined as follows:

I:R—R
I(xz) = min{z, 0},

One can easily prove that this structure is an LK (A)-algebra. Note that
min{z + y,0} # min{x,0} + min{y, 0} (consider, for example z = 1 and
y=—1),1e, I(x+y) # I(z)+ I(y). While, min{z + 2,0} = min{z,0} +
min{z, 0}, i.e., I(z + ) = I(z) + I(x).

3. Completeness

In this section, we will establish the completeness theorem with respect to
the corresponding algebraic semantics proceeding in the standard way (see
e.g [18, 5, 8]). Given T' C Fm, the Lindenbaum algebra is defined in the
usual way as Ar = (A, Ar,Vr,+7, 7,07, I7) where Ar = {[¢]r : ¢ €
Fm}, [plr = {¢ € Fm : T brka) ¢ < ¥}, [Qlr *r [Y]r = [p*x )7 for
* € {+,V,A}, =r[e] = [¢lr, 00 = [0]7, and I7[p]r = [Op]r. The next
Lemma follows from various provabilities in LK(A) and the axioms.
LEMMA 3.1. Ar is an LK(A)-algebra.

To show that Agp-validity corresponds to LK (A)-derivability from T,
we make use of a specially defined valuation for this algebra that maps each
formula to its corresponding equivalence class.

LEMMA 3.2. For any T C Fm and ¢ € Fm:
Thka ¢ ff 0<Vr(p),

where Vi is the Mr-valuation defined by Vr(p) = [p|r for each proposi-
tional variable p.
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such that v < a, v < a — b and ufa and vf(a — b). So, by Lemma 3.4,
ut+v<a+(a—b)ie, u+v <a+ (—a+b). Therefore, by equations
0+ a = a and —a + a = 0 of the definition of abelian f-group and the
compatibility of congruence with (+) , we have (u+v) < b and (u + v)6b.
Thus, b € F. If a € F, then there is u € A such that u < a and ufa. It
follows that I(u) < I(a) and I(u)0I(a), since u < a i.e., uV a = a follows
that I(uV a) = I(a) so I(u) V I(a) = I(a) ie., I(u) < I(a), and hence
I(a) € F. Conversely, let F' be a subset of A that satisfies the conditions,
and let 6 be defined by afb iff a - b € F and b — a € F. One can easily
show that 0 is a equivalence relation. Thus, we may define equivalence
classes [a]p = {b|afb}. We prove that 6 is compatible with the operations
of LK(A)-algebras.

e 0 is compatible with (+): If afb and cfd, then a — b,b — a € F and
¢ — d,d — ¢ € F, therefore (a — b)+(¢c = d),(b - a)+(d - ¢) € F,
as F' is closed under (+). It follows that (—a + b) + (—c + d), (—b +
a)+ (-d+c) € F,and so =(a+c¢)+ (b+d),~(b+d)+ (a+¢) € F
ie,(a+c¢c)—= (b+d),(b+d) — (a+¢) € F. Thus, (a+c)8(b+ d).

e 0 is compatible with (V): Since 6 is an equivalence relation, we de-
fine equivalence classes [a]lg = {b|abb}. Let A/ be the set of all
equivalence classes. One verifies that
(A/0p,N,U,+F,—Fr,0p,IF), where N,U,+p,p,0p, Ir are defined
component-wise from the ones of A, is an LK(A)-algebra. If afb
and cfd, then [a)g = [b]g and [c]p = [d]o. It follows that [a]g U [c]s =
[blo U [d]g, and so [a V ¢]g = [bV d]g. Therefore, (aV c)8(bV d). The
compatibility of @ with (A) is treated similarly.

e 0 is compatible with (—): If afb , then a — b,b — a € F, ie.,
-a+b,-b+a € F. Therefore, -b + —=(—a),—a + =(-b) € F, ie,
—a — —b,—b — —a € F. Thus —af—b.

e 0 is compatible with (I): If afb , then a — b,b — a € F. Therefore
I(a — b),I(b — a) € F, as F is closed under I. It follows that
I(a) = I(b),I(b) = I(a) € F. Thus, I(a)8I(b). O

Now, by imitating [6], we define Fg(a) be the smallest congruence filter
containing a, and define inductively: Iy(a) = a and I,11(a) = I(I,(a)) A
I,(a) for an LK(A)-algebra A and a € A. Note that I,41(a) < I,(a),
thus, by induction, I,(a) < I, (a) for m < n.
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PrOOF: Assume for a contradiction that A is a subdirectly irreducible
LK (A)-algebra with minimum non-trivial filter F' and elements a, b such
that @ £ b and b £ a. Then, both Fg(a — b) and Fg(b — a) are non-trivial
filters; hence they both contain F. Let ¢ € F with ¢ < 0. Then, there are
my,n1,me,ny € N such that I,, (mi(a — b)) = mi@,,(a - b) < c <0
and I,,,(ma(b — a)) = mal,, (b — a) < ¢ < 0. It follows, by Lemma 3.7,
that my(a — b) < 0 and ma(b — a) < 0. Let m = max{ms, m2}, then
m(a — b) < 0 and m(b — a) < 0. Therefore, by Lemma 3.5, m(a —
b) + m(b — a) < m(a — b) Vm(b — a). Then, again by Lemma 3.7,
I,(m(a — b) + m( — a)) < I,(m(a — b) Vm(b — a)) for all n. Now,
letting n = max{ni,na}, we have the following contradiction:

0 = 1,(0) = Ln((m(=a) -+ mb) + (m(=b) + ma))

n(m(a — b) + m(b— a))

n(m(a — b))V m(b —a))

I,(m(a — b))V I,(m(b — a))

mIn(a — b))V ml,(b— a)

mil,(a — b)Vmaol,(b— a)

mil,, (@ = b)Vmal,, (b — a)

cVe=c<0. O

<

IAIACIA

Hence, making use of Birkhoff’s subdirect representation theorem, we
have the following Corollary.

COROLLARY 3.11. Every LK (A)-algebra is isomorphic to a subdirect prod-
uct of a family of linearly ordered LK (A)-algebras.

4. A hypersequent calculus for LK(A)

In this section, a proof system for LK(A), called HLK(A) in the frame-
work of hypersequent, is presented. Hypersequent is a generalization of se-
quents introduced independently by Avron [1] and Pottinger [23]. HLK(A)
extends the sequent calculus for the modal multiplicative fragment of
K(A) [10]. Then, the cut elimination theorem is established and finally
it is shown that the axiomatic and hypersequent presentations really char-
acterize the same logics.
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Interestingly, due to the use of classical conjunction in Jaskowski’s first
paper [23] on discussive logic, one might suppose that discussive logic is
non-adjunctive. And indeed, while presenting examples of formulas that are
not theses of discussive logic, Jaskowski considers p —q (¢ —q (pAq)). He
gives intuitions accompanying this: due to the fact that a certain thesis
and another thesis £ were put forward in the discussion, it does not follow
that the thesis P8 A Q was also put forward, as it may happen that theses
P and Q were sustained by different participants in the discussion. The
intuitive explanation goes along with the formal justification. Of course,
the use of classical conjunction leads to (p A —p) —q ¢, a version of the
overfilling law that is a thesis of such a variant of the discussive system.?
And only thanks to the non-adjunctive character of it, the implicational
version of the overfilling law does not become a thesis.

However, the history of discussive logic does not end with [23]. What
is nowadays treated as proper discussive logic is its variant with discussive
conjunction. Discussive conjunction completing the language of Dy is given
in a short paper [22]. Only there discussive conjunction /\q is introduced
and in this way, the formula p —q (¢ —4 (p A4 ¢)) is becoming a thesis of
D2. On the other hand, (p Aq —p) —4 ¢ is not a thesis of this final version
of Da. At least to some point, the second paper on discussive logic was
much less known than the first one. This was due to the fact that the paper
on discussive conjunction was written in Polish and much later translated
into English.*

On the other hand, we do not mean here Jaskowski’s discussive logic
could not tolerate non-standard approaches. See, for example, [32], where
an extended version of Jaskowski’s model of discussion with debaters em-
ploying modal operators explicitly is presented.

The motivation for this paper stems from conventional sources. First, it
correlates to the fact that paraconsistent and paracomplete logics co-exist
harmonically, with the latter being a junior counterpart of the former. (See
also endnote 21.) Moreover, we argue below that the logic we present here
is not the first paracomplete discussive logic in the literature. The second
conventional source is to employ modal logic (generally, S5) in defining

3 Already, this fact could be used as a factor showing that Jaskowski model of dis-
cussion can be applied to explore a non-paraconsistent domain as well.

4A detailed discussion of the subject may be found in [13].
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logic” [3, p. 8]. Note that A — (=A — B), one of the Jaskowskian stimuli,
might be a paracomplete theorem, and the situation is upside-down in the
case of paraconsistency (A V —A is a Da-theorem).

To conclude the detalization of the second source, we find it proper
to briefly enlist some of the most famous paracomplete logics (apart from
intuitionistic logic and Kolmogorov’s system [25]): Kleene’s strong three-
valued logic K3 [24], whose absence of theoremhood led to setting up three-
valued paracomplete logics with theoremhoods and robust implications (the
ones validating modus ponens, etc.). Obviously, its implication extensions
are paracomplete, among them Lukasiewicz’s three-valued logic Lz [31] and
the three-valued logic PComp (Stupecki, Bryll, and Prucnal are likely to be
its authors [49]; the author of the name PComp is Popov [42]). There are
other well-known three-valued paracomplete logics: Kleene’s weak three-
valued logic KY¥ [24], Bochvar’s Bg [10], Heyting-Godel-Jaskowski’s G [20,
18, 21], and Sette and Carnielli’s I* [47]. As for four-valued paracomplete
logics, Pietz and Riveccio’s [41] ETL deserves attention. Most fuzzy logics
are paracomplete (and almost none of them is paraconsistent; see [7, 15]
for some rare examples of paraconsistent fuzzy logics). At last, let us
mention paradefinite [6] or paranormal [9, 43] logics, i.e., logics which are
both paracomplete and paraconsistent. The most influential logic among
them is Anderson-Belnap’s FDE [5].

The harmonious tandem discussed above seems to be more striking if
the reader pays attention to the fact that the Jaskowskian ideas in question
were not axiomatized by himself but later. (Let us, again, refer the reader
to status quo in [38].) As a result, Jaskowski’s followers give his semi-formal
intuitions about connecting robust discussive reasoning with S5% different
(even mutually contradicting) formal insights. Roughly, the key points of
those techniques are the same, though: two translation functions from a
discussive language into a modal language, and wvice versa together with
the notion of the ‘M-counterpart of S5’ introduced by Perzanowski [39],
where ‘M’ stands for the modal possibility operator. Our approach, in
fact, follows the spirit of the techniques in question in spite of mirror-like
transformations of their key points. The notion of the ‘L-counterpart of
S5’ where ‘L’ stands for the modal necessity operator, is employed because
the transformed translation functions employ the necessity operator rather

8Furmanowski proves that S4 is enough to establish this connection [16]. This result
was strengthened by Perzanowski [39], and Nasieniewski and Pietruszczak [33, 34].
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Jaskowski [23] originally formulated Dy in .. However, in his next
paper [22] he switched to .%;.% The language .4 was used by da Costa, Du-
bikajtis, Kotas, Achtelik and others [27, 14, 1] as well as by Vasyukov [51].

As noted in [38, Proposition 1], 7(A A} B) < 7(=(B —q —A)) €
S5 and 7(A A} B) + 7(=(A —q —B)) € S5. Obviously, in all three
languages A can be expressed via — and V. One may think about the fourth
conjunction, A} (we write ‘b’ for ‘both’, 7(A AL B) <> O1(A) A O7(B)).
However, as noted by Ciuciura [12, p. 85], (A AL B) =4 (=(A A} B) —4 C)
will be valid then.

We will denote the formulations of Do in %, and .4, respectively, via
D3, and Dg;. The set Da-tautologies is {4 € .Z | 07(A) € S5}. Similarly,
the sets of Dg,- and Dagj-tautologies are {4 € %, | 07(4) € S5} and
{A € 7| O7(A) € S5}, respectively. Nowadays, Dy is usually referred
to as the corrected version from [22] rather than from [23]: D = {A €
Z: | O7(A) € S5}. Tt is this version of Do with right discussive conjunction
that we employ in this paper.

3. Paracomplete versions of D,

We fix three languages, £, 4", and £}, over which a variant of D,

can be built. The former has the alphabet {P,—, V5, =¥, A, (,)}, where

Y is right discussive disjunction. The language £* has left discussive
disjunction VY instead of V5.1 The language %" has V11! instead of V3.
The sets of all £*-, £*-, and £’ -formulas are defined in the standard way
and denoted via F, %", and F, respectively. We define a translation

function o from one of the languages £ or 4" or £ to ZL:
e g(P)= P, for any P € P,
o g(—A) =-0(4),
e 0(ANB)=0(A) No(B),

9Strictly speaking, it was not explicitly said whether the new conjunction was meant

to extend the original language or to replace the classical conjunction.
10As in the case of Jaskowski’s original model, we also refer to a model of discussion
and try to articulate the respective translations in terms of the possible strategy of
debaters that could be applied by them while formulating their own statements. That is
why we let ourselves to treat the connectives of implication and disjunction as discussive.

1 Again, ‘b’ stands for ‘both’.
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Let us remind the reader that Jaskowski devotes a passage to the
Lewisian implication while describing the known solutions to the prob-
lem of formulating the logic of inconsistent systems [23, p. 40]. In more
detail, he rejects it due to its weakness: “But the set of the theses which
include strict implication only, and do not include material implication,
is very limited” [23, p. 40].'> Our implication is stronger than — be-
cause (¢ — 9) F=ss O(0p — ), and the opposite is false, though.!4
Moreover, in contrast to —,, our implication is not paraconsistent because
-A =Y (A=Y B) is valid. On the other hand, one of Lewis’s motivations
is to avoid paradoxes of material tmplication which are valid in our sys-
tem.'® Our implication is similar to —, with respect to the classical one,
viz., it is stronger than it because ¢ — 9 FEgs Op — 9, and the opposite is
false, though. This fact means that Quine’s critique on —r, which roughly
bases on the fact that even for S1, if ¢ — v is a theorem, then ¢ — v is
a theorem, either, holds true for our implication [8].

Another suggestion by Lewis is about the classical equivalence between
implication and disjunction: A — B =4 A V B. In our logic, it fails:
-AVY BE A —Y B, and the opposite is false, though, because O(C—p V
) Ess O(O¢ — ) with the opposite being false. This is in sharp contrast
to Lewis, who bases upon MacColl’s ideas that the failure of the above-
mentioned equivalence is caused by —AVy B - A —, B, where V[, stands
for the Lewisian disjunction, while the opposite is true: “Lewis infers that
disjunction too must be given a new intensional sense, according to which
(p V q) holds just in case if p were not the case it would have to be the
case that q. Considerations of this sort, based on the distinction between
extensional and intensional readings of the connectives, were not original
to Lewis. Already [...] MacColl [...] claimed that (p — ¢) and (—pV q)
are not equivalent: (—p V q) follows from (p — ¢), but not vice versa” [8].

13Perzanowski, who is the editor of the contemporary translation of both Jagkowski’s
papers, notes: “Observe that the present criticism in comparison with the previous
one, is rather weak. Some calculi of the strict implication can thereby be treated as
paraconsistent ones” [23, p. 56].

1Recall that the same analysis shows that our implication is stronger than the
Jaskowskian one.

15Note that avoiding those paradoxes is not our motivation whatsoever.
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recalled above axiomatization of S5 and useful for our next considerations.
Thus, we present the system JL. It corresponds also in a way to Kotas’s
axiomatization of LS5 — the set of all theses of S5 having [J at the be-
ginning [26]. The relation tyr, is determined by the following axioms and
rules of inference.

AJL; OOp, where ¢ is an axiom scheme of a fixed axiomatization of
CPL,

AJL, 00(0(p — ¥) — (Op — Oy))
AJL3 00(0p — ¢)

AJLy 00(p — 0p)'7

AJLs O0(0p — O0p)

AJLs 00(00p — ¢)

AJL7 00(Op < ~O-p)

RIL, O0( — )
P
¥y
RJL, i

LEMMA 4.2. If k31, ¢, then Fgs .

PROOF: Induction on the length of a derivation of ¢ in JL. Suppose that
Fi1 . Then ¢ is an axiom or is obtained by RJL; or RJLs.

Let ¢ be an axiom. It is standard that if ¢ € CPL or it is an instance
of (K), (T), (T%), (4), (BY) or (Defy), then 000y € S5. Thus, Fgs OO0,
i.e., |—S5 D(p.

170f course, (T%): ¢ — O is derivable on basis of the given axiomatization of S5.
Note also that the axiom AJL4 is needed to rebuild OO before formulae obtained by
(MP) (see Lemma 4.3 below). The need for AJL4, whose derivability on the basis of
the rest of the system 31, goes beyond the scope of the paper, is connected with saving
1-1 correspondence between L(S5) and JL.
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PROOF:
1. D assumption
2. =~(D =¥ 1) premiss
3. (D =Y L) =Y (D—=Y 1) Axg
4. D =Y L (MPY): 2,3
5. L (MPY): 1,4
6. Dbpp ==(D —§ L) =§ L Lemma 3.1: 1-5

O

LEMMA 4.8. For any aziom Az of Fyi-~, Fpg m(Ax).

PRrROOF:

e The case of AJLy: O0=(p A =(p A ).

Since T(00=(pA=(A9))) = == (=(7(¢) A=(n(@) Am(p))) = L)
=Y L, we apply (0O07) for D = —\(77(4,0) A —(m(p) A ﬂ'((p)))—an
instance of AXs.

The case of AJLy: Q0= ((¢ A) A ).

Since m (OO ((9 A) A=) = == (“((77(80)/\”(@/’))/\_‘7(90)) —q J—)

=Y L, we apply (0O7) for D = —\((7T((p) A () A ﬂﬂ'(go))—an
instance of AXy.

(7 () Am(p))))—an instance of AXs.
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Now we want to show that in D§, the specific discussive connectives
—4 and \/1i are properly characterized. Such characterizations are in the
form of discussive implications in both directions.

LEMMA 4.9. For any C' € 4", it holds Fpp (o (C)) —=§ C.

PROOF: First, we show that Fps =(7(0(A4)) A—A). To obtain that for any
A, Fpp ~(m(o(A)) A —A), we can prove —(m(c(A)) A =A) and additionally
—(A A —7(0(A))) using simultaneous induction on the construction of A.

The case when A is a variable is trivial due to the fact that (AXs)—
(AX5) with (MP) expressed for the language {A, =} constitute the complete
axiomatization of classical logic. Similarly, due to the fact that 7(o(—B)) =
—7(0(B)) and w(c(BAC)) = w(o(B))An(c(C)), the cases of A and — follow
by inductive hypotheses for B and C, and extensionality for classical logic
expressed in {A, -}

Case A=B =Y C.

By definitions —(7(c(B —Y¥ C)) A (B =¥ C)) = ~(r([0c(B) —
a(CNA(B =g C)) = =(=(=(n(o ( ) = )/\W( (C)))A=(B =g C)
and ~((B =¥ C) A —7(a(B =y 0))) —\( )

a(C))) = =((B =§ C) A ~=(=(7(a(B)) = L) A (U(C))) -

Consider the following inference.

—(B A —-7w(o(B)

—_

inductive hypothesis

2. °(BA-m(c(B))) =% ~(=(BA—-m(c(B))) =¥ L) AXig

w
J

—(BA-m(o(B))) =¥ 1) 1, 2 and (MPY)

(B
(
4. =(=(=(B A -m(0(B))) =¥ L) A ~=(=(B =¥ L) A —(n(o(B)) >¥
)

l_

~ =

AXg

5. 2(=(BA=m(0(B))) =§ L) =§ ~(=(B =§ L)A=~(n(o0(B)) =g 1))
4, AX17 and (NIPEI)

6. ~(=(B =3 L) A==(n(a(B)) =F 1)) 3, 5, and (MPY)

Next, applying the above inferred formula, an instance of the axiom
AX11: =(=(=(B =y L)A=C)A=(B =¥ C)), the inductive hypothesis for
C: =(n(o(C)) A —=C), and classical logic expressed in {A, =} (due to Fact
3.2) we obtain the required thesis —(m(c(B =} C)) A =(B =Y O)).
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PROOF: Assume that A € DY. By definitions, Oo(A) € S5, while by Fact
4.5 and definition of ¢, Fgs-+ [0d(c(A)), and again by Fact 4.5, J§(c(A)) €
S5. Hence, by Lemma 4.4 we have bj1, §(c(A)). By Fact 4.6, Fyp-»
0(c(A)). Consider a respective proof ¢1, ..., ¢, = 6(c(A)), on the basis
of Fyp-~. Now let us consider Cy = 7(¢1), ..., Crp = w(pn) = 7(6(c(A))),
Chy1 = m(0(c(A))) =¥ A, Chya = A. Using Fact 4.10, we see that
Cn =7(0(A)), Chy1 =7(8(c(A4))) =y A=m(c(A)) =Y A. By induction
on the length of the proof, we show that for each 1 < i < n + 2, Fpe C;.
The case of axioms follows by Lemma 4.8.

Consider the cases of rules. Assume that ¢;, where 1 < ¢ < n re-
sults from an application of RJLj, that is, there are 1 < j,k < i such
that ¢, = O0-(¢; A =¢;). By inductive hypothesis Fpp 7(¢;) and
Fpg (00— A =), de, bpy == (5(7(py) A —m(es)) = L) =3 L.
Consider the following sequence:

1. 7(pj) by inductive hypothesis

2. (7)) Am(p)) =% L) =% L by inductive hypothesis
3. m(p;) —d ((ﬁﬁ(ﬁ(ﬁ(%) A-m(ei) =8 L) =§ L) =y W(@i)) AXis

4. (i) 2x (MPY): 1, 2,3

Assume that ¢;, where 1 <4 < n results from an application of RJL,,
that is, there is 1 < k <@ such that ¢; = Ug;. We have to show that Fpp
m(Oep;), ie., Fpp ~(7(p;) —§ L). By the inductive hypothesis Fpp 7(¢;).
Consider the following sequence:

1. 7(p;) by inductive hypothesis
2. m(g;) —d ~(7(p;) =3 L) AXg
3. a(m(ey) =¥ 1) (MPY): 1, 2
For the last two elements in C, ..., Cy, Cpy1, Cphy2 = A we use Lemma

4.9 and (MPY).
The reverse implication is obtained by routine checking. O
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LEMMA 5.3. For any formula C in the language with {—, =Y, A}, it holds
lFpp m(a(C)) —§ C.

PROOF: First, we show that I-ps —(m(c(A)) A—=A). To obtain that for any
A, lFpp —(m(o(A)) A —A), we can prove =(m(c(A)) A —=A) and additionally
—(A A -m(o(A))) using simultaneous induction on the construction of A.

The cases of a variable, = and A are being handled in the same way as
in the proof of Lemma 4.9.

Using the axioms AXi;, AXi, and AXy7, as well as AXg and AXio
(inferable by Lemma 5.2), we can repeat the proof of Lemma 4.9 in its part
for the case of =Y.

Having proved Fpp —(m(c(A4)) A =A), the required thesis follows by
AX17. O

THEOREM 5.4. For any formula A of the discussive language:
A e D} iff IFpy A

PROOF: Assume that A € D5. By definition, o (A) € S5, so also o(A) €
S5. By Fact 4.5 bFgs-~ 0(c(A)). There is a proof ¢1, ..., ¢, = d(c(A)) on
the basis of the relation Fg5-+. Now we consider a sequence C7 = mw(¢1),
oo, Cp =m(ppn) = m(0(0(A))), Cpny1 = m(d(0(A))) =Y A, Crqo = A. By
Fact 4.10, we see that C,, = n(c(A)) and Cp41 = (0 (4)) =Y A.

By induction on the length of the proof, we show that for each 1 < ¢ <
n+2, lFpp C;. For the case of an axiom scheme Ax € {AX;, AXq, AX3}, we
have 7(Ax) is an instance of an axiom scheme of IFpp. For the case of AXy,
we see that 7 (= (O (@A) A==(OpA-0v)) ) = = (=(=(7 (@) A7 () =T
L)y A ==(=(m(p) = L) A==(x() =Y 1))). Thus, by Lemma 5.2, the
required thesis is an instance of a formula provable on the basis of IFDp2 .

For the case of AXg, we see that 7(=(Op A —p)) = —(=(n(p) =¥
1) A —m(p)) But this follows from the thesis A =% A and (Imp).

For the case of AX7, we have 7(—(0p A =00p)) = =(=(7(p) =¥ L) A
—(n(m(p) =¥ L) =¥ 1)). By AXys we have A —¥ =(4 —Y 1) and
(A=Y L) =Y 2(-(A =Y L) =Y 1), hence A =Y —(—(A =Y L) =Y
1), so the required formula follows by (Imp).

For the case of AXg, we have m(=(p A =00p)) = ~(m(¢) A == ((-7(y)
=% 1) =Y 1)). However, by (BY) we have =(((=A4 =Y L) =Y L)A-—A),
hence by classical logic expressed in {—, A}, AX17, by MPY we obtain —\(A/\
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logic and at the same time employs a certain non-standard interpretation
of discussive connectives. In particular, the non-discussive logics in this
paper are obtained wvia non-standard interpretations of discussive disjunc-
tion. Alternatively and quite analogously, the non-standard interpretation
of discussive negation as —q A =q¢ 0-A, which we briefly outline in Sec-
tion 3 above might be employed to set up non-discussive logic. We do not
get into details here, for it deserves a separate paper.

Second, both logics are similar because no version of the law of excluded
middle is valid. Hence, both of them are paracomplete.?2! However, the
invalidity of these versions stems from different reasons. The intuitionistic-
like version, AV ~A (~ is the original notation in [2] for the strong nega-
tion), as well as the discussive one, AV —4 A, have intuitionistic disjunction
and are CDLSN-invalid due to the well-known properties of the given
intuitionistic(-like) negations and disjunction. Our version, A Vq —A4, is
quite opposite in a sense that it contains classical negation and discussive
disjunction. And its invalidity is due only to the interpretation of discus-
sive disjunction as A Vq ~A =4f JAV - A, where JAV —A is S5-invalid.??

Third, with regard to discussive implications in both logics, one of ours
proves each formula from the classical implicative fragment, which is obvi-
ously not in line with Akama et al.’s intuitionistic-like motivation. Hence,
(A=Y B) =% A) =% Ais a theorem in our logic only.?® Moreover, being
a theorem in our logic, A =Y A is not a CDLSN-theorem. Well-known in-
tuitionistically invalid formulae with (both strong and discussive) negations

21Their paracompleteness is in line with the history of logic, where paraconsistency
and paracompleteness often go hand-in-hand. As J.-Y. Béziau puts it: “Paraconsistent
logic and paracomplete logic appear therefore like husband and wife” [9, p. 12].

22The alternative approach which we sketch in Section 3 above is to interpret discus-
sive negation in a non-standard way as 7q A =4q¢ - A. It gives us an S5-invalid formula
AV O-A.

23Let us notice that in general, paracompleteness (when referring to the invalidity of
the law of excluded middle) has not to entail that the implicational-negative part cannot
behave classically (it can be easily justified by considering a similar translation to ours,
where in the case of implication no modality is added). On the other hand, in Dg for
example, the formula (-p =Y —q) =¥ (¢ =Y p) belonging to classical logic expressed
in the implicational-negative language, is not a thesis of Dg. It can be invalidated by
using our translations. Indeed, consider the formulas obtained wvia the translation o
given in Section 3 and equivalent on the basis of S5 to each of the following formulas:
O0-p = =q) = (B¢ — p); O@0p V =q) = (B¢ — p); (OpV O=q) — (B¢ — p);
((OpAOq) vV (O—g AOgq)) — p. One can easily see that the last formula is not a thesis
of 85, so, (-p =¥ —q) =y (¢ —§ p) is indeed not a thesis of Db.
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Yet another similar translation can be found in Kovaé’s paper [28]:
o 0(ANB)=2300(A)AOa(B),

e 0(AV B)=00(A)VvOo(B),

e (A — B)=00c(A) — Oo(B).

Jaskowski is known to have rejected a many-valued tabular approach to
D, with providing (arguably, quite weak) arguments in favour of the modal
approach that has been fruitfully developing for more than six decades
already (and the present paper is another one evidence of it). Nevertheless,
as in the case of D3, it would be interesting to develop the tabular many-
valued approach to DS: in particular, to find out D5-provabiity of (some
of) the formulae that are characteristic of paracomplete reasoning.

The latter direction of future research deals with applications of D§.
Generally, the reader’s brief look at the axioms of DY acknowledges their
awkwardness: D} inherits this property from Da. As a result, it is ex-
tremely difficult to implement the current Hilbert-style axiomatization of
D} in practice, which implies the problem with proof searching. A possi-
ble solution to this problem would be to axiomatize DY as a Gentzen-style
(sequent-style) or a natural deduction calculus. To the best of the authors’
knowledge, no such calculi have yet been set up in the literature, not even
for D5. We believe that on this path there will be found a solution for the
notoriously difficult problem of independence of the axioms of discussive
logics that is still open even for Ds.

On the other hand, let us remind the reader about the passage on
page 36 about D5 modeling a discussion whose debaters are not equal in
the sense in which they are equal in a discussion modeled with Da. Such
modeling, which is an application of the target logic to argumentation
theory, would also stimulate setting up axiomatizations of D mentioned
above.

Last, but not least, the present approach could be generalized by using
other (weaker) modal logics as a basis for corresponding systems, similar
to how the minimal variant Dg of Dy is axiomatized with the help of the
deontic normal logic D in [19].
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topologies based on Whitehead points. In light of this, the paper does not
provide any new groundbreaking results in the field of region-based topol-
ogy but rather shows how various results obtained within it allow us to
draw a positive conclusion concerning Whitehead points: not only do exist
structures with Whitehead points, but these points are also building blocks
of topological spaces that were constructed in the area of representation
theory for Boolean algebras and their extensions.

2. The informal construction

Observe that the data you receive through your senses, concerning
the spatial entities, contain various objects that we may collectively call
regions. Both the laptop on your desk and the courtyard you see from
the window of your office are regions, chunks of space. Those chunks are
related to each other in various ways, of which two seem to be the most
general: (a) one region may be part of another, as the screen is part of
the laptop, (b) two regions may touch each other, as in the case of the
laptop and the surface of the desk, or can be separated, like the pen in
your backpack and the cup of coffee standing next to your left hand. Next
to these, we have the idea of points as precise locations in space. These
can be represented as collections of shrinking regions in space, tapering
down to the precise locations. One of the main driving forces of region-
based theories is to capture this vague idea through parthood and contact.

One way is to write down axioms that could be justified by how we
seem to experience regions and their relations. We may engage both part-
hood and contact, as many authors did, or only just one of them, as was
done originally by Whitehead [48]. Let ‘C’ and ‘C’ be the two symbols that
denote, respectively, parthood and (binary) contact. We read ‘z C y’ as x
is part of y and ‘x Cy, as x is contact with y or x touches y. The most
reasonable axioms for the former are probably those for one of the possible
systems of mereology? that is a faithful representation of spatio-temporal
properties between regions and their parts. For contact, the standard ax-
ioms to be assumed are the following: every region is in contact with itself:
x Cx, the contact is symmetrical: if x Cy, then y Cx; if z Cy and y is part
of z, then = Cz, which intuitively means that if x touches y, then every
region of which y is part must also touch x. This is the axiomatic basis.

2See e.g. [31, 32] and [44] for expositions of various mereological theories.
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To get the feeling of the mechanism of representation, let us divide the
class of Boolean algebras into two subclasses of (a) abstract and (b) con-
crete Boolean algebras, respectively. Abstract BAs are defined as specific
structures with a distinguished domain whose elements are to satisfy cer-
tain conditions (axioms), usually for the binary operations of meet and
join, the unary operation of complement, and the two individual constants:
zero and one (unity).In the case of concrete BAs, we have a fixed set X
and take as the domain of the algebra a family S of its subsets that contains
X and ), and is closed for the set-theoretical operations of intersection,
union, and complement. Such a family is called a field of sets. More
precisely, a concrete BA may be identified with a pair (X, S) such that S is
a field of sets over X (see [43]). It is evident that every concrete BA
is an abstract one. It is also true that every abstract algebra is isomor-
phic to a concrete algebra, although this statement is far from obvious.
It was proved by Marshall Stone [42], who created the representation
method relevant from this paper’s point of view.

Stone’s work’s motivations were purely mathematical—he aimed to un-
derstand what Boolean algebras are and how they relate to other math-
ematical entities. The first step towards understanding was to show that
given any (abstract) Boolean algebra B we can construct (in a canonical
way) a concrete algebra (X, S) that is isomorphic to B.

With an algebra B at hand, everything we have at our disposal is this
algebra (plus various mathematical tools that are normally used). The
situation is analogous to a construction of a term model of a first-order
theory by means of the Henkin method—we start with syntactical data,
and we turn it into a model of the theory. To tell the truth, Henkin’s
construction may be viewed as a special case of the Stone theorem (see
e.g., Exercises 4, 5, and 6 in pages 37-38 of [26])

With every—either abstract or concrete—algebra, there is associated
the notion of a filter, a non-empty subset .# of (the domain of) B that
does not contain the zero element, is upward closed (in the sense of the
standard Boolean order), and is closed for the binary meet operation.

The special place in the representation theory is occupied by ultrafilters,
i.e., filters that are maximal in the family of all filters (in the sense of set-
theoretical inclusion), or equivalently, filters .% that satisfy the following
condition: for any x € B, either z is in % or its Boolean complement —z
is in %#. Given an algebra B, we will denote the family of all its ultrafilters
by Ult(B), and we are going to use the letter ‘%’ as ranging over Ult(B).
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U (x-y). Let % be the topology on Ult B with % [B] as a basis*, the Stone
topology. The pair (Ult(B),.#) bears the name of the Stone space for the
algebra B.

Let us have a look at the basic features of Stone spaces. Firstly, observe
that given any open basic set % (x), it is a straightforward consequence of
(3.1) that its complement is open too. This means that the basis for .
is built out of sets that are both closed and open (and are called clopen
for this reason). Such spaces are called zero-dimensional, and they are
not very intuitive from the point of view of properties of the perspective
space. If we take, e.g., the three-dimensional Cartesian space that serves
as the standard model of the (static) world around us, then we only find
two clopen sets: the whole space R? and the empty set. For the other

Figure 4. In Stone spaces, points cannot be located on boundaries
between regions, as there are no boundaries. The point p is either a point
of z or a point of the complement of x.

crucial property of Stone spaces, look at Figure 4. The intuition from the
perspective space is that when we divide a region into two parts, there is
such a thing as the boundary between the parts, and there are points that
are located on the boundary. However, this is impossible in Stone spaces.
The point p from the figure is an ultrafilter. Therefore either x is in p, or

4Recall that a basis for a topology on the set X is a family % of subsets of X such
that X = Uﬂ and for every Bi1,B2 € % and every x € By N By there is By € #
such that x € Bs C B; N Bs.
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4. The extension: De Vries algebras

If we look at the diagram in Figure 7 we see that there are two very natural
ways towards extending Stone results: we may encompass a larger (or
a different) class of topological spaces, but we may also tinker with algebras
taken into account. Onme of such tinkerings may, in particular, involve
extending the signature (the non-logical language).

extension
of the

extension
of the class
of spaces

l

signature

frames and De Vries contact
locales algebras algebras
Figure 8. Possible extensions of the Stone duality

The extension of the class of topological spaces leads to a fruitful and
fascinating theory of frames and locales (see, e.g., [24], [29, 30]), which in
a nutshell can be described as a region-based theory of space in which the
notion of open set is taken as basic. It is probably most developed among all
region-based approaches. Yet, its objectives and main motivations (for the
exposition of these see, e.g., [25]) are not, at least directly, connected to the
leading topic of this paper.” This is mainly due to the fact that we want to

“Mormann [28] presents a solution of what he calls a Whitehead’s problem in the
framework of Heyting algebras and continuous lattices, structures that are of particular
importance in the theory of frames and locales. However, his paper does not mention
Whitehead points and instead constructs topological spaces whose points are Dedekind
ideals (in the terminology adopted by us further in the paper, these could be called round
ideals). This is because Mormann defines the Whitehead problem as constructing spaces
of points from regions of a uniform dimension that sets of points can faithfully represent.
If the reader wishes, they may think about our paper as presenting a solution to the
same problem yet utilizing the specific technique of conjuring up points put forward in
Process and reality.
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that the above constructed maximal contracting filter is not a point in the
sense of Whitehead.

Maximal round filters are exactly those round filters that satisfy the
following condition:

r<y——xr€EFVYye.sF, ()

or, as the readers may easily convince themselves:
xly—-z€FV-yeF, (1)
where contact is defined as:
zCy — ~(z < —y).

On the other hand, for the whole class of filters of a Boolean algebra we
have that # (not necessarily round) is an ultrafilter if and only if:

zy=0— -2 FV-yecF.

Therefore, if we have additional information that < coincides with < (or,
equivalently, contact is overlap), the family of maximal round filters is
exactly the family of ultrafilters since every region is incompatible with its
complement. However, in general, we cannot exclude existence of points
living on the borders of regions and their complements, as we did in the
case of spaces of ultrafilters (see figures 4 and 13). Even more can be
said: if x is in contact with —z, then there is a maximally round filter &
such that ¢ & and —z ¢ &. This leads to an interesting conclusion: if
every non-zero region is in contact with its complement, then the space of
maximal round filters should be connected (if only there are such spaces).

There are, of course. The standard Stone-like assignment &: B —
P(MRF(B)), where B is a De Vries algebra and MRF(B) is the set of all
its maximal round filters leads to the family & := {&(z) | * € B} which
satisfies the standard properties of a basis. The spaces (MRF(B), 0) thus
constructed are Hausdorff, since if & # &5, and there is a region z in, say
&1 \ &, then there is a region y € & well-inside z. By () either —y € &
or r € &, and since the second disjunct does not hold, the first is true.
But &(y) N&(—y) =0, and & € &(y) and & € &(—y).
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We will call the mapping h De Vries isomorphism. To repeat, if the
initial algebra B is not complete, then the mapping 8: B — RO(MRF(B))
is a dense De Vries embedding!'? of B, and in the case B is complete, the
same mapping is a De Vries isomorphism.

DV> B --—-----—--- » MRF(B) € KHaus

oy

RO(MRF(B)) € DV*

Figure 14. Let DV be the class of De Vries algebras, and KHaus the
class of compact topological spaces. Any De Vries algebra embeds densely
into the algebra of regular open sets of the compact Hausdorff space for B.

Figure 15. Let DV° be the class of complete De Vries algebras. Any its
element B is indistinguishable from the De Vries algebra of regular open
sets of the compact Hausdorff space for B.

To conclude, De Vries, through pursuing his algebraic objectives, showed
a way to represent structures with a version of a point-free topological near-
ness as fully-fledged topological spaces. In the next section, we will see how
it helps to understand another classical point-free topology by a Polish lo-
gician Andrzej Grzegorczyk, which on the other hand, will let us show that
Whitehead points (or at least some of them) are indeed points of a certain
class of topological spaces.

12The embedding & is dense in quite a strong sense, that is if z,y € RO(MRF(B))
are such that < y, then there is z € B for which z <« £(z) < y.
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their point-based counterparts. Usually, subsets of regular open (or reg-
ular closed) sets of & are taken as models of regions (see footnote 10).
If this has been achieved, then we may say we have the solution to the
problem of points, as we have the representation of the original structure
in the structure built from higher-order elements of & that now deserve
the name of points. In this manner, every BA is represented in the space
of ultrafilters, and every De Vries algebra in the space of maximally round
filters. This justifies naming both ultrafilters and maximally round filters
as points. The idea is now to repeat the above steps with a proper algebraic
structure in place of 2, and a set of Whitehead points in place of &2.

In light of the theorems of Stone’s and De Vries’s, one could naturally
ask could either ultrafilters of maximally round filters serve as Whitehead
points? Why do they fall short? In the case of ultrafilters, the main problem
is hidden in the fact that if they are points, the contact relation collapses
to overlap. Indeed, suppose we have a mapping f that represents regions
of a Boolean algebra in P(Ult(B)), and that f is the standard Stone-like
function, that is, for every region x its points are all these ultrafilters %
that has x as an element. But then, as we observed earlier (see page 71),
there are no points on the boundaries of the regions, so the contact can only
be the overlap, i.e., we cannot model the situations in which objects are
external to each other and touch each other at the same time. Moreover, in
[16] it was shown that if contact and overlap coincide, in complete algebras,
there are no Whitehead points, so in general, ultrafilters cannot serve as
them.

This does not mean that ultrafilters are always bad candidates for build-
ing blocks of spaces of points in which the contact relation is to be modeled.
For example, Peter Roeper [36] starts with them, yet his points are not ul-
trafilters themselves, but equivalence classes of ultrafilters that, in the end,
can be shown to be maximal round filters (see [15]).

As for De Vries points, we have shown above that their class is too large
for the class of Whitehead points, in the sense that Whitehead points may
only form a proper subset of the set of all maximal round filters. We’ll get
back to this problem in Section 7.

For the completeness of the presentation, it should be emphasized that
higher-order constructions are not the only method of explaining points,
and some scholars either defined points in terms of regions (elements of
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0C«x (CO)
r<yANz#0—aCy, (C1)
zCy—yCux, (C2)
r<y—VzeB(zCx—2Cy), (C3)
xCy+z—a2zCyvalCz. (C4)

We extend the inventory of relations by introducing non-tangential in-
clusion via the expected definition:

Ty +— v —y.

The reader will check easily that so defined <« has properties (DV1)-
(DV5). The remaining two De Vries axioms need additional assumptions
about C.

Grzegorczyk’s idea to introduce points was somewhat similar to those of
Whitehead and De Vries.'® Take a region and shrink it till you «squeeze»
a point out of it. However, what distinguishes his definition from the other
two is that he demanded that every set of regions that is a candidate for
a point satisfy the following (geometrical in spirit) property: if  and y are
regions such that each one overlaps all regions in a point candidate, then
x must touch y (see Figure 17). This requirement singles out Grzegorczyk
points among De Vries points, as we will see in a moment.

Formally, a Grzegorczyk representative of a point (G-representative for
short)!6 in a Boolean contact algebra is a non-empty set @ of regions such
that:

0¢Q, (r0)

Vu,v € Qlu=vVu<KovVuv<u), (r1)
Mue@)(FveR)v<u, (r2)

(Vz,y € R)(Vu e Q)((uozAuoy) — z Cy), (r3)

where:
xOy — z-y#0.

15 Historically, Grzegorczyk precedes De Vries, yet it is virtually impossible that the
two scholars were aware of each other’s work.

16Both the term and its abbreviation adopted from [3].
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is, concentric spaces are those lob-spaces that are 77 and regular. Further,
both authors proved that every Grzegorczyk structure can be represented
as a subalgebra of the regular open algebra of a concentric space of Grze-
gorczyk points. Moreover, it was also proven that there is a one-to-one
correspondence between Grzegorczyk structures that satisfy the countable
chain condition and concentric spaces that satisfy the topological version of
the condition. As a result, abstract Grzegorczyk structures obtained con-
crete representation, and their existence was also established. The latter
follows from the fact that, e.g., the real line with the standard Euclidean
topology is a concentric space.

In the BCA setting, a Grzegorczyk contact algebra may be defined as
a Boolean contact algebra that satisfies two additional second-order Grze-
gorczyk’s axioms. The first of them says that every region has a G-repre-
sentative (and consequently, a G-point):

Ve B)(3QeQ)zeqQ. (G1)

According to the second, G-representatives (and so G-points either) exist
in those locations of space (understood as the unity of the algebra) where
regions touch each other:

z2Cy— (F3QeQ)VueQ)(uozxzAuoy). (G2)

More precisely, the class of Grzegorczyk contact algebras is determined by
axioms (C0)—(C3), (G1), (G2), as (C4) is their consequence.

It is provable that the set of all values of the Stone-like mapping¥: B —
P(Grz(B)) such that ¥ (x) := {4 € Grz(B) | v € ¥} is a basis, and thus
gives rise to a topological space (Grz(B), €). As we wrote above, the key
notion to understanding this space is the concept of a concentric space,
which is formally defined as a T3 space in which every point p has a local
basis %, of regular open sets such that:

YU,V € 8,)(U=VVClUCVVCIV CU). (R1)

The reader will notice that the condition is a point-based counterpart of
(rl) from page 87. Every concentric space is a regular space, yet generally,
the converse is not true. For example, the uncountable product of the
discrete space {0,1} is regular but not concentric [37].
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are w-abstractive sets. Let QS be the set of all W“-representatives of a
given Boolean contact algebra. We have:

THEOREM 7.2. If*B is a Boolean contact algebra that satisfies (DV6) and:
x¢{0,1} — a2C—x, (C6)
then every W< -representative is a G-representative.

The small modification we mentioned is the inclusion of (C6) in the
premises of the theorem. Here, (C6) is a region-based version of connect-
edness, i.e., it says that every non-zero and non-unity region touches its
Boolean complement. For a more detailed analysis of this, we again refer
the reader to [16].

In light of the above and the earlier results, we may conclude that the set
Q¢ of those Grzegorczyk representatives that countable sets can faithfully
represent, we have the equality: Q¢ = Q$%,, and in consequence, Grz®” =
W, where the former set is the set of Grzegorczyk points obtained from
the elements of Q¢ and the latter the set of Whitehead points obtained
from the elements of Q5.

We thus have reached a point at which we can formulate the following
theorem:

THEOREM 7.3. Let B be an atomless Boolean contact algebra that satisfies
the interpolation axiom (DV6) and the connectedness axiom (C6). Suppose
we introduce both definitions of points—by Grzegorczyk and by Whitehead—
and extend the azioms with Grzegorczyk postulates (G1) and (G2). Suppose
Grz® #£ (. Let (Grz, O) be the concentric topological space for B. Then its
subspace (Grz”, 0%) (where 0% := {Grz” NV |V € 0}) is a topological
space whose points are W-points.

We can also conclude that there are spaces in which both sets of points
coincide on the whole space, not only its subspace. To this end, observe
that in the case of abstractive sets covering is anything but a form of
cofinality for >-relation: an abstractive set A covers an abstractive set B
iff B is cofinal with A. Putting the dual > of part of relation in focus, and
assuming Axiom of Choice, every chain C' in any Boolean contact algebra
has a cofinal well-ordered subchain C’ with respect to >, where we refer
to the dual notion of the well-ordered set by requiring the existence of the
maximal element for > in every non-empty subset of C’. On the other
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contact algebras whose G-points coincide with Whitehead points, we con-
cluded that there are topological spaces constructed in the Stone-like man-
ner whose fundamental objects are the English logician’s points.

One might say that this is a roundabout way to show that there are
topological spaces built out of Whitehead points. However, to our knowl-
edge, no better way has been found so far. The earlier analyses only pre-
sented the way to points via extensive abstraction or compared them to
other similar constructions. Yet, none of them pointed out that there are
indeed topological spaces of Whitehead points obtained via methods of
representation theorems.

The natural questions at this point are: can we generalize the result?,
can we drop the reference to Grzegorczyk points and build any representa-
tion (or, even better, duality) for Whitehead points directly? With positive
answers to these, we may try extending the scrutiny of both Grzegorczyk
and Whitehead constructions to algebraic structures weaker than Boolean
contact algebras, e.g., (extended) distributive contact lattices [11, 23], or
Stonian p-ortholattices [49], to name few.

These, in our opinion, are problems concerning the classical Whitehead
construction that has been neglected for too long. The path to under-
standing what Whitehead points are leads through the realms of logic and
mathematics.

Acknowledgements. I want to thank the anonymous referees whose apt
and valuable remarks helped me improve the paper substantially and elim-
inate certain imprecisions and shortcomings.
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2. Preliminaries

In this section, we gather some basic notions relevent to L-algebras which
will need in the next sections.

DEFINITION 2.1 ([8]). An L-algebra is an algebraic structure (L;—, 1) of
type (2,0) satisfying

(L) z—s2z=z—1=1land 1 —» z =z,

(L2) (= y) = (@ = 2)=(y—=z)=(y—2),

(L3) if x > y=y — o =1, then x =y,

for any z,y,z € L. Condition (L1) states that 1 is a logical unit, while
(L2) is related to the quantum Yang-Baxter equation. Note that a logical
unit is always unique. In addition, we can define the relation

x<yifand only if x — y =1,

on L. By (L1) and (Ls), clearly this relation is reflexive and transitive,
respectively and by (L3), untisymmetric is proved. So, (L, <) is a poset.
If L admits a smallest element 0, then it is called a bounded L-algebra.

Let L be bounded. We define a binary operation “” on L by ' =z — 0,
for all z € L. If for any x € L, 2” = x, then the bounded L-algebra L is
called to have the double negation properties.

PropPOSITION 2.2 ([10]). Let L be an L-algebra. Then z < y implies
z—=x < z—y, forany z,y, 2z € L.

PROPOSITION 2.3 ([10]). For an L-algebra L, the following are equivalent:
(i) 2 Sy =,
(i1) if x Sz, then z >y S — vy,
(iid) (z=y) = 2) =225 (@ =2y = 2) = (Y= 2) = 2)
for any z,y, z € L.
DEFINITION 2.4 ([9]). An L-algebra L which satisfies
z = (y =) =1, (K)

for any z,y € L is called a K L-algebra.
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For a bounded L-algebra with negation, we set
rhy=((z = y) —2), rYy=(2' —9y)— (2.1)

PROPOSITION 2.7 ([10]). Let L be a semi-regular L-algebra with negation.
Then the equations

r=yrlz)=(x -y Az —2)
Yy —wz=(x—2)A(y—2)

—~

hold for any x,y, z € L.

DEFINITION 2.8 ([8]). A subset I of an L-algebra L is called an ideal of L
if it satisfies the following conditions for all z,y € L,

() 1€l

(Ip) ifreland z -y €I, theny €1,

(I3) if x €1, then (z — y) » y €1,

(Iy) ifxel, theny oz €landy — (v — y) € L.
The set of all ideals of L is denoted by Zd(L).

PROPOSITION 2.9 ([2]). Every ideal of L is upset.

If we consider the ideal of C'K L-algebra, the conditions (I3) and (I4)
can be dropped. In fact, for any = € I, by (C) and (I;) we have

z=((z—=y) my=—y) > (@—y =1l

for any y € L. It follows by (I2) that (z — y) — y € I. Thus (I3) holds.
Furthermore, if z € I, then for any y € L, by (K) we have z — (y — z) =
leland by (Iz),y =z €L

For an L-algebra such as L, a binary relation ~ is a congruence relation
[8] on L if it is an equivalence relation such that for any z,y,z € L,

r~ye (z—x)~(z—y) and (x — 2) ~ (y — 2).

THEOREM 2.10 ([8]). Let (L, —,1) be an L-algebra. Then every ideal I of
L defines a congruence relation on 1L, for any x,y € L, where

r~1y & oy, y—cel
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Stabilizer topology

In this section, we use of the right and left stabilizers of an L-algebra and
produce a basis for a topology on it. Then we show that the generated
topology by this basis is Baire, connected, locally connected and separable
and investigate the other properties of this topology.

DEFINITION 3.16. A map C : P(L) — P(L) is a closure operator if for
any X,Y € P(L) we have

(C1) X C O(X),

(Cy) I X C Y, then C(X) C C(Y),

(Cs) C(C(X)) = C(X).

THEOREM 3.17. Define w : P(L) — P(L) such that w(X) = (5/(X)),, for
all X € P(L). Then

(i) w is a closure map.

(17) X Cw(Y) if and only if w(X) C w(Y), for all Y C L.
(7i1) vo ={X e P(L) | w(X) =X} is a basis for a topology on L.
PROOF: (i) By Proposition 3.3(ii), (iii) and (iv) the proof is clear.
(7i) By (i) is clear.
(i17) Let v, = {X € P(L) | w(X) = X}. Obviously, 0 € 7,. Also, by
Proposition 3.3(vi) and (vii), w(L) = (§(L)), = S.({1}) = L. Thus,
w(l) = L, and so L € 4,. Now, suppose X,Y € v,. Then w(X) = X
and w(Y) = Y. We show XNY € v,. Since XNY C X,Y, by (i),
w(XNY) C w(X) and w(Y). Thus, w(XNY) C w(X) Nw(Y). In addition,
from X,Y € 4, we have w(XNY) C XNY . Moreover, by Proposition
3.3(1ii), XNY C w(XNY). Then w(XNY) =XNY, and so XNY € ~,.
Therefore, 7, is a basis. O

Note. (i) According to the definition 7, clearly, (St;(L)), = L and
(St (0)), =0, so 0,1 € 7, and by Proposition 3.3(i), for any § # X C L,
1 € (St;(X)),, so for any X € ~,, 1 € X. We have to notice that in general
form, X € ~,, is not an ideal of L.

(1) Since (St;(0)), = 0, by Proposition 3.3(vi) and (viz), {0, {1},L} C ..

DEFINITION 3.18. According to Theorem 3.17, the topological space, (L, 7,,)
is called a stabilizer topology.
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THEOREM 3.23. (L, 7,,) is Baire space, where L is a CK L-algebra.

PROOF: Let U € 7,. Since L is a CK L-algebra, by Theorem 3.8, U €
Zd(L) and so 1 € Y. Since 1 € U by Theorem 3.21, & = L. Thus, every
open set of (L, 7,) is dense. On the other side, for each collection of open

set U, 1 € () U,. Thus, by Theorem 3.21, (U, =L, and so (U, is
neN neN neN
dense. Therefore, (L, 7,) is Baire space. O

In the following example, we show that (IL,7,) is not a Ty-space or
T} -space.

Ezample 3.24. In Example 3.2(i), v, = {0,L,{1}}. Since b # ¢, for b,c €
L, there is not U € -, such that b € U and ¢ ¢ U. Therefore, (L, 7,) is not
a Tp-space. Obviously, (L, 7,,) is not a Tj-space.

THEOREM 3.25. Let L be a bounded CK L-algebra. If I has a cover of
U; € 7y, fori € I, then there exists i € I such that U; = L. Particularly,
L is compact.

PROOF: Let L be bounded and {U;};c; be a cover of L such that, for all

iel, U €, and L C |JU;. Since, for all i € I, U; € ~,, by Theorem
i€l
3.8, we have U; € Zd(LL). On the other side, LL is bounded, then 0 € L, and

so 0 € |JUY;. Thus, there exists ¢ € I such that 0 € U;. Since U; € Zd(L)
i€l

and 0 € U;, by Proposition 2.9, U; = .. Hence, there exists a finite family

of {U; }ier such that L C J7_,U,. O

3.2. Generalization of stabilizers on L-algebras

In this section, we introduce the generalization of stabilizers on L-algebra
and investigate their properties and relation of them with stabilizers.

DEFINITION 3.26. Let X, Y be two non-empty subsets of L. Then a right(left)
stabilizer of X with respect to Y are defined by
St,(X,Y)={a€eL|forall z €X,(a = z) >z €Y},
Stu(X,Y)={aeL|forallz e X, (x = a) > a € Y}

Ezample 3.27. According to Example 3.2(i), let X = {a,b} and Y =
{b,¢,1}. Then St.(X,Y) = {b,¢,1} and St;(X,Y) = {b, ¢, 1}.
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(vi) Assume a € S;(Y;,X;). Then for any z € Y;, (¢« = z) — = € Xj.
By assumption, X; C Y;, thus for z € X, we get (¢ — z) = z € Xj.
In addition, X; C Y, so (a = z) — = € Y,;. Hence, a € St,(X;,Y,).
Therefore, S,(Y;,X;) C St,.(X;,Y;). The proof of the other case is similar.

(vii) Consider a € St (X, Y;). Then for any z € X, we have (a —

iel
z) - x € (Y,;. Thus, for all ¢ € I, we have (¢ — x) - = € Y;. So,
iel
a € St.(X,Y;). Hence, a € (St (X,Y;). Therefore, St,.(X, NY;) C
i€l iel
NSt (X,Y;). The proof of other side is similar. O

iel

In the following example we show that the condition C K L-algebra in
Proposition 3.28(ii) is necessary.

Ezample 3.29. According to Example 3.4(iii), L is not a CK L-algebra,
since
b=(c—=a)=b—ob=1#4b=c—a=c— (b—a).

Consider I = {1}, Y = {¢,1} and X = {a}. Then St (X,Y) = {b,1} # L.

PropPoSITION 3.30. Consider ) # XY C L. If for any z,y € L, (z —
y) = y=(y = z) = x, then St,(X|Y) = St;(X,Y).

ProOF: Let a € St,.(X,Y). Then for any z € X, (a = ) >z € Y. By
assumption, (z — a) — a € Y, and so a € §(X,Y). By the similar way,
Sti(X,Y) C St (X,Y). Hence, St,.(X,Y) = St;(X,Y). O

PROPOSITION 3.31. Consider L be a CK L-algebra and I,J € Zd(L). Then
St (I,J) € Zd(L).

Proor: By (L1), since for any @« € I, (1 — a) - a = 1 € J, we get
1 € St.(I,]). Assume a,a — b € St (I,J). Then for any z € I, (a —
z) =z €Jand ((a - b) - z) — x € J. Since z € I, by assumption and
Proposition 2.5(ii), © < a — x, and by Proposition 2.9 we get a — = € L.
So, ((a = b) = (a — z)) = (a — z) € J. In addition, by Proposition
2.5(viii) we have b — = < (a — b) — (a — z), and by Proposition 2.5(vii),
we have

((a—=b)—=(a—z)—=(a—2)S(b—z)— (a—x),
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has been investigated. Then, the relations among stabilizers, ideals and co-
annihilators are discussed. Also, it was shown that the set of all ideals in
a CK L-algebra forms a relative pseudo-complemented lattice. Also, it was
proved that all right stabilizers in C' K L-algebra are ideals. Then by using
the right stabilizers, a basis for a topology on L-algebra was produced.
Finally, it was proved that the generated topology by this basis is Baire,
connected, locally connected and separable and the other properties of this
topology are investigated.

In future, we can introduce the notions of fuzzy left and right stabilizers
and investigate their related properties and discuss the relations among
fuzzy stabilizers, fuzzy ideals and fuzzy co-annihilators.

Acknowledgements. The authors are very indebted to the editor and
anonymous referees for their careful reading and valuable suggestions which
helped to improve the readability of the paper.
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ProoF: We define I — u = 1"V u, for every l,u € L. Then
(L1) Tt is clear that | !l =1—1=1and 1 — =1, for every [ € L.
(L2) For every l,u € L, we have
—{l'vt)y=U"vu) v Vvt
'vty=(IAu)YVI)Vt
WV vet=1AW V)Vt

(l—=u)—=0=t) = ( )
= (Inu)
= ( )

(

On the other hand, by the similar way, we have (v — 1) = (v — t) =
(u' V1)Vt Hence

(l—=u)—=(l=t)=(u—1)— (u—t), for every l,u € L.

(L3) Let l 5u=u—1=1,forany l,u € L. Then'Vu=u"VIi=1
and so
INu=(INYVIAu)=IANT"Vu)=IA1=1.

This means that | < u. By the similar way, we have © <[ and so u = I.

Thus, (L,—,1) is an L-algebra. Note that 0 -1 =0VvIi=1vIi=1. So

0 <, for every | € L and so L is bounded. Moreover, we have

Itu = (I=uw—=u=0UVvVu)Vu=(>UAu)Vu=(IVu)A(uV)
= IVu=(IVuAIVI)=IV (uAl)=IV @@ V) =1V (u—1)
= (u—=1)—=1l=utl, forevery u,l € L.

Therefore, L is L-commutative. O

Ezample 3.7. Let L = (L;A,V,,0,1) be a Boolean-algebra. If [ — u # 1
implies u < [, for every u,l € L, then L is an L-module.

PrOOF: By Proposition 3.6, L is bounded and L-commutative, and by
Proposition 3.5, M = (L,+) is an Abelian group, where | +uv = (I = u) 1
(u = 1), for every l,u € L. We define the operation - : L x M — M by
l.m =1Am, for every [ € L and m € M. Then

(LM1) 1-m=1Am, for every m € M;
(LM?2) Since for every m,n € M,
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ProrosITION 3.8. Let L = (L;—,0,1) be bounded and L-commutative, I

be an ideal of L and L be an L-module. Then 7 is an L-module. Moreover,

if L is an FL-module, then % is an E'L-module.

L
PROOF: Since (L, +) is an Abelian group, it is easy to see that (T’ D) is

An abelian group, where [I] @ [u] = [l +u], for every I,u € L. We define the

L
operation e : L X T T by le[m] = [l-m], for every | € L and [m] € 7
Then

L L
(LYI) By (LL1), we have 1 e [m] = [m], for every [m] € 7

L L
(LTQ) By (LL2), for every | € L and [m],[n] € 7 we have

Le([m]@[n]) =le[m+n]=[I-(m+n)|=[l-m+In]=[[-m|®[l-n]=le[m]dle[n];

L L
(L73) By (LL3), for every [m] € 7 and for all pairs (I,u) with u # 1,

we have

(Il = w)elm] =[(l = u)-m] = [I""m+um] = [I"m]®[u-m] ="e[m]duem].

Then % is an L-module. Moreover,

L L
(L74) By (LL4), for every [m] € 7 and for all pairs (I, u) with | # 0,

we have

(tu)e[m]=[ITu)-m]=[l-(u-m)]=1lefu-m]=1le(uelm]).

Therefore, % is an E'L-module. O

Note. From now on, in this paper, we let M be an Abelian group.

Let I € ID(L). The relation ~ on L is defined by

u~lsu—1ll—uel, for every u,l € L.
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L
Note that [ # 1 implies [I] # [1]. Hence, M is an Y—module. Moreover,

L
(7M4) by (LM4), for every m € M and for all pairs ([I], [u]) with

[l] # [0], we have
([ 1 [ul)om = [I 1 ulem = (I T u)-m = I-(u-m) = [l]o(u-m) = [l]e([u]em).

L
Note that ! = 0 implies [I] = [0]. Therefore, M is an ET—module. O

DEFINITION 3.10. Let M be an L-module, and S be a subgroup of M. If
S satisfies
l-se S, foreveryl € L and s € 5,

then it is called an L-submodule of M.

Ezample 3.11. (i) By Example 3.2 (i), 2Z is an L-submodule of M.
(i7) According to Example 3.2 (i7), consider A = {a,b}. Then S; = {0, {a}}
and Sy = {0, {b}} are L-submodules of M.

Let M be an L-module, and S be an L-submodule of M. Since (M, +)
is an Abelian group and S is a subgroup of M, we can apply the module

theory to present quotient L-module. So it is clear that (g,GB) is an
Abelian group, where (m+5S)@ (n+S5) = (m+n)® S, for every m,n € M.

ProPOSITION 3.12. Let M be an L-module, and S be an L-submodule of
M. Then M is an L-module. Moreover, if M is an EL-module, then %
is an FL-module.
. M M
PROOF: We define the operation e : L x < g by le(m+S) =1-m+S,
M
for every l € L and m+ S € 35 It is routine to see that e is well defined.
M M
By (LM1) and (LM?2), the proofs of (Lgl) and (L§2) are routine.

M
(ng) By (LM3), for all pairs (I,u) with u # 1, we have
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THEOREM 3.16. Let M be an EL-module, S be an L-submodule of M and
P be a prime ideal of L. Then

SNJ:’:{TTLGMZC-WLEPL(M)-FS, EO#CE(L\P)U{I}}
is an L-submodule of M and P,(M)+S C Sn.p.

PRrROOF: Let m,n € Sy p. Then there are ¢1,co € (L '\ P)U {1} such that
0#c1,0#ccandcy-m, cg-n € P-M+S. Consider ¢ = ¢; T ¢co. It is
clear that ¢ € (L \ P) U {1}. Then by (LM4), we have

c(m-n) = (cte)(m—n)=c(cz-(m—n))

= c¢1-(carm—co-n)=cy-(cag-m)—cy-(ca-n)
and so by Lemma 3.13, ¢- (m —n) € PL(M) + S. Now, for every | € L
and m € Sy p, we show that [ -m € Sy p. Since m € Sy p, there is

0+#ce (L\P)U{1} such that ¢- m € Pr(M). Then by Lemma 3.13 and
(LM4),

c-(I-m)y=(ctl)-m=(U1c)-m=1-(c-m) € Pr(M).

Hence, Sy p is an L-submodule of M. Finally, let ¢ - m € Pr(M). Then
we have 1- (t-m) € P,(M) + S, where c =1 € (L\ P)U{1}. Therefore,
t-meSMp and so PL(M)QSNJD. O

THEOREM 3.17. Let I be an ideal of L, and M be an EL-module. Then

M L M
is an E—-module. Moreover, if M is an EL-module, then ————
I (M) . I / I (M)
is an E—-module.
M
PRrROOF: The module T (D) can be defined by Lemma 3.13. Then we
L
define the operation
L M M

7 I (M) — I.(M) by [l]e (m+ 1 (M)) =1-m+I(M), for every

L .
] €7 and m+ I (M) € .00 Since
I.% — {e(m+TIu(M):l€LmeM}

= {Il-m+Iy(M):le Lyme M}=1,(M),
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Therefore, isan F %—module. O

M
I, (M)
DEFINITION 3.18. Let M be an L-module and S be a proper L-submodule
of M. Then S is called a prime L-submodule of M, if by [-m € S, we have
meSorle(S:M)={leL:1-MCS}.

Ezample 3.19. By Example 3.2(i), 2Z is a prime L-submodule of Z.

Note. Let M be an L-module, I C L and D C M. Then we set ID =
{i-d:ielTandde D},and ; ={a€L:t—a=1} foreveryte L. It
is clear that 1,t € I; and so I; # 0.

THEOREM 3.20. Let L be bounded and L-commutative, M be an L-module

and S be a proper L-submodule of M. Then S is a prime L-submodule
of M if and only if LD C S implies D C S or I, C (S : M), for any
L-submodule D of M andt € L.

PROOF: (=) Let S be a prime L-submodule of M and I;D C S, where D
is an L-submodule of M and ¢t € L. We show that D C S or I; C (S : M).
Let I,  (S: M) and D ¢ S. Then there are x € I, and d € D such that
z-M ¢ Sandd¢ S. Since ID C S, we have x-d € S and so by d ¢ S,
we get x € (S : M), which is a contradiction.

(<) Let by It D C S, we have D C S or I; C (S : M), for any L-submodule
D of M and t € L. Suppose x-m € S and m ¢ S, for any € L and
m € M. For every a € I, we have

am = lIoa)ym=(r—-a)—ma)m=@ta)- m=(alz) m
= a-(x-m)es.

Now, consider D =< m == {y-m:y € L}. Then
LD={a-(y-m):ayel}={y-(«-m):a,yc€ L} C S

and so I, C (S: M)or D CS. Since m ¢ S, we have I, C (S : M) and so
x € (S : M). Therefore, S is a prime L-submodule of M. O

ProrosiTioN 3.21. For every z,y € L,
(1) 2’ = (z—=y) =1

(i7) (x = y) > =(@y—ax)—=y.
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THEOREM 3.25. Let L be a bounded K L-algebra, M be an EL-module and
S be a proper L-submodule of M. Then S is a prime L-submodule of M if

M
and only if Ps = (S : M) U{1} is a prime ideal of L and 5 is a torsion

-module.

free

PROOF: (=) Let S is a prime L-submodule of M. By Lemma 3.22, Pg
is an ideal of L. At first, we show that Pg is a prime ideal of L. Let
x Ty € Pg, for any x,y € Pg. We consider three cases:

(1) fz=1ory=1, then z € Ps or y € Ps.

(2) fxty#1,x#1and y # 1, then by (LM4), we have z - (y-m) =
(xty) -meS, for every m € S. Hence, z € (S: M) ory-m € S, for
every m € M. It results that x € Pg or y € Ps.

(B) Let zty=1,z#1and y# 1. Then (zr - y) 2y=aty=1
and so x — y < y. Since y < x — y, we have x — y = y and so by (LM3),

(x —>y) - m=x2"-m+y-m=y-m, for every, m € M.

Then ¢/ -m=0¢€ S and so 2’ € (S: M) or m € S, for every m € M. If
m € S, for every m € M, then M = S, which is a contradiction. Thus,
' € (S: M) C Ps and so by (I3), we have y =2 -y =9y — 2’ € Ps.
Hence, Ps is a prime ideal of L.

L M M
Now, we define the operation e : BXg g by [l|e(m+S) =1-m+S,
S

L M
for every [l] € o and m+ S € < By the similar way to the proof of
]

M L
Theorem 3.17, Kl is an P——module. Finally, let [I[] e (m + S) = S, for any
S

L M

[Z]EP— andm—l—SEg. Thenl-m+S =S andsol-m e S. It results
S

that [ € (S: M) C Ps or m € S and so [l] = Ps or m+ S = S. Therefore,

35 is a torsion free -module.

S
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