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Batoul Ganji Saffar
Mona Aaly Kologani
Rajab Ali Borzooei

n-FOLD FILTERS OF EQ-ALGEBRAS

Abstract

In this paper, we apply the notion of n-fold filters to the FQ-algebras and intro-
duce the concepts of n-fold pseudo implicative, n-fold implicative, n-fold obsti-
nate, n-fold fantastic prefilters and filters on an FQ-algebra £. Then we inves-
tigate some properties and relations among them. We prove that the quotient
algebra £/F modulo an 1-fold pseudo implicative filter of an FQ-algebra & is a
good EQ-algebra and the quotient algebra £/F modulo an 1-fold fantastic filter
of a good EQ-algebra £ is an [ EQ-algebra.

Keywords: EQ-algebra, n-fold pseudo implicative (implicative, obstinate, fantas-
tic) prefilter, n-fold pseudo implicative (implicative, fantastic) EQ-algebra.

2020 Mathematical Subject Classification: 03G25, 06B10, 06B99.

1. Introduction

Recently, a new class of algebras called EQ-algebras has been introduced
by Novék in [9]. These algebras are intended to become algebras of truth
values for a higher-order fuzzy logic (a fuzzy type theory, FTT). An EQ-
algebra has three basic binary operations (meet, multiplication and a fuzzy
equality) and a top element. The implication is defined from the fuzzy
equality ”~" by the formula ¢ — b =(a Ab) ~ a. Its implication and multi-
plication are no more closely tied by the adjunction and so, this algebra gen-
eralizes residuated lattice. From the point of view of potential application,
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it seems interesting that unlike Héjek [5], we can have non-commutativity
without the necessity to introduce, two kinds of implication. Novék and
De Baets in [10] introduced several kinds of EQ-algebras. El-Zekey in [4],
proved that the class of EQ-algebras is a variety. El-Zekey in [4] introduced
prelinear good EQ-algebras and proved that a prelinear good EQ-algebra
is a distributive lattice. Novak and De Baets in [10] defined the concept
of prefilter on F(Q-algebras which is the same as filter of other algebraic
structures such as residuated lattices, MT L-algebras, and etc. But the bi-
nary relation introduced by prefilter is not a congruence relation. To learn
more about EQ-algebras, the reader can consult [1, 2, 7, 11, 13, 14]. Filter
theory plays an important role in studying logical algebras. From a logical
point of view, various filters have a natural interpretation as various sets
of provable formulas. In this paper, we introduce n-fold implicative pre-
filter, n-fold pseudo implicative prefilter, n-fold fantastic prefilter, n-fold
obstinate prefilter in FQ-algebra. We prove that the quotient algebra £/F
modulo an 1-fold pseudo implicative filter of an EQ-algebra £ is a good
EQ-algebra and the quotient algebra £/F modulo an 1-fold fantastic filter
of good EQ-algebra & is an involutive FQ-algebra. This paper is organized
as follows: In Section 2, the basic definitions, special types of EQ-algebras
and their properties are reviewed. In Section 3, n-fold prefilters and n-
fold pseudo implicative prefilters of EQ-algebras and EQ),-algebras are
defined and investigated some results about them. We prove that the quo-
tient algebra modulo 1-fold pseudo implicative filter is a good EQ-algebra.
In Section 4, n-fold implicative prefilter of EQ-algebra, n-fold implicative
EQ-algebra are studied. We show that in good EQ-algebra £ with least
element 0, a prefilter F' is an n-fold implicative prefilter of £ if and only
if £/F is an n-fold implicative EQ-algebra. In Section 5, n-fold obstinate
prefilters, and maximal prefilters of EQ-algebras are investigated. We show
that filter {1} is an n-fold obstinate filter of residuated EQ-algebra & if and
only if every filter of £ is an n-fold obstinate filter of £ and in a residuated
EQ-algebra &, a filter F' is an n-fold obstinate filter of £ if and only if
every filter of quotient algebra £/F is an n-fold obstinate filter of £/F.
Finally in Section 6, n-fold fantastic prefilters of EQ-algebras and n-fold
fantastic EQ-algebras are introduced and studied the relation among the
n-fold fantastic prefilters and n-fold fantastic algebras. Then we prove that
in any good EQ-algebra, if F' is an 1-fold fantastic filter of £, then £/F is
an involutive FQ-algebra, and we show that in any residuated EQ-algebra
with least element, F' is an n-fold implicative filter of £ if and only if F'
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is an n-fold pseudo implicative filter and n-fold fantastic filter of £. So
we conclude that in any residuated EQ-algebra, £ is an n-fold implicative
EQ-algebra if and only if £ is both n-fold pseudo implicative EQ-algebra
and n-fold fantastic EQ-algebra.

2. Preliminaries

In this section, we recollect some definitions and results which will be used
in the next sections.

DEFINITION 2.1. [4] An EQ-algebra is an algebraic structure £ = (E, A, ®,
~,1) of type (2, 2, 2, 0) such that, for all x,y,2,t € E the following
conditions hold:

(E1) (E,A,1)is a commutative idempotent monoid (i.e. A-semilattice with
top element 1);

(E2) (F,®,1) is a commutative monoid and ® is isotone w.r.t. <, where
x <y is defined as ¢ Ay = x;

(E3) x~x=1; (reflexivity axiom)
(B4) (zhy)~2)@(t~z)<z~(tAy); (substitution axiom)
(E5) (z~y)®@(z~t) < (x~2z)~(y~t); (congruence axiom)
(E6) (xAyAz)~ax<(xAy)~uzx; (monotonicity axiom)
(E7) 2@y<z~y (boundedness axiom)

PROPOSITION 2.2. [10] Let £ = (E, A, ®,~,1) be an EQ-algebra. Define
x —y:=(xAy)~xand T :=x ~ 1. Then, for all x,y,z,t € E the
following properties hold:

(i) z@y<z,yand z @y <z Ay;
(i) v <y—x;
(i) c—oy<(z—oz)—=(z—=y)andz =y < (y = 2) = (z = 2);

(w) ife<y, thenz~y=y—z, zozr<z—oyandy — 2z <z — z;

)
)
)
)

(W) z—=y<(xAz) = (YA=2).
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DEFINITION 2.3. [10] Let £ be an EQ-algebra. Then & is called:

(i) separated if x ~y =1, then z =y, for all ,y € E, (in other words
x ~y=1if and only if z = y);

(i) goodifx ~1=x=1~uz, forall z € F;
(7i1) residuated if t <y — zif and only if r @ y < z, for all z,y, 2z € F;

() involutive (IEQ-algebra) if E contains 0 and ——x =z, for all z € E,
where —x = x ~ 0;

(v) lattice ordered if the poset induced by the underlying semilattice of £
is a lattice;

(vi) a lattice EQ-algebra ((EQ-algebra) if £ is a lattice ordered and for
all z,y,2,t € F the following substitution axiom holds, ((z V y) ~
)@ (t~x)< (2~ (tVy)).

PROPOSITION 2.4. [10] Each I EQ-algebra is a good, separated and (EQ-
algebra.

PROPOSITION 2.5. [4] Let £ = (E, A\, ®, ~,1) be an EQ-algebra. Then, for
all z,y € F the following statements are equivalent:

(i) &€ is good;
(1) 2@ (x ~y) <y;
(1) 2@ (z = y) <y
(iv) 1 =z ==

PROPOSITION 2.6. [4] Let £ = (E, A\, ®,~,1) be an EQ-algebra. Then, for
all z,y,z € F the following statements are equivalent:

(i) & is residuated;

(#9) Eisgoodand z = y < (z ® 2) = (Y @ 2);

(7i1) € is good and z <y — (z ® y);
)

(iv) & is separated and (z ®@y) = z =2 — (y = 2).
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PROPOSITION 2.7. [4] Let £ = (E, A, ®, ~, 1) be a good EQ-algebra. Then,
for all z,y, z € E the following properties hold:

(i) & is residuated if and only if z ® y < z implies <y — z;

(i

(vit

r<(x~y)~yand z < (x = y) = y;
€ is separated;
(v = y—=2)=y—(z—2);

(v

DEFINITION 2.8. [10] Let £ be an EQ-algebra. A nonempty subset ' C E
is called a prefilter of £, if for all x,y € F,

(F1) 1€ F;

i)
)
) @
) ©

S (y—=2)<(z®y) — =

(F2) f z,x >y € F, theny € F.
A prefilter F' is said to be a filter, if

(F3) x —»y € F implies (x®2z) = (y®2) € F, for all z,y,z € E.
A proper prefilter F' is called a prime prefilter of £ if x — y € F or
y—xeF forall z,y € E.

DEFINITION 2.9. [12] A prefilter F' of an EQ-algebra & is called mazimal
if and only if it is proper and no prefilter of £ strictly contains F' that is,
for each prefilter G of &, if FF C G, then G = E.

LEMMA 2.10. [3] Let F be a prefilter of an EQ-algebra €. Then, for all
x,y,z € E the following statements hold:

(i) Ifx € F andx <y, theny € F;

(it) If x,x ~y € F, theny € F;

(tit) If x,y € F, then x Ny € F;

Moreover, if F is a filter of £, we have:

() Ifz,y€ F, thenx®y € F;

(w) Ifr syeFandy—z€F, thenx —z€ F.

Remark 2.11. By Proposition 2.6 and Lemma 2.10, if £ is a residuated
EQ-algebra, then every prefilter of £ is a filter of £.
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DEFINITION 2.12. [8] Let £ be an EQ-algebra and X be a nonempty subset
of E. Then the smallest prefilter of £ which contains X, i.e.

({F | F is a prefilter of E such that, X C F'} is said to be a prefilter of £
generated by X and is denoted by (X). If a € E and X = {a}, then we
denote by (a) the prefilter generated by {a} ({a) is called principal). For
prefilter F' and a € E, we denote by F(a) = (F U {a}).

It is clear that a € F implies F'(a) = F. We can prove

Fla)={z€E|a—z€F}

and
(Xy={a€eFE | 21 = (22 = (23 — ...(x, — a)...)) = 1, for some z; €
X and n € N}.

DEFINITION 2.13. [6] Let F' be a prefilter of an EQ-algebra £. Then F is
called

(i) an implicative prefilter of £, if for all x,y,z € E,
(F —((x = y) = x)€ Fand z€ Fimply z € F.
(ii) a positive implicative prefilter of £, if for all z,y,z € E,

(F5) s > (y—2)e Fandx >y € Fimply x — 2z € F.

(F6) y = « € F implies ((x = y) > y) >z € F.

an obstinate prefilter of £,

4) 2
)
)
(#4i) a fantastic prefilter of £, if for all x,y € E,
)
(iv)
)

(F7) z,y¢ Fimplyz »y€ Fandy -z € F.

PROPOSITION 2.14 ([12]). Let &€ be a residuated EQ-algebra and F' be a
fantastic prefilter of £. Then F' is an implicative prefilter of £ if and only
if F'is a positive implicative prefilter of £.

PROPOSITION 2.15 ([12]). Let £ be a residuated EQ-algebra and F be a
positive implicative prefilter of £. Then F' is an implicative prefilter of F
if and only if F' is a fantastic prefilter of £.
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PROPOSITION 2.16 ([12]). Let &€ be a good EQ-algebra and F' be a nonempty
subset of £. Then F is an implicative prefilter if and only if F is both a
positive implicative prefilter and a fantastic prefilter of £.

Let F be a filter of an EQ-algebra £. Then we define a binary relation
=p on F as follows:

z=py ifand only if x ~y € F.

Then =p is a congruence relation on E. Denote E/F := {[z]r | z € E}
and [z]p = {y € F | x = y} and define operations Ap, ®p, ~p and
relation <z on E/F as follows:

[zlr Arlylr = [2AYlr, [2]r@Flylr = [t@y]r, [2]lr ~F [ylFr =2 ~ylF,
[#]F <F |y]F if and only if z — y € F if and only if [z]r —F [y]F = [1]F.

We write [z] instead of [z]F, for short.

THEOREM 2.17 ([4]). Let F be a filter of an LEQ-algebra £. Then the
quotient algebra E/F = (E/F,Ap,®p,~p,F) is a separated {EQ-algebra
and the mapping [ : x — [z]F is an epimorphism.

3. n-fold pseudo implicative prefilters of E()-algebras

In this section, we introduce the notions of n-fold prefilters and n-fold
pseudo implicative prefilters on E(Q-algebras and prove some related re-
sults. Also, we prove that the quotient algebra modulo by 1-fold pseudo
implicative filter is a good EQ-algebra.

In what follows, let n denotes a positive integer and for any = € E, z™
denotes  ® £ ® ... ® z, in which x occurs n times and 2° = 1.

DEFINITION 3.1. Let £ be an EQ-algebra. A nonempty subset F C E is
called an n-fold prefilter of £, if for all z,y € E,

(1) 1€ F;
(i) If 2™ 2™ -y € F, theny € F.
An n-fold prefilter F is said to be an n-fold filter of £, if F satisfies (F'3).

Obviously, each prefilter is an n-fold prefilter. But the converse is not
true.
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FEzample 3.2. Let E = {0,a,b,c,1} be a chain such that 0 <a <b < e < 1.
Define the operations A, ® and ~ on F as follows:

® [0 a b ¢ 1 ~10 a b ¢ 1
0l0 O 0O O O 0Ol1 a 0 0 O
a |0 0 0 0 a ala 1 a a a
b0 0 0 0 b b|0 a 1 b b
c |0 0O 0 0 ¢ c |0 a b 1 ¢
110 a b ¢ 1 110 a b ¢ 1
— 10 a b ¢ 1

0 1 1 1 1 1

a |a 1 1 1 1 .

b lo a 1 1 1 x Ay = min{z, y}.
¢ 0 a b 1 1

1 0 a b ¢ 1

Then £ = (E,A\,®,~,1) is an EQ-algebra. Let F = {1,c}. Then F is an
n-fold filter of &, for all n € N.

Let FF = {1,a}. Then F is a 2-fold prefilter of £. Since a € F and
a—b=1€ Fbutb¢F, F is not a prefilter of £. Similarly F' = {1,b} is
a 2-fold prefilter but not a prefilter of £.

DEFINITION 3.3. Let £ be an EQ-algebra. A nonempty subset F' C F is
called an n-fold pseudo implicative prefilter of £, if for all x,y,z € F,

(i) 1€ F;
(13) 2" = (y = z) € Fand 2" — y € F imply 2" — z € F.

Ezample 3.4. Let E = {0,a,b,1} be a chain such that 0 < a < b < 1.
Define the operations A, ® and ~ on F as follows:

oY ol
O O O OO
Y O
oo v oo
—_ = O =
= o Ol
oo oo
= Ol
— = O|T
=
?—‘U'@O\L
O O O RO
S e
— == = T
— == e

x Ay = min{z, y}.
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Then € = (E,A,®,~,1) is an EQ-algebra. Let F' = {1,b}. Then F' is an
n-fold filter and n-fold pseudo implicative filter of &, for all n > 2.

If F ={1,a}, then F is an n-fold pseudo implicative prefilter of &, for all
n > 2. Clearly, F is not a filter of £, since a? =a € F and a®> - b=a —
b=1¢€ F but b¢ F. In addition, we can see that F' is not an n-fold filter
of £.

Obviously each pseudo implicative prefilter of £ is an n-fold pseudo
implicative prefilter of £, but the converse is not true.

Ezample 3.5. Let £ be an EQ-algebra as in Example 3.2. Suppose F =
{1,¢}. Then F is a 2-fold pseudo implicative filter of £. Since a — (a —
0O)=1€eFanda—-a=1€ Fbuta—0=a¢ F, we get F is not a
pseudo implicative filter of £.

PROPOSITION 3.6. Let £ be a good EQ-algebra. Then every n-fold pseudo
implicative prefilter of £ is an n-fold prefilter of £.

ProoOF: Let x,y € E such that 2™, 2" — y € F. Then by goodness,
1" = 2™ 1" = (2™ - y) € F. Hence 1" -y =y € F. O

Ezample 3.7. Let £ be the EQ-algebra as in Example 3.4. Since b ~
1 =1 # b, we have £ is not good. Suppose F' = {1,a}. Then F' is an
n-fold pseudo implicative filter of £, for all n > 2. Since @™ = a € F and
a" —-b=1€ Fbutb¢F, we have F is not an n-fold filter of £, for all
n > 2.

COROLLARY 3.8. Let &£ be a good EQ-algebra. Then every n-fold pseudo
implicative prefilter of £ is a prefilter of £.

PROOF: Let F be an n-fold pseudo implicative prefilter of £, x € F and
x—y€F. Then1" - (r - y) € Fand 1" - z € F and so 1" — y =
y € F. Therefore, F' is a prefilter of &£. O

PROPOSITION 3.9. Let £ be a good EQ-algebra. Then {1} is an n-fold
prefilter of &, for all n € N.

PROOF: Let 2™ € {1} and 2™ — y € {1}, then1 -y =y € {1} and so {1}
is an n-fold prefilter of &, for all n € N. Now, let z — y € {1}. Then z <y
andsoz®@2z <y®z, forall z€ E. Hence (z® 2) = (y®2) =1 € {1}
Therefore, {1} is an n-fold filter of £. O



464 Batoul Ganji Saffar, Mona Aaly Kologani, Rajab Ali Borzooei

Example 3.10. Let £ be the EQ-algebra as in Example 3.4. Since b ~
1=1%#b, we get £ is not a good FQ-algebra. Since 1" =1 € {1} and
1" = b=1¢€ {1} but b ¢ {1}, we get {1} is not an n-fold filter of &, for
alln e N

In the following theorem, we provide some conditions equivalent to the
concept of n-fold pseudo implicative filter.

THEOREM 3.11. Let £ be a residuated EQ-algebra, F be a filter of £ and

n € N. Then, for all x,y,z € E the following conditions are equivalent:
(i) F is an n-fold pseudo implicative filter of &;

(ii) " — 2°" € F;

(iid)
)

(v

"t 5y € F implies ™ — y € F;

2" = (y = z) € F implies (z" — y) = (2™ — z) € F.

PROOF: (i) = (ii): By Proposition 2.6(iv), we have 2" — (2" — 2?") =
22" — 22" =1 € F. Sincea™ — 2" = 1 € F by (i), we have 2™ — 2°" € F.
(i) = (i): Let 2" — (y — z) € F and 2™ — y € F. Then by Propositions
2.6 and 2.5(iii),

"= (y—=2)0@E" 2y =" > (y—2)02" @ @@" -y 2"
<(y—2)®y <z

Thus by Proposition 2.7(i), (2" — (y — 2)) @ (2™ — y) < 2?" — 2 and so
%" — 2 € F. Since by assumption, F is a filter of £, we get 22" — z € F.
Also, by Proposition 2.2(iii), 2™ — 2?" < (22" — z) — (2™ — 2). Hence
by (i), (z®" = 2) — (2™ — z) € F, and so 2" — z € F. Therefore, F is
an n-fold pseudo implicative filter of £.
(ii) = (iii): Let 2" — y € F. Then by Proposition 2.6(iv), we have
"t 5y =2" = (x — y) € F. Since 2" < x, we have 2" -2 =1¢€ F.
Hence by (i) or equivalently (ii), 2™ — y € F.
(#91) = (i1): By Proposition 2.6(iv),

gt o (2" = ) =2 s = 1€ F.
Thus by (i), 2™ — (2"~ ! — 2?") € F. Also, we have
2n

2" @ s =2 s =" o (2" s ™) e
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n—2

Hence by (iii), 2" — (z — x?") € F. By repeating this method n

times we get
2" = (2’ 52 =2" - (1 > ™) =2" - 2" € F.

(i1) = (iv): Let 2™ — (y — z) € F. Then by Propositions 2.2(#ii), (iv)
and 2.7(iv),

"= y—z2)<z" = (2" -y = (@" > 2)
=z" = (2" = ((2" = y) — 2))
=2?" = ((a" — y) > 2) € F.
Also, we have 22" — ((2" — y) — 2)) < (2" — 22") — (2" — ((=" —
y) — z)). Thus

By (ii), since 2" — 22" € F', we have

iv) = (ii): Since z" — (2" — 22") = 2?® — 22" =1 € F by (iv), we
y
get (z" — ") — (z" — 22") € F and so by goodness, 2" — z?" € F. [

PRrROPOSITION 3.12. Let £ be an FEQ-algebra and F' be a prefilter of £. If
F' is an 1-fold pseudo implicative prefilter of £, then for all x,y € E and
n € N the following properties hold:

(@) (@™ A (@™ = y)) > y) € F;
(i) (2" @ (2" = y)) = y) € F.

PROOF: (i): Let F be an 1-fold pseudo implicative prefilter of £. Since
@ A (2™ = y)) <z — y,a”, we get (2" A (2" = ) = (" = y) =
1 € Fand (2" A (2™ — y)) — 2™ = 1 € F. Hence, by assumption
(@™ A (z™ = y)) >y € F.

(i9): By (i), (z™ A (2™ — y) — y) € F. Then by Proposition 2.2(7),
2" (@™ = y) <a"A(z" = y) and so (" A (2" = y)) 2y < (2" @ (2" —
y)) = y. Hence, (2" ® (2™ — y)) >y € F. O
COROLLARY 3.13. Let £ be an EQ-algebra and F' be a prefilter of £. If F

is an 1-fold pseudo implicative prefilter of &£, then (1 — z) — x € F, for
allz € E.
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PRrOOF: By Proposition 3.12(i), since 1,z € E, we have (1" A (1" — z)) —
r=(1—2z)—zel. O

THEOREM 3.14. Let € be an EQ-algebra and F' be a prefilter of £. If F is
an 1-fold pseudo implicative filter of €, then E/F is a good EQ-algebra.

ProOOF: By Theorem 2.17, £/F is a separated EQ-algebra. Then by Corol-
lary 3.13, for any * € E, (1 - 2) — ¢ € F and so [1 — z] < [z].
Thus [z] ~ [1] < [z] and by Proposition 2.2(ii), [z] < [1] ~ [z], that is
[1] ~ [z] = [z], for all [z] € E/F. Therefore, £/F is a good EQ-algebra. O
THEOREM 3.15. Let £ be a residuated EQ-algebra and F be a filter of £.
Then the following statements are equivalent:

(i) F is an n-fold pseudo implicative filter of &;
(ii) 2™ — (x — y) € F impliesz™ — y € F, for allx,y € F and m > n.

PROOF: (i) = (i1): Let F be an n-fold pseudo implicative filter of £ and
2™ — (x —y) € F, for x,y € E. Since 2™ <z, we have 2™ -z =1€ F
and so by (i), 2™ —y € F.

(#3) = (i): Let 2™ — (y — z) € F and 2™ — y € F. Then by Proposition
2.2(i11), we have

2" = y—=2)<((y—=2) = (@" —=2) =@ = (@ —2),

and z" - y < (y = 2) = (" — 2). Thus ((y — 2) — (2" — 2)) —
(" = (2" = 2)) € Fand (y — 2) = (2" — 2) € F and so 2" — (2" —
z) = 2! = (z — 2) € F. By (ii), we have 2"~! — 2z € F. Since
2?2l 5 2 =222 5 (z — 2) € F, by (ii), we obtain 2?2 — 2 € F.
By repeating this method, we have 2™ — z € F'. Therefore, F' is an n-fold
pseudo implicative filter of £. O

PROPOSITION 3.16. Let £ be a residuated FEQ-algebra and F be a filter of
E. If F is an n-fold pseudo implicative filter of £, then F is an n + 1-fold
pseudo implicative filter of £.

PrOOF: Let F be an n-fold pseudo implicative filter of £ and x,y € E
such that 2"*2 — y € F. Then by Proposition 2.6(iv), 2"*? — y =
("' @x) -y = 2" — (x - y) € F. Thus by Theorem 3.15(ii),
2"l = y € F and so F is an n + 1-fold pseudo implicative filter of £. O

By the following example we show that the converse of Proposition 3.16,
is not true.
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Example 3.17. Let &£ be the EQ-algebra as in Example 3.2. Suppose F' =
{1,¢}. Then F is a 2-fold pseudo implicative prefilter of £. Since a — (a —
0O)=1€eFanda—>a=1€ Fbuta—0=a¢ F, we get F is not a
1-fold pseudo implicative prefilter of £.

PRrROPOSITION 3.18. Let F' and G be two filters of residuated EQ-algebra
& such that FF C G. If F is an n-fold pseudo implicative filter of £, then G
is an n-fold pseudo implicative filter of £.

PROOF: Let F' be an n-fold pseudo implicative filter of £. Then by Theo-
rem 3.11(i4), 2" — 2®" € F,for all z € E and so 2" — 2?" € G. Therefore,
G is an n-fold pseudo implicative filter of £. O

We now define a sequence of subvarieties of the variety of EQ-algebras.

DEFINITION 3.19. Let £ be an EQ-algebra. Then & is called an EQ,-
algebra, if for all z,y € B, 2" — y = 2" — 4.

Ezample 3.20. Let £ be the EQ-algebra as in Example 3.2. Then & is an
EQ,-algebra, for all n > 2.

ProroOSITION 3.21. In any residuated EQ,-algebra, n-fold filters and
n-fold pseudo implicative filters coincide.

PRrOOF: By Proposition 3.6, each n-fold pseudo implicative filter of £ is
an n-fold filter of £. Let F be an n-fold filter of £ and 2"*! — y € F.
Then by assumption, ™ — y € F and so by Theorem 3.11, F' is an n-fold
pseudo implicative filter of £. O

PROPOSITION 3.22. Let £ be a residuated EQ-algebra. Then £ is an FQ,,-
algebra if and only if {1} is an n-fold pseudo implicative filter of £.

PRrROOF: Let € be an EQ,,-algebra and 2" — y € {1}. Then by Definition
3.19, 2™ — y € {1} and so {1} is an n-fold pseudo implicative filter of &.
Conversely, let {1} be an n-fold pseudo implicative filter of £. Since

l=2"" 52" = (" ®a") - 2" = 2" — (2" — 2" e {1}

and 2" — 2" =1 € {1}, then 2™ — z"*! € {1} and so 2" < z"*1. On the
other hands 2"t! = 2" ® < ™. Hence 2" = 2"!. Therefore, £ is an
EQ,-algebra. U
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THEOREM 3.23. Let £ be a residuated EQ-algebra. Then the following
conditions are equivalent:

(i) € is an EQ,-algebra;

(i) {1} is an n-fold pseudo implicative filter of E;
(7i1) Each filter of € is an n-fold pseudo implicative filter of &;
(iv) 2*" =a", forallz € E

PROOF: (i) = (it): By Proposition 3.22, the proof is clear.

(#4) = (#i1): By Proposition 3.18, the proof is clear.

(i#i) = (i): Since F = {1} is a filter of &, by (i#i) and Proposition 3.22,
we have (i).

(1) = (#v): By (i) or equivalently (i7) and the proof of Proposition 3.22,
2™ = "L, Thus

$n+2 :anrl ®x:xn®$:xn+l :xn.

By repeating this method, we have 22" = z".

(iv) = (i): Let 2?™ = 2™. Then 2" — 2?* = 1 and so 2™ — 2" € {1}.
Hence by Theorem 3.11(47), {1} is an n-fold pseudo implicative filter of £
and by Proposition 3.22, we have (). O

THEOREM 3.24. Let £ be a residuated EQ-algebra and F be a filter of £.
Then F is an n-fold pseudo implicative filter of € if and only if E/F is an
EQ,-algebra.

PRrROOF: By Theorem 3.11(i%), F' is an n-fold pseudo implicative filter of £
if and only if 2™ — 22" € F, for all z € F if and only if [z]" — [2]*" =
[z" — 2?"] = [1] if and only if by Theorem 3.23, {[1]} is an n-fold pseudo

implicative filter of £/F if and only if £/F is an EQ,,-algebra. O

4. n-fold implicative prefilters in F(Q)-algebras

In this section, we introduce the concept of an n-fold implicative prefilters
in EQ-algebras and investigate some properties of them. We define an
n-fold implicative EQ-algebra and show that in good EQ-algebra £ with
least element 0 a prefilter F is an n-fold implicative prefilter of £ if and
only if £/F is an n-fold implicative EQ-algebra.
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DEFINITION 4.1. Let £ be an EQ-algebra. A nonempty subset F' C FE is
called an n-fold implicative prefilter of £, if for all x,y,z € E,

(i) 1 e F;

(ii) 2z —= ((a" —y) > z) € Fand z € F imply z € F.

Obviously each implicative prefilter is an n-fold implicative prefilter (for
n = 1). But the converse is not true.

FExample 4.2.

(i) Let £ be the EQ-algebra as in Example 3.2. Suppose F' = {1,c}.
Then F is a 2-fold implicative prefilter of £. Since 1 — ((a — 0) —
a)=1€ Fand 1€ Fbutaé¢F, weget F is not an implicative
prefilter of £.

(#9) According to Example 3.4, if F' = {1, a,b}, then F is an n-fold im-
plicative filter of &, for all n € N and F = {1,a} is not an n-fold
implicative filter of £, because 1 — ((b - 0) »b)=1€ Fand1 € F
but b ¢ F.

PROPOSITION 4.3. Let £ be an EQ-algebra and F' be an n-fold implicative
prefilter of £. Then F' is an n-fold prefilter of &, for all n € N.

PROOF: Let 2" € Frand 2™ — y € F. Sincey <1 — y, we have 2" — y <
2" - (1—y)andsoz™ - (1 - y) € F. Thusa" — ((y" = 1) - y) € F.
Since F' is an n-fold implicative prefilter of £ and z™ € F, we have y € F.
Hence F' is an n-fold prefilter of £, for all n € N. O

In the next example, we show that the converse of Proposition 4.3 is
not true.

Ezample 4.4. Let € be the EQ-algebra as in Example 3.4. Suppose F' =
{1,b}. Then F is a 2-fold filter of £. Since 1 — ((a> - 0) - a)=1€ F
and 1 € F but a ¢ F, we get F is not a 2-fold implicative filter of £.

THEOREM 4.5. Let € be a good EQ-algebra with least element 0 and F be
a prefilter of £. Then, for all z,y € E and n € N the following statements
are equivalent:

(i) F is an n-fold implicative prefilter;

(#3) (2™ — 0) = x € F implies x € F;
(ti) (2™ - y) = x € F implies x € F.
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PROOF: (i) = (iii): Let F' be an n-fold implicative prefilter of £ and
(2™ = y) = x € F. Then by goodness we have 1 — ((z" — y) — ) =
(2" - y) >z € F. Since 1 € F, by (i), we get © € F.

(#i1) = (i1): The proof is clear.

(15) = (i): Let z — ((y" — 2) — y) € F and € F. Since F is a
prefilter of £, we get (y" — z) — y € F. Moreover, from 0 < z, we
obtain y* — 0 < y™ — z and (y" — z) > y < (y™ — 0) — y. Hence
(y* = 0) —» y € F. Thus by (it), y € F. Therefore, F is an n-fold
implicative prefilter of £. O

PROPOSITION 4.6. Let £ be a good EQ-algebra with least element 0. If F'
is an n-fold implicative prefilter of £, then F' is an n + 1-fold implicative
prefilter of £.

PROOF: Let F be an n-fold implicative prefilter of £ such that (z"*! —
0) — = € F. Then by Proposition 2.2(iv), from z"*! < 2™ we have
2" — 0 < 2" — 0 and so (2" — 0) = 2 < (2™ — 0) — 2. Since F is
prefilter, we have (" — 0) — x € F and by assumption « € F. Therefore,
Fis an n + 1-fold implicative prefilter of £. O

The next example shows that the converse of Proposition 4.6, is not
true.

Example 4.7. Let £ be the EQ-algebra as in Example 3.2. Suppose F' =
{1,¢}. Then F is a 2-fold implicative prefilter of £. Since (@ — 0) — a =
1€ F but a ¢ F, we get F is not a 1-implicative prefilter of £.

THEOREM 4.8. Let £ be a residuated EQ-algebra. Then each n-fold im-
plicative filter of € is an n-fold pseudo implicative filter of £.

PRrROOF: Let F be an n-fold implicative filter of £ and z"*! — y € F.
Then by Propositions 2.2(i4i) and 2.7(iv), we have

(@™ =) = (2" = y)
= @ ) S (@ ) o (@ )
=@ 5y s (@ 2 y) = @ = (2 o)
=@ 5y o (@ = (@ =) = (o)
=@M oyt @ o (ko @ 2 y) o (o)
> (@ sy = @ s (2" s y) = y)
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=@ oy o (@ o y) = @ )

! Lo y).

n

=(@" 2y = (@ =y o (@

Since 2" =y < 2" =y =z — (2" — y), we have z @ (" = y) <
" — y. Then

(" =y @@ 5y ler" T < (2" - y)? e @t Syl a" 2,

Hence

(@ = 12 ® @ > 2 ean?) 5y < (@ > y) @ @ -
y)" L @™ 1) — y and so

(@" = y)? = (@ = )" 2 = @2 5 y) <@ =y = (@ -
y)" ! — (2" - y)), By (4.1), we have

@ syt = @ =y > @ =y = (@ sy o @ = y)).
Then

(" = )" = (2" = y)
>@" = y)? = (@ )" @ =)

Hence, by repeating this method n-times we get:

2

@ =)= @ = y) > @ =) = (@ oy (2 5 y)

> (@" = y)" = (" =) = (° =)
=@"=y)" > 1= (1-y)
=@ =y)" =y

Thus
@ =) = (@ =y —y) = (@ —y) =1

Since F is an n-fold filter of £ and "t — y € F, we get ((z" — y)" —
y) = (2™ — y) € F. Hence, by Theorem 4.5(iii), 2™ — y € F. Therefore,
by Theorem 3.11, F' is an n-fold pseudo implicative filter of £. O

The following example shows that the converse of Theorem 4.8 is not
true.
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Example 4.9. Let £ be the EQ-algebra as in Example 3.4. Suppose F' =
{1,a}. Then F is a 2-fold pseudo implicative prefilter of £. Since (b*> —
0) >b=1¢€ Fbut b¢ F, we have F is not a 2-fold implicative prefilter
of £.

DEFINITION 4.10. Let £ be an EQ-algebra. Then £ is called an n-fold
implicative EQ-algebra, if for all z,y € E, (2" — y) — = z.

Ezxample 4.11.

(i) Let € be the EQ-algebra as in Example 3.2. Then £ is an n-fold
implicative EQ-algebra, for all n > 2.

(#7) Let &€ be the EQ-algebra as in Example 3.4. Since (¢ — 0) = a =
1 # a, we have £ is not an n-fold implicative algebra of £, for all
n € N.

PropPOSITION 4.12. Every n-fold implicative EQ-algebra is an n + 1-fold
implicative EQ-algebra.

PROOF: Let £ be an n-fold implicative EQ-algebra. Then (2™ — y) —
x =, for all z,y € E. Since 2"*! = 2" @ 2 < 2", by Proposition 2.2(iv),
we have 2" — y < 2" - yandso (2" = y) w2 < (2" —y) > 1 = 2.
By Proposition 2.2(ii), x < (z"*! — y) — z. Hence (z"*! - y) w2z =2
and so £ is an n + 1-fold implicative FQ-algebra. O

The next example shows that the converse of Proposition 4.12, is not
true.

Ezample 4.13. Let £ be the EQ-algebra as in Example 3.2. Then £ is a
2-fold implicative EQ-algebra. Since (a — 0) — a = 1 # a, we get £ is not
a 1-fold implicative EQ-algebra.

LEMMA 4.14. In a good n-fold implicative EQ-algebra concepts of n-fold
implicative prefilter and n-fold prefilter are coincide.

PROOF: Let F be an n-fold implicative prefilter of £. Then by Proposition
4.3, F is an n-fold prefilter of £.

Conversely, let F' be an n-fold prefilter of £ and (2" — y) — = € F.
Then by Definition 4.10, x € F. Hence, F is an n-fold implicative prefilter
of £. O
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PRrROPOSITION 4.15. Let £ be a good EQ-algebra with least element 0.
Then the following statements are equivalent:

(i) € is an n-fold implicative EQ-algebra.
(i) Every n-fold prefilter of £ is an n-fold implicative prefilter of £.
(#i) {1} is an n-fold implicative prefilter of £.

PROOF: (i) = (#i): By Lemma 4.14, the proof is clear.

(#4) = (#i1): By Proposition 3.9, the proof is clear.

(791) = (i): Let {1} be an n-fold implicative prefilter of £, z € E and
t = ((¢™ = 0) = x) — z. Then by Propositions 2.2(ii4) and 2.7(iv), we
have:

" —=0)=t=>t"—0) = (((z" =0) = z) = x)
=({(z"—=0)—z) = (t"—=0) —a)
—0) = (2" = 0)

By Proposition 2.2(ii), z < (2™ — 0) — z = t and so ™ < t". Hence
(t" - 0) -t =1 € {1}. Then by (iii), t = ((z™ — 0) > z) > =z € {1}
and so (z" — 0) — = < z. By Proposition 2.2(ii), z < (2" — 0) — z.
Thus (™ — 0) — = = z, for all z € E. Therefore, £ is an n-fold implicative
EQ-algebra. O

THEOREM 4.16. Let € be a good EQ-algebra with least element 0 and F' be
a prefilter of £. Then F is an n-fold implicative prefilter of € if and only
if E/F is an n-fold implicative EQ-algebra.

PrOOF: Let F be an n-fold implicative prefilter of £ and x € F such that
([]" = [0]) = [z] = [1]. Then (z™ — 0) — = € F. Thus by Theorem
4.5, x € F, and so [z] = [1]. Hence, {[1]} is an n-fold implicative prefilter
of £/F. Therefore, by Proposition 4.15, £/F is an n-fold implicative EQ-
algebra.

Conversely, let £/F be an n-fold implicative FQ-algebra and z € E
such that (z — 0) — = € F. Then [z] = ([z]" — [0]) — [z] = [(a™ —
0) — 2] = [1] and so [z] = [1], that is € F. Therefore, F is an n-fold
implicative prefilter of £. O
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COROLLARY 4.17. Let F' and G be prefilters of good EQ-algebra £ with
least element 0 such that FF C G and F' be an n-fold implicative prefilter
of £. Then G is an n-fold implicative prefilter of £.

PrOOF: Let © € E such that (z" — 0) — = € G. Since F is an n-
fold implicative prefilter of £, by Theorem 4.16 we have £/F is an n-fold
implicative EQ-algebra. Then [(2" — 0) — z] = ([z]™ — [0]) — [z] = [z]
and so ((z" — 0) - z) —» = € F C G. Hence, by assumption, z € G.
Therefore, G is an n-fold implicative prefilter of £. O

5. n-fold obstinate prefilters in EQ-algebras

In this section, we introduce the concept of n-fold obstinate prefilters in
FEQ-algebras and investigate some properties. We also show that, a filter
{1} is an n-fold obstinate filter of residuated EQ-algebra £ if and only if
every filter of £ is an n-fold obstinate filter of £ and in each residuated
EQ-algebra &, a filter F' is an n-fold obstinate filter of £ if and only if
every filter of quotient algebra £/F is an n-fold obstinate filter of £.

DEFINITION 5.1. Let F' be a prefilter of EQ-algebra £. Then F is called
an n-fold obstinate prefilter of &, if x,y ¢ F implies 2™ — y € F and
y* =z e F.

Ezample 5.2.

(i) Let £ be the EQ-algebra as in Example 3.2. Suppose F = {1,c}.
Then F' is an n-fold obstinate filter of &, for all n > 2.

(i) Let £ be the EQ-algebra as in Example 3.4. Suppose F' = {1, b}.
Then F is a filter and n-fold filter of &, for all n € N. Since a,0 ¢ F
and a” - 0=a—>0=0¢ F, we get F is not an n-fold obstinate
filter of &, for all n > 2.

PROPOSITION 5.3. Let £ be an EQ-algebra. Then every n-fold obstinate
prefilter is an n 4 1-fold obstinate prefilter of £.

PROOF: Let F be an n-fold obstinate prefilter of £ and z,y ¢ F. Then
" — y,y" — x € F. Since 2"*! < 2" by Proposition 2.2(i1), 2™ — y <
2™t — gy, Thus "' — y € F and similarly y"t! — 2 € F. Therefore,
F'is an n + 1-fold prefilter of £. O
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The next example shows that the converse of Proposition 5.3, is not
true.

Ezample 5.4. Let £ be the EQ-algebra as in Example 3.2. Suppose F =
{1,¢}. Then F is a 2-fold obstinate filter of £. Since 0,a ¢ F, we have
a—0=a¢ F. Thus F is not a 1-fold obstinate filter of £.

THEOREM 5.5. Let £ be an EQ-algebra with least element 0 and F be a
prefilter of £. Then F' is an n-fold obstinate prefilter if and only if x € F
or (-(z™)™ € F, for all x € E and some m € N.

PROOF: Let F' be an n-fold obstinate prefilter of £ such that ¢ F'. Since
F is a filter of £, we have 0 ¢ F. Then —(2") = 2™ — 0 € F and
0™ — z € F. Hence, for m = 1 we have, (—(z™))™ € F.

Conversely, let 7,y ¢ F. Then (—=(z"))™ € F and (—(y"))* € F,
for some m,k € N. Thus by Proposition 2.2(z), (=(z™))™ < —(z™) and
(=(y™)k < =(y™) and so =(a™),~(y") € F. By Proposition 2.2(iv), 2™ —
0<z2z" »yand y - 0 < y* — x. Hence, 2" — y,y" — = € F.
Therefore, F' is an n-fold obstinate prefilter of £. O

THEOREM 5.6. Let £ be a residuated EQ-algebra with least element 0 and
F be a filter of £. Then the following statements are equivalent:

(1) F is a mazimal filter of &;
(#3) For any x ¢ F, there exists n € N such that —(z™) € F.

PROOF: (i) = (ii): Let F be a maximal filter of £ and = ¢ F. Then
< FU{z} >= FE and so 0 €< FU{z} >. Thus ¢ — 0 € F. Hence,
-z € F.

(#3) = (i): Let G be a proper filter of £ such that F' C G. Then there exists
x € G such that © ¢ F'. Thus, there exists n € N such that =(z") € F or
x— (= (...(x > 0)...)) € F C G. Since G is a filter of £, we get 0 € G.
Hence G = E, which is a contradiction. Therefore, F' is a maximal filter
of £. O

COROLLARY 5.7. Let & be a residuated EQ-algebra with least element 0.

Then every proper n-fold obstinate filter of £ is a maximal filter of &£, for
alln e N.

PROOF: Let F be an n-fold obstinate filter of £ and GG be a filter of £ such
that F C G C E. If F # G, then there exists € G such that « ¢ F. Since
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0,z ¢ F, by assumption 2™ — 0 € F and so —(z2™) € G. Hence 0 € G and
so G = E. Therefore, F' is a maximal filter of £. O

PROPOSITION 5.8. Let £ be an EQ-algebra and F' be an n-fold obstinate
prefilter of £. Then F' is an n-fold implicative prefilter of £.

PROOF: Let F' be an n-fold obstinate prefilter of £ but not an n-fold im-
plicative prefilter of £. Then there exist z,y € F such that (2" — y) —
x € Fbutx ¢ F. Let y € F. Since y < 2" — y, we have 2" — y € F
and so ¢ € F, which is a contradiction. If y ¢ F, then by assumption
" — y € F and so z € F, which is a contradiction. Therefore, F is an
n-fold implicative prefilter of £. O

The following example shows that the converse of Proposition 5.8, is
not true.

Ezample 5.9. Let £ be the EQ-algebra as in Example 3.4. Suppose F' =
{1,a,b}. Then F is an n-fold implicative filter of &, for all n > 2. Since
0,a ¢ FFand a™ — 0 =0 ¢ F, we get F' is not an n-fold obstinate filter
of £.

THEOREM 5.10. Let € be a residuated EQ-algebra and F be an n-fold ob-
stinate filter of £. Then F' is an n-fold pseudo implicative filter of £.

PRrROOF: By Theorem 4.8 and Proposition 5.8, the proof is clear. O

The following example shows that the converse of Theorem 5.10, is not
true.

Ezample 5.11. Let £ be the FQ-algebra as in Example 3.4. Suppose F' =
{1,a}. Then F is an n-fold pseudo implicative filter of £. Since 0,b ¢ F
and b — 0 =0 ¢ F, we have F is not an n-fold obstinate filter of &, for
all n > 2.

PROPOSITION 5.12. Filter {1} is an n-fold obstinate filter of residuated
EQ-algebra &£ if and only if every filter of £ is an n-fold obstinate filter
of €.

PROOF: Let F be a filter of £ and z,y ¢ F. Then z,y ¢ {1} and so
2" —»y€{l} C Fandy™ — x € {1} C F. Hence, F is an n-fold obstinate
filter of £. The proof of the converse is clear. O
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THEOREM 5.13. Let £ be a residuated EQ-algebra and F be a filter of £.
Then F' is an n-fold obstinate filter of £ if and only if every filter of quotient
algebra E/F is an n-fold obstinate filter of E/F.

PROOF: Let F' be an n-fold obstinate filter of £ and « € E such that [z] #
[1]. Then = ¢ F and so there exists m € N such that (—(2™))™ € F and
so [(=(z™))™] € {[1]}. Hence by Theorem 5.5, {[1]} is an n-fold obstinate
filter of £/F. Therefore, by Proposition 5.12, each filter of the quotient
algebra £/F is an n-fold obstinate filter.

Conversely, let every filter of the quotient algebra £/F be an n-fold
obstinate filter of £/F and x € E such that x ¢ F. Then [z] # [1].
Since {[1]} is a filter of £/F, by assumption, {[1]} is an n-fold obstinate
filter of &, and so there exists m € N such that [(—(z™))™] € {[1]}. Thus
(=(2™))™ € F. Hence, by Theorem 5.5, F is an n-fold obstinate filter
of £. O

6. n-fold fantastic prefilters in E(Q-algebras

In this section, we introduce the concept of n-fold fantastic prefilters in
EQ-algebras and investigate some properties about them. Then we prove
that in any good FQ-algebra, if F' is an 1-fold fantastic filter of £ | then £/F
is an I EQ-algebra, and we show that in any residuated EQ-algebra with
least element 0, F' is an n-fold implicative filter of £ if and only if F' is an n-
fold pseudo implicative filter and n-fold fantastic filter of £. So we conclude
that in any residuated EQ-algebra, £ is an n-fold implicative EQ-algebra
if and only if £ is both FQ,-algebra and n-fold fantastic EQ-algebra.

DEFINITION 6.1. Let £ be an EQ-algebra. A nonempty subset F' C FE is
called an n-fold fantastic prefilter of £, if for all x,y € E,

(i) 1 € F;

(iil) z—= (y = x) € Fand z € F, imply ((a" - y) > y) >z € F.
An n-fold fantastic prefilter F' is said to be an n-fold fantastic filter if F
satisfies in (F'3).

Ezample 6.2. (i) Let £ be the FQ-algebra as in Example 3.2. Suppose
F = {1,c}. Then F is an n-fold fantastic filter of &, for all n > 2.
(ii) Let € be the EQ-algebra as in Example 3.4. Suppose F' = {1,b}. Since
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1-(0—a)=1c€Fandle Fbut ((a"—=0)—=0)—a=a¢lF, weget
F' is not an n-fold fantastic prefilter of &, for all n € N.
THEOREM 6.3. Let F be a prefilter of good EQ-algebra £. Then F is an
n-fold fantastic prefilter of € if and only if y — « € F implies ((z — y) —
y) > ax €F, forallz,y € E.
PrOOF: Let F be an n-fold fantastic prefilter of £ and y — « € F. Then
l-(y—xz)=y—z€FandleF. Hence ((z" —y) > y) > x €F,
for all z,y € E.

Conversely, let z — (y — x) € F and z € F. Since F is a prefilter of £,
we get y = x € F and so ((z" — y) = y) = « € F. Then F is an n-fold
fantastic prefilter of £. O

ProOPOSITION 6.4. Each n-fold fantastic prefilter of good EQ-algebra & is
an n-fold prefilter of £.

PROOF: Let 2™, 2™ — y € F. Then 2" — y = 2" — (1 — y) € F. Since
F is an n-fold fantastic prefilter of £, we get ((y" = 1) = 1) my=y €
F. O

The next example shows that the converse of Proposition 6.4 is not true
and condition of goodness is necessary.

Ezample 6.5. Let £ be the EQ-algebra as in Example 3.4.

(i) Suppose F' = {1,b}. Then F is a 2-fold filter of £. Since 1 — (0 —
a)=1€ Fand1le Fbut ((a" —0)—0)—>a=a¢F, weget Fis not a
2-fold fantastic filter of £.

(#4) Since b ~ 1 # b, we get £ is not a good EQ-algebra. Let F = {1,a}.
Then F is an n-fold fantastic filter of &£, for all n € N. Since a™ =a € F
and a® - b=1¢€ F but b ¢ F, we have F is not an n-fold filter of &, for
alln e N.

PROPOSITION 6.6. Let F' and G be two prefilters of good EQ-algebra &
such that F' C G. If F is an n-fold fantastic prefilter of £, then so is G.

PROOF: Let y =z € G and k := (y — x) — z. Then
y—=k=y—>((y—z)—=2)=y—z)>(y—z)=1€F.
Since F' is an n-fold fantastic prefilter of £, we have
(y—=z) = (K" =y) =y = 2)= (K" —=y) 2y = (y = 2) > 2)
=((k"—=y) -y ke FCQG.
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Since G is a filter of £ and y — x € G, we get (k" = y) = y) = = € G.

Moreover, from z < k = (y — =) — x, we get k" — y < 2™ — y and so
(K" =y) =y 2z <((@" =2y 2y ==

Hence ((z"™ — y) — y) — = € G. Therefore, G is an n-fold fantastic

prefilter of £. O

DEFINITION 6.7. Let £ be an EQ-algebra. Then & is called an n-fold
fantastic EQ-algebra, if for all x,y € E, ((z" - y) = y) 2 x =y — x.

Ezample 6.8. (i) Let £ be the EQ-algebra as in Example 3.2. Then £ is
an n-fold fantastic EQ-algebra, for all n > 2.

(7) Let € be the EQ-algebra as in Example 3.4. Since ((¢™ — 0) — 0) —
a=a#0—a=1, we have £ is not an n-fold fantastic £Q-algebra.

PROPOSITION 6.9. Let £ be an n-fold fantastic FQ-algebra and F be a
prefilter of £. Then F is an n-fold fantastic prefilter of £

PROOF: The proof is clear. O

THEOREM 6.10. Let &€ be a residuated EQ-algebra £. Then, for all z,y,z €
FE the following conditions are equivalent:

(i) € is an n-fold fantastic EQ-algebra;
(1) (2" = y) 2y < (y > z) =z
(tit) If 2™ - 2z <y — z and z < z, then y < x;
() Ifz" = 2 <y — z and z < x,y, then y < x;
(v) Ify <z, then (a" —y) >y < z.
PROOF: (i) = (ii): Let £ be an n-fold fantastic EQ-algebra. Then
(@ =y =y = (y=2)22)=H—=2) > (" =y =y =)
=y—z)= (-2
=1.
Hence by Proposition 2.6, (z" = y) >y < (y = x) — x.
(i) = (i): Let (2™ = y) >y < (y — z) = x, for all z,y € E. Then
(y—=z) = (@" =y)=y) —a)=(@" =y 2y = ((y—>2) =)
=1
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Thus y — 2 < ((z"™ — y) = y) — z. Also,

(" =y) =y =2)=(y—z) 2y — (2" = y) =y
=@" =y > Y-y
=" -y —1
=1.

Then (((z" = y) = y) = x) = (y = ) = Land so (((z" = y) = y) —
xz) <y — x. Hence ((2™ = y) = y) - ¢ =y — x. Therefore, £ is an
n-fold fantastic EQ-algebra.

(1) = (#1): Let 2™ — 2z <y — z and z < z. Then by (i7), we have

1=@"—=2)2y—2)=y—= (2" 2 2)=2)<y—=(z—>2z) > 1)
=y—>(1—-2x)
=y — T

Thusy - x=1and so y < z.
(#i1) = (iv): The proof is clear.
(iv) = (v): Let y < x. Since y < (2™ — y) — y and

(@" —=y) = ((@" =y) =y =y =(z" =y =y) = (" =y =y
=1,

we have 2" — y < (((2™ = y)) — y) = y and so by (iv), (z" = y) >y <
x.

(v) = (i9): Since z < (y — z) — x, by induction we have ((y — z) —
)" s y<z" syand " >y 2y < (((y—=>z) = 2)" > y) = y. By
Proposition 2.7(i4), we have y < (y — x) — x and by (v) we get

(@"=y)=y<(y—=2)=2)" =y 2y<(y—>r) ==z O

PRrROPOSITION 6.11. Let £ be a residuated EQ-algebra. Then £ is an n-fold
fantastic FQ-algebra if and only if {1} is an n-fold fantastic filter of &.

PROOF: Let £ be an n-fold fantastic £Q-algebra and y — « = 1. Then
((z™ = y) = y) — 2 = 1. Hence {1} is an n-fold fantastic filter of £.

Conversely, let {1} be an n-fold fantastic filter of £ and k = (y — z) —
x. Then
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y—ok=y—>(y—z)—z)=@Yy—z)— (y—2x)=1¢€ {1},

and so (k" — y) — y) — k = 1 that is (k" — y) — y < k. Since
x <k weget k" 5> y<a2" > yand (2" = y) -y < (k" = y) = v
Thus 1 = (K" - y) = y) = k < ((&™ — y)) = y) — k. Hence
((z" = y) —y) = k=1 So ((z" = y) > y) > ((y = x) = x) = 1. Thus
(2™ — y) = y < (y — z) = x. Therefore, by Theorem 6.10, £ is an n-fold
fantastic FQ-algebra. O

LEMMA 6.12. Each filter of residuated EQ-algebra £ is an n-fold fantastic
filter of € if and only if {1} is an n-fold fantastic filter of &.

PROOF: Let F be a filter of £ and {1} be an n-fold fantastic filter of
E. Then by Proposition 6.11, £ is an n-fold fantastic EQ-algebra and so
by Proposition 6.9, F is an n-fold fantastic filter of £. The proof of the
converse is clear. O

THEOREM 6.13. Let £ be a residuated EQ-algebra and F be a filter of £.
Then F is an n-fold fantastic filter of € if and only if every filter of £/F
is an n-fold fantastic filter of E/F.

PROOF: Let F be an n-fold fantastic filter of £ and [z] — [y] = [1]. Then
x—y € Fandso ((y* — x) > ) =y € F. Hence

(([y]" = [2]) = []) = [y] = (4" = =) = ) =y = [1].

Thus {[1]} is an n-fold fantastic filter of £/F. By Lemma 6.12, every filter
of £/F is an n-fold fantastic filter of £/F.

Conversely, let every filter of £/F be an n-fold fantastic filter of £/F
and let y — « € F. Then [y] — [z] = [y — «] = [1]. Since {[1]} is an n-fold
fantastic filter of £/F, we have

(" = y) = y) = a]=(([=]" = ) = [¥]) — [=] = [1].

Hence ((z™ — y) = y) — « € F and so F is an n-fold fantastic filter
of £. O

THEOREM 6.14. Let £ be a good EQ-algebra with least element 0 and F
be a filter of £. If F is an 1-fold fantastic filter of £, then £/F is an
1EQ-algebra.

PRrOOF: By Theorem 2.17, £ is a good EQ-algebra. Since 0 - x =1¢€ F,
we have
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((x—=0)—=0) »>z==(x) >xeF

and so [~(—z)] < [z]. By Proposition 2.7(i7), [z] < [-(—z)]. Hence
[~(—x)] = [z] and so £/F is an I EQ-algebra. O

By Theorem 4.8, we see that in residuated FQ-algebra such as &, ev-
ery n-fold implicative filter is an n-fold pseudo implicative filter, but the
converse is not true. Now, we show that under certain conditions an n-fold
pseudo implicative filter of £ is an n-fold implicative filter of £.

THEOREM 6.15. Let € be a residuated EQ-algebra and F be a filter of £.
If F is an n-fold implicative filter of £, then F is an n-fold fantastic filter
of €, for alln € N.

PrOOF: Let F' be an n-fold implicative filter of £ and y — = € F. Since
x < ((z"™ = y) = y) = x, we have 2" < (((2" = y) = y) — z)™ and
(2" = y) = y) = )" =y <z" — y. Also, we have
y—=x<(@" =y =y = (2" =2y - o)
=@" =y = {(E" =y —y) —2)
< (((@" = y) =y =) =y = (@" =y =y — ).

Thus
(" =y)—y) = 2)" =y = (2" =y) =y —x)eF

and so by Theorem 4.5(iii), ((z™ — y) — y) — « € F. Therefore, F is an
n-fold fantastic filter of £. O

THEOREM 6.16. Let F' be a filter of residuated EQ-algebra £ with least
element 0. Then F is an n-fold implicative filter of £ if and only if F is
an n-fold pseudo implicative filter and n-fold fantastic filter of £.

PROOF: Let F be an n-fold pseudo implicative filter and n-fold fantastic
filter of £ and (2" — 0) — x € F. Since 2" — 22" < (22" = 0) — (2" —
0), by Theorem 3.11, we have 2" — z?" € F and so (2°" — 0) — (2" —
0) € F. Also, F is an n-fold fantastic filter of £ and (z" — 0) — = € F.
Thus

(2" = (2™ = 0)) = (z" = 0)) =z = ((z* = 0) = (2" = 0)) > x € F.
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On the other hand, since (z?® — 0) — (z™ — 0) € F and F is a filter of
&, we get © € F. Hence, F' is an n-fold implicative filter of £.
By Theorems 6.15 and 4.8, the proof of the converse is clear. O

THEOREM 6.17. Let £ be a residuated EQ-algebra. Then & is an n-fold
implicative EQ-algebra if and only if £ is both n-fold pseudo implicative
EQ-algebra and n-fold fantastic EQ-algebra.

PROOF: Let £ be an n-fold implicative £@-algebra. Then by Proposition
4.15, {1} is an n-fold implicative filter of £. Thus by Proposition 3.9, The-
orems 6.15 and 4.8, {1} is an n-fold fantastic filter and pseudo implicative
filter of £ and so by Propositions 6.11 and 3.22, £ is both n-fold positive
implicative FQ-algebra and n-fold fantastic EQ-algebra.

Conversely, let £ be both n-fold pseudo implicative EQ-algebra and
n-fold fantastic £Q-algebra and v = 2™ — y. Then

u=z"sy=2" sy=a"— (2" = y) =2" - u
By Theorem 6.10(i), we have
(" wy)—z)mr=(u—z)—z>(@E@">u) s2u=u—u=1.

Hence (2" — y) — = < z. By Proposition 2.2(i7), z < (2" — y) — =.
Thus (™ — y) — x = x. Therefore, £ is an n-fold implicative EQ-
algebra. O

7. Conclusion

In this paper, the notions of n-fold implicative prefilter, n-fold pseudo im-
plicative prefilter, n-fold fantastic prefilter, n-fold obstinate prefilter are
introduced and some related results are investigated. At first, equivalent
definition of them are studied and the relation between them are investi-
gated. Then by introducing the notions of n-fold (pseudo) implicative EQ-
algebra and n-fold fantastic FQ-algebra, some related results are studied.
In addition, by using the concept of 1-fold pseudo implicative filter of an
EQ-algebra &, it is shown that £/F is a good EQ-algebra and by using the
concept of 1-fold fantastic filter of a good EQ-algebra &, it is shown that
E/F is an I EQ-algebra.
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Abstract

G3 is Godelian 3-valued logic, G3§ is its paraconsistent counterpart and G3{ is
a strong extension of GBE. The aim of this paper is to endow each one of the
logics just mentioned with a 2 set-up binary Routley semantics.

Keywords: Binary Routley semantics, 2 set-up binary Routley semantics, 3-valued
logics, paraconsistent logics, Godelian 3-valued logic G3.

1. Introduction

The aim of this paper is to define a 2 set-up binary Routley semantics (2bR-
semantics) for each one of the logics G3, G3f and G3{. G3 is Godelian
3-valued logic (cf. [3]), G3F is the paraconsistent counterpart to G3 and
G3] is a strong extension of GSE . The logics G3§ and G3{ were intro-
duced in [6]. Proof-theoretically, they were defined as Hilbert-type systems.
Semantically, “two-valued” Belnap-Dunn semantics was the tool to inter-
pret them. Nevertheless, they were endowed with a general Routley-Meyer
semantics in [4] and with a binary Routley one in [7]. Recently, Avron
(cf. [1]) has provided Gentzen-type calculi equivalent to the Hilbert-type
formulations for G35 and G3} defined in [6].

2 set-up Routley-Meyer semantics (2RM-semantics) is introduced in [2],
where the logics BN4, RM3 and Lukasiewicz’s 3-valued logic L3 are in-
terpreted with said semantics. Additionally, the logic E4 is also given a
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2RM-semantics in [5]. 2RM-semantics is a particular class of the general
Routley-Meyer semantics (cf. [10, Chapter 4]) adequate for interpreting
some finite many-valued logics. 2RM-models are based upon structures of
the type (K, R, ), where K is a 2 set-up set, * is the Routley operator and
R is the ternary relation on K characteristic of the general Routley-Meyer
semantics.

On the other hand, 2 set-up binary Routley semantics (2bR-semantics)
is going to be introduced for the first time in the present paper, to the
best of our knowledge. As it is the case with general Routley-Meyer se-
mantics and 2RM-semantics, 2bR-semantics is a particular class of general
binary Routley semantics, introduced in [7]. 2bR-semantics is adequate for
interpreting some finite many-valued logics. 2bR-models are based upon
structures of the type (K, R, *), where K and * are defined similarly as in
2RM-semantics, but R is a binary relation on K, instead of a ternary one.

It is our opinion that a semantic interpretation S of a given logic L
alternative to the standard one, especially if it is a simple one, as it is
the case with 2bR-semantics, sheds new light not only on the alternatively
interpreted logic L, but also on the connection between L and the class
of logics SL interpreted with S, as well as on the elements of the class SL
itself. In this regard, we hope that the 2bR-semantics for G3, G35 and G3]
introduced in the present paper will be useful in the sense just explained,
but also in illustrating how the much discussed Routley-Meyer semantics
(cf., e.g., [8] and the references therein) behave in the simple setting of a
two-element model.

The structure of the paper is as follows. In Section 2, the definition
of the logics G3§, G3} and G3 is recalled. In Section 3, G3E is given a
2bR-semantics (a 2bRG3§—semantics) and the (strong) soundness theorem
w.I.t. 2bRG3§—Semantics is proved. In Section 4, it is shown that GBE

is (strongly) complete w.r.t. 2bRG3E—semantics by using a proof based
upon a canonical model construction. In Section 5, (resp., Section 6), we
give a 2bRG3} -semantics (resp., a 2bRG3-semantics) for G3{ (resp., G3).
Then, the results in Section 3 and Section 4 are essentially used to prove
(strong) soundness and completeness theorems for G3{ and G3 w.r.t. their
respective 2bR~semantics.
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2. The logics G35, G3} and G3

In this section, the logics G3§, G3} and G3 are defined. Firstly, some
preliminary notions are noted. Then, we define the matrices MG3;, and
MGS3.

DEFINITION 2.1 (Some preliminary notions). The propositional language
consists of a denumerable set of propositional variables pg, p1, ..., Pn, ..., and
some or all of the following connectives: — (conditional), A (conjunction),
V (disjunction) and — (negation). The biconditional (++) and the set of
formulas (wffs) are defined in the customary way. A, B, etc, are metalin-
guisitic variables. Logics are formulated as Hilbert-type axiomatic systems,
the notions of “theorem” and “proof from a set of premises” being the
usual ones, while the following notions are understood in a fairly standard
sense (cf., e.g., [9]): extension and expansion of a given logic; logical ma-
trix M and M-interpretation, M-consequence and M-validity and finally,
M-determined logic.

DEFINITION 2.2 (The matrices MG3y, and MG3). The matrix MG3y, is the
structure (V, D,F) where (1) Vis {0,1,1} with 0 < 1 < 1; (2) D = {1}
(3) F={f, fa, fv, f-} where fr and f, are defined as the glb (or lattice
meet) and the lub (or lattice joint), respectively, and f- is an involution
with f(1) = 0, f(0) = 1, f~(3) = (3), while f_, is defined according to
the following truth-table (tables for A,V and — are also displayed):

= oo= O \L
[T e T
Ll ST ST | ST
—_ = e [

1
1
1
1

S O =|O
== O >
o O oo
NI= = O ol
== O =
== O <
= o= OO
= o= O

(=R N

Then, MG3 is defined exactly as MG3y,, except that f-, is now inter-
preted according to the following truth-table:

= o= O
o O =
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Well then, the logic GBE (resp., G31) is determined by the degree of
truth-preserving (resp., truth-preserving) consequence relation defined on
the matrix MG3y,. On the other hand, Godelian 3-valued logic G3 is deter-
mined by the truth-preserving consequence relation defined on the matrix
MG3 (cf. [6] and references therein).

The logics G35 and G3], are expansions of positive intuitionistic logic
H,, while G3 is an extension of intuitionistic logic H. They are defined as
follows (cf. [6], [7] and references therein).

DEFINITION 2.3 (The logic G35). The logic G35 can be axiomatized as
follows:

Al. A— (B— A)

A2. [A-(B—=C)]—=[(A— B) = (A—C)]
A3. (AANB)— A; (AANB) —» B

A4, A— [B— (AAB)]

A5. A— (AVB); B— (AV B)

A6. (A—=C)—[(B—C)—=[(AVvB)—O)]]
A7. A— ——A

A8 ——A— A

A9. (Av-B)Vv (A — B)

A10. =A — [AV (A — B)]

All. (AAN-A) — (BV-B)

Rules

Modus Ponens (MP): If A — B and A, then B.
Contraposition (Con): If A — B is a theorem, then =B — —A is also
a theorem.

Remark 2.4 (Rules of inference and rules of proof). A rule r of a logic L is
a ‘rule of inference’ if it can be applied to any premises formulated in the
language of L; and r is a ‘rule of proof’ if it is applied only to theorems
of L. Notice that Con is formulated as a rule of proof in GSE (cf. [6,
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Remark 6.23], [8, §1.5] on this important question in logics with weak rules
of inference).

DEFINITION 2.5 (The logic G3}). The logic G3} is defined exactly as GSE
except that now Con is understood as a rule of inference: If A — B, then
-B — -A.

DEFINITION 2.6 (The logic G3). The logic G3 is axiomatized by adding

Al12. (A— B) = (=B — —A)
Al13. -A— (A — B)

to A1-A7 and A9 of G35. The sole rule of inference is MP (cf. [7, §A2]).

The section is ended by noting some theorems and rules of the logics
just defined.

Remark 2.7 (Some theorems and rules of G3§7 G3} and G3). The following
are provable in the three logics defined above (cf. [6, 7] and references
therein):

T1. A=A

T2. [[A— B)ANA]— B

T3. (FAA-B) — —=(AV B)

T4. =B — [-AV —(4A — B)]

T5. -(A— B) —» —-B

T6. [-(A— B)A-A] = A

T7. (A= B)A(mAAB)] = C

Efq. If = A is a theorem, then A — B is also a theorem.

In addition, the rule Ecq (“E contradictione quodlibet” —“Any proposition
is derivable from a contradiction”), if A A=A, then B, is provable in G3},
whereas A10 and A11 of G3E and Ecq are, of course, provable in G3. (Efq
abbreviates “E falso quodlibet”: “Any proposition follows from a false
proposition”).
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3. A 2 set-up binary Routley semantics for G3§

In this section, G3§ is given a 2 set-up binary Routley semantics (2bRG3§—
semantics, for short). Firstly, we define the concept of a model and related
notions.

DEFINITION 3.1 (2bRG3§—models). Let * be an involutive unary operation
defined on the set K. That is, for any x € K, x = x**, and let K be the
two-element set {0,0*}. A 2 set-up binary Routley GSE—model (2bRG3§—
model, for short) is a structure (K, R, *,F) where (I) R is a reflexive binary
relation on K such that R00* or R0*0, and (II) F is a valuation relation
from K to the set of all wifs such that the following conditions (clauses)
are satisfied for every propositional variable p, wifs A, B and a € K:

(i) (Rab & aEp)=0bFED
(ii) aF AANBiffakF Aand a F B
(ili) aF AvBiffakF AoraF B

)
)
(iv) aF A— Biffforallbe K, (Raband bF A) =bE B
(v) aF-Aiff a* F A

DEFINITION 3.2 (2bRG3§—consequence7 QbRGSE—validity). For any non-
empty set of wifs T' and wiff A, T' Eyy A (A is a consequence of T' in the
2bRG3%-model M) iff foralla € K in M, a Fyy A whenever a Fy T (a By T

iff a Eyy Bforall BeT). Then, I' E <A(Aisa 2bRG3S-consequence
2bRG3; L

of ) iff Ty A for each 2bRG35-model M. In particular, if T' = (), Fy A
(A is true in M) iff @ Fyy A for all @ € K in M. And F < A(Ais

2bRG3g;
2bRG35-valid) iff Fy A in every 2bRG35-model.
We prove some facts about 2bRG3§-models.

PROPOSITION 3.3 (0* F —A iff 0¥ A). For any 2bRG3§-mode1 M and wif
A, 0 Fy A 0EM A

PrOOF: Immediate by clause (v) in Definition 3.1 and the involutiveness of
x: 0% Fyp A iff (clause (v)) 0% #yp A iff (involutiveness of %) 0 Fy A. O
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LEMMA 3.4 (Hereditary Condition). For any QbRGS’E -model M, a,b € K
in M and wff A, (Rab & akFpy A) = bEy A.

PrOOF: Induction on the structure of A. If Ais BAC or BV C, the proof
is immediate. Then, let us prove the cases where A is B — C and —-B. If
a = b, the proof is trivial. So, we assume a # b (clauses (iv) and (v) in
Definition 3.1 are applied without mentioning them).

(I) Ais B— C. (Ia) a =0 and b = 0*. Suppose then (1) R00* and (2)
0 Fym B — C. We have to prove 0* Fyy B — C. There are two possibilities
to consider: R0*0* and R0*0. Suppose the first one, that is (3) R0O*0*.
Assume also (4) 0* Fy B. By 1, 2 and 4, we get (5) 0* Ey C, as required.
Suppose now the second alternative, that is, (6) R0*0. Assume also (7)
0 Em B. By reflexivity of R, we have (8) R00, whence by 2 and 7, we
get (9) 0 Fy C, as it was to be proved. (Ib) a = 0* and b = 0. Suppose
(1) R0*0 and (2) 0* Fyy B — C. We have to prove 0 Fyy B — C. There
are two possibilities to consider: R00 and R00*. Then, the proof proceeds
similarly as in case Ia.

(IT) Ais =B. (ITa) a = 0 and b = 0*. Suppose then (1) R00* and (2)
0 Em B (i.e., 0* ¥y B). By the induction hypothesis, 1 and 2, we have
(3) 0¥ B, i.e., 0* E =B, by Proposition 3.3, as required. (IIb) a = 0* and
b = 0. The proof is similar to that of IIa. O
LEMMA 3.5 (Entailment Lemma). For any wffs A, B, beRGb“f A — Biff
(aEmM A= aEy B, foralla € K in all QbRGS’g-models M).

PROOF: (=) Let M be a 2bRG3{-model. Suppose (1) F, pqac A = B
L

and (2) 0 Fy A (resp., 0* Fy A). By reflexivity of R, we have (3) R00 and
R0O*0*. By 1, 2 and 3, we get (4) 0 Fy B (resp. 0 Fy B) as desired. (<)
Suppose (1) a Fy A = a Fy B, for all a € K in M. Furthermore, suppose
(2) ROb (resp., RO*b) and b Fy A for a given b € K. Then (3) b Fy B
trivially follows from 1, as it was required. O

Now, we can prove soundness of G3f w.I.t. 2bRG3§-semantics.

THEOREM 3.6 (Soundness of GSE). For any set of wffs T' and wff A, if

r |—G3L§ A, then T ':.QbRGS’LS A.

Proor: If A € I', the proof is trivial; and if A has been obtained by
applying MP, the proof is immediate by leaning upon the reflexivity of R.
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Then, suppose that A has been obtained by an application of Con. In
this case, A is of the form (1) =B — —C and, by hypothesis, we have

(2) Fopraas € — B. We need to prove Fy o.< =B — =C. We use
B L

the Entailment Lemma. So, suppose for any arbitrary 2bRG3§—model M,
(3) 0 Ep —B (resp., 0% Fy —B). By clause (v) (resp., Proposition 3.3), we
have (4) 0* ¥y B (resp., 0 ¥y B), whence by the Entailment Lemma and
2, we get (5) 0* ¥y C (resp., 0 Ey C) and (6) 0 Eyp —C' (resp., 0* By —C)
by applying again clause (v) (resp. Proposition 3.3).

Concerning the axioms, we focus on the characteristic MG3y, -axioms,
that is, A9, A10 and A1l. The proof of the validity of A1-A6 as well
as that of the double negation axioms A7 and A8 is left to the reader
(notice that A7 and A8 are immediate by involutiveness of x).

A9, (Av-B)V (A — B), is 2bRG3§—valid. Suppose that M is a
2bRG3§—model falsifying A9. Then, for some wifs A, B, either (I) 0 ¥y
(AV-B)V(A— B)or (II) 0* ¥y (AV -B) V(A — B). Case I: We have
(1) 0E A, (2) 0¥ -B (ie., 0 F B) and (3) 0 ¥ A — B. There are two
possibilities to consider: (4) R00, 0 F A and 0¥ B; and (5) R00*, 0* E A
and 0* ¥ B. But 4 contradicts 1, while 5 contradicts 2. Case (II) We have
(1) 0 # A, (2) 0 ¥ =B (ie., 0 F B) and (3) 0* ¥ A — B. There are
two possibilities to consider: (4) R0*0*, 0* £ A and 0* ¥ B; and (5) R0*0,
0F A and 0¥ B. But 4 contradicts 1 whereas 5 contradicts 2.

A10, A — [AV (A — B)], is 2bRG3=-valid. Suppose that M is a
2bRG3§—model falsifying A10. By the Entailment Lemma, for some wifs
A, B, either (I) 0 Fpp 7A and 0 By AV (A — B) or (II) 0* Fyy —A and
0" Fm AV (A — B) . Case I: We have (1) 0* ¥ A, (2) 0 ¥ A and (3)
0¥ A — B. Now, either (4) R00, 0 E A and 0 ¥ B or (5) R00*, 0* E A
and 0* ¥ B. But 4 contradicts 2, and 5 contradicts 1. Case II is treated

similarly.
All, (AN-A) —» (BV-B), is 2bRG3§—valid. The proof is similar to
that of A10. O

4. Completeness of G3§

Completeness of GSE is proved by using a canonical model construction.

We begin by defining the notion of a G3E—theory and the classes of G3E—
theories of interest in the present paper.
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DEFINITION 4.1 (G3§—theories. Classes of GSE—theories). A G3§—theory
(theory, for short) is a set of formulas containing all G3§—theorems and
closed under Modus Ponens (MP). Let ¢ be a theory. We set: (1) ¢ is prime
iff whenever AV B € t, then A € t or B € ¢; (2) t is trivial iff it contains
all wifs; (3) ¢ is a-consistent (‘consistent in an absolute sense’) iff ¢ is not
trivial; (4) t is w-inconsistent (‘inconsistent in a weak sense’) iff A € ¢, A
being a G3f—theorem; then ¢ is w-consistent (‘consistent in a weak sense’)
iff ¢ is not w-inconsistent; (5) ¢ is inconsistent iff A A —=A € ¢ for some wif
Aj; then ¢ is consistent if it is not inconsistent (cf. [8] and references therein
on the notion of w-consistency).

LEMMA 4.2 (Extension to prime theories). Let t be a theory and A a wff
such that A ¢ t. Then, there is a prime theory u such that t C u and
Aéu.

PROOF: We extend ¢ to a maximal theory u such that A ¢ . If u is not
prime, then there are wifs B, C such that BV C € uw but B ¢ v and C ¢ u.
Then, we define the sets [u,B] ={D | B - D € u}, [u,C] ={D | C —
D € u}. By using A2, it is shown that (1) [u, B] and [u,C] are closed
under MP; by using Al, (2) that they include w. Finally, by T1, (3) that
B € [u, B] and C € [u, C]. Next, by the hypothesis and (1), it follows that
neither [u, B] nor [u,C] is included in u, whence we have A € [u, B] and
A € [u, C] due to the maximality of u. But then, we have (4) A € u by A6
and the fact that BV C' € u, contradicting our hypothesis. Consequently,
u is prime. L

In what follows, it is shown how canonical 2bRG3§—models are built,
Also, we prove some general facts about them.

Let T" be a set of wifs and A a wff such that T’ %GBE A. Then, A is
not included in the set of consequences derivable from I' (in symbols, A ¢
CnI‘[G3§]). By the Extension Lemma, there is a prime theory 7 such that
CnI‘[G3E] C 7 and A ¢ T. (Notice that T is a-consistent.) Then, the
canonical 2bRG3E—model built upon 7T is defined as follows.

DEFINITION 4.3 (Canonical 2bRG3E—models). The canonical 2bRG3§—mo—
del built upon 7T, as this theory has been defined above, is the structure
(KY, R x¢ E®), where (1) K¢ = {T, T*C} and for any wifs A, B and
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a,b € K€ we have: (2) RCabiff (A —> B€a & A€b) = Becb (3)
" ={A|-A¢a}and (4) a EC Aiff A€ a.

We prove some significant and useful facts about canonical 2bRG3§—
models. By T, we refer to the G3§—theory upon which each canonical

2bRG3§—model is built (the superscript C' above R and * is dropped when
there is no risk of confusion).

PROPOSITION 4.4 (T is a w-consistent G3§—theory). The GBE—theory T is
. <
a w-consistent G3; -theory.

PROOF: Suppose =A € T, A being a G3%-theorem. By the rule Efq,
-A — Bisa G3§—theorem where B is an arbitrary wff. Then, B € T,
contradicting the a-consistency of T. O

PROPOSITION 4.5 (T*C is a prime GSE—theory). The “-image of T, T,
is a prime GSf-theory.

Proor: (I) T* is closed under MP: Suppose (1) A - B € T* (i.e., 7(4A —
B) ¢ T)and (2) Ae T* (e, "A ¢ T) but (3) B¢ T* (ie., "B e T).
By using the G3:-theorem ~B — [-AV —(A — B)] (T4), we have (4)
—A €T or~(A— B) €T. But 1 and 2 contradict 4. (II) 7* contains
all G3§—the0rems: Let A be a G3§—theorem such that A ¢ T*. Then,
—A € T, contradicting the w-consistency of 7. (IIT) 7* is prime: Suppose
(5) AVB e T* (ie, "(AVB) ¢ T)but (6) A¢ T* (ie., A € T) and
(7) B¢ T* (i.e., ~B € T). By the G3%-theorem (mA A —B) — ~(AV B)
(T3), we have (8) =(AV B) € T, contradicting 5. O

Next, an alternative reading of the canonical accessibility relation is
provided together with the proof that R® is a reflexive relation such that
RECTT* or RET*T. Then, it is shown that *© is an involutive operation
in canonical 2bRG3§—modeIS. Also, that clauses (i), (ii), (iii) and (v) hold

in canonical 2bRG3§—m0dels.
PROPOSITION 4.6 (R%ab iff @ C b). For any a,b € K¢, RCab iff a C b.

PROOF: (=) Suppose (1) R¢ab and (2) A € a, and let (3) B € b. By Al
and 2, we have (4) B — A € a, whence (5) A € b follows by 1, 3 and 4.
(«<=) Suppose (1) a Cb. (2) A— B e€aand (3) Aeb. Byl and 2, we have
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(4) A— Beb. By T2, [(A— B)ANA] — B, 3 and 4, (5) B € b follows, as
it was to be proved. O

PROPOSITION 4.7 (RCTT*C or RCT*CT). The canonical relation R® is
a reflexive relation such that RETT*" or RCT*T.

PROOF: By Proposition 4.6, it is immediate that R® is reflexive. On the
other hand, suppose that there are A, B such that (1) A€ 7T, (2) BeT*
(ie, " B¢T),(3) A¢T* (ie, " AcT)and (4) B¢ T. By (AN—-A) —
(BV -B) (All), we have (5) BV =B € 7. But 2 and 4 contradict 5. O

PROPOSITION 4.8 (x© is an involutive operation on K¢). The canonical
operation ** is an involutive operation on K¢.

PrOOF: Let a € K¢. Given that a is a G3E-theory, Ac€aiff -—mA€a
follows by A7 and A8 Then, we have A € a iff A € a** by Definition 4.3(3).
O

PROPOSITION 4.9 (Clauses (i), (ii), (iii) and (v) hold canonically). Condi-
tions (i), (ii), (iii) and (v) in Definition 3.1 hold when canonically inter-
preted according to Definition 4.3.

ProoOF: Condition (i) is trivial by Proposition 4.6 and condition (v) by
Definition 4.3(4). Then, condition (iii) (resp., condition (ii)) is immediate
by A5, A6 and primeness of both 7 and 7* (resp., A3 and A4). O

Concerning clause (iv), we have:

PROPOSITION 4.10 (Clause (iv) holds in the canonical 2bRG3§—m0del).
Condition (iv) in Definition 3.1 holds in the canonical 2bRG3§—m0del.

PROOF: (=). Let a € K¢ and suppose a F¢ A — B (i.e., A = B € a),
R%ab (ie., a Cb) and b EC A (i.e., A €b). Then, b ¢ B (i.e., B € b) is
immediate by MP.

(<) We use Proposition 4.7. (I) 7 C T*. (Ia) Assume A — B ¢
T (ie, ~(A — B) € T*). Given RTT and RTT", it suffices to show
[AeT & B¢ Tlor[AeT* & B ¢ T*]. For reductio, suppose (1)
[A¢T & A¢T*or (2)[A¢T & BeT*or(3)[BeT & A¢ T
or (4) [Be€T & B e T*. But 1, 2, 3 and 4 are impossible by -4 —
[AV (A — B)] (A10), (Av-B)V (A — B) (A9), A — (B — A) (Al) and
A1, respectively. (Ib) Assume A — B ¢ T* (i.e., 7(A — B) € T). Given
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RT*T*, it suffices to show A € T* and B ¢ T*. Suppose, for reductio, (1)
A¢T* (le,AcT)or (2) BeT* (ie,mB¢T). Byland1, (3) A¢ T
follows. But 1 and 2 are impossible by [-(4 — B) A =A4] — A (T6) and
—(A — B) — =B (T5), respectively.

(I) 7* C T. (IIa) Assume A — B ¢ T. Given RTT , it suffices to
show A € T and B ¢ 7. By II and Ila, we have (1) A - B ¢ T* (i.e.,
-(A — B) € T). Suppose now, for reductio, (2) A¢ T or (3) Be T. If
3 obtains, then A — B € 7T is immediate by Al, contradicting Ila. Let
then 2 be the case. By II, we have (4) A ¢ T* (i.e.,, mA € T). Next,
[-(A — B)A—-A] - A (T6) is used. By T6, 1 and 4, (5) A € T follows,
contradicting 2. (Ilb) A — B ¢ T* (i.e,, 7(A — B) € T). Given RT*T*
and RT*T, it suffices to show [A€ T* & B¢ T*|or [AeT & B¢ T
Then, the proof is similar to that of Ia by using now [-(4 — B)A—-A] — A
(T6), [7(A — B) A(mAAB)] = C (T7) and =(A — B) — =B (T5).

We remark that the use of A9 (resp., T7) requires the primeness (resp.,
the a-consistency) of 7. O

Remark 4.11 (On the canonical clause (iv)). Suppose that R is required to
be only reflexive: it is not demanded of 2bRG3§—modeIS that one of ROO*
and R0*0 be present. Then, the proof of the canonical validity of clause (iv)
would require the theoremhood of disjunctive Peirce’s law, AV (A — B).

Once Proposition 4.10 proved, it immediately follows that the canonical
2bRG35-model is indeed a 2bRG35-model.

LEMMA 4.12 (The canonical model is indeed a model). The canonical
QbRGé’g -model is indeed a QbRGS’% -model.

ProoF: (1) By Proposition 4.7, R is a reflexive relation such that RT7T™*
or RT*T. (2) By Proposition 4.8, *¢ is an involutive operation on K¢.
(3) Finally, by Propositions 4.9 and 4.10, E¢ fulfils conditions (i)—(v) in
Definition 3.1. O

Now, we prove completeness.

THEOREM 4.13 (Completeness of G3E). For any set of wffs T' and wff A,

’LfF 'ZQbRGS’g A, then T’ |—03§ A.

PRrOOF: Suppose I' ¥,,< A. By the Extension Lemma (Lemma 4.2), there
L

is a prime theory 7 such that ' C 7 and A ¢ 7. Then, the canon-
ical 2bRG3§—model is defined upon T as shown in Definition 4.3. By
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Lemma 4.12, the canonical 2bRG3§—m0del is a 2bRG3§—model. Then,

I #¢ A since T EC T but T #¢ A. Consequently, T Foraas A by
L

Definition 3.2. O

5. A 2 set-up binary Routley semantics for G3;

In this section, G3{ is given a 2 set-up binary Routley semantics (2bRG3; -
semantics, for short) and G3} is proved strongly sound and complete w.r.t.
said semantics (we lean upon the results in Sections 3 and 4).

DEFINITION 5.1 (2bRG3} -models). A 2-set-up binary G3{-model (2bRG3; -
model, for short) is a structure (K, R, x,F) where K, x and F are defined
exactly as in 2bRG3§—models and R is a reflexive relation such that R00*,
instead of being a reflexive relation such that R00* or R0*0, as in 2bRG3E—
models.

DEFINITION 5.2 (2bRG3{ -consequence, 2bRG3{ -validity). The notions of
2bRG3} -consequence and 2bRG3} -validity are defined similarly as the cor-
responding notions for GSE, except that in each model M they are restricted

now to the element 0 in K. Thus, for example, I' Fy; A iff 0 Fyp A, whenever
OFT (0FTiff 0F B for all B eT).

Then, we note that Proposition 3.3 and Lemmas 3.4 and 3.5 still hold
for G3} and are proved in a similar way as in G3§.

Concerning soundness, the essential point is to prove that Contraposi-
tion (Con) holds as a rule of inference.

PROPOSITION 5.3 (Con preserves 2bRG3{ -validity). Con (if A — B, then
=B — —A) preserves 2bRG3} -validity.

PROOF: Let M be a 2bRG3} -model and A, B wifs such that (1) 0F A — B
but (2) 0 ¥ =B — —A. There are two possibilities to consider: (3) RO0O,
0F —B (e, 0" ¥ B), 0¥ =A (ie, 0* E A) and (4) R00*, 0* F —B (ie.,
0¥ B) and 0* ¥ —A (i.e., 0 F A). If 3 obtains, we get (5) 0* £ B by 1, since
RO0* holds in M. But 3 and 5 contradict each other. If, on the other hand,
4 is the case. we have (6) 0 F B by using again 1, since R00 holds in M.
But, as in the previous case, a contradiction arises (6 contradicts 4). O

Remark 5.4 (Con cannot be validated w.r.t. K). We note that if 2bRG3{ -
consequence is defined w.r.t. K instead of w.r.t. only 0 in K, Con as a rule
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of inference does not preserve 2bRG3} -validity. Consider a 2bRG3] -model
M where R0*0 does not follow and, for distinct propositional variables p, q,
we have 0 Fy p (ie., 0% By —p), 0 By ¢ (e, 0F Em —q), 0F En p and
0* Fm g. Clearly, 0 Eyp p — ¢ but 0% Fy =g — —p as R0*0* holds by
reflexivity of R. Also, notice that by the Entailment Lemma, this 2bRG3{ -
model shows that the contraposition axiom, (A — B) — (=B — —A), is
not 2bRG3] -valid.

Now, the proof that MP preserves 2bRG3; -validity and that A1-A11
are 2bRG3{ -valid is similar as in 2bRG3§—models. In fact, it is simpler. If
A is an implicative axiom, only the case R0O0*, not both R00* and R0*0, as
in 2bRG3§—models7 has to be considered. And if A is A9, only truth w.r.t.
0, not w.r.t. both 0 and 0*, has to be examined. Finally, that MP preserves
2bRG3} -validity is immediate by reflexivity of R, as in 2bRG3§-models.

As regards completeness, the main difference w.r.t. GSE is that G3}-
theories need now to be closed under Con. Consequently, the Extension
Lemma (Lemma 4.2) does not hold, as it stands, in the case of G3{. Nev-
ertheless, the disjunctive derivability strategy (as it is carried on in e.g., [9]
following [2] or [10]) is applicable since disjunctive Con (i.e., if CV (A4 — B),
then C'V (=B — —A)) is an admissible rule in G3!} since it is admissible in
G3y, that is, the logic containing all and only all MG3y,-valid wifs (cf. [4,
§4.3 and also Remark 6.20]). Consequently, we have an adequate Extension
Lemma at our disposal (cf., e.g., [9]), and then the completeness proof can
proceed similarly as in G3§. However, three points have to be stressed.
(1) The G3}-theory 7 upon which the canonical G3}-model is defined is a
consistent G3; -theory. This is immediate since the a-consistency of 7 en-
tails its consistency due to its closure under the rule Ecq (cf. Remark 2.7).
(2) The property R00* holds when interpreted canonically. For suppose for
reductio that there is a wif A such that A € T but A ¢ T+, Then, ~A € T
contradicting the consistency of 7. (3) (I) in Proposition 4.10 suffices for
the proof of the canonical validity of the conditional clause, condition (iv)
in Definition 3.1.

Based upon the argumentation developed so far in the present section,
we think that we are entitled to state the following theorem.

THEOREM 5.5 (Soundness and completeness of G3;). For any set of wffs
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6. A 2 set-up binary Routley semantics for G3

This section on Godelian 3-valued logic G3 mirrors the preceding section
about the logic G31. That is, G3 is endowed with a 2 set-up binary Routley
semantics (2bRG3-semantics, for short) w.r.t. which G3 is shown strongly
sound and complete.

DEFINITION 6.1 (2bRG3-models). A 2-set-up binary G3-model (2bRG3-
model, for short) is a structure (K, R, *,F) where K, R and F are defined
exactly as in 2bRG3! -models but * is a quasi-involutive unary operation
on the set K, instead of a involutive one as in Definitions 3.1 and 5.1. That
is, we now have: for any x € K, x* = z**.

DEFINITION 6.2 (2bRG3-consequence, 2bRG3-validity). The notions of
2bRG3-consequence and 2bRG3-validity are defined w.r.t. the set K (not
only w.r.t. 0 in K) similarly as in 2bRG3§—m0dels (and unlike in 2bRG3; -
models).

Regarding Proposition 3.3 and Lemmas 3.4 and 3.5, we note the follow-
ing facts.

Lemma 3.5 (Entailment Lemma) and conjunction, disjunction and con-
ditional cases in Lemma 3.4 (Hereditary Condition) are proved similarly as
in the case of G3§, while the negation case in the latter lemma is proved
as follows.

PROPOSITION 6.3 (The negation case in Lemma 3.4). The negation case
in Lemma 3.4 holds for G3.

Proor: (II) A is =B. (Ila) a = 0 and b = 0*. Suppose (1) R00* and
(2) 0 Em —B (ie., 0 ¥y B). By quasi-involutiveness of %, we get (3)
0** ¥y B, whence (4) 0* Fy —B follows by clause (v) in Definition 3.1.
(ITb) @ = 0* and b = 0. Suppose (1) R0*0 and (2) 0* Fpy —B. By clause
(v) in Definition 3.1, we have (3) 0** ¥ B, whence by involutiveness of
(4) 0* ¥y B follows. Finally, (5) 0 Fy —B is obtained by applying again
clause (v) in Definition 3.1. O

Contrary to what the strategy was in the case of GSE, the negation
case in Lemma 3.4 has not been proved leaning upon Proposition 3.3, since
this proposition only holds from left to right.
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PROPOSITION 6.4 (0* F =A = 0¥ A). For any 2bRG3-model M and wif
A, if 0* ':M ﬁA7 then O#M A.

PROOF: Suppose (1) 0* Ey; —A. By clause (v) (Definition 3.1), (2) 0** Ey
A, whence by quasi-involutiveness of %, we get (3) 0* Ey A, and finally, (4)
0¥y A by Lemma 3.4, R0O0* and 3. O

As regards soundness, the 2bRG3-validity of the contraposition and
Efq axioms ((A — B) — (=B — —A) (A12) and -4 — (A — B) (A13),
respectively) is the point of interest, by comparison to G3§ and G3{ , since
the rest of the proof proceeds much as the corresponding proofs for the two
logics just mentioned. So, let us prove the 2bRG3-validity of A13 as a way
of an example.

PROPOSITION 6.5 (Efq is 2bRG3-valid). The Efq axiom —-A — (A — B)
(A13) is 2bRG3-valid.

Proor: A13, A — (A — B), is 2bRG3-valid. Suppose that M is a
2bRG3-model falsifying A13. By the Entailment Lemma, for some wifs
A, B, either (I) 0 Ey; 7A and 0 ¥y A — B or (IT) 0* Ey —A and 0* Ey
A — B. Case I: We have (1) 0* ¥y A and either (2) R00, 0 Fyy A and
0 ¥um B or (3) RO0*, 0* Em A and 0* ¥y B. But 3 contradicts 1, whereas
(4) 0* Ey A follows from R00* and 2, contradicting again 1. Case II:
we have (1) 0" Fy —A (ie., 0°* ¥ A) and either (2) R0O*0*, 0* Fy A
and 0* ¥y B or (3) R0*0, 0 Eyp A and 0 ¥y B. If 2 obtains, by quasi-
involutiveness of * and 1, we get (4) 0* ¥y A, a contradiction. If (3) is the
case, by Proposition 6.4, we have (5) 0* ¥y —A contradicting 1. O

Turning to completeness, the proof can be carried on similarly as that
for G3§, given that the sole rule of inference is MP and consequently the
disjunctive derivability strategy used in the completeness proof for G3{ is
not needed here. The only worth-remarking differences w.r.t. the com-
pleteness proof for G3E are the following ones: (1) as it was the case with
G31, (a) the theory T basing the canonical 2bRG3-model is a consistent
2bRG3-theory. (b) The property R00* is proved to hold when canonically
interpreted by using the consistency of 7. (2) ¢ is now a quasi-involutive
operation on K¢ (not an involutive one as in the canonical 2bRG3§— and
2bRG3}-models). The fact is proved by using the consistency of 7 and
the G3-theorem —A V ——A. (3) As it happened with G3;, (I) in Proposi-
tion 4.10 suffices in order to prove the canonical validity of clause (iv).
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The end of section mirrors that of the precedent one.

THEOREM 6.6 (Soundness and completeness of G3). For any set of wffs T’
and wﬁ A, r ):gbggg A Zﬁl—‘ I—G§> A.

7. Concluding remarks

In the present paper, a 2 set-up binary Routley semantics (2bR-semantics)
is provided for each one of the logics G3, its paraconsistent counterpart,
GSE, and an extension of the latter, G3] . The logics G3§ and G3} were in-
troduced in [6], where they were given Hilbert-type axiomatic formulations,
once having been interpreted with a ‘two-valued’ Belnap-Dunn semantics.
Recently, Gentzen-type calculi equivalent to the Hilbert-type formulations
have been defined in [1].

The different 2bR-semantics defined above have been characterized by
having one of the two ensuing features listed in 1, 2 and 3 below.

1. Binary relation R. Property (a) R00* and property (b) R00* or R0*0,
in addition to reflexivity (i.e,, R00 and R0*0*).

2. Unary relation *. (a) Involutiveness. (b) Quasi-involutiveness.

3. Definition of validity. (a) W.r.t. the set K of the two points. (b) Only
w.r.t. 0in K.

But there are other possibilities that may be interesting to examine.
For example, inclusion of the property R0*0. Of course, if R is such that
both R00* and R0*0 hold, the resulting 2bR-semantics verifies all classical
tautologies. But what about R0*0 and involutiveness? Or what about
R0*0 and quasi-involutiveness? And which is the notion of validity the
2bR-semantics is going to be defined with? Are there interesting systems
characterized by the sketched 2bR-semantics?

Acknowledgements. —We sincerely thank two anonymous reviewers of
the Bulletin of the Section of Logic for their comments and suggestion on
a previous draft of this paper. —This work is supported by the Spanish
Ministry of Science and Innovation (MCIN/AEI/ 10.13039,/501100011033)
under Grant PID2020-116502GB-100.



504 Gemma Robles, José M. Méndez

References

[1] A. Avron, Proof systems for 3-valued Logics based on Godel’s implication,
Logic Journal of the IGPL, vol. 30(3) (2021), pp. 437-453, DOI: https:
//doi.org/10.1093/jigpal /jzab013.

[2] R. T. Brady, Completeness proofs for the systems RMS8 and BN/, Logique
et Analyse, vol. 25(97) (1982), pp. 9-32, URL: https://www.jstor.org/
stable/44084001.

3] K. Godel, Zum Intuitionistischen Aussagenkalkil, Anzeiger Der
Akademie Der Wissenschaften in Wien, vol. 69 (1932), pp. 65-66.

[4

G. Robles, A Routley-Meyer semantics for Gédel 3-valued logic and its para-
consistent counterpart, Logica Universalis, vol. 7(4) (2013), pp. 507-532,
DOLI: https://doi.org/10.1007/s11787-013-0088-7.

[5] G. Robles, J. M. Blanco, S. M. Ldépez, J. R. Paradela, M. M. Re-
cio, Relational semantics for the 4-valued relevant logics BN/4 and E/,
Logic and Logical Philosophy, vol. 25(2) (2016), pp. 173-201, DOL:
https://doi.org/10.12775/LLP.2016.006.

[6] G. Robles, J. M. Méndez, A paraconsistent 3-valued logic related to Gédel
logic G3, Logic Journal of the IGPL, vol. 22(4) (2014), pp. 515-538,
DOLI: https://doi.org/10.1093/jigpal /jzt046.

[7] G. Robles, J. M. Méndez, A binary Routley semantics for intuitionistic De
Morgan minimal logic H.-{M} and its extensions, Logic Journal of the
IGPL, vol. 23(2) (2015), pp. 174-193, DOI: https://doi.org/10.1093/jigpal/
jzu029.

[8] G. Robles, J. M. Méndez, Routley-Meyer ternary relational seman-
tics for intuitionistic-type negations, Academic Press, Elsevier, London
(2018), DOL: https://doi.org/10.1016/C2015-0-01638-0.

[9] G. Robles, F. Salto, J. M. Méndez, Belnap-Dunn semantics for natural
implicative expansions of Kleene’s strong three-valued matrixz II, Journal
of Applied Non-Classical Logics, vol. 23(3) (2019), pp. 307-325, DOL:
https://doi.org/10.1080,/11663081.2019.1644079.

[10] R. Routley, R. K. Meyer, V. Plumwood, R. T. Brady, Relevant logics and
their rivals, vol. 1, Ridgeview Publishing Co., Atascadero, CA (1982).


https://doi.org/10.1093/jigpal/jzab013
https://doi.org/10.1093/jigpal/jzab013
https://www.jstor.org/stable/44084001
https://www.jstor.org/stable/44084001
https://doi.org/10.1007/s11787-013-0088-7
https://doi.org/10.12775/LLP.2016.006
https://doi.org/10.1093/jigpal/jzt046
https://doi.org/10.1093/jigpal/jzu029
https://doi.org/10.1093/jigpal/jzu029
https://doi.org/10.1016/C2015-0-01638-0
https://doi.org/10.1080/11663081.2019.1644079

A 2 Set-Up Binary Routley Semantics for Godelian. . .

Gemma Robles

Universidad de Ledn

Departamento de Psicologia, Sociologia y Filosofia
Campus de Vegazana, s/n, 24071,

Ledn, Spain

e-mail: gemma.robles@unileon.es

José M. Méndez

Universidad de Salamanca
Edificio FES

Campus Unamuno, 37007
Salamanca, Spain

e-mail: sefus@Qusal.es

505


mailto:gemma.robles@unileon.es
mailto:sefus@usal.es




Bulletin of the Section of Logic
Volume 51/4 (2022), pp. 507-533

https://doi.org/10.18778/0138-0680.2022.21

E

Member since 2018
7

Oleg Grigoriev
Dmitry Zaitsev

BASIC FOUR-VALUED SYSTEMS OF CYCLIC
NEGATIONS!

Abstract

We consider an example of four valued semantics partially inspired by quantum
computations and negation-like operations occurred therein. In particular we
consider a representation of so called square root of negation within this four
valued semantics as an operation which acts like a cycling negation. We define
two variants of logical matrices performing different orders over the set of truth
values. Purely formal logical result of our study consists in axiomatizing the logics
of defined matrices as the systems of binary consequence relation and proving
correctness and completeness theorems for these deductive systems.

Keywords: Generalized truth values, consequence relation, first degree entail-
ment.

1. Introduction

The study of properties of negation-like connectives constitutes nowadays
is a well established area of interdisciplinary research activity, including
purely logical investigations (consult collective monographs [13, 26]). Nega-
tion often expresses the characteristic features of logical systems acting
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thereby as a mean for distinguishing and systematizing them (see, for in-
stance, [16] for the treatment of different types of paraconsistent logics
in accordance with the properties of negations introduced there). In the lit-
erature one can find examples of hierarchic structures over the sets of nega-
tions, aimed to reflect their logical properties. Probably the best known
is the “kite of negations” proposed by M. Dunn in [8] and refined in the
subsequent articles.

In this paper, we are not intent on providing a complete picture of some
big family of negation-like operations, instead we concentrate on a particu-
lar type of negation which may be characterized as a cyclic operation over
certain set of truth values. Specifically we are interested in its behaviour
in the context of four-valued semantics, the breeding ground of many well
known non-classical logics.

Occasionally our research was brought to life with an interest to the
problematics of quantum computation and its possible representations with-
in the semantic framework of non-classical logic. In particular the reflec-
tions on one of the most unusual quantum gates, the square root of nega-
tion, induced a unary operation on the four-element set of truth values.
On the syntactic level, we defined two logical systems considerably dif-
fering from each other with respect to the set of deductive postulates but
sharing “classicality” of double negation. This particular feature is inherent
in some other non-classical logics [14, 15, 18, 28, 29].

2. Cyclic negation in the generalized truth values
setting

Our interest to studies of cyclic negation stems from the different sources.
This kind of negation is primarily known in the field of Post algebras and
their logics (see [20, 21]). Another origin can be found in the context of
four valued semantics and corresponding logics. According to [17], the first
appearance of a cyclic negation in four valued framework can be found
in [22], while [17] itself deals with the property of functional completeness
for the expansions of Belnap-Dunn logic. In particular Belnap-Dunn logic
equipped with cyclic negation in [22] is proved to be functionally complete.
In [28], two versions of cycling negation appeared under the names left and
right turns as the specific operations over the set of two-component gen-



Basic Four-Valued Systems of Cyclic Negations 509

eralized truth values?, but they had not been studied there at any extent.
Four-valued systems with some relatives of cyclic negation (different from
ours) are investigated in [15, 18, 19]. One of the features of the negation-like
operations studied there consists in their ability to simulate the properties
of classical (and is some cases intuitionistic) negation via composition. It
is worth noting that [14] addresses the problem of simulating conventional
negations via other unary operations touching upon a cyclic negation.

2.1. The Basics of generalized truth values

The truth values that we concern with throughout this paper can be un-
derstood as a kind of generalized truth values. Although we start with the
idea of how these truth values arise from the representation of quantum
computational logic gates in the framework of four-valued semantics, later
we show that the values can be generated in a regular way via elementary
set-theoretical operations. Let us discuss this the process of introducing
generalized truth values in more details.

Generalized truth values are the result of power-setting (or sometimes
taking Cartesian product) of an initial set of truth-values. For example,
if we start with the set 2 of classical values {¢, f}, then the first stage of
its generalization is the set &2(2) = 4 = {{t, f},{t},{f},2}. Ordered
by “definiteness-of-truth relation”, the set 4 forms a well known lattice
FOURs of Belnap’s truth values (assuming that T = {¢}, B = {¢, f},
F = {f} and N = @). This structure can also be considered as bilattice
when the second, informational order, is taken into account (see Figure 1).

To proceed further, one needs to generalize a valuation function as
well, to be a map from the set of propositional variables to the set 4.
If we in a natural way extend valuation to arbitrary formula and define
an appropriate consequence relation, we arrive at certain semantic logic.
Interestingly, a logic whose consequence relation is defined via the logical
ordering is exactly the useful 4-valued relevant logic constructed by [9] and
[1, 2].

Generalization procedure has no limits. From 2, it leads through 4 to
P(4)=16 and the trilattice SZXTEEN 3 with three independent orderings.
This algebraic structure is a special case of multilattice proposed and dis-
cussed in [23]. Moreover, two of these three ordering relations generate

2For the detailed account of this kind of compound truth values see [29].
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Figure 1. Bilattice FOUR> in Belnap’s and generalized truth-values
setting.

useful 16-valued logics of the first-degree entailment [24]. If one takes the
set 3 of strong Kleene’s three-valued logic, it gives rise to a valuational sys-
tem corresponding to the lattice EZGHT 3 with three orderings [27]. And
again this valuational structure generates the first-degree relevant logic.
Some constructions of the generalized truth valued might deviate from
the paradigm pictured above. For example the values used in [29] are
generated from the set {t,1} of two different types of truth, while false (of
a certain type) is rendered as just the absence of truth (of the same type).

2.2. Four-valuedness and cyclic negation from quantum
computations

Although this paper does not concern with quantum computations or their
logic at all, some concepts from the field of quantum computational logic
have inspired the four-valued semantics underlying the logics discussed be-
low and, specifically, the choice of the unary operation acting over there.
This section clarifies the origins of the family of truth values used below.

One of the ideas that motivated this paper, namely, to merge gener-
alized truth values approach and quantum computation in a joint logical
framework, was prompted by seminal writings of prominent logicians of
past and present, and after all is connected with the search of answers to
the question, what (modern) logic is.

The first one was proposed by G. Frege and J. Lukasiewicz many years
ago and now enjoys a new lease on life within the project of general-
ized truth values. The core idea may be expressed in Lukasiewicz’s words
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— logic is the science of objects of a special kind, namely a science of logi-
cal values. Though seems strange, this understanding of logic is coherent
with standard conception of logic, because the search for criteria of correct
reasoning and argument immediately leads one to truth-(or, designated
value-) preserving interpretation of logical inference.

Another conception of logic is due to J. van Benthem, who in [25] devel-
ops a program of Logical Dynamics, which presupposes the interpretation
of logic as a theory of information-driven agency, being thus the study of
explicit informational processes (inference, observation, communication).
The latter interpretation may be seen as the other side of the same coin
— in words of J. van Benthem, “inference is just one way of producing in-
formation, at best on a par, even for logic itself, with others” [3, p. 183], so
it is little wonder that “inference and information update are intertwined”
3, p. 189].

One step away from here and just a moment to go, there is an idea
to consider quantum logic as logic of quantum computation, where the
latter offers a new possibility opened up by quantum gates to deal with
information processing procedures being generalizations of reasoning and
argument. An additional interest is connected with logical formalization
of so called genuine quantum gates “that transform classical registers into
quregisters that are superpositions: the square root of the negation and
the square root of the identity” [5, p. 298]. According to [6] “logicians are
now entitled to propose a new logical operation v/NOT. Why? Because a
faithful physical model for it exists in nature”.

Let us remind some key concepts of quantum computational logic (for
more details see, for example, [4]). The unit of representation of quantum
information is a qubit (from English “quantum bit”), a|0) + b|1), where |0)

and |1) are vectors (é) and (?)7 respectively, written in so called Dirac

notation, while a and b are complex numbers, the amplitudes, expressing
the probabilities.

Quantum computational logic offers a broad family of operators, quan-
tum logic gates®, which in some cases can be rendered as the counterparts
of classical logic gates and thus give rise to a family of propositional con-

3Well known examples are CNOT, TOFFOLI, FREDKIN, SWAP gates which perform
reversible computation using some qubits as control registers for governing the actions
on target bit. For example, CNOT negates its target bit if and only if the control bit is
recognized as 1.
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nectives in formal languages of quantum logical systems. But quantum
computations provide also examples of non-classical gates. The square root
of negation is of the special interest for us. For a qubit |¢) = a|0) + b|1),
VNOT(|p)) = %[(1 +i)a+ (1 —14)b]|0) + %[(1 —i)a+ (14 ¢)b]|1), where i is
an imaginary unit. While NOT gate transforms |1) into |0) and vice versa,
V/NOT does only half of the work.

The key observation here is that the square root of the negation is
a kind of “connective with memory”. In particular, when applied twice
to Truth, it returns Falsity and vice versa. At the same time, the first
application to True or False gives intermediate value. Thus, to understand
where to go after the first application of the square root of the negation, one
should somehow remember the point of departure. The complex nature of
generalized truth values allows to yield this peculiarity by preserving the
component of the initial value. For example, starting with T, the first
application of the square root of the negation “adds” uncertainty thus
producing TU; the second application transforms it to F'; the third again
adds U to F resulting in FU; and finally after the fourth application we
arrive at T. So we can see that our representation of the square root
of negation within four-valued framework is nothing more then a cyclic
negation.

Thus we have new set of truth values, {T, TU,FU,F}, and an open
choice of order relation and subset of the designated values. Below we
consider two natural variants of partial order over this set with the same
two-element subset of designated values, {T, TU}. The choice of this sub-
set seems reasonable for several reasons. It contains Truth itself (T) and
the the other value (TU), having something that we would call a trace of
truth. Moreover, this subset is one of the two prime filters in lattice 49
described below.

In this paper, we consider two propositional logics, CNL?2 and CNLL32,
determined by four-valued matrices (with two-valued matrix filters) con-
structed over the set of generalized truth values inspired by quantum com-
putations as explained above. Though these logics have much in common,
they differ essentially with respect to the properties of negations and their
interrelation with conjunction and disjunction.
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2.3. Four-valued matrices

For both logics, CNL2 and CNLL2, we subsume the same propositional
language L., of the signature {A,V,—} over denumerable set of variables
Var with the set of complex formulas For constructed according to the
standard inductive definition.

On the basis of the set % = {T,TU,FU,F} we define two distinct
matrices, MENLZ and MONLLI  gyer this set with the same subset of
designated values D = {T, TU} and the same definition of unary operation
O = {~, A, V} differing with respect to meet and join in the lattice reducts
of these matrices.

Tableau definitions for the binary operations A and V can be easily
imported from the order relations over the set of truth values represented
via Hasse diagrams, depicted in Figure 2. Evidently these ordered sets of
truth values constitute two simple lattices, 4Q (left diagram) and 4£Q.

DEFINITION 2.1. MSNLE matrix is a structure (%, { fo}eco, D), where the
operations fa and f, are defined as meet and join in 4Q, f. is defined via
the following table:

Lz [ /@)

T TU
TU F

F FU
FU T

DEFINITION 2.2. MENLLE matrix is a structure (% ,{9c}ceo, D), where
the operations gn and gy are defined as meet and join in 4£Q, g.. is defined
via the same table as f..

A valuation v is a mapping Var — % . An extension of v to the set For
depends on a matrix assumed. For example, in case of MENLE we define
extension vy of v via following expressions for all A, B € For: vo(AA B) =
Fa(va(A),02(B)), v2(AV B) = fu (03(A),12(B)), va(=A) = fo(v2(A)). Tn
the same manner we define an extension vz of a valuation over CNLL2
matrix, using operations g.., g and gy .

The semantic consequence relation is defined via preservation of a des-
ignated truth value and again relies on a matrix assumed:

DEFINITION 2.3. For all A, B € For,
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T
|

T TU
RN |
TU FU F
NS |

F FU

Figure 2. Lattices 4Q and 4L£Q.

(1) AFenwz B <= v(A) € D = v(B) € D, for each CNLj-valuation

v,

(2) A Fenwz B <= v(4) € D = v(B) € D, for each CNLL3-
valuation v.

It is instructive to examine set % from the generalized truth values
perspective. A common way to construct a set of generalized truth values
is to get powerset over some semantic basis. So, let us choose the basic set
{T, U}, consisting of Truth and Uncertainty values, obtaining thereby the
set of generalized truth values {{T, U}, {T},{U}, @}. It is natural to think
of {T} as just T, while {T, U} as our TU. Then U is just “uncertainty
without being true”. Recall that the absence of truth can be understood
as just being false. This suggests that U can be thought as FU; likewise
& is just F.

3. Binary consequence systems for CNL2 and CNLL}

To formalize semantically defined consequence relation we will use a specific

variant of a logical calculus, “a binary consequence system”*, which is

typical of all FDE-related logics. The term “binary” means that a sequent?®

4See [10, Chapter 6] for a discussion of terminology concerning to different presen-
tations of logical systems. In particular our approach is called “binary implicational
system” there.

5We use the term ‘sequent’ in a broad sense, not reffering here to the apparatus of
Gentzen calculi.
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is an expression of a form A F B which contains exactly one formula in the
antecedent or consequent position. We take some schemata of sequents
regarded as the axiomatic schemata. A sequent is an axiom if it is a
particular instance of a schema. To make the presentation succinct we
abbreviate ~~ as ~?, ~~~ as ~% and so on.

DEFINITION 3.1. A sequent A F B is called CNL3-valid (CNLL3-valid)
—
AFcniz B (AFonLez B).

DEFINITION 3.2. A CNLZ2-proof (a CNLL2-proof) as a list of sequents
each of them is whether an axiom of CNL3(an axiom of CNLL3) or
derived from the previous items of the list using some rule of inference.
A CNL3-proof (CNLL3-proof) for a sequent A + B is a CNL3-proof
(CNLL2-proof) the last item of which coincides with A = B. A sequent
A F B is called CNL2-provable (CNLL2-provable) if there is a CINL32-
proof (CNLL32-proof) for A+ B.

To indicate that a sequent A + B is CNL3-provable (CNLL2-provable)
we also adopt the expression A oz B (A Fonwwz B)-

CNL3 & CNLL3 COMMON AXIOMATIC SCHEMATA AND RULES OF IN-
FERENCE:

(al) ANBFE A, (a6) ~(AV B)F ~AV ~B,

(a2) ANBF B, (a7) AN~*AF B,

(a3) BF AV B, (a8) AN(BVC)F(AAB)V(ANC)
(ad) AF- AV B, (a9) AF ~*A,

(a5) ~AA~BF ~(ANAB), (al0) ~*AF A.

(r1) AFB,BFC/ AFC, (13) AFC,B-C/ AVBFC,

12) AFB,AFC/AFBAC, (14) AF B/ ~*BF ~2A.
(r2)
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CNL2 ADDITIONAL AXIOMATIC SCHEMATA:

(bl) ~(AANB)F ~AN~B, (b2) ~AV ~BtF ~(AV B).

CNLL? ADDITIONAL AXIOMATIC SCHEMATA:

(cl) ~NAN~BE~(AVB),  (¢b) ~(AVB)F~AV B,

(c2) ~(AAB)F~AV~B, (c6) ~(AV B)F ~(BVA),

(c38) ~AN~AE~(AANB)  (c7) ~(AANB)E ~(BAA),

(cd) AN~AF ~(AV B), (c8) (~(AVB)A~(AAB))F~AN~B.

PROPOSITION 3.3. The following sequents are provable in CINL32:

(1) ~AN~BF ~(AV B),

(2) ~(ANB)F ~AV ~B.
PROPOSITION 3.4. The following sequents are provable in both CNL2 and
CNLL32.

(Id) AFA

(Del) ~2AA~2B - ~*(AV B),

(De2) ~*AV ~*B -+ ~*(A A B),

(T) BFAV~ZA

PROOF: Let us show the proof for (T) only:

1. AN~*AF ~*B (a7)
2. ~BE~2(AN~RA) 1, (r4)
3. ~HAN~EPA) E ~PAV ~HA (De2)
4. ~PAV ~AE AV ~PA (Id), (a3), (ad), (al0), (r1), (r3)
5. BF ~*B (a9)
6. BF AV ~?A 2,3, 4,5, (rl)

O
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4. Systems of cyclic negation and classical logic

Systems CNLZ and CNLL2 have much in common with classical logic. In-
deed, if we were intended to represent classical logic as a binary consequence
system, we would take (al)-(a4), (a8)—(al0) and (rl)-(r4), adding para-
doxical postulates like (a7) (then, of course, a pair ~~ should be treated
as classical —). Is is well known that an alternative formulation of classical
system is obtained by replacing contraposition rule with a full collection
of De Morgan laws (but then both AA -A ¢ B and A ¢ BV —-B
are needed, where ) stands for classical binary consequence relation) as
axiomatic schemas. For further references we will denote this system as Cl.

As mentioned above, double ~ have all these features of classical nega-
tion. Thus a kind of intrinsic classicality present in both our systems.
More precisely we can represent this fact via translation function ® from
the language of classical logic £.; (over the signature {A,V,—}, with the
set of formulas denoted as For.) to the language of the present systems
(with the proviso that both languages share the same denumerable set of
propositional variables Var = {p1, pa,...}):

®(p) =p, pEVar,
(Ao B) = ®(A) 0 ®(B), o€ {AV},
®(—A) = ~~D(A), A,BE€For,.

We would like to show, that ® is not only a translation, but an embed-
ding function as well. We prove this statement via semantic argument.
Let us consider an expression A F¢; B as an assertion about classical conse-
quence relation according to a standard definition of a classical consequence
relation.

Given a valuation v: Var — % we define a corresponding classical

valuation v*:
. t, if v(p) € D,
v@:{ (#)

f otherwise,

6In the context of the current research a translation function ® from the language of
a binary consequence system S7 to the language of a binary consequence system Sp is
an embedding when it holds that A =g, B <= ®(A) s, ®(B). The are some other
terms for similar kind of translations in the literature, see eg. [11, 7, 12].
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where p € Var. Now let vy, vo and v3 be extensions of classical-, CNL?L—
and CNLL2-valuations correspondingly (in the sequel we tacitly assume
that a valuation vy, ve or vs is an extended one when applied to formulas).
It is not difficult to verify that the following lemma holds (in what follows
‘t.c.” stands for ‘truth conditions’, ‘IH’ for ‘induction hypothesis’).

LEMMA 4.1. For any formula A € For., any valuation ve (valuation vs)

there is a valuation v1 such that v1(A) =t <= va(P(A)) € D, (v1(A) =
t < v3(®(A)) € D).

PROOF: Simple reasoning by complexity of a formula A. Let us consider
some cases, focusing on a valuation ve only.

CASE A = —B.

vi(~B) =t L5 v (B) £t 4% 0y(B(B)) ¢ D BET 4y (~~B(B)) €
D.

Case A=BAC.

V(BAC) =t “EA y(B) =tand v,(C) =t <% vy(®(B)) € D and
02(D(C)) € D LR 4, (D(B A C)) € D. O

We also need the converse of the previous lemma. Given that vy(p) =t
for some p € Var we can choose a valuation ve (a valuation vs) such that
va(p) € D (v3(p) € D). Then it is easy to get the following lemma.

LEMMA 4.2. For any formula A € Fory, a classical valuation vi, there
exists a valuation vy (resp. a valuation vs) such that

vi(A) =t < va(P(A)) €D (resp. v3(P(A)) € D).
LEMMA 4.3. For all formulas A, B € For
(1) AFa1 B <= ®(A) Fonwz (B)
(2) AFa1 B <= ®(A) Fenwrz ®(B).
PROOF: We consider CNL32 part. Let A =c1 B, but ®(A) Fonwz ®(B).
Then there is a valuation ve such that va(®(A4)) € D, vg(q)(B)LS ¢ D.

Applying lemma 4.1 we find a classical valuation v; such that vy(A4) = t,
v1(B) # t. The other direction is also clear. O

COROLLARY 4.4. ® is an embedding of CI into CNL3 (CNLL3).

What about the converse? Can we non-trivially translate our systems
of cyclic negation to classical logic? To address this question let us define
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the following function ¥, where 7 is a positive integer, A and B are formulas
of the language L.,;:

V(pi) = p2i-1,
U(~p;i) = p2i,
(~mA) = 0 (A),
U(AoB)=T(A)o¥(B), o€{A,V}
U(~(Ao0 B)) = W(~A) 0 U(~B), o€ {A, V]

Similarly to the construction of a classical valuation v* that has been
used before, here we define (where i is a positive integer, v: Var — %)
t, if 7 is odd and ’U(pqz+1) eD,
2
v*(p;) = ( t, if i is even and v(p%-) € {T,FU},

f otherwise.

We proceed with the following

LEMMA 4.5. For every CNLZ-valuation vy and a formula A € For there
exists a classical valuation v such that

v (U(A)) =t <= vy(A) € D.

PROOF: Let us consider firstly the case when W(A) is a propositional vari-
able, say pg. If k is odd index, then the statement follows from definition of
v*. If k is even, then suppose that v1(pg) = v*(px) = t. Since preimage of
pi is ~pi and vg(pg) = v(p%) € {T,FU}, va(~pi) € D. Other direction
is evident.

Next let us consider some cases. Simple sub-cases are omitted.

CASE A = ~~B.

w(U(~~B)) =t EX oy (~(U(B) = t B 0 (U(B)) £t <L

v3(B) ¢ D &S vy(~~B) € D.

CASE A=~(BAC).

01 (U(~(BAC))) =t L2 o (U(~B)AT(~C))) =t LD 4 (U(~B)) =
t and vy (P(~C)) =t PN va(~B) € D and v5(~C) € D L5 1,(B) €
{T,FU} and 1,(C) € {T,FU} £ 4,(BAC) € {T,FU} 5 yy(~(BA
C))eD.
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CASE A= ~(BVC).

u(¥(~(BVCY) =t ?S’» v (U(~B)VE(~C))) =t L 0 (U(~B)) =

t or v1(¥(~C)) =t A va(~B) € D or v3(~C) € D EZ 15(B) €
t.c.V t,c.~

{T,FU} or 15(C) € {T,FU} <= 1y(BVC) € {T,FU} &= v (~(BV
C)) €D.

O

On the other hand, given a classical valuation v* we can get a CINL2-
valuation choosing an arbitrary mapping v such that v(p i1 ) € D when
v*(p;) = t and U(pH—l) ¢ D when v*(¥(p;)) = f for a an odd integer
i, while v(p;) € {T, FU} when v*(p;) =t and v(p;) ¢ {T,FU} when
v*(p;) = f for an even integer i. Thus we obtaln an analogue of the
previous lemma.

LEMMA 4.6. For every classical valuation v1 and a formula A € For there
exists a CNL32-valuation vy such that

v1(P(A)) =t < vy(A) € D.
PROOF: Similar to the proof of the lemma 4.5 O

LEMMA 4.7. A Eonpz B <= Y(4) Fa ¥(B).

PROOF: First assume that W(A) c1 ¥(B), but A enpz B. Then there
exists some extended CNL3-valuation vy such that va(A) € D and vy (B) ¢
D. According to lemma 4.5 there exists an extended classical valuation vy
such that v1(V(A)) = ¢, but v1(¥(B)) = f.

For the other direction suppose that A Fenpz B, but ¥(4) FEcr V(B).
Then there exists a classical valuation v such that v(¥(A)) = ¢, v(¥(B)) =
f. Using lemma 4.6 we conclude that A [Fonpz B O

COROLLARY 4.8. ¥ is an embedding of CNL3 into Cl.

To obtain the same result for CNLLZ we need some modification of W.
But this time things appear to be far more complicated and, as it seems,
there is no simple and elegant translation clauses for the negated A and V.
Nevertheless, technically, it is still possible to define a required function.
Let us denote by ¥’ a translation which differs from ¥ in what concerns
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the images of formulas of the form ~(BAC) and ~(BV () and agrees with
it in other respects. Namely we put

V' (~(BAC)) = (- (B) ANV (~B)) V (~T'(C) A T/(~C))V
V'(~B) AU (~C)),
v(C) A (~C))V

'(~B) NV (~C)).

Vv
v
V(~(BVC)) = (¥(B) AT (~B)) Vv
Vv

(
(
(
(

For this translation we can prove analogues of lemmas 4.5 and 4.6. Let us
denote as ‘tr’ the right parts of the above equations when they are clear
from the context.

LEMMA 4.9. For every extended CNLLZ2-valuation vz and a formula A €
For there exists a classical valuation v1 such that

v1(V'(A)) =t < v3(A) € D.
PROOF: Let us check some crucial cases.
CASE A= ~(BAC).

First we have v1(¥'(~(BAC))) =t ey’ v1(tr) = t. Thus any dis-

junct of tr may be evaluated as t under v;. Let us inspect all three sub-
t c. N\,

cases. We start with v1(=0/(B) A U/(~B)) =t =" v1(¥'(B)) = f and
01(W(~B)) = t 2 v3(B) ¢ D and v3(~B) € D "% v3(B) = FU "%
v3(BAC) = FU "S™ y3(~(BAC)) = T € D. The second disjunctive
sub-case is similar.

Next consider the following implications: vy (¥/(~B)AV' (~C)) =1t =0
01 (W (~B)) = t and vy (V' (~C)) = t 2 v3(~B) € D and vs(~C) € D “:C
v3(B) € {T,FU} and v3(C) € {T,FU} "S" v3(B A C) € {T,FU} "S™
v3(~(BAC))eD

For the other direction vs(~(BAC)) € D “S™ v3(BAC) € {T,FU} "%
(a) v3(B) =v3(C) =T or (b) v3(B) = FU or (c) v3(C) = FU.

tc/\

Sub-case (a): v3(~B)=TU € D and v3(~C)=TU € D U8 v1 (¥ (~B)
t.

= tand Ul(xp'(NC)) £ 1S 0 (U (~B)AT (~C)) = %Yy (1) = ¢ B

v (V(~(BAC))) =
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Sub-case (b): v3(B) = FU ¢ D "S™ p3(~B) = T € D 2 ) (V/(B)) # ¢
t
t

and vy (W/(~B)) = t “S" o) (~W/(B) A W(~B)) = t 'S vy (tr) = ¢ &
o1 (V' (~(B A C))) =

t.
CASE A=~(BVC
df. v’

v (U'(~(BV () =t = wvi(tr) =t. Again, any disjunct of tr may

have the value ¢t under v;. Consider the following sequence of implications:
0 (W/(B) A W'(~B)) = t “S" v (¥(B)) = t and v (V' (~B)) = t =
v3(B) € D and v3(~B) € D 'S v3(B) = T 'S v3(BV Q) = T "%
v3(~(BVC)) =TU € D. The second disjunctive sub-case is similar, while

the third one can be easily seen from the analogues sub-case for ~(B A C).
t.c .~ t.c VvV

For the other direction v3(~(BVC)) € D "= v3(BVC) € {T,FU} =
(a) v3(B) = v3(C) =FU or (b) v3(B) =T or (c¢) v3(C) = T.
Sub-case (a): v3(~B) =T € D and v3(~C) =T € D L v1(¥'(~B)) =
f

t.c, A\ t.c,V d

tand v, (W(~C)) = ¢ “S" 0y (W(~B) AW/(~0)) = ¢ 'S wy(tr) = ¢ &
0 (U (~(BV C))) = t.

Sub-case (b): v3(B) =T €D "= wv3(~B)=TU €D LS v1(¥'(B

Sub-case (c) is similar.
).

~—

t and vy (U (~B)) = t "% o) (V(B) A W/(~B)) = ¢ " vy (tr) = ¢ ‘&
v1 (¥ (~(BV (C))) =t. Sub-case (c) is similar. O

Thus the following two lemmas are readily following.

LEMMA 4.10. For every classical valuation v1 and a formula A € For there
exists a CNLL32-valuation v such that

v1(V'(A)) =t < v3(A) € D.
LEMMA 4.11. A Eenpez B <= V/(4) Fa V(B).

PROOF: Similar to the proof of lemma 4.7. O
COROLLARY 4.12. ¥’ is an embedding of CNLL32 into CL.

5. Soundness and completeness of CNL2 and CNLL?

5.1. Soundness

LEMMA 5.1 (Local Soundness for CNL2). All aziomatic schemata of CNL2
represent CNLZ-valid sequents and the rules of inference preserve CNL3-
validity.
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PROOF: We need to check each item from the list of axiomatic schemata
and inference rules. Let us show a couple of cases. Here, again, a valuation
applied to formulas is just an extended valuation function.

Suppose that axiomatic schemata (a7) is invalid, i.e. there a CNL3-
valuation v that v(A A ~?A) € {T,TU} and v(B) ¢ {T,TU} that is
v(B) € {F,FU}. It can be seen that this situation is impossible since
AN ~*A cannot take its value from the set {T, TU} at all.

Suppose that the rule (r4) does not preserve validity. This means that
there is a valuation v that A Fonpz B, but ~ ’B Fonwz ~ ?A. From the
latter it follows that t v(~*B) € {T TU} and v(~*A) ¢ {T, TU} which
means that v(~?4) € {F,FU}. It is easy to observe that definition of
~ implies v(A) € {T, TU} and v(B) € {F,FU}, but this contradicts to
A Fcnwz B. Therefore, (r4) preserves validity.

The other cases are similar. O

THEOREM 5.2 (Soundness for CNL2). For any formulas A and B of the
language Loy, the following holds:

A B is CNL2-provable = A Fenwz B.

PrOOF: By induction on the length of the proof, using Lemma 5.1. U

LEMMA 5.3 (Local Soundness for CNLL32). All aziomatic schemata of
CNLL2 represent CNLL2-valid sequents and the rules of inference pre-
serve CNLL2 -validity.

PRrROOF: Analogously to Lemma 5.1, we show only an example with one ax-
iomatic schemata, because the sets of inference rules of CNL3 and CNLL3
are identical.

Suppose that axiomatic schemata (c8) is invalid, that is there is a valu-
ation v such that v(~(AV B) A~(AAB)) € {T,TU} and v(~AA~B) ¢
{T, TU}. The latter means that v(~A A ~B) € {F,FU}.

(a) Let v(~(AV B) A ~(AANB)) =T. According to the definition of
conjunction this means that v(~(AV B)) = T and v(~(AA B)) = T.
This means that v(AV B) = FU and v(A A B) = FU. The first
equation determines v(A) = FU and v(B) = FU.

Let v(~A A ~B) = F. This is possible when v(~A4) = F or v(~B) =
F. That is v(A) = TU or v(B) = TU. Each of these cases incom-
patible with the previous observation.
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Let v(~AA~B) = FU. It takes place when v(~A) = FU or v(~B) =
FU which implies v(A) = F or v(B) = F, impossible again.

(b) Let v(~(AV B) A ~(AA B)) = TU. According to the definition of
conjunction three cases are to consider, but two of them are identical.
Suppose, v(~(AV B)) = T and v(~(AA B)) = TU. By truth condi-
tions of ~, v(AA B) = T. This means that v(4) = T and v(B) = T.
Inspecting already considered cases when v(~A A ~B) € {F,FU}
we arrive at impossible valuations. The argument is analogous, when
v(~(AV B)) = TU and v(~(A A B)) = TU. O

THEOREM 5.4 (Soundness for CNLL32). For any formulas A and B of the
language Loy, the following holds:

A B is CNLLZ-provable = A Fenwiz B.

PRrROOF: By induction on the length of the proof, using Lemma 5.3. O

5.2. Completeness

The idea of the completeness theorem proof is based on a technique elabo-
rated by J. M. Dunn for the system of FDE (see [9]). This method essen-
tially relies on the notion of a prime theory which is given in the following
definition.

DEFINITION 5.5. A CNL2-(CNLL32)-theory is the set of formulas « such
that for all formulas A and B of the language L.,

(1) AN B € a whenever A € o and B € «,
(2) B € a whenever A € a and A+ B is CNL2-(CNLL?2)-provable.

A CNL3-(CNLL3)-theory is prime if AV B € « implies A € a or B € a.
We call a CNL2-(CNLL2)-theory a c-normal when for each formula A it
holds that A € « if and only if ~*A ¢ a.

As a first step toward completeness theorems for CNL3 and CNLL?
we prove the Extension Lemma. Note that we use this lemma uniformly for
both completeness theorems. So we prove it for the case of CNLZ2, while
proof for another system is the same.
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LEMMA 5.6 (Extension Lemma). For all formulas A and B of the language
Lent, if A B is not CNLZ-provable, then there is a c-normal prime theory
a such that A € a, B € «.

PROOF: Suppose that for some formulas A and B, A - B is not CNL2-
provable. Let us define ag = {C | A Fenpz C}. ap is a theory as it is
closed under Fonyz and A (using the rule Zr2)). Next we construct the

sequence of theories taking some enumeration of the set For (A, Ag,...)
and define

an, if an U{Ani1} Fonez B,
QOpt1 = . 4
an U{Api1}, if an U{Ani1} Venwz B

Let a be the union of all a,’s. First we show that « is a prime theory
such that A € & and B € a. A € a by construction. Assume B € «, hence
B was added to «; on i-th stage of construction of the sequence, which is
impossible. For the primeness suppose that « is not prime, i.e. CV D € a,
but C ¢ o and D ¢ «. This means that both extensions a U {C'} and
a U {D} contain B. Then there is a conjunctions of formulas form «, say
E, such that EACFenpz B and EA D Fongz B. From this, using (r3),
we derive (EAC)V (EAD) Fenpz B. Then, using (a8) and (rl), we have
EN(CVD)Fenwz B, so B € a.

Finally, o is also c-normal. Indeed, if for some k, Ay € a and ~*4;, € a,
then there is an a; which contains Ay A ~?A;, as well as B, due to axiom
schema A A ~*A B, contrary to the assumption. On the other hand,
primeness of o and derivable schema B Fenpz AV ~?A guarantee that for
each Ay, one of two formulas, A; and ~?Ay, belongs to a. O

5.3. Completeness for CNL?

Recall that A denotes the set {TU,F}. We can express our truth-values
in terms of A and D sets via the following expressions:
v(A) =T <= v(A) € D and v(4) ¢ A,
v(A) =TU < v(A) € D and v(A) € A,
(4)
(4)

v(A)=F <= v(A) ¢ D and v(A) € A,
v(A) =FU <= v(A) ¢ D and v(A) ¢ A.
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It is not difficult to verify the next lemma, having in mind the interpre-
tations of propositional connectives.

LEMMA 5.7. Let A,B € For, and v be a CNLZ2-valuation. Then, the
following statements hold:

(1) v(~A) e D <= v(4
2 A)e A = v(A
3) v(AAB

¢ A
(2) v(~ €D
(3) o
(4) v(AAB
(5) o
(6) o

v
EDandv( ) €D,
€ Aorv(B) € A,
€D orv(B) €D,
€ A and v(B) € A.

cA <= v(A
5) v(AV B
6) v(AV B

)
)
eD = v(4
(
eD = v(4
(

)
)
)
)

— ' ~—

cA = v(A
Now we turn to the definition of a CNL2-canonical valuation.

DEFINITION 5.8. For each c-normal prime theory o and propositional vari-
able p we define a CNLZ2-canonical valuation v¢ as a mapping Var +— 4Q
satisfying the following expressions:

(1) v°(p) €D <= pE€ q;
(2) v°(p) € A <= ~*p€q;

We define a unique extension of v¢ to the set of all formulas in the
usual way and denote this extension by v¢ as well. We prove that extended
valuation behaves as expected with respect to the c-normal prime theories.

LEMMA 5.9 (Canonical Valuation Lemma for CNL2). For each c-normal
prime theory o, formula A and extended canonical CNL2-valuation v¢ the
following statements hold:

(1) v°(A) e D <= A€ q,
(2) v°(4) e A = ~BA€a.

PROOF: By induction on the structure of a formula A. The base case
when A is a propositional variable follows from the definition 5.8. Let us
explore the cases for the complex formulas. The induction hypothesis (‘TH’
in the sequel) claims that lemma is true for their proper subformulas. We
also use the two basic properties of theories, namely, their closure under
conjunction and the relation Fonrz throughout the proof.
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CASE A =~B.

v*(~B) €D 2L °(B) ¢ A <5 ~IB ¢ o L “Bea.

ve(~B) € ABET e By eD & Bea LYY LiBea.

CAase A=BAC.

v (BAC) EDI?H:‘E'}?UC(B) € D and v°(C) € D L BeaandCe

df.a,(al),(a2)
« BAC € a.
v(BAC) € A Ry vo(B)e Aorve(C) e A & SBeaor ~iCe
al),(a2),(ab),(bl)

I — ~B¢aor~C¢a( = ~(BAC) ¢ a “EZ
~I(BAC) € a.

Case A=BvVC.

v (BVC) e D BT v¢(B) € Dorve(C) € D L BeaoaC e
« (a3),(<ﬁi>pr1m. BV Ole Q. -

wW(BVC) e AEE 49(B) € Aand 1°(C) € A &5 ~B € o
and ~*C € a “E2" ~Bé¢ aand ~C ¢ a (23),(24), () (b2),prim. ~(BVC) ¢
a “EZI(BVO)Ea. O

THEOREM 5.10 (Completeness for CNL2). For any formulas A and B of
the language Loy, the following holds:

AFcnwLz B= AF B is CNLZ-provable.

PROOF: Suppose A + B is not CNL2-provable. Then, by Lemma 5.6,
there is prime theory a such that A € o and B € «. Then, by Lemma 5.9,
we know that v¢(A4) € D but v*(B) ¢ D, so A #cnwz B. O

5.4. Comleteness for CNLL2

Let B denote the set {T,FU}. The next lemma is rather straightforward
consequence of the semantic definitions for the propositional connectives.

LEMMA 5.11. For any A, B € For, a CNLL32-valuation v the following
statements hold:

(1) v(~A) e D < v(A4) € B,
(2) v(~A) e B < v(A4) ¢ D,
(3) v(AAB) €D <= v(A) € D andv(B) € D,
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(4) v(AANB) e B < v(A),v(B) e DNB orv(A) € B\D orv(B) €
B\ D,

(5) v(AVB)eD < v(A) €D orv(B) €D,

(6) v(AVB)eB < v(A),v(B) € B\D orv(A) e DNB orv(B) €
DNB.

DEFINITION 5.12. For each c-normal prime theory « and propositional
variable p we define a CNLL2-canonical valuation v¢ as a mapping Var
4L£Q satisfying the following expressions:

(1) v°(p) €D <= pew;
(2) v“(p) €B <= ~pew

Again, we need to extend a canonical valuation to the whole set For
and prove the canonical valuation lemma.

LEMMA 5.13 (Canonical Valuation Lemma for CNLL3). For each c-normal
prime theory o, formula A and extended canonical CNLL2-valuation v°
the following statements hold:

(1) v°(A) €D <= A€ aq,
(2) v°(A)eB «— ~Aca.

PRrROOF: By induction on the structure of a formula. Propositional vari-
ables case immediately follows from the definition of v°.

CASE A = ~B.
v(~B) e D 2" By e B &5 ~Bea.

v(~B )eBlem511 B)¢D & B¢ a T 2Bea.

Case A=BAC.

UC(B/\C)EDICQ%H v¢(B) € D and v¢(C) € D £L B e aand
C’Eadf'a’(a (aQ)B/\C'Eoz

(=) Let v(BAC) € B. By Lemma 5.11 we have to explore three
sub-cases. (i) From [v¢(B) € B and v¢(C) € B] and IH we get ~B € «
and ~C' € a, thus by the A-closure of @ and the axiom scheme (a5),
~(BAC) € a. (i) If [v°(B) ¢ D and v°(B) € B] then IH gives B ¢ «
and ~B € a. By c-normality of a, ~2B € a. Thus, by the axiom schema
(€3), ~(BAC) € a. (ili) If [v(C) ¢ D and v(C) € B] we similarly get
~C N~2C € a, so ~(C A B) € a and, finally, by (c7), ~(BAC) € «
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(<) Suppose ~(B A C) € a, then, by (c2), ~BV ~C € «, so, by
primeness of a, ~B € a or ~C' € a. Let us consider the case ~B € «.
According to TH, v¢(B) € B, but this is not enough to assert v*(BAC) € B.
So, we should examine the position of B relative to the theory a. Suppose
B € «a. By the A-closure of a, B A ~B € a. Using the axiom schema (c4)
we get ~(B V C) € a which, along with (c8), and A-closure of o again,
implies ~BA~C' € a, hence ~C € a. By IH, v°(C) € B, so v¢(BAC) € B.
Next assume B ¢ «. Applying ITH we then have v¢(B) ¢ D. This means
that v¢(B) = FU, so v*(B A C) € B. Similarly for ~C € a.

CAse A=BVC.
v’(BVvC) €D le 5l v¢(B) € D or v¢(C) € D ' Beaor

Cea ™™ pyoea,

(=) Assume v°(B V C) € B. Then, according to Lemma 5.11, we have
two disjunctive subcases. First assume [v°(B) € B and v¢(C) € B]. It is
enough to get ~B € @ and ~C € « by IH and then ~(BV C) € « using
(c1). The proof for second subcase is accomplished by the same reasoning.

(«=) Suppose ~(BV C) € a. By the axiom (a6) and primeness of o we
then obtain ~B € a or ~C € «. Let us consider the first of the disjunctive
sub-cases. From IH it follows that v°(B) € B. But to get the required
assertion v¢(B Vv C') € B we need more information. Applying (c¢6) and
then (c5) to ~(BV C) € o we get ~C'V B € a. Primeness of o and TH
give v°(C') € B or v°(B) € D. In both of these cases, taking into account
v°(B) € B, we end with v¢(B Vv C) € B. Analogues reasoning provides the
proof in case when ~C € a. O

THEOREM 5.14 (Completeness for CNLL3). For any formulas A and B
of the language L.y,

AFcenirz B = Ak B is CNLL}-provable.

PROOF: The same as in the previous theorem for CNLZ. O

6. Conclusion

Although we have studied probably the most natural logics of paired cyclic
negations, the whole picture is still waiting to be explored. Even the frame-
work of the four-valued semantics gives some possible directions for the
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further investigations. Specifically, one can choose other sets of the desig-
nated truth values or combine the different collections of designated and
anti-designated truth values. On the other hand, alternative definitions
of the consequence relation are also possible. To obtain the more abstract
results, paired cyclic negations could be put into more general lattice struc-
tures, even not necessary finitely based. Having in mind ability to simulate
the other negation-like operations, the potential relationships between log-
ical systems appear to be of the main interest.
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Abstract

We study the variety generated by the three-element equivalential algebra with
conjunction on the dense elements. We prove the representation theorem which
let us construct the free algebras in this variety.
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1. Introduction

According to [6], there are only finitely many polynomial clones on a finite
algebra which generates a congruence permutable Fregean variety. As we
will show in the paper, if a three-element algebra A generates a congru-
ence permutable Fregean variety, then the universe of A with the natural
order is a chain. Moreover, also the lattice of congruences on A is a three-
element chain. It is known that congruence permutable Fregean varieties
are congruence modular, so we can consider in this case the commutator
operation. By [6, Corollary 2.8], due to the behavior of the commutator
operation on a three-element algebra, we can distinguish four polynomi-
ally nonequivalent algebras, that generate congruence permutable Fregean
varieties.
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Two of them are well known: the three-element equivalential algebra
and the three-element Brouwerian semilattice. The equivalential algebras
are solvable, so they are of type 2 ([6, p. 606]) in the sense of Tame Con-
gruence Theory of Hobby and McKenzie [4]. However, the Brouwerian
semilattices are congruence distributive and so they are of type 3. Equiv-
alential algebras and Brouwerian semilattices have already been carefully
studied, both when it comes to the construction of the n-generated free
algebras, as well as the cardinality of these algebras for small n and for
some subvarieties, see [8, 19, 14, 15] for the equivalential algebras and [9]
for the Brouwerian semilattices.

In the other two cases we are dealing with a mixed type. In the first
case, we have type 3 at the top of congruence lattice and type 2 at its
bottom, see Figure 1. An example of algebra, which meets these conditions
is the three-element equivalential algebra with conjunction on the regular
elements. The variety generated by this algebra was investigated in [11],
where its properties, the representation theorem, the construction of the
free algebra and the free spectrum were given.

The aim of this paper is to study the variety generated by the three-
element algebra, in which the commutator operation behaves in the op-
posite way: type 2 is at the top of congruence lattice and type 3 at its
bottom. Such structure is the subreduct of the three-element Heyting alge-
bra, with the equivalence operation and the second binary operation which
is conjunction on the dense elements.

Both the dense elements as well as the regular elements play an impor-
tant role in the study of the relation between classical and intuitionistic
logic. They appear indirectly in the Glivenko theorem according to which
a formula ¢ is a tautology of classical propositional calculus iff its dou-
ble negation (i.e. the regularization of ¢) is a tautology of intuitionistic
propositional calculus. An algebraic version of this theorem refers directly
to dense elements: we divide a Heyting algebra by the filter of all dense
elements obtaining a Boolean algebra [12, p. 132].

2. Preliminary
Let A be an algebra. We say that ¢ € Con A is completely meet-

irreducible if y # A? and for any family {u; : i € I} € ConA such
that p = ();c pi, we have p = p; for some i € I. If p is completely meet-
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irreducible, then there exists the unique cover of i in Con A, denoted by ut.
We will denote by Cm(A) the set of all completely meet-irreducible con-
gruences on A. Similarly, we can define a completely join-irreducible
congruence v and the unique subcover of v in Con A, denoted by v—. Let
O(a,b) denote the congruence generated by (a,b).

Now, we will recall the most important facts related to the concept of
the commutator. At the beginning we need the following definition:

DEFINITION 2.1 ([10, p. 252]). Let a, 8,7 be congruences of an algebra
A. We say that « centralizes 5 modulo 7, written: C(«, 8;7), iff for all
n > 1, and for every: t € Clo, 11 A, (a,b) € a and (c1,d1), ..., (cn,dyn) € B
we have:

t(a,c1,...,0n) =y tla,dr, ..., dy) it t(b,ca,...,cn) =y t(b,di,...,dy).

DEFINITION 2.2 ([10, p. 252]). For congruences o and 5 of A € V, where
Y is a congruence modular variety, we define their commutator, denoted
[a, B], to be the smallest congruence 1 of A for which a centralizes 8 modulo

n, i e, n=N¢:Cla, B;0)}.

DEFINITION 2.3 ([2, p. 35, 47]). Let A € V, where V is a congruence
modular variety, o, 8 € Con A and o < 3. Then:

1. B is called Abelian over « if [§, 5] < «,
2. B is called Abelian if [3, 5] = 04,
3. A is called Abelian if [1a,14] = 0a.

We say that an algebra A satisfies the condition (C1) if a A [8, 5] =
[a A B,0] for all o, 5 € Con A.

Remark 2.4 ([5, p. 49]). In congruence modular varieties the condition
(C1) gives [a, f] = (A [B,B]) V(B A [, ), for e, f € Con A, so the com-
mutator operation on congruences of A is uniquely determined by the di-
agonal, i. e., by elements of the form [a, .

If A € Vand V is a congruence modular variety, we can define the
following notion:

DEFINITION 2.5 ([10, p. 252]). The centralizer of § modulo «, denoted
(o : B), is the largest congruence v of A such that « centralizes § modulo

a, i e,y =V{¢: O, 5 )}
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Now, we give basic information about Fregean varieties.

DEFINITION 2.6 ([6, p. 597]). An algebra A with a distinguished constant
term 1 is called Fregean if A is:

1. 1-regular, i. e., 1/a=1/8 implies a = S for all o, § € Con A,

2. congruence orderable, i. e., ©a(1,a) = Oa(1,b) implies a = b for
all a,b € A.

A variety V is said to be Fregean if all its algebras are Fregean. Natural
examples of Fregean varieties are: equivalential algebras, Boolean algebras,
Heyting algebras, Brouwerian semillatices or Hilbert algebras. Fregean
varieties are closely related with the Fregean logics, see [1].

Congruence orderability allows us to introduce a natural partial order
on the universe of A in the following way: a < b iff ©4(1,b) C ©a(1,a).
Clearly, 1 is the greatest element in this order. From 1-regularity it follows
that the Fregean varieties are congruence modular, see [3].

Next, we recall an important theorem, which characterizes subdirectly
irreducible algebras in Fregean varieties.

PROPOSITION 2.7 ([16, Proposition 3.1], [6, Lemma 2.1]). Let A be an
algebra from a Fregean variety V. Then A is subdireclty irreducible iff
there is the largest non-unit element * in A. Moreover, the monolith p of
A has the form 1/u = {*,1} and all other cosets with respects to u are
one-element.

The Fregean varieties meet the condition (C1). Moreover, they satisfy
the stronger condition (SC1):

DEFINITION 2.8 ([6, p. 602]). If u is the monolith of a subdirectly irre-
ducible algebra A from a Fregean variety then the centralizer (0 : p) does
not exceed p.

DEFINITION 2.9. An equivalential algebra is an algebra (4, <>, 1) of type
(2,0) that is a subreduct of a Heyting algebra with the binary operation
< given by z <>y 1= (x = y) A (y — ).

In this paper, we adopt the convention of associating to the left and
ignoring (or replacing with “-”) the symbol of equivalence operation. In 1975
J. K. Kabzinski and A. Wronski proved that the class E of all equivalential
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algebras is equationally definable by identities: zay =y, zyzz = (x2)(yz),
(xy)(xzzz)(xzz) = 2y, and so it forms a variety [8].

We know from [6, p. 598] that E is congruence permutable. Moreover,
the following theorem is true:

THEOREM 2.10 (|6, Theorem 3.8]). Let V be a congruence permutable

Fregean variety. Then there exists a binary term < such that for every
AecV:

1. (4,4, 1) is an equivalential algebra;

2. <> is a principal congruence term of A, i. e., (a,b) € aiff (1,a <> b) €
a for every a € Con A.

If V is a congruence permutable Fregean variety and A € V, then we
will denote an equivalential reduct of A by A°.

3. The clones of polynomials of a three-element
algebra, which generates a congruence permutable
Fregean variety

It is known that there exist only two polynomially nonequivalent alge-
bras defined on a two-element set and generating a congruence permutable
Fregean variety [6, p. 640]. We examine an analogous situation, but for a
three-element set. The first question concerns the number of such polyno-
mially nonequivalent algebras. By Theorem 2.10, for every algebra A from
a congruence permutable Fregean variety there is a binary term < such
as A€ is an equivalential algebra. In order to answer our question we first
need to consider a three-element algebra A with a universe {1, a, b}, with
the equivalence operation <+ and a constant term 1, which is the greatest
element in A in the natural order.

PRrROPOSITION 3.1. Let A generate a congruence permutable Fregean vari-
ety with a constant term 1 and let |A| = 3. Then:

1. A with the natural order is a chain,

2. (Con A, V, A) with the order C is a three-element chain

PrOOF: (1) Let A = {1,a,b}. Without loss of generality we can assume
that a <> b = a, since otherwise (i.e. a <> b = b) the situation would
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be analogous. From Theorem 2.10 we have ©(1,a <> b) = O(a,b). Thus:
O(1,a) = O(1,a <+ b) = O(a,b). As O(1,b) C O(1,a), so from a congruence
orderability it follows that a < b and consequently a < b < 1.

(2) Similarly, from a congruence orderability and inequalities a < b < 1
we get: 04 = O(1,1) C O(1,b) & O(1,a) = 1. Thus: 0o < O(1,0) < 1a.
This completes the proof because in Con A there are only principal con-
gruences. O

Since {1,a,b} with the natural order forms a chain, thus we adopt
the convention that the smallest element in a three-element chain will be
denoted by 0, and the middle element by *. We conclude from Proposition
2.7 that an algebra A, which fulfills the assumptions of Proposition 3.1,
is a subdirectly irreducible with the monolith ©(1,*). Note also, that if
a three-element algebra A comes from a congruence permutable Fregean
variety, then O(z,y) = ©%(x,y), for z,y € A.

By [6, Corollary 2.8], the clone of polynomials of a finite algebra from
a congruence permutable Fregean variety is uniquely determined by its
congruence lattice expanded by the commutator operation, i. e., by the
structure Concom(A) := (Con A; A, V, [+, ]). Thus, the number of clones of
polynomials of A depends on the behaviour of the commutator operation
on a three-element lattice of congruences. There are four such possibilities,
shown in the figure below.

1) 2) 3) 4)
o la 1a N e la

2 3 2 3
o LA A b LA o A

2 2 3 3
LRUN Oa » 0a LJUN

Figure 1.
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The number 2 used in the figure means that a congruence « above
this number is Abelian over a~, where a~ denotes the unique subcover
of a, i. e, [@,a] = a~. On the other hand, the number 3 means that
a congruence « above this number fullfils: [o, ] = a. Note that it follows
from the condition (SC1) that the equality [1a,1a] = 0a is not possible,
because it would lead to a contradiction, i. e., (0a : ua) = 1a.

An algebra, in which the commutator behaves as in the first case is
the three-element equivalential algebra, whereas an algebra, in which the
commutator behaves as in the fourth case is the three-element Brouwerian
semilattice. An example corresponding to the second case is a three-element
equivalential algebra with conjunction on the regular elements, described
in [11]. In this article we will give an example of an algebra, in which the
commutator behaves as in the third case.

4. Equivalential algebras with conjunction on
the dense elements

In Heyting algebras we can consider both the dense elements and the reg-
ular elements. An element z is called: regular if (z — 0) — 0 = z, dense
if (x = 0) — 0 = 1. The Glivenko theorem mentioned earlier, explains
their role in studying of the reducts of the intuitionistic logics. To defined
them in Heyting algebras we use the constant 0. In equivalential algebras
we can define the regular and dense elements without using this constant.
In this situation we say that an element x € A is regular if zyy = « for all
y € A, and it is dense if there is a finite subset {y1,¥y2,...,yn} C A such
that zy1y192Y2 - . . ynyn = 1. If the equivalential algebra A is the reduct of
the Heyting algebra, then both definitions coincide.

In Heyting algebras we can define an operation of the conjuction on
the dense elements. Let us consider a subreduct of the Heyting algebra
with the constant 1 and with two binary operation. The first is the equiva-
lence operation, providing the congruence permutability, while the second
operation is the conjuction on the dense elements. We will also limit our
considerations to the three-element subreduct of the Heyting algebra. From
Proposition 3.1 we know that the universe of this algebra with the natural
order forms a chain. Finally, we get the following definition.

DEFINITION 4.1. An equivalential algebra with conjunction on the
dense elements is an algebra D := ({0, %,1},-,d, 1) of type (2,2, 0), which
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is the reduct of the three-element Heyting algebra H = ({0, %,1}, A, V, —
,0,1) with an order: 0 < % < 1, the constant 1, the equivalence operation -
such that z -y := (x = y) A (y — ), and an additional binary operation d
such that d(z,y) := 00z A y00y.

Note that A€ is an equivalential algebra and d is a binary commutative
operation presented in the table below (on the right):

*

0

= ool o
Ol * | —|
= % | =] =
—| %=

¥ | ¥ | ¥ | ¥

O %[ =] =
Ol | % | %

We denote by V(D) the variety generated by D. It is easy to see, that
D is a subdirectly irreducible Fregean algebra with the monolith denoted
by up. Moreover, Con D = {Op, up, I1p}, where Op < pup < 1p.

Remark 4.2. D has two nontrivial subalgebras:
= ({1,0},-,d,1), where d =1,
= ({1,%},-,d,1), where d(z,y):=zAy.

Thus, the algebra 2 is a Boolean group and is abelian, while the algebra
2" is a Boolean algebra without zero [18] and is not abelian. Note that
D/up =2 2, and, consequently, A € HS(D) if A~2or A=22"or A= D
for non-trivial A € V(D).

Now, applying [6, Theorem 2.10] we get immediately:
PROPOSITION 4.3. V(D) is a Fregean variety.
Next, we look at the commutator operation in Con D.

PROPOSITION 4.4.

—_

. [#p, pp] = pp,
- [Ip, 1Ip] = pp,

3. (Op : up) = Op,
- (#p : 1p) = Ip.
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PRrOOF: (1) From the definition of the commutator we get:
1=4d(1,1) =[up,up] d(1,%) = iff
* = d(*,1) =(up,up] d(*, %) = *,

S0 (17*) € [/"LD’IU’D]7 thus [NDvMD} = HUD.
(2) Since D/up = 2, we get immediately from the general property of
the commutator operation [2]:

po/pp = [Ip/pp, 1p/pp) = ([Ip, Ip] V D)/ 1D

Thus [1p,1p] V up = pp, and consequently [1p,1p] C pp. From the
equality [up,up] = up we get [1p,1p] € up C [uD, 4p], and therefore
[lp,1p] = pp-

(3), (4) From Definition 2.3 and (1) and (2) we get that 1p is Abelian
over p, and up is not Abelian in D. Thus, from [5, Lemma 21] we obtain
the assertion. O

From the above proposition we get the following result:

COROLLARY 4.5. The algebra D is polynomially equivalent neither to the
three-element equivalential algebra nor to the three-element Brouwerian
semillatice.

PROPOSITION 4.6. There are only three (up to isomorphism) nontrivial
subdirectly irreducible algebras in V(D): D, 2, 2",

PRrOOF: From Remark 4.2 we know that up to isomorphism the only non-
trivial subdirectly irreducible algebras in HS(D) are: D,2,2". Among
them only 2 has an abelian monolith. Suppose that B := {B,-,dp, 1} is
subdirectly irreducible in V(D). It follows from [2, Theorem 10.12] that
there exists a subdirectly irreducible algebra A € HS(D) such that either
B = A or B and A have abelian monoliths and B/(0p : ) = A/(0a :
pa). Thus B € {D,2,2"} (up to isomorphism) or B has an abelian mono-
lith and B/(0B : uB) = 2/(02 : p2). Assume that the second possibility
holds. From (SC1) we get (O : up) = ps. Thus B/ug = 2/(02 : u2).
Since 2/(02 : p2) = 2/u2 is a trivial algebra, it follows from Proposition 2.7
that B with the natural order is the two-element chain, and so B = {1, 0}.
Using identities dp(x,1) = dp(x,z) ~ dp(1,z) and dp(1,1) = 1, true in
V(D), we get dp(1,0) = dp(0,1) = dp(0,0). Suppose that dp(1,0) = 0,
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then dp(z,y) = x Ay, contrary to the fact that B has an abelian monolith.
Thus dgp(1,0) = 1, and so dg = 1. In consequence B 2 2, which completes
the proof. O

Remark 4.7. Tt follows from Proposition 4.6 that all subdirectly irreducible
algebras in V(D) belong to S(D). Thus V(D) = SP(D). In consequence,
a quasivariety generated by D turns out to be a variety.

5. Frames for the algebras from V(D)

Let A € V(D). Recall, that we denote by Cm(A) the set of all completely
meet-irreducible congruences on A. In this section we describe an addi-
tional structure (frame) on Cm(A). This structure is similar to the frames
in the equivalential algebras with conjunction on the regular elements de-
scribed in [11].

It follows from Proposition 4.6 that 4 € Cm(A) iff A/pu =k, for k €
{D, 2,2"}. We use the following notation:

L:={neCm(A): A/u=2},
L:={peCm(A): A/u=Dj,
Pi={peCm(A): A/p=2"},
L:=TLUL.

PROPOSITION 5.1. Let A € V(D) and pr € Cm(A). If A/p = D, then
A/pt =2

PRrROOF: Let f: A/u — 2 be the function given by f(1/u) = f(x/p) =1
and f(0/u) = 0. Therefore f is a surjective homomorphism and ker f =
T /p. Thus (A/p)/(pt/p) =2 2, and consequently A/p™ =2 2. O

COROLLARY 5.2. Let A € V(D) and p € Cm(A). Then p € P UL iff
pw=<1a (i. e, um =1a) and p € Liff ut € L.

In consequence, the length of the longest chain in Cm(A) equals two.
Let A € V(R) and ¢,1 € Cm(A). We introduce a relation on Cm(A)
as follows (see [5, p. 51]):

@ ~ 1 iff the intervals I[p, ™| and I[), ™| are projective.

It is easy to see, that the relation ~ is an equivalence relation on Cm(A).
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From [17, Lemma 4.2, Corollary 3.7] it follows that the definition of the
relation ~ is equivalent to the following definition: ¢ ~ 1 iff ™ = ¢+ and

pe1h e Cm(A), where p et = (p+ 1) Ne™.

DEFINITION 5.3. Let A € V(D). The structure Cm(A) := (Cm(A), <, ~)
is called a frame of A, where < is the inclusion relation.

First, we show that the relation ~ on P U L is an identity.
PROPOSITION 5.4. Let A € V(D) and p € PUL. Then |p/| = 1.

PrROOF: Let n € P. Then ut = 1a. Since A/u is not Abelian, so from
[2, Proposition 3.7] we get that 14 is not Abelian over p. Thus p* is not
Abelian over p. Let now g € L. Then A/pu =2 D. Since up is not Abelian,
thus " /i, the monolith of A/u, is also not Abelian. In both cases, from
[5, Lemma 21| we have p/ = {p}. O

THEOREM 5.5. Let A € V(D) and pu € L. Then:

1) p/w={veL: vt =1a} =1L,

2) (u/~U{la},e®) forms a Boolean group, where pq ® po := (1 + pe)’ for
11y 142 € fif ~.

ProOOF: (1) From [5, Lemma 21] we know that u/ C{v € L:vT =14a}.
We need to prove the reverse inclusion. Let ¢ € {v € L: vt =1a} and p #
w. First we show that e is a congruence on A. Since Cm(A) C Cm(A¢),
see |7, Lemma 4.1], we have u, ¢ € Cm(A®). Thus, from [14, Proposition 3]
we get that pey € Con A°. Next, we show that the relation pey is compat-
ible with the operation d. Let (a,b), (e, f) € pew. Since the operation d = 1
on A/uUA/p, we get d(a,e)-d(b, f) € 1/p and d(a,e)-d(b, f) € 1/p. Thus
d(a,e)-d(b, f) € 1/puAp, and, consequently, (d(a,e),d(b, f)) € pAp C pegp.
Therefore e ¢ is a congruence. Since u™ = ¢, from [17, Corollay 3.7] we
get u~ . Thus p € p/w,and so {v € L: vt =14} C pu/~.

The assertion (2) follows from [17, Theorem 3.6]. O

Summarizing, the equivalence classes of the relation ~ on Cm(A) take
the following form:

1. LeCm(A)/~,

2. pf ={p}foral pe LUP.
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6. Representation theorem

A maximal proper subalgebra of the Boolean group is called a hyper-
plane. We use this word, because a Boolean group can be interpreted as
a vector space over the field Zs. We will write Z t:= {v € Cm(A) : v >
w for some p € Z} and Z |:= {vr € Cm(A) : v < p for some p € Z} for
Z C Cm(A). Let A € V(D). To get the representation theorem, we need
to define a family of subsets on the set Cm(A) called the hereditary sets.
This idea came from Stomczynska, see [14]. The general definition [17,
Definition 4.5] works for every algebra A from a Fregean variety. It is easy
to see that in our case this definition takes the following form:

DEFINITION 6.1. Let A € V(D) and Z C Cm(A). A set Z is hereditary
if:
1. Z=21,
2. LC Zor (LNZ)U{1a},e) is a hyperplane in (LU {14}, ).
We denote by H(A) the set of all hereditary subsets of Cm(A).
We define a map M as follows:
M:A >a— M(a):={necCm(A):aecl/u},

for all A € V(D).
Now, we formulate the representation theorem.

THEOREM 6.2. Let A € V(D) and let A be finite. Then the map
M:A 3a— M(a) = {pn € Cm(A) : a € 1/u} is the isomorphism
between A and (H(A), <>, d, 1), where

Z2aY =((Z2+Y)])
d(Z.Y):=[ZU((Z 1) nL]n[Y U(Y })' L),
1:=Cm(4),
for Z,Y € H(A).

PRrROOF: From [17, Proposition 4.8] we deduce that M (a) is a hereditary set,
so the map M is well defined. Next, we conclude from [17, Theorem 4.14]
that M is a bijection which preserves the equivalence operation. Clearly,
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if Z=Cm(A), then Z = M(1). Thus, it suffices to show that M preserves
d.

Of course, we have L C d(Z,Y) for all Z,Y € H(A), and so d(Z,Y) is
a hereditary set. Moreover, ZNY C d(Z,Y). We show that

M(d(a,b)) = [M(a) U ((M(a) )" N L)] N [M(b) U ((M(b) 1) N L),

for all a,b € A. We recall that if 4 € L, then d(a,b)/p = 1/p, and if u € P,
then d(a,b)/p = a/u Ab/p. We show inclusion both ways.
»C” Let p € M(d(a,b)). We need consider three cases:

1) p € L. Then the inclusion is obvious.
2) p € P. Then
w e M(d(a,b)) = d(a,b) € 1/u=d(a,b)/p=1/p=
a/u=1/pand b/p=1/p=ac€l/pandbe l/u=
p€ M(a) and p € M(b) = p € M(a) N M(b).

3) p € L. In this situation we get y € M(d(a,b)) = d(a,b)/p = 1/u =
a/p # */u and b/ # x/u. The following cases are possible:

a) a/p=b/u = 1/u. Then p € M(a) N M(b).
b) a/p = b/p = 0/p. Therefore
a/pt =b/pt =0/ut = a,b ¢ 1/ut = p ¢ M(a) and p* ¢ M(b) =
jg M(a) | and ¢ M(b) | = p € (M(a) 1)’ and € (M(5) 1)
Hence g € [M(a) U ((M(a) ) N L)] N [M(b) U (M(5) 1)/ O L))

c) a/pu =1/p, b/u = 0/p (or vice versa). Then a € 1/u, so p € M(a).
Since b ¢ 1/u™, so p & M(b) |, and consequently p € (M (b) |)'. Thus

p € [M(a)U((M(a) 1) N L) N[M () U ((M(D) 1) N L)),
22" Let p e [M(a)U((M(a) }) NnL)]N[M(b)U((M(®) ) NL). Once

again we need consider three cases:
1) p € L. Then d(a,b)/pu =1/pu = d(a,b) € 1/ = p € M(d(a,b)).
2) p € P. In this case:



548 Stawomir Przybyto, Katarzyna Stomczyniska

weM@nNMb)=pe M) and p € M(b) =a/p=1/u
and b/p=1/p=d(a,b)/p =1/ = d(a,b) € 1/u = p € M(d(a,b)).

3) u € L. Let us consider the following cases:
a) 4 € M(a) and p € M(b). Then

a,bel/p=a/p=>0/p=1/p=d(a,b)/p=1/p=
d(a,b) € 1/p = p € M(d(a,b)).

b) p€ M(a) and p € (M(b) |) (or analogously: p € (M(a) |) and p €
M(b)). Therefore a/p = 1/ and b/p = 0/u. Then d(a,b)/p = 1/u, so
d(a,b) € 1/u, and consequently p € M(d(a,b)).

c) pw € (M(a) }) and p € (M(b) 1)’. Then a/p = b/p = 0/u, so we get
as above d(a,b)/p = 1/p. Thus d(a,b) € 1/u, and hence p € M(d(a,b)).
Finally, we conclude that M preserves d, and so M is the isomorphism as
claimed. O

Example 6.3. Let A = {x,1}>U{(1,0,0),(0,1,0),(0,0,1), (x,0,0), (0, ,0),
(0,0,0)}. Thus A is closed under equivalence operation - and (A4, -) is the
smallest equivalential algebra, which is not a reduct of a Heyting algebra,
see [13, Example 3|. Moreover, d(x,y) € {1,*}? for all #,y € D3. Therefore
A = (A,-,d) € S(D?).

Let us consider three subsetes of A: Fy := {*,1}3 U {(1,0,0), (x,0,0)},
Fy = {*,1}3U{(0,1,0),(0,%,0)} and F5 := {x,1}3 U {(0,0,1),(0,0,%)}.
Then the relations p; for i € {1,2,3}, defined by: a =, b iff ab € F; for
all a,b € A, are congruences of A. Moreover, an easy computation shows
that 1/u; = F; for all i € {1,2,3} (where 1 = (1,1,1)) and a/p; = A\ F;
for all a € A\ F;. Choosing a = (a1,az,a3) € {0,1}? for every i € {1,2, 3},
we get: d(1/pi,a/p;) = (d(1,a1),d(1,a2),d(1,a3))/u; = 1/u;. Therefore

Next, let us consider 5-element subsets G; C F;, for i € {1,2,3}: Gy :=
{(1,z,y) : x,y € {1,x}} U{(1,0,0)}, G2 := {(z,1,y) : z,y € {1,x}} U
{(0,1,0)}, G3 := {(z,y,1) : z,y € {1,x}} U{(0,0,1)}. Relations v;, which
are designated by these subsetes (a =,, biff ab € G;), are congruences of A.
Moreover, 1/v; = G; and ¢/v; = F; \ G4, a/v; = a/u; for all ¢ € F; \ Gj,
a€ A\ F;. Thus A/v; 2 D.
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Finally, we get that Cm(A) has the form as shown in Figure 2. It is
easy to check that, according to Theorem 6.2, this frame corresponds to the
14-element algebra A. We can also deduce that A is directly irreducible.

M1 42 M3

() @ e
141 Vo Vs
Figure 2.

In general situation, we show that every finite algebra from V(D) can
be naturally decomposed as the direct product of two algebras. Recall that
L={peCm(A):A/u=20r A/u=D}and P={u e Cm(A): A/u =
2/}

PROPOSITION 6.4. Let A € V(D) be finite. Then:
AgA/nL XA/ﬂp.

PROOF: As A is finite, so 14 = \/;_; a;, where oy (i € {1,...,n}) are
join-irreducible congruences. Clearly, (VLA P = Cm(A) = 0a. We need
to prove that a; C (L V(P for alli e {1,...,n}. Let i € {1,...,n}.
Assume that o; ¢ (VL. We show that o; C () P. Suppose, contrary to
our claim, that there exists u € P such that o ,CZ . Then a; Vp =14
and a; A g < ;. Thus the intervals I[a; A u, o] and I[p, 1] are projective,
and, consequently, o;; At = a; . On the other hand, there exists v € L such
that o; € v and oy C vT. Therefore, the intervals I[ey; , o] and I[v,v "] are
projective. Thus, we get v ~ u, a contradiction.
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7. Free algebras in V(D) — a sketch of construction

Now, we can construct the finitely generated free algebras in V(D). We
will denote by Fp(n) the free n-generated algebra in V(D) in which X =
{x1,22,..., 2T} is the n-element set of free generators. Observe that if pu €
Cm(Fp(n)), then we can identify x4 with a map f which sends free genera-
tors in k, where k € {D, 2,2}, in such a way that f~1({*}) # (. This map

can be uniquely extended to a surjective homomorphism f: Fp(n) — k.
It follows that ker f € Cm(Fp(n)). So, the construction of the frame
Cm(Fp(n)) is similar to the construction of the frame of the equivalential
algebras with conjunction on the regular elements, described in [11].

This construction proceeds as follows:

1. Each g € Cm(Fp(n)) is labelled by the set indices {i : x; € X N
(1} € {1, m}.

2. L has 2" — 1 elements labelled by all proper subsets of {1,...,n} and
these elements form only one equivalence class.

3. P has 2™ —1 elements also labelled by all proper subsets of {1,...,n},
but in this case each element forms a one-element equivalence class.

4. If p € Lis labelled by S € {1,...,n}, then below u (i. e., in L) there
are elements labelled by all proper subsets of S.

5. Each p € L forms a one-element equivalence class.

In the figures below:

a. Each dot denotes an element of the frame.

b. Straight lines denote a partial ordering directed upwards.

c. The equivalence class with more than one element is marked with an
ellipse.

d. Each dot that does not lie in an ellipse denotes a one-element equiv-
alence class.

7.1. The frame of Fp(2) — the free algebra in V(D) with two
free generators

The set Cm(Fp(2)) has 8 elements (Figure 3): 5 on the left-hand side (all
elements at the top form one equivalence class and the elements at the
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{1} 0 {2} {1 {2}

Figure 3. Cm(Fp(2))

bottom form one-element equivalence classes) and 3 on the right-hand side
(each in a separate equivalence class). So, there are 9 hereditary sets on
the left-hand side and 8 hereditary sets on the right-hand side. Finally,
|Fp(2)]=9-8="72.

7.2. The frame of Fp(3) — the free algebra in V(D) with three
free generators

The set Cm(Fp(3)) has 26 elements (Figure 4): 7 on the left-hand side at
the top, 12 on the left-hand side at the bottom, and 7 on the right-hand side.
On the left-hand side there are 4536 hereditary sets, and on the right-hand
side there are 128 hereditary sets. Finally, |Fp(3)| = 4536 - 128 = 580608.

{1,2} {1,3} 2,3} {1} {2} {3} 0 {1 2}{1 3}{23}{1} {2y {3} 0

JANANASTIT

{13 0 {23 {1} 0 {3} {2} 0 {3} 0 0

Figure 4. Cm(Fp(3))

Using Theorem 6.2 and the construction above one can also find the
formula for the free spectrum. We plan to publish these result in the next
article, which will be a continuation of this paper.
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Abstract

The variety DHMSH of dually hemimorphic semi-Heyting algebras was intro-
duced in 2011 by the second author as an expansion of semi-Heyting algebras by
a dual hemimorphism. In this paper, we focus on the variety DHMSH from a
logical point of view. The paper presents an extensive investigation of the logic
corresponding to the variety of dually hemimorphic semi-Heyting algebras and
of its axiomatic extensions, along with an equally extensive universal algebraic
study of their corresponding algebraic semantics. Firstly, we present a Hilbert-
style axiomatization of a new logic called “Dually hemimorphic semi-Heyting
logic” (DHMSH, for short), as an expansion of semi-intuitionistic logic SZ (also
called SH) introduced by the first author by adding a weak negation (to be in-
terpreted as a dual hemimorphism). We then prove that it is implicative in the
sense of Rasiowa and that it is complete with respect to the variety DHMSH.
It is deduced that the logic DHMGSH is algebraizable in the sense of Blok and
Pigozzi, with the variety DHMSH as its equivalent algebraic semantics and that
the lattice of axiomatic extensions of DHMSH is dually isomorphic to the lattice
of subvarieties of DHMSH. A new axiomatization for Moisil’s logic is also ob-
tained. Secondly, we characterize the axiomatic extensions of DHMSH in which
the “Deduction Theorem” holds. Thirdly, we present several new logics, extend-
ing the logic DHMGSH, corresponding to several important subvarieties of the
variety DHMSH. These include logics corresponding to the varieties generated by
two-element, three-element and some four-element dually quasi-De Morgan semi-
Heyting algebras, as well as a new axiomatization for the 3-valued Lukasiewicz
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logic. Surprisingly, many of these logics turn out to be connexive logics, only a
few of which are presented in this paper. Fourthly, we present axiomatizations
for two infinite sequences of logics namely, De Morgan Godel logics and dually
pseudocomplemented Godel logics. Fifthly, axiomatizations are also provided
for logics corresponding to many subvarieties of regular dually quasi-De Mor-
gan Stone semi-Heyting algebras, of regular De Morgan semi-Heyting algebras of
level 1, and of JI-distributive semi-Heyting algebras of level 1. We conclude the
paper with some open problems. Most of the logics considered in this paper are
discriminator logics in the sense that they correspond to discriminator varieties.
Some of them, just like the classical logic, are even primal in the sense that their
corresponding varieties are generated by primal algebras.

Keywords: Semi-intuitionistic logic, dually hemimorphic semi-Heyting logic, du-
ally quasi-De Morgan semi-Heyting logic, De Morgan semi-Heyting logic, dually
pseudocomplemented semi-Heyting logic, regular dually quasi-De Morgan Stone
semi-Heyting algebras of level 1, implicative logic, equivalent algebraic semantics,
algebraizable logic, De Morgan Gddel logic, dually pseudocomplemented Godel
logic, Moisil’s logic, 3-valued Lukasiewicz logic.
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1. Introduction

Semi-Heyting algebras were introduced by the second author!', during
1983-84, as a result of his research that went into [24] (still a preprint
at the time). Some of the early results were announced in [25]. The first
results on these algebras with their proofs, however, were published much
later in 2008 (see [28]).

An algebra L = (L,V,A,—,0,1) is a semi-Heyting algebra if the fol-
lowing conditions hold:

(SH1) (L,V,A,0,1) is a bounded lattice (with 0 and 1, respectively, as
the smallest and largest elements),

(SH2) z A (z — y) =~z Ay,
(SH3) 2 A (y— z) =z A[(x Ay) = (A 2)],
(SH4) z —» z ~ 1.
A semi-Heyting algebra is a Heyting algebra if it satisfies the identity:
H) (xAy) >z~ 1.

We will denote the variety of semi-Heyting algebras by SH and that
of Heyting algebras by H. Semi-Heyting algebras share some important
properties with Heyting algebras; for instance, semi-Heyting algebras are
distributive and pseudocomplemented, with the pseudocomplement x* :=
x — 0; the congruences on them are determined by filters and the variety
of semi-Heyting algebras is arithmetical. For further results on SH, see
[1, 2, 3, 10, 11, 28]. (For algebras closely related to semi-Heyting algebras,
see [15, 13].)

It is well known that the variety of Heyting algebras is the equivalent
algebraic semantics (in the sense of Blok and Pigozzi) of the intuitionistic
propositional logic. In 2011, the first author of this paper defined, in [§],
a new logic called “semi-intuitionistic logic” (SZ, for short, also called
SH) and showed, essentially, that the variety of semi-Heyting algebras is

1Parts of this paper were presented by the second author in invited talks at 8th Inter-
national Conference on Non-Classical Logics: Theory and Applications, L6dz (2016), at
Maltsev Meeting, Novosibirsk (2017), and at Asubl (Algebra and Substructural Logics-
Take 6) workshop, Cagliari (2018).
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an algebraic semantics for this logic and that the intuitionistic logic is an
axiomatic extension of it. The axioms of this logic, however, were expressed
in a language that was not the same as that of semi-Heyting algebras. In
[14], a much simpler, but equivalent, set of axioms for SZ (or SH), was
presented in the same language as that of semi-Heyting algebras. The logic
ST as presented in [14] will play a fundamental role in this paper.

In 1942, Moisil [21] (see also [20]) defined a logic called “Logique modale”
(LM), an expansion of intuitionistic propositional calculus by a De Morgan
negation. He also introduced Heyting algebras endowed with an involution,
in [20], as the algebraic models of the logic LM. These algebras were fur-
ther investigated by Monteiro [22] under the name of symmetric Heyting
algebras. In particular, he presented a proof of an algebraic complete-
ness theorem for Moisil’s calculus by showing that LM is complete for the
variety of symmetric Heyting algebras.

Independently of the previous work, motivated purely by (universal) al-
gebraic considerations, the second author defined and studied De Morgan
Heyting algebras, in [26], by expanding Heyting algebras by a De Morgan
operation. Earlier in 1985, he had also introduced (see [24]) the variety of
Heyting algebras with a dual pseudocomplementation. Also, in 1987, the
concepts of hemimorphism (without name), semi-De Morgan algebra and
(lower) quasi-De Morgan algebra were introduced in [27], unifying (and
generalizing) the notions of De Morgan operation and pseudocomplemen-
tation.

In 2011, motivated by the similarities of the results and proofs in [24]
and [26], he introduced in [29] a more general variety of algebras called “du-
ally hemimorphic semi-Heyting algebras”— an expansion of semi-Heyting
algebras by a dual hemimorphism, as a common generalization of De Mor-
gan Heyting algebras and dually psedocomplemented Heyting algebras.

DEFINITION 1.1 ([29]). An algebra A = (4,V,A,—,/,0,1) is a dually he-
mimorphic semi-Heyting algebra (or, semi-Heyting algebra with a dual
hemimorphism) if A satisfies the following conditions:

(D1): (A,V,A,—,0,1) is a semi-Heyting algebra,

(D2): 0’ ~ 1
(D3): 1" =~ 0,
(D4): (zAy) =z’ Vy  (A-De Morgan law).
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The unary operation ’ satisfying (D2)—(D4) is called a dual hemimor-
phism. The variety of dually hemimorphic semi-Heyting algebras will be
denoted by DHMSH.

It is useful to note here that if a < b in a DHMSH-algebra, then a’ > b'.

Several important subvarieties of the variety DHMSH, by adding the
duals of those given in [27], were introduced in [29], some of which will be
recalled in Section 5.

The following problem presents itself naturally.

PROBLEM A: Find a propositional logic in the language (V,A, —,
~, L, T) with the following properties:

(1) It has the variety DHMSH of dually hemimorphic semi-Heyting al-
gebras as its equivalent algebraic semantics, and

(2) It has Moisil’s logic as one of its (axiomatic) extensions (up to equiv-
alence).

The subvariety DQDSH of DHMSH, consisting of dually quasi-De Mor-
gan semi-Heyting algebras (see item 10 of LIST 1 in Section 5 for defini-
tion), has been intensively investigated in [24, 26, 29, 30, 31, 32, 33, 34, 35,
36]. In Section 8 of [29] (see also [31] and [32]) the following problem was
raised:

PROBLEM B: Find Hilbert-type axiomatization for logics correspond-
ing to two-valued, three-valued and four-valued dually quasi-De Morgan
semi-Heyting algebras, viewed as logical matrices with {1} as the distin-
guished subset.

In this paper, we focus on the logical aspects of the variety DHMSH
of dually hemimorphic semi-Heyting algebras and many of its subvarieties.
The paper presents an extensive investigation of the logic corresponding
to the variety of dually hemimorphic semi-Heyting algebras and of its
axiomatic extensions, along with an equally extensive universal algebraic
study of their corresponding algebraic semantics.

Firstly, we give a solution to PROBLEM A. More specifically, we
present a Hilbert-style presentation of a new logic called “Dually hemi-
morphic semi-Heyting logic” (DHMSH, for short), as an expansion of
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semi-intuitionistic logic presented in [14]. We then prove that it is implica-
tive in the sense of Rasiowa and that it is complete with respect to the
variety DHMSH of dually hemimorphic semi-Heyting algebras. Using the
well-known results of Abstract Algebraic Logic we deduce that the logic
DHMSEH is algebraizable in the sense of Blok and Pigozzi, with the va-
riety DHMSH as its equivalent algebraic semantics. It then follows that
the lattice of axiomatic extensions of DHMGSH is dually isomorphic to
the lattice of subvarieties of DHMSH. As applications of these results, we
present several new logics, extending the logic DHMGSH, corresponding to
some interesting subvarieties (studied in [29]) of the variety of hemimor-
phic semi-Heyting and Heyting algebras. A new axiomatization for Moisil’s
logic is also obtained. Secondly, we characterize the axiomatic extensions
of DHMGSH in which the “Deduction Theorem” holds. This characteriza-
tion is further sharpened for the axiomatic extensions of the logic DODSH.
Thirdly, we introduce many morl new logics, extending the logic DODSH,
corresponding to important subvarieties of the variety DQIDSH, including
some logics corresponding to the varieties generated by two-element, three-
element and some four-element dually quasi-De Morgan semi-Heyting al-
gebras, as well as a new axiomatization for the 3-valued Lukasiewicz logic.
Many of these logics, to our surprise, turn out to be connexive logics, a
few of which are presented in this paper. Fourthly, we present axiom-
atizations for two infinite sequences of logics, namely De Morgan-Godel
logics and dually pseudocomplemented Godel logics. Fifthly, axiomatiza-
tions are also provided for logics corresponding to many subvarieties of
regular dually quasi-De Morgan Stone semi-Heyting algebras of level 1, of
Regular De Morgan Semi-Heyting Algebras of level 1 and of JI-distributive
semi-Heyting algebras of level 1, studied in [29, 30, 31, 32, 33] (see also
[34, 35, 36]). Many of the logics considered in this paper are discriminator
logics in the sense that they correspond to discriminator varieties. Some
of them, just like the classical logic, are even primal in the sense that their
corresponding varieties are generated by primal algebras.

The paper is organized as follows: Section 2 contains definitions, no-
tation and some preliminary results that are needed later in the paper.
It includes the axiomatization for semi-intuitionistic logic as presented in
[14] which is crucial for the rest of the paper. In Section 3, we present
a Hilbert-style axiomatization for the new logic called “Dually hemimor-
phic semi-Heyting logic” (DHMSH, for short) by expanding the language
of semi-intuitionistic logic SZ of [14] by a (weak) negation called dually
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hemimorphic negation and by adding new axioms and a new inference rule
to the semi-intitionistic logic SZ. We then prove that the logic DHMSH
is an implicative logic with respect to the defined connective —f, where
x =g y:=x— (xAy). In Section 4, we prove the completeness theorem
for the logic DHMS?H: The logic DHMGSH is complete with respect to
the variety DHMSH of dually hemimorphic semi-Heyting algebras. In Sec-
tion 5, we deduce from Abstract Algebraic Logic that the logic DHMSH
is algebraizable, in the sense of Blok and Pigozzi, with the variety DHMSH
as its equivalent algebraic semantics, from which it follows that the lattice
of axiomatic extensions of DHMGSH is dually isomorphic to the lattice of
subvarieties of DHMSH. These results enable us to present axiomatizations
of several extensions of DHMGSH by translating the (equational) axioms
of various (known) subvarieties of DHMSH from [29, 30, 31, 32, 33] (see
sections 5 and 8-12) into (propositional) axioms of the corresponding ex-
tensions. We also show that Moisil’s “logique modale” LM is equivalent
to the logic DM®H corresponding to the variety DMH of De Morgan Heyt-
ing algebras. In Section 6, we characterize the (axiomatic) extensions of
DHMSEH in which the “Deduction Theorem” holds. This characterization
is further refined for the axiomatic extensions of the logic DODSH.
Sections 7-12 deal with applications of the results of Section 5 together
with the algebraic results proved in [29, 30, 31, 32, 33, 34]. More specifically,
in Section 7, we present axiomatizations for some extensions of the logic
DODSH whose equivalent algebraic semantics are subvarieties of DQDSH
generated by finitely many finite algebras, including two 2-valued logics
and twenty 3-valued logics and three 4-valued logics. Then we revisit the
3-valued Lukasiewicz logic and give an alternative axiomatization for it.
In fact, we show that the logic corresponding to the 3-element De Morgan
Heyting algebra is equivalent to the 3-valued Lukasiewicz logic. There-
after, we give axiomatizations for extensions of DODSH corresponding
to the subvarieties of the variety DQDBSH generated by dually quasi-
De Morgan Boolean semi-Heyting algebras, completing the solution to
PROBLEM B mentioned earlier. We also give some extensions of the
logic DHMGSH which fail to possess the disjunction property. Section 8
describes some connections to Connexive Logic by showing that some of
these 2-valued, 3-valued and 4-valued logics are, in fact, connexive log-
ics. Section 9 gives axiomatizations for De Morgan Gddel logic and dually
pseudocomplemented Godel logic corresponding to the varieties generated
by the De Morgan Heyting chains and the dually pseudocomplemented
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Heyting chains, respectively. It also provides axiomatizations for the logics
corresponding to their subvarieties. In Section 10, we present axiomati-
zations for new logics corresponding to several subvarieties of the variety
RDQDStSH; of regular dually quasi-De Morgan Stone semi-Heyting alge-
bras of level 1. Section 11 presents axiomatizations for logics corresponding
to a number of subvarieties of RDMSH1 of regular De Morgan Stone semi-
Heyting algebras of level 1, while Section 12 presents axiomatizations for
logics corresponding to many subvarieties of JI-distributive linear semi-
Heyting algebras of level 1. Section 13 concludes the paper with several
open problems for future research.

2. Preliminaries

A language L is a set of finitary operations (or connectives), each with a
fixed arity n > 0. In this paper, we identify L and T with 0 and 1 re-
spectively and thus consider the languages (V, A, —,~ L, T) and (V, A, —
,/,0,1) as the same; however, we frequently use the former in the context
of logics and the latter in the context of algebras. For a countably infinite
set Var of propositional variables, the formulas of the language L are in-
ductively defined as usual. A logic (or, a deductive system) in the language
L is a pair £ = (L,F.), where b, is a substitution-invariant consequence
relation on Fmy,. We will present logics by means of their “Hilbert style”
axioms and inference rules.

The set of formulas Fmy, can be turned into an algebra in the usual
way. Throughout the paper, I' and A denote sets of formulas and lower
case Greek letters denote formulas. The homomorphisms from the formula
algebra Fmy, into an L-algebra (i.e, an algebra of type L) A are called
interpretations (or valuations) in A. The set of all such interpretations is
denoted by Hom(Fmy,, A). If h € Hom(Fmy,, A) then the interpretation
of a formula o« under h is its image ha € A, while hl' denotes the set
{hé | 6 €T},

As mentioned earlier, Moisil presented in [21] (see also [20, 22]), a propo-
sitional logic called, “Logique modale”. We will refer to it as “LM”.

Moisil also introduced the variety of Heyting algebras endowed with an
involution, in [20], as the algebraic semantics for the logic LM. Monteiro
[22] investigated these algebras under the new name of symmetric Heyting
algebras. Among other things, he presented a proof of an algebraic com-
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pleteness theorem for Moisil’s calculus LM by showing that the logic LM
is complete with respect to the variety of symmetric Heyting algebras.

In the next section we will generalize Moisil’s logic to a new logic called
“dually hemimorphic semi-Heyting logic”. As a first step to achieve this
goal, we need to present a generalization of intutionistic logic called “Semi-
intutionistic logic” which was first introduced by the first author in [8]
in the language (V,A,—,~). We will actually present below the more
streamlined version of semi-Intuitionistic logic SZ in the usual language
(V,A,—, L, T), as first presented in [14] with the intuitionistic logic as an
axiomatic extension. To facilitate this presentation, it will be convenient
to use & — g [ as an abbreviation for @« — (aA ) so that the axioms given
are easier to read. Moreover, the operation — g plays a crucial role in this
section and in the sections that follow. See Lemma 2.4 and Lemma 2.5 for
more information about — .

DEFINITION 2.1 ([14]). The semi-intuitionistic logic ST (also called SH) is
defined in the language
{V,A\,—, L, T} and it has the following axioms and the inference rule:

AXIOMS:
S1): a =g (aVpP),

S2): B —u (Ol\/ﬁ),

S3): (o« =) = [(B—=u7) =u (V) =),

(

(

(
(S4): (aAB) —n «a,

(85): (v =m a) =u [(y =u B) = (v —u (@A B))],
(
(
(
(

S6):

S8): (e AB) —=u ) —=u (a—=u (B—=m7)),

S9):

(810): (@ —=u B) =u (B —u o) =u ((a =) = (B—=17))),

)
)
)
)
)
S7): L —=u a,
) (
): (a—=m (B—=m7) = (aAB) =u ),
) (
) (

(St1): (@ =g B) =u (B 2w @) =u (v = B) 2w (v = a))).
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RULE OF INFERENCE:
(SMP): From ¢ and ¢ — g v, deduce v (semi-Modus Ponens).

The following theorem and the lemma, proved in [14], are useful in later
sections.

THEOREM 2.2 ([14], Completeness Theorem). For allT' U {a} C Fm
I'Fsz a if and only if T f=si .
LEMMA 2.3 ([14]). The following statements hold in the logic ST:
1. IfTFsz ¥ then T sz oo = ¥,
2. Fst a =g a,
3. Fsz (aAB) —m B,
4

AfFsz o =g B thentsz (aANy) =g (BAY) and sz (YA &) =g
(YA B),

Fsz (=g B) —=m (B —=w7) =8 (@ —=ur7),
6. IfTFszraandT'ksz B thenT' Fsz a A B.

o

2.1. Some observations about semi-Heyting algebras,
in general, and — and —y, in particular

A key feature of semi-Heyting algebras is the following:

Every semi-Heyting algebra (A,V,A,—,0,1) gives rise, in a
natural way, to a Heyting algebra (A4,V,A,—g,0,1), where
r—=py:=x— (xAy), for x,y € A (see [3]).

LEMMA 2.4 ([3]). Let A = (A,V,A,—,0,1) be a semi-Heyting algebra and
let a,b,c € A. Then,

1. anb<cifand only ifa <b— (bAc),
.(a—=b)ANb—a)=11if and only if (a g D) AN (b =g a) =1,

2
3. a=bifand only if (a >y )N (b =g a)=1,
4. a—>b<a—pgh.

)

. The algebra A := (A,V,\,—,0,1) is a Heyting algebra.
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Thus, it follows from the preceding lemma that on the universe of every
semi-Heyting algebra, there is a Heyting algebra with — f; as its implication
operation, and a — b < a —pg b, for a,b € A.

The order in a semi-Heyting algebra is determined by — g as the fol-
lowing lemma shows.

LeEMMA 2.5 ([8, Corollary 3.9]). Let A = (A,V,A,—,0,1) be a semi-
Heyting algebra and a,b € A. Then, a - b =1 if and only if a < b.

It is worth pointing out that the inference rule SMP implies the tradi-
tional Modus Ponens (MP) for the connective — as proved in [14, Lemma
4.3].

On the other hand, it is shown, by an example, in [14] (see pages
313-314) that Modus Ponens MP does not imply SMP.

Further relevance of the use of — g in the axioms of SH can be seen as
follows: Suppose we replace the axiom (S4) by the axiom

(S4) (A fB) = a.

and keep the rest of the axioms to form a new list, say, (LIST 2) of axioms.
Then consider the following algebra:

%:‘0123 /\:‘0123
. 01 1 1 1 0/0 0 0 0O
N"?égg 1o 1 1 0 110 1 3 3

210 0 1 1 210 2 1 1

310 1 0 1 310 3 2 2

vilo 1 2 3

010 1 1 1

111 1 1 1

211 1 1 1

3111 1 1

This algebra satisfies ¢ ~ 1 for all ¢ in the LIST 2 but its lattice reduct
is not distributive, since 2A (0V 1) # (1 A2) V (0 A 2).
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3. The logic DHMSH: Axioms, Rules, and Rasiowa’s
Implicativeness

In this section we present a new propositional logic called “dually hemi-
morphic semi-Heyting logic” denoted by DHMSH and prove, as a first step
toward a completeness theorem, that the logic DHMGSH is implicative in
the sense of Rasiowa with respect to the implication — .

DEFINITION 3.1. The dually hemimorphic semi-Heyting logic, DHMSH,
is defined in the language (V, A, —, ~, L, T) and it has the following axioms
and rules of inference:

AXIOMS:
(S1), (S2), ..., (S11) of the logic SZ, together with the following three
additional axioms:

(S12) T =g~ L,
(813) ~T—=gl,

(S14) ~ (@A) =g (~a VvV ~p).
RULES OF INFERENCE:
(SMP) From ¢ and ¢ — g v, deduce 7, (semi-Modus Ponens)

(SCP) From ¢ — g 7, deduce ~ v =g ~ ¢. (semi-Contraposition)

Since the axioms and the inference rule of the logic SZ are included in
the logic DHMSH, the following result is immediate.

THEOREM 3.2. Let I'U {OL} CFm. IfT'Fsz a then T Fpymsu a.
The following lemma is needed later.

LEmMA 3.3. Let T U{«, B,v,v} C Fm. The following statements hold in
the logic DHMSH.:

- If T Fpymsw ¥, then T Fpymsn o —u ¥,

[

2. Fpyumsn o =g a,
3. Fpumsw (aANB) —u B,
4

- Trppmsy (@ =g B) = (B =8 7) =8 (@ =g 7)),
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5 T'Fpymsn a A ﬂ Zf and only ZfF Foumsy @ and ' Fpyamsu B,

6. If ' Fpumsn a = B, then I' Fpypsu (a Ay) —=u (BA7) and
L'Fpyumsu (YAa) =g (YA B).

PROOF: Ttems (1), (2), (3) and (4) follow from Theorem 3.2 and items (1),
(2), (3) and (5) of Lemma 2.3, respectively. We have, by Theorem 3.2 and
Lemma 2.3 (6), that if T '_DMSH a and T’ }_DHMSH ﬂ then I' '_D’HMS’H
a A B. The other half of the item (5) follows easily from axiom (S4), item
(3) and (SMP). Finally, Item (6) follows from Lemma 2.3 (4). O
LEMMA 3.4. Let T'U{«e, 8,7} C Fm.

1L IfT Fpypsn o« =u B and U Fpymsu B —u v then T Fpyasu
a—g Y.

2. I8 =g abpymsy ~a —g ~ B.

3. If T' Fpymsu a — g B, then
[ Fpymsu (@Vy) =g (BVYy) and T Fpymsu (YVa) =g (vV5).

4 Thpumsn (v a Ve~ f)=p ~ (anpb).
PRoOF:

1. This follows from 3.3 (4), using (SMP).

2. This is immediate from (SCP).

3. (a) ' Fpymsu o —u B by hypothesis,

)
(b) T'Fpymsw B —u (BV ) by (S1),
(¢) T'Fppmsy « —m (BVy) by (1) in (3a) and (3b),
(d) T Fpumsw v —m (BV7y) by (52),
) )

(e) T Fpumsn (o —=u (BVY)) =u [(v =u (BVY)) = ((aVYy) —H
(BV )] by (S3),

() T Fowmsn (v —=u (BV7)) = (aVy) —u (BV 7)) by (SMP)
n (3c) and (3e),

(¢) T Fpumsu (aVy) =g (BV~y) by (SMP) in (3d) and (3f),
(h) T'Fpxmsw v —m (v V B) by (S1),
(i) T Fpumsn B —m (v V B) by (52),
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(§) T Fopmsu o —m (yV B) by (1) and (SMP) in (3a) and (3i),

(k) T Fpumsu (v =u (WVB)) —=u (@ —=u (YVB)) —r (7WVa) =&
(v Vv B))] by (S3),

() TFpymsy (@ —m (YVB)) —u ((vVa) = (yVB)) by (SMP)
in (3h) and (3k),

(m) T Fpymsn (v Va) =g (vV ) by (SMP) in (3j) and (31).

(a) T Fpymsu (@ A B) =g a by axiom (S4),

(b) T Fpymsu ~a =g ~ (aAfB) by (SCP),
(¢) T Fpymsu (@A B) =g B by (3.3) and (3),

(d) T Fpumsu ~ B —u ~ (aAB) by (SCP),
)

(e) T'Fpymsu (v a =g ~(aApB)) =u [(~B =g ~(aNB)) —=u
((~aVv~pB)—=g ~(aApB))] by axiom (S3),

) T rppymsu (~ B8 =g~ (anpP) =g ((~aV ~p) oy ~
(a A B)) by (SMP) in (4b), (4e),

(g) F( I—?HMSH (~aV ~ B) =g ~ (aAp) by (SMP) in (4d) and
4f).

proving the lemma. O

3.1. DHMSH as an implicative logic in the sense of Rasiowa

In 1974, Rasiowa ([23, page 179]) introduced an important class of logics
called “standard systems of implicative extensional propositional calculus”
and associated a class of algebras with each of them, by a generalization
of the classical Lindenbaum-Tarski process. We will refer to these logics as
“implicative logics in the sense of Rasiowa” (“implicative logics”, for short).
These logics have played a pivotal role in the development of Abstract
Algebraic Logic. We now recall the definition of implicative logics. We
follow Font [16].

DEFINITION 3.5 ([23, 16]). Let £ be a logic in a language L that includes
a binary connective —, either primitive or defined by a term in exactly two
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variables. Then L is called an implicative logic with respect to the binary
connective —, if the following conditions are satisfied:

(IL1) k2 a = «,
(IL2) a = B, 8=yt a—1,
(IL3) For each symbol f € L of arity n > 1,
{ 017 B, an = b, }m Flad,-yan) = f(Brs- - Ba),

/81—>041a-~-75n—>an
(IL4) o, = B tr B,
(IL5) a ks B — a.

The following lemma was proved in [14, Lemma 4.6].

LEMMA 3.6 ([14, Lemma 4.6]). The logic ST is implicative with respect to
the connective — .

The following theorem follows from Theorem 3.2, Lemma 3.4 (2) and
Lemma 3.6.

THEOREM 3.7. The logic DHMSH is implicative with respect to the con-
nective —g.

4. Completeness of DHMSH

Let L denote the language (V,A,—,~, L, T). Identities in L are ordered
pairs (o, ) of L-formulas that will be written in the form o ~ 8. An
interpretation h in A satisfies an identity a =~ § if ha = h3. We denote
this satisfaction relation by the notation: A =, o =~ 5. An algebra A
satisfies the equation a =~ B if all the interpretations in A satisfy it; in
symbols,

A Eaxpifandonly if A a= g, for all h € Hom(Fmy, A).

A class K of algebras satisfies the identity o = 5 when all the algebras in
K satisty it; i.e.

K| a~ g if and only if A = a~ g, for all A € K.
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If Z is a sequence of variables and h is an interpretation in A, then we
write @ for h(Z). For a class K of L-algebras, we define the relation =g that
holds between a set A of identities and a single identity o ~ [ as follows:

AfFga=~p
if and only if

for every A € K and every interpretation a of the variables of
AU{a =} in A, we have,

if o2 (a) = ™ (a), for every ¢ ~ 1 € A, then a®(a) = g2 (a).

In this case, we say that a ~  is a K-consequence of A. The relation
E Kk is called the semantic equational consequence relation determined by K.

Our goal in this section is to prove that the logic DHMSH is com-
plete with respect to the variety DHMSH. For this we need the following
definition from [23].

DEFINITION 4.1 ([23, Definition 6, page 181], [16, Definition 2.5]). Let £
be an implicative logic in the language L with an implication connective
—. An algebra A in the language L that has an element 1 is called an
L-algebra if A satisfies the following properties:

(LALG1) For all T U {¢} C Fm and all h € Hom(Fmy,, A), if I' -, ¢ and
hT' C {1} then h¢ =1,

(LALG2) For all a,be A,ifa—b=1and b— a =1 then a =b.
The class of L-algebras is denoted by Alg*L.

We also need the following result from [14].
THEOREM 4.2 ([14, Corollary 4.8]). Alg*SZ = SH.

Since DHMGS®H is an implicative logic with respect to the binary con-
nective — g by Theorem 3.7, we obtain the following result, in view of [23,
Theorem 7.1, p. 222].

THEOREM 4.3. The logic DHMSH is complete with respect to the class
Alg*DHMSEH. In other words,

Jor allT U{¢} C Fm, I' Fpymsu ¢ if and only if T' = g1g (ormsm) ¢-
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As a last step to complete the proof of algebraic completeness of the
logic DHMGSH, we need to prove that Alg*DHMSH = DHMSH.

LEMMA 4.4. DHMSH = Alg"*DHMSH.

PROOF: First, we wish to prove that DHMSH C Alg*DHMSH. Let A €
DHMSH, I' U {¢} C Fm and h € Hom(Fmy, A) such that I’ Fpymsy ¢
and A’ C {1}. We need to verify that h¢ = 1.

We will proceed by induction on the length of the proof of I' Fpyasu -

e Assume that ¢ is an axiom.

If ¢ is one of the axioms (S1) to (S11) then Fsz ¢. Hence, by theorem
2.2, ):]D)HMSH (]5 and SO, h((b) =T.

If ¢ is the axiom (S12) then, using (D2), we have h(¢) = h(T =g ~
1)=1—50 =1

If ¢ is the axiom (S13) then, using (D3), we get that h(¢) = h(~
T—)H J_)ZO—>HO=1.

If ¢ is the axiom (S14) then, using (D4), we obtain that
W) = h(~ (aAB) =u (~aV ~pB)) = (h(a) ANh(B)) —u (h(a)' V
hB)") = (h(a) AR(B)) —u (h(a) AR(B)) = 1.

o If €T then h(¢) = T by hypothesis

e Assume now that I' b, ¢ is obtained from an application of (SMP).
Then there exist a formula v such that I' Fz ¢ and I' b ¥ =g ¢.
By induction, h(¢)) = 1 and h(yp =g ¢) = 1. Then 1 = h(¢)) =g
hp) =1—n h(¢) = h(¢).

e Assume that I' -, ¢ is the result of an application of the rule (SCP).
Then for o, € Fm, ¢ =~ f =g~ aand I' Fr a« =y 5. By
induction, 1 = h(a —g B) = h(a) =g h(8) and, consequently
h(c) < h(B). Then, using condition (D4), h(B)" < h(a)’. Hence
h(B) —pg h(a) = 1. Therefore, h(¢p) = h(~ B8 =g ~ «a) =
h(B) —p h(a) =1.

Hence, the induction is complete and so, we concludes that A satisfies
(LALG1). It is easy to see that the condition (LALG2) also holds, implying
A € Alg*DHMSH.
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Next, we prove the other inclusion. Let A = (A4,V,A,—/),0,1) €
Alg*DHMSH. Notice that (4,V,A,—,0,1) € Alg*SZ. By Theorem 4.2,
(A,V,A,—,0,1) € SH. Now, it only remains to show that A satisfies the
conditions (D2) to (D4).

In view of axiom (S12) and (LALG1), we have that A =1 - 0’ ~ 1.
Using (LALG1) and Lemma 3.3 (1), we get A =0 —g5 1 = 1. Then by
(LALG2), A E1=0.

In view of axioms (S7) and (S13), together with (LALG1), we have that
A=E0—-glU~land A1 -5 0~ 1. Then by (LALG2), AE1 =0.

By Lemma 3.4 (4) and the condition (LALG1), A satisfies the identity
(' Vy') =g (xAy) = 1. Also, In view of axiom (S14), and (LALG1), A
satisfies the identity (z Ay) — g (' V') = 1.

Applying (LALG?2), the algebra satisfies (D4). Consequently A €
DHMSH. O

We are now ready to present the completeness theorem for the logic

DHMSH.

THEOREM 4.5. The logic DHMGSH is complete with respect to the variety
DHMSH.

PRrROOF: From Lemma 4.4 we have Alg*DHMSH = DHMSH. The con-
clusion follows from Theorem 4.3. O

5. Equivalent algebraic semantics and axiomatic
extensions of the logic DHMSH

Our goal in this section is to improve Theorem 4.5 by proving that the
logic DHMSH is algebraizable and DHMSH is an equivalent algebraic
semantics of the logic DHMSH.

Here we first recall some relevant notions and results from Abstract
Algebraic Logic (see [6, Section 2.1], [17], or [16]).

DEFINITION 5.1 ([6, Definition 2.2], [16, Definition 3.4]). Let (L,t.) be a
logic (i.e., deductive system) and K a class of L-algebras. K is called an
“algebraic semantics” for (L,.) if F, can be interpreted in g in the
following sense:
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There exists a finite set §;(p) =~ €;(p), for ¢ < n, of identities with a
single variable p such that, for all T’ U ¢ C Fm and each j < n,

(A) I'be g
if and only if

{0ily/pl = ely/p] i <n,9 €T} Ex 6(0/p] = €(o/p],

where 6[t)/p] denotes the formula obtained by the substitution of ¢ at every
occurrences of p in §. The identities §; = ¢;, for i < n, are called “defining
identities” for (L,t,) and K.

In what follows, we will use “I" 5= A” as an abbreviation for “T" g A
and A Ex I'"” Also, §(A(¢,1)) denotes the formula obtained by the
substitution of the formula A(¢,)) at every occurrence of p in §(p).

DEFINITION 5.2 ([6, Definition 2.8], [16, Definition 3.11]). Let (L,F.) be
a logic and K an algebraic semantics for (L,F,) with defining identities
6; = €, for i < n.

K is said to be “equivalent to” (L, F.) if there exists a finite set A;(p, q),
for 7 < m, of formulas with two variables p, ¢ such that

for every identity ¢ ~ 1, for i < n, and for j < m,

E) o=y =k {6:(A(0¥) = &(Aj(d,¥)) i <n,j <m}.

The set A;(p, q), j < m, of formulas with two variables, satisfying (E) is
called a set of “equivalence formulas” for (L, ) and K. A logic £ is said to
be “algebraizable” if and only if it has an equivalent algebraic semantics K.

The following theorem, proved in [6], is crucial in what follows.

THEOREM 5.3 ([6], [16, Proposition 3.15]). Every implicative logic L is
algebraizable with respect to the class Alg*L and the algebraizability is wit-
nessed by the defining identity p =~ p — p and the equivalence formulas
A={p—qq—p}

As an immediate consequence of Theorem 5.3, Theorem 3.7 and Theo-
rem 4.5, we obtain the following crucial result.

COROLLARY 5.4. The logic DHMGSH is algebraizable, and the variety
DHMSH is the equivalent algebraic semantics for DHMGSH with the defin-
ing identity p &~ p — g p (equivalently, p ~ 1) and the equivalence formulas
A={p—nqq—nup}
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Also, we just mention, in passing, the following fact which follows from
Theorem 5.3, Lemma 3.6 and Theorem 4.2 about the semi-intuitionistic
logic SH.

COROLLARY 5.5. The logic S7 is algebraizable, and the variety SH is the
equivalent algebraic semantics for S7 with the defining identity p ~ p =g p
and the equivalence formulas A = {p =g ¢,¢ = p}.

5.1. Axiomatic extensions of DHMSH

A logic £’ is an aziomatic extension of £ if L' is obtained by adjoining new
axioms but keeping the rules of inference the same as in L.

In the sequel, we sometimes use the term “extension” for “axiomatic
extension”. Let Ext(L) denote the lattice of axiomatic extensions of the
logic £ and Ly (K) denote the lattice of subvarieties of the variety K of
algebras.

The following theorem, due to Blok and Pigozzi, is one of the hallmark
accomplishments of Abstract Algebraic Logic.

THEOREM 5.6 ([16, Theorem 3.40]). Let L be an algebraizable logic with
the variety K as its equivalent algebraic semantics. Then Ext(L) is dually
isomorphic to Ly (K).

The following theorem is a consequence of Theorem 5.6, Theorem 4.5
and Corollary 5.4.

THEOREM 5.7 (Isomorphism Theorem for DHMSH). Ext(DHMSH) is
dually isomorphic to Ly (DHMSH).

In a similar fashion, the following result is a consequence of Theorem
5.6, Theorem 2.2 and Corollary 5.5.

THEOREM 5.8 (Isomorphism Theorem for SH). Ext(SH) is dually iso-
morphic to Ly (SH).

The following theorem is an immediate consequence of Theorem 5.7 and
plays an important role in the rest of the paper. Let Mod(€) := {A €
DHMSH : A = § ~ 1, for every § € £}.
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THEOREM 5.9. Let £ be an axiomatic extension of the logic DHMSH.
Then:

(a) & is algebraizable with the same equivalence formulas and defining

equations as those of the logic DHMSH.
(b) Mod(€) is the equivalent algebraic semantics for £.

Note that Theorem 5.8 justifies the use of the phrase “the logic corre-
sponding to the subvariety V” of DHMSH.

We now give Hilbert-style axiomatizations for several important exten-
sions of the logic DHMGSH. To facilitate the presentation of the extensions
of the logic DHMSEH, we first list several important subvarieties of the
variety DHMSH of dually hemimorphic semi-Heyting algebras that were
introduced (or implicit) in [29].

In the later sections of the paper, we give various applications of the
results proved above and the algebraic results proved in [29, 30, 31, 32, 33,
34] (see also [35, 36]).

LIST 1: SOME IMPORTANT SUBVARIETIES OF THE VARI-
ETY DHMSH

1. DHMH: Dually hemimorphic Heyting algebras are DHMSH-algebras
satisfying the identity:

H): (zAy) »x~1.

2. OCKSH: Ockham semi-Heyting algebras are DHMSH-algebras satis-
fying the identity:

(E1): (zVy) =2 Ay

3. OCKH: Ockham Heyting algebras are OCKSH-algebras satisfying the
identity (H).

4. DmsSH: Dually ms semi-Heyting algebras are OCKSH-algebras sat-
isfying the identity:

(E2): 2" <.

5. DmsH: Dually ms Heyting algebras are DmsSH-algebras satisfying
the identity (H).
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6.

10.

11.

12.

13.

14.

15.

16.

DMSH: De Morgan semi-Heyting algebras are OCKSH-algebras (or
DHMSH-algebras) satisfying the identity

(E3): 2" =~ x.

DMH: De Morgan Heyting algebras are DMISH-algebras satisfying
the identity (H).

DSDSH: Dually semi-De Morgan semi-Heyting algebras ([27]) are
DHMSH-algebras satisfying the identities:

(E4): (xVy)' =a"Vy",
(Eb): x'" =~ a.

DSDH: Dually semi-De Morgan Heyting algebras are DSDSH-algebras
satisfying the identity (H).

DQDSH: Dually quasi-De Morgan semi-Heyting algebras ([27]) are
DSDSH-algebras satisfying the identity (E2).

DQDH: Dually quasi-De Morgan Heyting algebras are DQDSH-alge-
bras satisfying the identity (H).

DPCSH: Dually pseudocomplemented semi-Heyting algebras are
DQDSH-algebras satisfying the identity:

(E6): zVa' ~1.

DPCH: Dually pseudocomplemented Heyting algebras are DPCSH-
algebras satisfying the identity (H).

BDQDSH: Blended dually quasi-De Morgan semi-Heyting algebras
are DQDSH-algebras satisfying the identity:

(E7): (xVax*) ~a' Ax*'. (Blended V-De Morgan law)

BDQDH: Blended dually quasi-De Morgan Heyting algebras are
BDQDSH-algebras satisfying the identity (H).

SBDQDSH: Strongly blended dually quasi-De Morgan semi-Heyting
algebras are DQIDSH-algebras satisfying the identity:

(E8): (xVy*) ~a' Ay*'. (Strongly blended V-De Morgan law)
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17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.
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SBDQDH: Strongly blended dually quasi-De Morgan Heyting algebras
are SBDQDSH-algebras satisfying the identity (H).

DQDBSH: Dually quasi-De Morgan Boolean semi-Heyting algebras
are DQDSH-algebras satisfying the identity:

(E9): zVa* =

DQDBH: dually quasi-De Morgan Boolean Heyting algebras are
DQDBSH-algebras satisfying the identity (H).
DQStSH: Dually quasi-Stone semi-Heyting algebras are DHMSH-
algebras satisfying the identities: (E2),
(E10): (zVy) ~a' Ny, (weak V-De Morgan law)
(E11): o' A" = 0. (Dual Stone identity)

DQStH: Dually quasi-Stone Heyting algebras are DQStSH-algebras
satisfying the identity (H).

BDQStSH: Blended dually quasi-Stone semi-Heyting algebras are
DQStSH-algebras satisfying the identity (ET7).

BDQStH: Blended dually quasi-Stone Heyting algebras are BDQStSH-
algebras satisfying the identity (H).

SBDQStSH: Strongly blended dually quasi-Stone semi-Heyting alge-
bras are DQStSH-algebras satisfying the identity (ES).

SBDQStH: Strongly blended dually quasi-Stone Heyting algebras are
SBDQStSH-algebras satisfying the identity (H).

DStSH: Dually Stone semi-Heyting algebras are DPCSH-algebras sat-
isfying the identity (E11).

DStH: Dually Stone Heyting algebras are DStSH-algebras satisfying
the identity (H).

DSCSH: Dually semi-complemented semi-Heyting algebras —are
DHMSH-algebras satisfying the identity (EG).

DSCH: Dually semi-complemented Heyting algebras are DSCSH-
algebras satisfying the identity (H).
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30.

31.

32.

33.

DDPCSH: Dually demi-pseudocomplemented semi-Heyting algebras
are DSDSH-algebras satisfying the identity:

(E12): o' va” =~ 1.

DDPCH: Dually demi-pseudocomplemented Heyting algebras are
DDPCSH-algebras satisfying the identity (H) (see [27]).

DAPCSH: Dually almost pseudocomplemented semi-Heyting algebras
are

DDPCSH-algebras in which ' satisfies the identity dual to (E9)
(see [27]).

DAPCH: Dually almost pseudocomplemented Heyting algebras are
DAPCSH-algebras in which ’ satisfies the identity (H).

Next, we present Hilbert-type axiomatizations for the (new) logics that
are extensions of DHMGSH and that correspond to the subvarieties of
DHMSH mentioned in LIST 1. For the relationships of these logics
to the varieties in LIST 1, the reader is referred to Theorem 5.10 below.

LIST 2: SOME IMPORTANT EXTENSIONS OF DHMSH

1.

2.

3.

DHMH: The dually hemimorphic Heyting logic is the extension of
DHMSH given by

(Al): (@ AB) = a.
OCKSH: The Ockham semi-Heyting logic is the extension of DHMSH
given by

(A2): ~ (aVB) —=u (~an~p),

(A3): (~aN~fB) =g ~ (aVp).

OCKH: The Ockham Heyting logic is the extension of OCKSH given
by (Al).

4. DmsSH: The dually ms semi-Heyting logic is the extension of OCKSH

given by

(Ad): ~~a—py a.
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10.

11.

12.

13.

14.
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DmsH: The dually ms Heyting logic is the extension of DmsSH
given by (Al).

DMSEH: The De Morgan semi-Heyting logic is the extension of
OCKSH given by (A4) and

(AB): a =g ~~ a.

DMH: The De Morgan Heyting logic is the extension of DMSH
given by (Al).

DSDSH: The dually semi-De Morgan semi-Heyting logic is the ex-
tension of DHMGSH given by

(AG): ~~ (aVB) =g (~~aV ~~ ),

(AT): (v~ a Vo~ ) =g ~~ (aV B),

(A8):

(A9): ~a =g~

~e~ =~ O

DSDH: The dually semi-De Morgan Heyting logic is the extension
of DSDSH given by (Al).

DODSH: The dually quasi-De Morgan semi-Heyting logic is the ex-
tension of DSDSH given by (A4).

DODH: The dually quasi-De Morgan Heyting logic is the extension
of DODSH given by (Al).

DPCSH: The dually pseudocomplemented semi-Heyting logic is the
extension of DODSH given by

(A10): oV ~ .

DPCH: The dually pseudocomplemented Heyting logic is the exten-
sion of DPCSH given by (Al).

BDQODSH: The blended dually quasi-De Morgan semi-Heyting logic
is the extension of DQDSH given by

(A11): ~ (aV(a—= L)) =g (~a A ~(a— 1)),
(A12): (va AN ~(a— 1)) =g ~(a V (a—1)).
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15

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

. BDOQDH: The blended dually quasi-De Morgan Heyting logic is the
extension of BDOQDSH given by (Al).

SBDODSH: The strongly blended quasi-De Morgan semi-Heyting
logic is the extension of DQDSH given by

(A13): ~ (@V (B = 1)) =g (~a A ~ (B — L)),
(A14): (~a A ~(B— 1)) =m ~ (aV (8 — L1)).

SBDODH: The strongly blended dually quasi-De Morgan Heyting
logic is the extension of SBDQDSH given by (Al).

DQODBSH: The dually quasi-De Morgan Boolean semi-Heyting logic
is the extension of DODSH given by

(A15): aV (a— 1).

DODBH : The dually quasi-De Morgan Boolean Heyting logic is the
extension of DODBSH given by (Al).

DQAStSH: The dually quasi-Stone semi-Heyting logic is the extension
of DHMSH given by (A4) and the following axioms:

(A16): ~ (aV ~p) =g (~a N ~~f),

(A17): (~a A ~~ ) =g ~(aV~p),

(A18): (v a A~ ) =g L.

DQStH: The dually quasi-Stone Heyting logic is the extension of
DOStSH given by (Al).

BDOStSH: The blended dually quasi-Stone semi-Heyting logic is
the extension of DOQDSH given by (All), (A12).

BDOStH: The blended dually quasi-Stone Heyting logic is the ex-
tension of BDOStSH given by (Al).

SBDQStSH: The strongly blended dually quasi-Stone semi-Heyting
logic is the extension of DOQDSH given by (A13), (Al4).

SBDQStH: The strongly blended dually quasi-Stone Heyting logic
is the extension of SBDOStSH given by (Al).
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26

27.

28.

29.

30.

31.

32.

33.
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. DStSH: The dually Stone semi-Heyting logic is the extension of
DPCSH given by (A18).

DStH: The dually Stone Heyting logic is the extension of DStSH
given by (Al).

DSCSH: The dually semi-complemented semi-Heyting logic is the
extension of DHMGSH given by (A10).

DSCH: The dually semi-complemented Heyting logic is the extension
of DSCSH given by (Al).

DDPCSH: The dually demi-pseudocomplemented semi-Heyting logic
is the extension of DSDSH given by

(A19): ~a V ~~a

DDPCH: The dually demi-pseudocomplemented Heyting logic is the
extension of DDPCSH given by (Al).

DAPCSH: The dually almost pseudocomplemented semi-Heyting logic
is the extension of DDPCSH given by

(A20): ~~a —p a.

DAPCH: The dually almost pseudocomplemented Heyting logic is
the extension of DAPCSH given by (Al).

The following theorem which is immediate from Theorem 5.9 describes

the
LIS

correspondence between the logics in LIST 2 and the varieties in
T 1.

THEOREM 5.10. Let V; be the variety of algebras mentioned in the i-th
item of LIST 1 and V; be the logic appearing in the i-th item of LIST 2.
Then, the logic V; corresponds to the variety V; in the sense that V; is its
equivalent algebraic semantics for V;.

In Figure 1, we present a (partial) poset describing the mutual relations
among the varieties, whose names end with “SH”, mentioned in PART 1
above. The dual of this poset will show the relations among the logics,
whose names end with “SH”, presented in PART 2, T being the trivial
variety. Note that the links do not necessarily represent covers.
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DHMSH

DQStSH OCKSH

BDQStSH o DDPCSH

SBDQStSH & DAPCSH BDQDSH e DmsSH

DStSH DQDBSH

T

Figure 1. Partial poset of subvarieties of DHMSH
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COROLLARY 5.11. The (Moisil’s) logic LM is equivalent to the logic DMH.

PROOF: We know from Moisil’s result (see Monteiro [22]) that LM corre-
sponds to DMH. Also, observe from Theorem 5.10 that the logic DMH
correspond to DMH as well. O

We just note that there is an 8-element algebra (with heyting reduct)
to show that DPCSH ¢ SBDQDSH.
Although there has been some investigation of the structre of the lattice
of subvarieties of certain subvarietie of the variety DPCSH, the following
problem is still open.

PROBLEM 1: Describe the structure of the lattice of subvarieties of
the variety BDQDSH.

Similar questions cane be raised about other varieties in the poset of
Figure 1, as well.

We now recall some universal algebraic notions (see, for example, [7])
useful in the sequel.

DEFINITION 5.12. Let A be an algebra. An n-ary function f: A" — A
is representable by a term if there is a term p such that f(a,...,a,) =
p2(ay,...,a,), for ai,...,a, € A. A finite algebra A is primal if every
n-ary function on A, for every n > 1, is representable by a term.

The discriminatior function on a set A is the function t : A%> — A defined by

t(a,b,c) == {a, ifasb

¢, ifa=hb.

A ternary term t(x,y,z) representing the discriminator on A is called a
discriminator term for the algebra A. If a class K of algebras has a common
discriminator term t(z,y, z), then V(K) is called a discriminator variety. A
finite algebra A with a discriminator term is called quasiprimal. An algebra
A is semiprimal if

(1) A is quasiprimal,
(2) distinct nontrivial subalgebras of A are not isomorphic,

(3) no subalgebra of A has a proper automorphism.
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DEFINITION 5.13. Let £ be an algebraizable logic. We say that L is a
discriminator logic if its equivalent algebraic semantics is a discriminator
variety. Furthermore, £ is a primal logic if its equivalent algebraic seman-
tics is a variety generated by a primal algebra. L is a quasiprimal logic if
its equivalent algebraic semantics is a variety generated by a quasiprimal
algebra. L is a semiprimal logic if its equivalent algebraic semantics is a
variety generated by a semiprimal algebra.

The classical logic is the first well-known example of a primal logic (as
the Boolean algebra 2 is a primal algebra).

Remark 5.14. Since RDQDStSH; satisfies (B) (see Section 10), it follows
from Corollary 8.2 of [29] that the variety RDQDStSH]; is a discriminator
variety. Thus RDODStSH; is a discriminator logic. Many of the logics
considered in the rest of this paper are discriminator logics. We will point
them out as they appear.

We conclude this section by noting that the lattice of extensions of the
logic DMH is an interval of the lattice of extensions of DMSH, which, in
turn, is an interval in the lattice of extensions of DHMGSH.

6. Deduction theorem in the extensions of the logic

DHMSH

In this section we first show that the “usual” form of the Deduction The-
orem” fails in the logic DHMGSH, and then characterize those extensions
of DHMSH where it does hold.

A logic L is said to have the Deduction Property for the connective —
if the following statement holds:

INalg pifand only if ' -x a — 3,

for all T U {a, 8} C Fm.

In the logic S7 the Deduction Property for the conective — g is known
to hold [8, Theorem 3.18]. But, this property fails in the logic DHMSH,
as shown in the following remark.

Remark 6.1. First, we note, by Lemma 3.4 (2), that

=Y FpumsH ~ W =g ~ ¢. (6.1)
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Consider the algebra L{™ defined in the second paragraph after Figure 3 in
Section 7. Observe that L™ pmvsa (z =g v) =5 (v =g ') ~ 1 (by
takingz = 1 and y = a). Hence, DHMSH [~ (z —» gy y) =u (¥ —p ') =1
and therefore, by Theorem 4.5,

orumsu (0 =u V) =u (~ ¢ —u ~ ).
Thus, the Deduction Property fails in DHMSH, in view of (6.1).

We now wish to characterize the extensions of DHMGSH in which the
Deduction Property holds. For this, we need a preliminary lemma.

LEMMA 6.2. Let € be an extension of the logic DHMSH such that
Fe (0 —=nu B) = (~B—n ~a).
Then & satisfies the Deduction Property for the connective — .

PROOF: Assume that T'U {¢} Fg . We shall prove ' kg ¢ =g ¢ by
induction on the proof for ¥. By hypothesis,

"g (a—>H ﬁ) —H (Nﬂ—>HNOé). (62)

If v is an axiom of £ or a formula in ', then I ¢ ¢. By Lemma 3.3, part
(1) we have I' ¢ ¢ —H 1/)

Let us assume that TU{¢} F¢ ® is the result of applying the rule (SMP).
Then we may assume that there is some formula « such that I'U{¢} F¢ o
and TU{¢} Fe¢ o =g ¢. So, by inductive hypothesis, we have,

1. The ¢ =g a,
2. ke ¢ = (a —m ¢),

3. I't¢ ¢ >y ¢ by Lemma 3.3, part (2),

4. Ttg ¢ = (¢ Aa) by (S5) and SMP applied to 1 and 3,

5. ke (A a) =g ¥ by (S9) and SMP applied to 2,

6. I'tFe ¢ — g ¢ by Lemma 3.3 (4) and SMP applied to 4 and 5.

Assume that T'U {¢} ¢ ¢ is the result of applying the rule (SCP). Hence
Y=n~f—>g~aand TU{¢} ¢ a -y B. By induction we have that
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1. F"g ¢—)H (a —H 5),
2. I'te (o =m B) =u (~ B —u ~a) by (6.2),
3.Tte¢p—p (~8—=pg ~a)by 3.3 (4) and SMP applied to 1 and 2.

For the other implication, we assume that I' F¢ ¢ — g 9. Then ' U
{6} Fe & =g . Since TU{¢} k¢ ¢, we have T'U {¢} F¢ ¢ by (SMP). O

THEOREM 6.3. The Deduction Property holds in an extension £ of the
logic DHMSH for the connective — g if and only if EF (a« =g B) —pm
(~ B =~ a).

PRrROOF: Let us assume that the Deduction Property holds in £ for the
conective — . Note that o g BFe a =g fand a —y e ~ 5 —g
~ a by (SCP). Hence ¢ (a« - B8) »u (~ 8 —u ~ «) by Deduction
Property, or equivalently, £ Fpymsn (@ =g B) =g (~ 8 =~ ).

For the converse, let us assume that £ F (o« =»g ) =g (~ 8 =&
~ «). By Lemma 6.2, the Deduction Property holds in £ for the conec-
tive —H- ]

Recall that semi-Heyting algebras are pseudocomplemented with z* :=
x — 0 as the pseudocomplement of z. A semi-Heyting algebra L is a Stone
semi-Heyting algebra if L satisfies the Stone identity: z* V ™ ~ 1. Let
StSH denote the variety of Stone semi-Heyting algebras. Recall also that if
A is a semi-Heyting algebra, then (A,V, A, —y 0,1) is a Heyting algebra.

LEMMA 6.4. Let A € DHMSH such that Al=(z—py)—u (Y —wa2’)~1.
Then

1. Az A2 =0,

2. A =d,

3. AEz* V2™ = 1.
PrOOF: Let a € A.

1. Since @ — g (a’ —H 0) = (1 —H a) —H (CL, —H 0) = (1 —H a) —H
(a/ =g 1) =1 in view of hypothesis, we have that a A (¢’ =g 0) =
aA(a—pg(a =g 0)=aAnl=a. Hence

aA(ad —pg0)=a. (6.3)
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Then, a A o (g)a/\(a' —g 0)Ad =aAn(d = 0)Ad =anad AO

= 0, proving (1).

2. Observe that a* -y o' =a* 2y (1 =g d)=(a—>g0) -y (1 -
a')=(a—pg0) =g (00 =g da) =1 by hypothesis. Hence

AEax* <. (6.4)

Next, a’ Aa* = a’ A(a — 0) = d' A((a’ Aa) — (a' AO)) w a’' AN(0—0)
=a'. Hence A | 2/ < z*. Now, using (6.4) we conclude that o’ = a*.

(2) (1)

ED4
3. a*var o ve P2 )(a/\a’)/ =0 =1,

proving the lemma. O
LEMMA 6.5. Let A € DHMSH. Then the following conditions are equiva-
lent in the algebra A.

L (z—=ny) —u @y —ua)=1,

2. o* ~ ol
PROOF: Let a,b € A. Observe that (1) implies (2) from Lemma 6.4. For
the converse, suppose A satisfies the identity (2). Then, using (SH3) and
the fact that — g is a Heyting implication, we have that (a —g b) =g
(b/ —H a’) = (a —H b) —H (b* —H a*) = (b* A (a —H b)) —g at =

(b* A (((0* Na) =g (b* AD)) =g a* = (b*A((b* Na) =55 0)) =g a* =
(0* A(a =g 0)) =g a* = (b* ANa*) =g a* =1, proving (1). O

LEMMA 6.6. Let A be a Stone semi-Heyting algebra. Let A® be the expan-
sion of A to the language (V,A,—,",0,1), where we define ' by: x’ := x*.
Then

1. A € DHMSH and satisfies the identity: ©’ ~ x*,
2. Ae ): (:L‘ \/ y>// ~ x// \/ y//'

PROOF: The lemma clearly follows from the well-known facts that A |=
(xVy) ~z*ANy*and A E (zAy)* =z* Vy*. O

We will refer to the algebra A° as an “essentially a Stone semi-Heyting
algebra”.
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For V a subvariety of StSH, we let
Veé:={A°: LeV}

It is clear that V¢ is a subvariety of DHMSH.

We are now ready to present our main result of this section that de-
scribes precisely those extensions of the logic DHMGSH that have the De-
duction Property. The following theorem is immediate from Theorem 6.3,
Lemma 6.5 and Lemma 6.6.

THEOREM 6.7. The Deduction Property holds in an extension &€ of the logic
DHMSEH for the connective — g if and only if the corresponding variety
E is of the form V¢, where V C StSH. .

6.1. Deduction theorem in the extensions of the logic DODSH

Recall that the variety DQDSH of dually quasi-De Morgan semi-Heyting
algebras and the corresponding extension DQDSH of DHMSH were de-
fined in Section 5.

In this section we show that Theorem 6.7 can be significantly improved
for the extensions of the logic DODSH. In fact, we shall give an explicit
description of the extensions of the logic DQDSH in which the Deduction
Property holds.

For this purpose we need the following 2-element semi-Heyting algebras
(with 0 < 1), 2 and 2 which are, up to isomorphism, the only two 2-element
algebras in SH.

—: [0 1 —: [0 1

2 0|1 1 2: 0[1 0

110 1 110 1
Figure 2.

The algebras 2° and 2° denote the expansions of the semi-Heyting al-
gebras 2 and 2 by the unary operation ' defined as follows: 0/ = 1 and
1" = 0. It is clear that 2° and 2° are, up to isomorphism, the only two
2-element algebras in DQDSH (in fact, in DMSH).
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LEMMA 6.8. Let V be a subvariety of DQDSH such that V = (x =g y) —
(v = x') ~ 1. Then, V C V(2°,2°), where V(2°,2°) denotes the variety
generated by {2°,2°}.

PROOF: The hypothesis and Lemma 6.5 (2) imply that V | 2/ ~ z*.
Hence V. C V(2°,2°) by [29, Theorem 5.11]. O

The following theorem describes precisely those extensions of DODSH
in which the Deduction Property holds. Let T denote the trivial variety.

THEOREM 6.9. The Deduction Property holds in a logic £ € Ext(DQDSH)
for =g if and only if the corresponding variety is one of the following: T,
V(2°), V(2°), V(2¢,2°).

PROOF: The theorem is immediate in view of Theorem 5.9, Theorem 6.3,
and Lemma 6.8. O

Since DMSH C DQDSH and DPCSH C DQDSH (see [29]), the following
corollaries are immediate.

COROLLARY 6.10. The Deduction Property holds in a logic £ €
Ext(DMSH) for —p if and only if the corresponding variety is an ele-
ment of {T, V(2°), V(2¢), V(2¢,2°).

COROLLARY 6.11. The Deduction Property holds in a logic £ €
Ext(DPCSH) for —p if and only if the corresponding variety is either
T or V(2°) or V(2°) or V(2°,2°).

7. Logics in Ext(DQDSH) corresponding to
subvarieties of DQDSH generated by finitely many
finite algebras

In this section, as applications of Theorem 5.9 and the algebraic results
from [29], we will present several axiomatic extensions of the logic DODSH
corresponding to subvarieties of DQIDSH generated by finitely many finite
algebras, thus providing a solution to PROBLEM B.

7.1. 2-valued axiomatic extensions of DOQDSH

It was shown in Theorem 6.9 that the Deduction Property holds in an
axiomatic extension of the logic DQDSH if and only if the corresponding
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variety is a subvariety of V(2°,2¢). So, it is only natural to ask for the
axiomatizations of the extensions of the logic DODSH corresponding to
the subvarieties of V(2¢,2¢).

The variety V(2°,2¢) and its only non-trivial proper subvarieties V(2¢)
and V(2°) were axiomatized in [29, Theorem 5.11]. V(2°,2°) is defined
by the identity: = < z* (equivalently, z ~ z'*), relative to the variety
DQDSH. The varieties V(2°) and V(2°) are defined, respectively, by the
identities: 0 — 1 ~ 1 and 0 — 1 ~ 0, relative to V(2°,2°). In view of
these observations, we obtain from Theorem 5.9, the following corollaries
defining their corresponding logics.

Let £(2°,2°) (or £L(V(2°,2°)) be the extension of the logic DODSH
corresponding to the variety V(2¢,2¢). Let a <y 8 denote the formula:
(a —H ﬁ)/\(ﬁ—hq Oé). B

It follows from [29] that £(2°,2°) is a discriminator logic.

COROLLARY 7.1. The logic £(2°,2°) is defined, as an extension of the logic
DODSH, by the axiom:

(~o—= L)oo

Let £(2°) (or £(V(2°))) and £(2°) (or £(V(2°))) denote, respectively,
the extensions of the logic £(2°,2°) corresponding to the varieties V(2°)
and V(2¢).

COROLLARY 7.2. The logic £(2°) is defined, as an extension of the logic
L£(2¢,2°), by the axiom:
L —=T.

(We note that £(2°) is yet another axiomatization of the classical
logic.).
COROLLARY 7.3. The logic £(2°) is defined, as an extension of the logic
£(2¢,2°), by the axiom:
(L—=>T) -y L

Remark 7.4. Some features of the logics £(2°) and £(2°):

e The logic £(2°) is “anti-classical” or “contra-classical” in the sense
that the classically provable formula | — T fails in it.
(It is somewhat perplexing to us that the intuitionists accept the
principle that says, “False — True = True”.)
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e The logics £(2°) and £(2°) are two of the coatoms in the lattice of
extensions of the logic DMSH and hence that of DODSH (and of
DHMSEH).

e The implication — in £(2°) is commutative.

e The logics £(2°) and £(2°) are not only disriminator logics, but, in
fact, are primal logics, since 2© and (2°) are primal algebras.

e The logics £(2°) and £(2°) do not have the Disjunction Property
(i.e., if @V 3 is provable, then « is provable or 3 is provable.)

More features of the logic £(2°) will be given in Remark 8.1 of Section 8.

Remark 7.5. The Deduction Theorem holds only in the three non-trivial
logics, namely £(2¢), £(2°) and £(2°,2°) in the lattice of extensions of
the logic DQDSH, in view of Theorem 6.9.

7.2. 3-valued extensions of the logic DODSH

It was shown in [28] that there are, up to isomorphism, ten 3-element semi-
Heyting algebras whose — operations are defined in Figure 3 below, where
0<a<l

Since 0’ = 1 and 1/ = 0, it is easy to see that there are exactly two
expansions on each of the above 10 semi-Heyting algebras by a unary op-
eration ’ so that the expansions are DQDSH-algebras. Ten of these that
correspond to @’ = a are clearly in DMISH. The other ten, that correspond
to a’ =1 are in DPCSH.

To put it more precisely, let L™, i = 1,2, ...,10, denote the expansion
of L; by adding the unary operation ’ such that 0’ =1, 1’ = 0, and o’ = a.
Similarly, let L?p, 1 =1,2,...,10, denote the expansion of L; by adding
the unary operation ' such that 0’ = 1, 1’ = 0, and @’ = 1. Then, clearly,
L¢™ € DMSH and L € DPCSH.

Let C%™ = {Ld™ . = 1,2,...,10}, C% := {L¢™ : i = 1,2,...,10}
and let Cyy := C%™ U C%. Thus there are exactly 20 three-element
DQDSH-algebras, whose lattice reducts are chains. Let DQDSHC? :=
V(Csqp), the subvariety of DQDSH generated by all the 20 3-element
DQDSH-chains. Also, let DMSHC? := V(C%") and let DPCSHC?® :=
v(C).

We shall now present axiomatizations for the logics corresponding to
DQDSHC?, DMSHC?, and DPCSHC?.
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The following theorem is immediate from [29, Lemma 10.2, Theorem
10.3, Corollary 10.4 and Theorem 11.1]. Let # := 2/*'. In the rest of the
paper, “equational base” is abbreviated to “base”.

THEOREM 7.6 ([29]). A base for DQDSHC?, relative to DQDSH, is given
by:
(i) o** ~a*,
(ii) zAat <yVy*. (Regularity)
The following theorem follows from Theorem 5.9 and Theorem 7.6.

THEOREM 7.7. The logic DQDSHC? corresponding to the variety
DQDSHC? is defined, as an extension of DOQDSH, by the following azioms:

e [(p—>L)—l]ley ~(p— 1),
e oA ~(~vo= D))= V(¥ — 1)

Since the logic DOQDSHC? is finitely axiomatized and the corresponding
variety DQDSHC? = V(Cy) is finitely generated, the following corollary
is immediate.

COROLLARY 7.8. The logic DODSHC? is decidable.

Note also that the logic DODSHC? is a discriminator logic.

7.3. Logics DMSHC? and DPCSHC?

We know from Section 7.2 that L¢™ € DMSH and LY ¢ DPCSH,
i = 1,2,...,10, and also that DMSHC?® = V(C9™) and DPCSHC® =
v(cdp).
The following theorem is immediate from Theorem 7.6.
THEOREM 7.9.
(a) A base for DMSHC?, relative to DQDSHC?, is given by:

1
r =T

(b) A base for DPCSHC?, relative to DQDSHC?, is given by:

xVz ~1.
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Let DMSHC? and DPCSHC® denote the extensions of the logic
DODSHC? corresponding to the varieties DMSHC® and DPCSHC?, re-
spectively. The following theorem is immediate from Theorem 5.9 and
Theorem 7.9.

THEOREM 7.10.
1. DMSHC? is defined, as an extension of DQDSHC? by the following

axiom:
¢ — Ao~ Qﬁ

2. DPCSHC? is defined, relative to the logic DQDSHC? by the following
ariom:

oV~

It is clear that the logics DMSHC® and DPCSHC? are decidable. In
view of the above Theorem it is also clear that the logic DPCSHC? does
not have the Disjunction Property.

7.4. 3-valued extensions of DMSHC? and of DPCSHC?

We are ready to look at the problem of axiomatization for the logics as-
sociated with the 20 3-element chains in Coq. We need to recall another
(algebraic) result from [29] that gives a base for each of 3-chains in C9™
and C%. To this end, we need the following identities from [29]:

Cl) zV(z =y~ (z = y)* — =,

C2) zV[y—= (zVy)l~(0—x)V(r—y),
C) zvy—a)=|z—y 2yl o,
C4) zV(z—y)~z—[zV(y—1),
5) (r—y) = 0=y ~aVzAy) — 1],
C6) 2"V (z = y) = (zVy) =y,

Ch)av0—=2)Viy—-1)=zV[iz—=1) — (x =y,

(C1)
(C2)
(C3) «
(C4)
(C5)
(C6) «
(C7) «
(C8)

C8) zVyV(z—y)~=zV[z—y) —1],
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(C9) zVI[(0—=y) —yl=zVz—1) =yl
C10) zV [z = (YA (0 —=y)] =z =[xz —y) = yl,

C11) (0= 1)* =0,

) @
)
)
Cl12) zVyViy— (y— )~z —[zV(0—y)
)
Cl14) 0 — 1 = 0 (FTF identity),

)

(
(
(
(C13) zV(z = y) =z V[z—y) — 1],
(
(

C15) = — y = y — x (commutative identity).

In Theorem 7.11 below, we abbreviate “is a base, relative to DMSHC?
[DPCSHC?]” to just “is a base”.

The reader should keep in mind that the following theorem is really a
simultaneous presentation of two separate theorems (in order to keep the
size of the paper within limits). One of the two theorems is regarding
DMSHC?-algebras and the other is about DPCSHC?-algebras. As an il-
lustration, item (i), when decoded, yields the following two (independent)
statements:

(igm): {(C1)} is a base, relative to DMSHC?, for the variety V(L{™),
and

ig,): {(C1)} is a base, relative to DPCHC?, for the variety V LIP).
p 1

A similar remark applies to each of the other items of Theorem 7.11 as
well.
Theorem 7.11 is immediate from [29, Theorem 11.2].

THEOREM 7.11.
(i) {(C1)} is a base for the variety V(LI™) [V (L{P)],

(

(C2), (C3)} is a base for the variety V(LI™) [V(LIP)],
(C2), (C4)} is a base for the variety V(LI™) [V(LIP)],
(C4), (C5)} is a base for the variety V(LI™) [V (LIP)],

(i)
(iii)
)

(iv
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(v) {(C7)} is a base for the variety V(LE™) [V(LgP)],
(vi) {(C8)} is a base for the variety V(LI™) [V (L&P)],
(vii) {(C9), (C10)} is a base for the variety V(LI™) [V (L5P)],
(viii) {(C11), (C12)} is a base for the variety V(LI™) [V (LgP)],
(ix) {(C6), (C13), (C14)} is a base for the variety V(LI™) [V (LIP)],
(x) {(C15)} is a base for the variety V(L$Z) [V (LSP))].

We are now ready to present the axiomatizations for the logics associ-
ated with the 20 3-element chains in Cayg.

Let £(L&™) (or £L(V(L¢™))) denote the extension of the logic DMSHC?
corresponding to the variety V(L¢™), for i = 1,2,---,10. Also, let E(L?p)
(or ﬁ(V(L?” ))) denote the extension of the logic DPCSHC? corresponding
to the variety V(L?p), fori=1,2,---,10.

In what follows, “defined, as an extension of the logic DMSHC3
[DPCSHC3], by” is abbreviated to “defined by”. The following theorem
will follow from Theorem 5.9, Theorem 7.9, Theorem 7.10, and Theo-
rem 7.11.

Theorem 7.12 below is, like Theorem 7.11, a simultaneous presentation
of two separate theorems (in order to keep the size of the paper within
limits). One of the two theorems is regarding the extensions of DMSHC?-
algebras and the other is about the extensions of DPCSHC?-algebras.

THEOREM 7.12.
(a) L(L{™) [ﬂ(L‘fp)] is defined by the following aziom:
[pv(e =) enll(o—=v)—1)— ol
(b) L(LI™) [L(LIPY] is defined by the following azioms:
(@) [ev{v = eVl e [(L—=¢) V(e =),
(i) [0V (= @) en [{(¢—¥) =} — 4.
(c) L(LI™) [L(LIPY] is defined by the following azioms:

(i) Vi = (eV) eu [(L—=0) V(e =),
(i) [pvV(e=v)]enlp—2{oV =T}
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(d) L(LI™) [L(LIP)] is defined by the following azioms:
(i) [evie=v)]enlp—={oV =T,
(i) (@ =)= (L= enlov{erd) =T}
(e) L(Lg™) [ﬁ(Lgp)] is defined by the following aziom:
V(L= V@ —=>Tenlev{le—=T)—=(@ =)}
(f) £(Ldm™) [E(Lgp)] is defined by the following aziom:
[eVY V(e =) euloViled—v)—=TH.
(g) L(LIm) [E(L?p)] is defined by the following axioms:
() [0V (L =) = 0} S [V {6 > T) = v},
(i) [(¢V{p = (WA (L =)} on o= {(6—= 1) =]
(h) L£(Lgm™) [E(Lgp)] is defined by the following azioms:
1A (L—=T)—= 1) =g L,
(i) [(eVeVv{y = (=)} on o= {oV (L =)}
(i) L(Ld™) [L(LIP)] is defined by the following azioms:
() [6°V (6= 9)] @ @V ) = 4,
(i) [pV(p =] enloVv{le—v) =Tl
(i) (L — T) =g L.
G) L(Lg) [E(L‘lig)] is defined by the following azioms:
(¢ =) —=m (¥ —9).

Remark 7.13. Some features of these logics:

e The logics E(L?p),i € {2,3,...,10} and the logics L(L{™) i €
{2,3,...,10} are, just like the logic £(2°), “anti-classical” in the
sense that the classically provable formula | — T fails in these log-
ics.

e Each of the logics £(L{®),i € {5,6,7,8} and L(L{®),i € {5,6,7,8},
just like £(2°) and £(2°), is a coatom in the lattice of extensions of
the logic DOQDSH.
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Each of the logics £(L{®),i € {1,2,3,4} and £L(LI™),i € {1,2,3,4}
is covered by the coatom £(2¢), the classical propositional logic, while
cach of the logics L(LIP),i € {9,10} and L(Lg™),i € {9,10} is
covered by the coatom L£(2°).

In the logics £(L{P),i € {9,10} and L(L&™),i € {9,10}, Moreover,
in the logics £(L{®) and £(L$%), the connective — is commutative.
The logics £(L¢™) and L(L{P), i = 1,2,---,10, do not have the
(DP) as the formula a* V a** is provable in these logics.

The logics E(L?p),i € {1,2,3,---,10} and the logics L(L{™),i €
{1,2,3,---,10} are quasiprimal.

Each of the logics E(L?p),i € {5,6,7,8} and E(L?p),i € {5,6,7,8},
just like £(2°) and £(2°), is primal.

Further features of some of these logics will be given in Remark 8.1.
We note that all the logics mentioned in this subsection are decidable
as their corresponding varieties are easily seen to have the finite model

property.

7.5.

3-valued Lukasiewicz Logic revisited

It is worthwhile to point out that the logic £(L{™), defined earlier, has
an interesting relationship with the well-known 3-valued Lukasiewicz logic.
Let us recall the definition of 3-valued Lukasiewicz algebras.

An algebra A = (A,V, A, ,dy,ds,0,1) is a 3-valued Lukasiewicz alge-

bras if
1. (A,V,A,,0,1) is a De Morgan algebra,
2. di(xzVy) =d;(x) Vdi(y), for i = 1,2,
3. di(z) vV (di(z)) =1, for i =1, 2,
4. d;i(dj(z)) = d;(z), for i = 1,2,
5. di(z') = (ds—i(x)), for i = 1,2,
6. di(z) < da(z),
7. If di(x) = d1(y) and da(z) = d2(y) then x = y.
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Let L = ({0,a,1},V, A, .dy,d3,0,1) be the algebra such that
({0,a,1},V,A,,0,1) is a 3-element Kleene algebra with 0 < a < 1, and d;
and dg are unary operations defined as follows: dy(0) = di(a) = 0,d;(1) =
1, and d2(0) = 0, and d2(1) = da(a) = 1. Then it is routine to verify that
L is a 3-valued Lukasiewicz algebra. It is well-known that V(L) is precisely
the variety of all 3-valued Lukasiewicz algebras.

THEOREM 7.14. The logic L(L$™) is equivalent to the 3-valued Lukasiewicz
logic.

PrOOF: It suffices to prove that the variety V(L{™) is term-equivalent to
the variety V(L). Without loss of generality, we can assume that L¢™ and
L have the same universe, say L = {0,a,1} with 0 < @ < 1. Given L™,
define the unary operations d; and ds on L by: dj(z) = 2™ and dy =
x*’'. Then it is straightforward to verify that (L;V, A, dy,d2,0,1) = L.
To prove the converse, let us first define the unary function * on L by:
x* = dy((d2(x))’). Tt is routine to verify that * is the pseudocomplement
operation on L. Using * we can now define the Katrindk’s implication —
by:
r—yi= (" Vy)A[(z V) Vet vy vyl

Then, — is the Heyting implication (see [26]). Hence, it follows that
(L;V, A, —,,0,1) = L™, The theorem is now proved. O

7.6. 4-valued extensions of DODSH with Boolean semi-Heyting
reducts

Recall that the variety DQDSH was defined in Section 5. An algebra L is a
dually quasi-De Morgan Boolean semi-Heyting algebra (DQDBSH-algebra,
for short) if its term-reduct (L,V,A,*,0,1) is a Boolean semi-Heyting al-
gebra, that is, L =« V * = 1. The variety of such algebras is denoted by
DQDBSH.

Let DQDBSH denote the logic corresponding to the variety DQDBSH.
The following theorem is now immediate, in view of Theorem 5.9.

THEOREM 7.15. The logic DODBSH is defined, relative to DODSH by
the following axiom:

(B) oV (o — L)
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—>‘01ab —>‘Olab
0|1 0 b a 01 1 1 1
Dy: 110 1 a b Dy: 1|0 1 a b
al|b a 1 0 a|b 1 1 b
bla b 0 1 bla 1 a 1
- 10 1 a b
0|1 a 1 a
Dsg: 1 ]0 1 a b
a|b a 1 0
bla 1 a 1
Figure 4.

We note that DQDBSH is a discriminator logic. In view of the above
Theorem it is also clear that the logic DODBSH does not have the Dis-
junction Property.

The concrete description of the lattice of subvarieties of DQDBSH was
given in [29]. We now wish to present the axiomatizations for corresponding
extensions of the logic DODBSH. Toward this end, the following three
algebras will be needed.

Figure 4 defines the — operation on the three 4-element algebras Dy,
D5 and D3, each of whose lattice reduct is the 4-element Boolean lattice
having the universe {0,a,b,1}, with b as the complement of a, and ' is
defined as follows: @’ =a, b =b,0 =1and 1’ =0.

The algebras Dy, Da, and D3 are the only simple (=subdirectly irre-
ducible) algebras in DQDBSH.

The following theorem, which follows immediately from [29, Corollary
9.4], reveals the structure of DQDBSH.

THEOREM 7.16. DQDBSH = V(D4, D2, D3) = DMBSH.

The above theorem leads us to the following decidability result, in view
of Theorem 5.9.

COROLLARY 7.17. The logic DOQDBSH is decidable.

We will now turn our attention to the axiomatization of logics cor-
responding to the varieties generated by these algebras. The following
theorem is taken from [29, Theorem 9.5].
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THEOREM 7.18.
(1) A base for the variety V(D1), modulo DQDBSH, is given by

0—1~=0.

(2) A base for V(D2), modulo DQDBSH, is given by

0—1=~1.

(3) A base for the variety V(Ds), modulo DQDBSH, is given by
(0= 1) ~0— 1.

The following corollary will now follow as an application of Theorem
5.9, Theorem 7.16 and Theorem 7.18.

Let £(Dj;) (or L(V(D;))) denote the extension of the logic DMBSH
corresponding to the variety V(Dj;) for i = 1,2, 3.

In the rest of this section, “defined, relative to the logic DMBSH, by”
is abbreviated to “defined by”.

COROLLARY 7.19.
(1) The logic £(D1) is defined by the axiom:

(L—>T)—pm L.

(2) The logic £(D2) is defined by the axiom:

1 —T.

(3) The logic £(Dg) is defined by the axiom:
~(L=>T)eg(L—=T).
It is clear that the logics £(Dy),1i € {1,2,3}, are decidable.
Remark 7.20. Some features of the logics £(Dj),i € {1,2,3}:

(a) The logics £(Dy),1 € {1, 3}, are anti-classical since the formula L —
T is not provable in each of them.
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(b) The logics £(D7) and £(D2), are covered, respectively, by the coa-
toms £(2°) and £(2°) in the lattice of extensions of the logic DODSH.

(c) In the logic £(D1), the connective — is commutative.

(d) The logics £(D1) and £(D2) are quasiprimal, in the sense that their
corresponding varieties are generated by quasiprimal algebras Dy and
D, respectively.

(e) The logic £(Ds3), just like £(2°) and £(2°), is a coatom in the lattice
of extensions of the logic DMSH and hence, of DHMSH.

(f) The logic £(Dg) is primal.

Here is another feature of these algebras, since they have Boolean
reducts (i.e., they satisfy the identity: = V z* = 1).

THEOREM 7.21. The logics L£(2¢), L£(2°), L£(2,2°), £(V(D1,D2,D3)),
L(D1), L(D2), L(Ds3) do not have the disjunction property.

Further features of some of these and other logics will be given in Re-
marks 8.1 and 8.2.

8. Connection to connexive logics

The fact that the identity 0 — 1 & 0 holds in some semi-Heyting algebras
led us to consider, in 2020, the possibility that there might be connexive
logics arising from semi-Heyting algebras. We noticed in May 2020 that
that indeed was the case.

Let L be a language containing the connective symbols: — for impli-
cation and — for negation. A logic £ in L is a connezxive logic (see [38],
for example) if the following Aristotle’s Theses and Boethius’ Theses are
theorems in L:

Aristotle’s Theses:
(AT) ~(—a — a),

(AT) —(a = —a).
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Boethius’ Theses:

(BT) (a— B) = ~(a = =),
(BT) (@ = —f) = (o — B).

For more details on the motivation, the origin and the history of con-
nexive logics, see [38] and [18]. Many of the extensions of the logics
SH and DHMSEH, to our surprise, turn out to be connexive logics with
- = a — L. We present a few of these below. (More will be said in the
paper [12] which is in preparation.)

Recall that 2, Lg, and Ly, are in SH and that their corresponging logics
L(2), L(Lg) and L(Ljg) are extensions of the semi-intuitionistic logic SZ.

Remark 8.1.

(a) The logics £(2) and £(Lg), which are extensions of the semi-intuitionistic
logic ST, are connexive logics since the corresponding varieties V(2)
and V(Lg) satisfy the following identities:

(b) (AT) and (AT’) are theorems in the logic £(L1g), since the corre-
sponding variety V(L) satisfies the identities (i) and (ii), while (BT)
and (BT’) are not theorems in the logics £(L1o).

(c) Since it is easily seen that V(2) and V(2) are term-equivalent, it
follows that the classical logic £(2) is equivalent to £(2). Hence the
classical logic £(2) can be viewed as a connexive logic.

Remark 8.2.
(a) The logics £(2°), L(LgP), £(Ld™) and Dy, which are extensions of
the logic DHMGSH, are connexive logics since it is easily verified that
their corresponding varieties V(2¢), V(L3P), V(Ld™), and V(D,)
satisfy the identities (i)—(iv).
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(b) (AT) and (AT’) are theorems in the logics £(L{®) and £(L3), since
the corresponding varieties V(L$P) and V(LSP) satisfy the identities
(i) and (ii), while (BT) and (BT’) are not theorems in the logics
L(L$8) and L(LLP).

(c) Since it is easy to see that V(L$™) and V(L3™) are term-equivalent,
it follows that the logic £(L$™) is equivalent to £(L3™). Hence the
logic £(L{™)can be viewed as a connexive logic. Furthermore, since
the logic £(L$™) is equivalent to the 3-valued Lukasiewicz logic, it
follows that the 3-valued Lukasiewicz logic is a connexive logic.

(d) Since it is easily observed that V(D7) and V(D3) are term-equivalent,
it follows that the logic £(D1) is equivalent to £(Dz). Hence the logic
L(D2) can be viewed as a connexive logic.

Jarmuzek and Malinowski [18] have recently introduced the notion of a
“quasi-connexive” logic. A logic is quasi-connexive iff it is not connexive,
but at least one of (AT), (AT’), (BT) and (BT’) is a theorem in the logic.
Thus, in view of the above remark, the logics £(L$P) and £(L$%), as well
as the extension £(Lyg) of SH, can be viewed as quasi-connexive logics.

We now mention a few facts about the relationships among the Aristo-
tle’s Theses and Boethius’ Theses in the logics SH and DHMSH whose
proofs will appear in the forthcoming paper [12].

THEOREM 8.3. In the logic SH, and hence in DHMSH,

(a) (AT) and (AT’) are equivalent.

(b) (AT), (AT’) and (BT’) are provable from (BT).

(c) (AT), (AT’) are provable from (BT’), but (BT) is not.
(d) If A € SH satisfies (BT), then A =z — y* =y — z*.

THEOREM 8.4. Let A € RDPCH and define a new operation = on A by:
z=>y:=(@& =y A@* —>y*). Then (x =y) = (z=>y*)* =1.

As an application of Theorem 8.4 and recent results of [4], the following
corollary is deduced in [12].

COROLLARY 8.5. There are 2% axiomatic extensions of the logic RDPCH.

Remark 8.6. We propose that any logic in which the (classically provable)
formula | — T is not provable be included in the family of connexive
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logics since such a logic would be not only anti-classical but also anti-
intuitionistic logic. Accordingly, the logics £(2°), E(Lidp),i =5,...,10,
L(L;*),i =5,...,10, V(D;) and V(D3) can be considered as connexive
logics.

9. Two infinite chains of extensions of the logic
DODH

Recall that the logic DOD®H corresponds to the variety of dually quasi-De
Morgan Heyting algebras. In this section, we present two infinite chains of
logics that are extensions of the logic DOQDH.

9.1. De Morgan-Godel logic and its extensions

Recall that the variety DMH of De Morgan Heyting algebras is the sub-
variety of DQDH defined by the axiom: z” ~ x. A De Morgan Heyting
algebra whose lattice reduct is a chain is called a De Morgan Heyting chain.
Let DMHC denote the subvariety of DMSH generated by the De Morgan
Heyting chains. It is proved in [29, Theorem 12.5] that the lattice of sub-
varieties of the variety DMHC is an w + 1-chain. Let DMG (or DMHC)
denote the extension of the logic DMH, corresponding to DMHC. We will
refer to the logic DMG as “De Morgan-Gaodel logic.” Then it follows that
the lattice of extensions of DMG is a chain dual to w + 1.

In this subsection, we present axiomatizations for the logics correspond-
ing to the subvarieties of DMHC. For this purpose, we need the following
algebraic result which was proved in [29, Theorem 12.3].

THEOREM 9.1. [29] A base for DMHC, relative to DMSH, is given by:

1) '~ 0,
(2) (z—=y)Vy—z) =1

Hence we have the following axiomatization for the logic DMG, relative
to the logic DMSH.
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COROLLARY 9.2. The logic DMG, relative to the logic DMSH is defined
by:

(i) ~(a— 1) e ((a—> L)1),
(i) (@ = B)V (6= a)

In view of the axiom (ii) it is clear that the logic DMG does not have
the Disjunction Property.

Let DMHC,, denote the subvariety of DMHC generated by the n-
element DMH-chain, where n € N with n > 2. Let DMG,, denote the
extension of the logic DMG corresponding to the subvariety DMHC,, of
DMHC generated by the n-element DMH-chain, where n € w with n > 2.

Next we will present an axiomatization for the logic DMG,, for n € N
with n > 2.

THEOREM 9.3 ([29]). Let n € w such that n > 2. Then DMHC,, is defined,
mod DMHC, by the following axiom:

i:n
i=1

Hence we have the following axiomatization of the logic DMG,,.

1=n—
\/ T; = Tip1)] = 1.

COROLLARY 9.4. Let n € w such that n > 2. Then the logic DMG,,
relative to the logic DMG, is defined by

i=n i=n—
(\/ o \/ o = aiy1)]
i=1 i=1

In view of the above corollary, it is clear that the logic DMG,,, n > 2,
does not have the Disjunction Property.

9.2. Dually pseudocomplemented Godel logic and its axiomatic
extensions

A DPCSH-algebra L = (L, A,V,—,", 0, 1), whose lattice reduct is a chain, is
called a DPCSH-chain. Let DPCHC denote the subvariety of DPCH gener-
ated by the DPCH-chains. Observe that DPCHC = DStHC. It was implicit
in [29, Section 13| that the lattice of subvarieties of the variety DPCHC
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is an w + 1-chain and was explicitly proved in [33, Theorem 4.7]. We let
DPCG (or DPCHC) denote the extension of the logic DPCH corresponding
to DPCHC. The logic DPCG will be referred to as “dually pseudocomple-
mented Godel logic”. It follows from the just mentioned algebraic result
that the extensions of DPCG form a chain dual to w + 1.

In this subsection, we present axiomatizations for the logics correspond-
ing to the subvarieties of DIPCHC. For this purpose, we need the following
algebraic result which was proved in [29, Theorem 13.2]. Let T := 2/*’.

THEOREM 9.5. The following identities form a base, mod DQDSH, for
DPCHC:

(i) o7 ~ 4/,
(i) (z—=y)V(y—2x)~1

COROLLARY 9.6. The logic DPCG is defined, as an extension of the logic
DODSH by

(i) at &y ~a, where at := ~ (~a — 1).
(ii) (¢ = B)V (B — ).

In view of the axiom (ii) it is clear that the logic DPCG does not have
the Disjunction Property.

Let n € wsuch that n > 2 and let DPCHC,, denote the variety generated
by the n-element DPCH-chain. Let DPCG,, denote the extension of the
logic DPCG corresponding to the subvariety DPCHC,, of DPCHC generated
by the n-element DPCH-chain, where n € w with n > 2

The following theorem, which follows from [29, Theorem 13.3], gives a
base for each subvariety DPCHC,, of DPCHC.

THEOREM 9.7. Let n € w such that n > 2. Then, {(Ay)} is an equational
base, mod DPCG, for DPCG,,, where (An) is the following axiom:
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COROLLARY 9.8. Let n € w such that n > 2. Then the logic DPCG,, is
defined as an extension of the logic DPCG by (A,,), where (A,,) is the fol-
lowing formula:

j=n—1

\7 \/ Q= Q).

Jj=1

In view of the above corollary, it is clear that the logic DPCG,,, n > 2,
does not have the Disjunction Property.

10. Logics corresponding to subvarieties of regular
dually quasi-De Morgan Stone semi-Heyting
algebras

In the rest of the paper we will give axiomatizations for more new logics that
are extensions of DODSH, as applications of Theorem 5.9 and the algebraic
results from [30, 31, 32, 33, 34]). Recall from Section 7.2 that Cyy =
Cdm y C¥%, where C¥™ := {L¢™ : i = 1,2,...,10}, C? := {Ld™ . i =
1,2,...,10} and that the algebras L™, pr were defined in Section 8.2 and
the three 4-element algebras D, Dy and D3 were defined in Section 7.6.
Recall also that DQDSHC? = V(Cy) which is the subvariety of DQDSHC
generated by all the 20 3-element DQDSH-chains.

The notion of regularity has played an important role in [4, 5, 9, 19, 24,
26, 29, 30, 31, 32, 33, 34, 35, 36, 37].

An algebra A € DQDSH is called regular ([29, 30, 31]) if A satisfies:

(R) Azt <yvyh,

!
where z1 = 2'*

The subvariety of DQIDSH of regular algebras is denoted by RDQDSH.
(We caution the reader that the term “regular” was used in [29] to mean
something else.)

Observe from Theorem 7.6 that DQDSHC? ¢ RDQDSH.

The concept of level has played an important role in finding discrimi-
nator subvarieties of DQDSH (see [29, Corollary 8.2]). Here we only need
to define DQIDSH-algebras of level 1.
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An algebra A € DQDSH is of level 1 if A satisfies:

I
Az =z A A

For the varieties of level 1 considered in the rest of the paper, the above
definition of “level 1”7 is equivalent to the following:

r A (z A"

Let DQDSH,; denote the variety of DQDSH-algebras of level 1. Let
DQDStSH denote the subvariety of DQIDSH that satisfies the Stone iden-
tity:

(St) VAR A R

DQDStSH; denotes the subvariety of DQDStSH of level 1, while
RDQDStSH; denotes the subvariety of DQDStSH; defined by (R).

In this section we present axiomatizations for new logics corresponding
to several subvarieties of the variety RDQDStSH; of regular dually quasi-
De Morgan Stone semi-Heyting algebras of level 1.

In what follows, V (or £(V)) denotes the logic corresponding
to the subvariety V of DQDSH-algebras.

(Thus, for example, the logic DODStSH; corresponds to the variety
DQDStSH; .)

The following corollary is immediate from the above definitions and
Theorem 5.9.

COROLLARY 10.1.

(a) The logic DODStSH, is defined, as an extension of the logic DODSH,
by the following axioms:

1) [~{lan (va)} on an (~a),
(2) a* Va*.

(b) The logic RDODStSH, is defined, as an extension of the logic
DODStSH1 by the following axiom:

(ana™) =g (BVS).

The following result is taken from [31, Theorem 3.1].
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THEOREM 10.2. RDQDStSH; = V(Cgy U {D1,D2,D3}). In particular,
RDQDStH; = V({L{™ L Dy}).

The following corollary is immediate from Theorem 10.2 and Theorem
5.9, as the variety RDQDStSH; is finitely axiomatized and is generated by
a finite set of finite algebras.

COROLLARY 10.3. The logics RDODStSH, and RDODStH, are decid-
able.

In view of the above corollary, it would be of interest to know if the logic
DAODStSH, is decidable; in particular, if the logic DQDStH, is decidable.
This naturally leads us to the following open problem.

PROBLEM 2: s the variety DQIDStH; generated by its finite members?

More generally, we can ask the following:

PROBLEM 3: Is the variety DQDStSH; generated by its finite mem-
bers?

Remark 10.4. It was shown in [29] that the variety RDQDStSH; is a dis-
criminator variety. Thus RDQDStSH is a discriminator logic.

Recall that RDMSH; is the variety of regular De Morgan semi-Heyting
algebras of level 1 and RDMGSH; denotes its corresponding logic. Let
RDMStSH; and RDMStH; denote, respectively, the varieties of regular
De Morgan Stone semi-Heyting algebras and regular De Morgan Stone
semi-Heyting algebras of level 1. Similarly, the varieties RDPCStSH; and
RDPCStH; denote, respectively, the varieties of regular dually pseudocom-
plemented Stone semi-Heyting algebras and regular dually pseudocomple-
mented Stone Heyting algebras. Note that all these varieties are subvari-
eties of RDQDStSH] .

Recall DMSHC? = V(C9™) and DPCSHC? = V(CdP).

The following corollary is immediate from Theorem 10.2, where
defined by” means “is defined, as an extension of RDQDStSH, by”.

“is
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COROLLARY 10.5.
(a) The logic RDMStSH; is defined by

a —ga.

(b) The logic RDPCStSH, is defined by

a Voo

(c) The logic RDMStH; is defined by

(A p) = a.

(d) The logic RDPCStH; is defined by

(aAB) = a.

The following theorem was recently proved in [34].

THEOREM 10.6 ([34, Corollary 3.4]). DMSH; = DMStSH;. In particular,
RDMSH; = RDMStSHj .

The following theorem is immediate from Theorem 10.6 and [31, Corol-
lary 3.4].

THEOREM 10.7.
(a) RDMSH,; = RDMStSH; = V(Cdm) VV({Dy,D2,D3}),

(b) RDMH; = RDMStH; = V({L{™ Dy}) = V(L™) v V(Dy),
(c) RDPCStSH,; = V(C9P),
(d) RDPCStH; = V(LSP).

It is clear from Theorem 10.7 that the logics RDMSH 1 and RDMStSH
are equivalent and so are RDM®H, and RDMStH;.
The following corollary is immediate from Theorem 10.7.

COROLLARY 10.8. The logics RDMSH 1 and RDPCStSH, are decidable.
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Let RDQDcmStSH; be the subvariety of RDQDStSH; defined by the
commutative law:
T YRy > T,

COROLLARY 10.9. The logic RDODcmStH, is defined, as an extension of
RDODStSH1, by
(a = pB) =y (B—a).

The following theorem is an immediate consequence of Theorem 10.2
and Theorem 10.7.

THEOREM 10.10 ([31, Corollary 3.5]).
(a) RDQDemStSH; =V(L47) v V(L) v V(Dy),
(b) RDMcmSH; = RDMcmStSH; = V({L{7*, D1}),
(¢) RDPCemStSH; = V((LS2),
(d) RDMcmSH; N RDPCemStSH; = V(2°).

It follows from the preceding theorem that the logics RDQDcemStSH,
RDMcmSH, and RDPCemStSH 1 are decidable.

In the rest of this section, unless otherwise stated, the phrase “defined,
modulo RDQDStSH;, by” is abbreviated to the phrase “defined by” in the
context of varieties. Similarly, the phrase “defined, as an extension of
the logic RDOQDStSH,, by” is also abbreviated to the phrase “defined by”
in the case of logics.

The theorems that appear in the rest of this section were proved in

[31]. Each of the corollaries appearing below follows from the theorem
immediately preceding it and Theorem 5.9.

THEOREM 10.11. The variety V({Ld™ L{P L™ L3P Dy}) is defined by
the identity:

(z—=y) > 0=y =(z—y — 1

COROLLARY 10.12. The logic £(V(L{™ L{P L™ L3P Dy)) is defined by
[(a—=pB)—= (L—=8)]enlla=p)—T].

The variety generated by D; was axiomatized earlier in Section 7. Here
are two more bases for it.
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THEOREM 10.13. V(D) is defined by
x—= yY—o2)mz— (v —y).
It is also defined by
(x—=y) = (u—=w)=(r—=u) = (y = w). (Medial Law)
COROLLARY 10.14. The logic £(V(Dy)) is defined by
a—=(B—=7)eny— (a—=P).
It is also defined by
(a—=8)= (v =) en (a—=7) = (B—=9)). (Medial Law)

THEOREM 10.15. The variety V({L3™ L{P L™ LIP Dy}) is defined by:
y<r—y.
It is also defined by:
(z=y) 2yl =@y =z—y.
It is also defined by
= (y—2)=(x—y) = (x—2). (Left distributive law)
COROLLARY 10.16. The logic £(V({Ld™ LIP Ldm LP D,}) is defined
by
BA(a— B)enp.
It is also defined by:
[l B) = Bl > (a = B) < (a— A).
It is also defined by
a— (B—=7)enlla— )= (a—7y).
THEOREM 10.17. The variety V({Lg$™ LIP Lgm 19P Ldm 1dP pdm
LoP, Ds}) is defined by:
[x—=(y—=z)] >z~
COROLLARY 10.18. The logic £(V({Ld™ L{P Ld¢m™ LIP Ldm 1dP Ldm
L3P Ds})) is defined by
fa—= (B—a)—=alena
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THEOREM 10.19. V({L{P, L3P, LaP LAPY) is defined by:
D [z—=(y—2)] >~z
(2) zva =1.
COROLLARY 10.20. The logic £(V({L{®, L3?, LIP LaP})) is defined by
(1) fa=(B—= )} = a]©na,
(2) aV ~a.

In view of the above corollary, it is clear that the logic in question does
not have the Disjunction Property. Recall that % := 2/*’.

THEOREM 10.21. The variety generated by the set {L‘lim,L(lip,Lgm,Lgp,
Lgm LgP, Ldm LIP Ldm Ldm pdm 1dm D, D} is defined by the iden-
tity:
O—=1D"T—=(0—-1)=~0-—1.
COROLLARY 10.22. Let £y = L((V({L{™, LI? L™ LIP Lgm L3P, 1.Im
sz,Lgm7 L™ Ld¢™ Ld™ Dy, D3})). Then L is defined by
(LT =~ (L—=>Teyg(L->T).
THEOREM 10.23. The variety V({L{P L3P L, LIPY) is defined by the
identities:
1) 0=1)"—=>0—=1)~0-—1,
(2) xva =1.

COROLLARY 10.24. The logic £(V({L{®, L3?, L3P LIP})) is defined by
) (L=>T)r = ~(L—>Tey(L-=T),
(2) aV~a.

In view of the above corollary, it is clear that the logic in question does
not have the Disjunction Property.

THEOREM 10.25. The variety V({L¢™ Ldm Ldm Ldm pdm pdm ydm
Lg¢™ Do, D3}) is defined by the identities:

1) 0=1)"—=0—=1)~0-—1,

(2) 2" ~ x.
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COROLLARY 10.26. The logic £(V({L¢™ Lg™ Ldm L¢m Ldm Ldm Ldm
Lg™ Do, D3})) is defined by

1) (L—=T)F"=>~(L=>Ten(L=>T),
(2) a =y ~~a.
THEOREM 10.27. The variety V({Lg™ L™ Ld™ LI™ D3}) is defined by
the identity:
0—=1)"T—=>0—=1)~(0—1).
COROLLARY 10.28. The logic £(V({Lg™, L™ L™ Lg™ D3})) is defined
by
(L=>T)" = (L=>T] e~ (L—=T).
V(D3) was axiomatized in Section 7. Here is another base for it.

THEOREM 10.29. V(Dg3) is defined by the identities:

(1) (0=1)"—=(0—=1)~(0—1),

(2) xVa* =
COROLLARY 10.30. The logic L(V({Ds})) is defined by

(1) (L= = (L=T)eg~(L—=T),

(2) aVar.

In view of the above corollary, it is clear that the logic in question does

not have the Disjunction Property.
THEOREM 10.31. The wvariety generated by the algebras L™ Lg™,
L™ L$™ Do, Dj is defined by the identities:

(1) (0> = (0—=1)=0—1,
2 0= = 0—=1)"*~0—1,

(3) 2" ~ x.
COROLLARY 10.32. The logic £(V({L{™, Ld™ L$™ L{™ D,,D3})) is de-
fined by

M (LTt~ (L=>T)ey (L—=T),

2) (L=>T)" = (~(L=>T))] g (L—=>T),

(3) a =y ~~



A Logic for Dually Hemimorphic Semi-Heyting Algebras. .. 617

THEOREM 10.33. The wvariety generated by the algebras Lgm,Lgp,Lgm,
LoP L™ LIP 1dm L9P LoP Ld™ LIP Ldm D,y Ds is defined by the
identity:
0=t —>(0—=1)~(0—=1).
COROLLARY 10.34. The logic corresponding to the variety generated by
m 7d m 7d m 7d m 7d m 7d m 1d
{Lg 7L5p7 Lg ) Lﬁpv L(’; ’ L7pv L(S:1 7L8p7 Lg 7L9p7 L(liO ) ng’ D;, D3}
is defined by
(L=>T)" >~ (L—=>T)]ey~(L—=T).
THEOREM 10.35. The variety generated by the algebras L3P, LIP LIP LIP,
L3P L{® is defined by the identities:
(1) (0= 1" = (0—=1)=(0-—1),
(2) zva' = 1.
COROLLARY 10.36. The logic £(V({LgP, Lg®, La?, LIP LIP L{P})) is de-
fined by
M [(L=>T)r >~ (L—=>T)]ey~(L—=>T),
(2) aV ~a.

In view of the above corollary, it is clear that the logic in question does
not have the Disjunction Property.

THEOREM 10.37. The variety generated by the algebras L™ Lg™ Lg™
L™ Lgm L{:®, Dy, D3 is defined by the identities:

1) (0= —=(0—=1)=~(0-—1),

(2) 2" =~ x.
COROLLARY 10.38. The logic £(V({Lg™, L™ L™ L™ L™ L2 D,,
Ds3})) is defined by

(D) (L=T)r=>~(L->Tey~(L—=T),

(2) a =g ~~a.
THEOREM 10.39. The variety generated by the algebras Dy, D3 is defined
by the identities:

1) (0= —=(0—=1)=~(0—=1),

(2) xVa* =
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COROLLARY 10.40. The logic L(V({D1,D3})) is defined by
1) (L—=>T)r=~(L—=>T)]eng~(L—=>T),
(2) aVar.

In view of the above corollary, it is clear that the logic in question does
not have the Disjunction Property.

THEOREM 10.41. The variety generated by the algebras L™ Lg™ Lg™
Lg™ Dj is defined by the identities:

1) (0=1)"—=(0—=1)~(0—1),
(2) (0=1)" = (0—=1)~(0—1).
It is also defined by
0—1)Y=~0-—1.
COROLLARY 10.42. The logic £(V({Lg™ L™ Lg¢™ L™ D3})) is defined
by
) (L=>T)r=>~(L—>Teg~(L—=>T),
2) [ (L=>T)r=>~(L->Tey(L=T).
It is also defined by
~(L—=>T)eg(L-T).

THEOREM 10.43. The wvariety generated by the algebras L‘fm,L‘fp,L‘zim,
d m 1d m 1d d d d d m 1d m 1d
L2p7 Lg ’ L3p7 Lfll ’ L4p’ L5p7 Lep’ L7p7 Lsp’ chi ’ L9p7 Lg.lo ’ ng’

Dy, D5 is defined by the identity:
0—=1—=0—=1)=~0—1.
COROLLARY 10.44. The logic corresponding to the variety generated by
the algebras L¢™ LIP Ldm L$P, L™ L$P, L¢™ LP, LIP LIP LIP
LaP, Ldm LIP Ldm L{P D;, D, is defined by
[~(L=>T)=(L=>T]eg(L—>T).
THEOREM 10.45. The variety generated by the algebras L™ Lg™ LI™,
L™, Lg™, L&, Dy, Dy is defined by the identities:
1) 0—=1)=>0—=1)=~0-—1,

(2) 2" =~ x.
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COROLLARY 10.46. The logic £(V({L$™ Lg™ Lg™ L¢™ L™ LE® D,
D5})) is defined by

D [~L=>T)=(L=>T]en(L->T),

(2) a =g ~~a.
THEOREM 10.47. The variety generated by the algebras Dq,D4 is defined
by the identities:

(1) 0=-1)=>0—=1)=0—1,

(2) xva*~1.
COROLLARY 10.48. The logic L(V({D1,D2})) is defined by

D) [~(L=>T) 2 (L-=>T)eg(L—=T),

(2) a V o

In view of the above corollary, it is clear that the logic in question does
not have the Disjunction Property.

THEOREM 10.49. The variety generated by the algebras L;‘m,Lf",Lgm,
LgP, Ldm LeP Ldm LIP D, Dy, Dg is defined by the identity:
zVy—= (zVy]=~(0—x)VaVy.
COROLLARY 10.50. The logic £(V({L{™ LIP Ldm L3P Ldm 1P pdm
L3P, Dy, D3, D3})) is defined by
[aVv{f—=(aVvp)}en[(L—a)VaVi].
THEOREM 10.51. The wariety generated by the algebras Lgm,Lgp,Lgm,
LIP Dy is defined by the identity:
zV(y—=z)=lz—y) =y — .
COROLLARY 10.52. The logic £(V({Ld™, L3P Ldm LIP D,})) is defined
by
laV (8 —=a)len [{(a—p)— B} —al
THEOREM 10.53. The variety generated by the algebras Lgm,Lgp,Lgm,
LSP, Dy, Dy, Dg is defined by the identity:
zV(z—y)mz—zVy—1).
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COROLLARY 10.54. The logic £(V({Ld™ L3P, L¢™ L® Dy, Dy, D3})) is
defined by

[aV(a—=B)]enla—={aVv(B—T)}.
THEOREM 10.55. The wariety generated by the algebras Lgm,Lgp,L‘;m,
L3P Dg is defined by the identity:
0—=1)*=(0—-1)~(0—1).
COROLLARY 10.56. The logic £(V({Ld™ LaP Ldm LIP Dg})) is defined
by
(L>T)Y = (L->T)]eg~(L-=>T).
THEOREM 10.57. The wariety generated by the algebras L‘lim,L‘}p,Lgm,
Lgp,Lgm,Lgp, L™ LIP D, is defined by the identity:
0— 1~ 1 (FTT identity).
COROLLARY 10.58. The logic £(V({L{™, L{P Ldm LIP Ldm P 1dm
L$P, D3})) is defined by
L — T (FTT).
THEOREM 10.59. The variety generated by the algebras L;‘m,L‘fP,Lgm,
LoP Ldm 1dP 1dm 19P D, Dy, Ds is defined by the identity:
zV(y—z)~(xzVy) —> T
COROLLARY 10.60. The logic £(V({L§™, L{? Lg™ L3P Lg™ LgP, L™,
Lgp,Dl,Dz,D3}) is defined by
[aV (8= a)]en[(aVB)—al
THEOREM 10.61. The variety generated by the algebras L$P, L3P LaP, LIP
is defined by the identities:
(1) z2vV(y—z)=(xVy) =z,
(2) xva =1.

COROLLARY 10.62. The logic £(V({L{?, L3?, LIP LIP})) is defined by
(1) [aVv (8= )] ©u [(aVB) —al,
(2) aV ~a.
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In view of the above corollary, it is clear that the logic in question does
not have the Disjunction Property.

THEOREM 10.63. The variety generated by the algebras L{™ Lg™, Ld™
Lgm, D1,D2, D3 is defined by the identities:

(1) z2vV(y—z)=(xVy) =,

(2) " ~ x.
COROLLARY 10.64. The logic £(V({L¢™ Lg¢™ Ldm Ld™ D, D,,D2}))
is defined by

(1) [aV (B —=a)]eu[(aVp)—a,

(2) a =g ~~a.

THEOREM 10.65. The variety generated by the algebras Li‘m,Lﬁp,Lgm,

L9P, Ldm LdP 1dm [dP 1dm 1,9P D, Dy, Dy is defined by the identity:
V(i =y =xVy) —y.
COROLLARY 10.66. The logic £(V({L{™ LI? Ldm LIP Ldm 1P 1dm
LoP Ldm L3P Dy, Dy, Dy})) is defined by
la* V(o = B)] <n [(aV ) — Bl
THEOREM 10.67. V({L{P, L3P LIP LIP LIP}) is defined by the identity:
(1) z*V(z—=y)=(xVy) =y,
(2) zva =1.
COROLLARY 10.68. The logic £(V({LIP L3P, LIP LaP, LIP})) is defined
by
(1) [a*V(a—= B)] <n [(aVp) = bl
(2) aV ~a.

In view of the above corollary, it is clear that the logic in question does
not have the Disjunction Property.

THEOREM 10.69. The variety generated by the algebras L™ Lg™ Lg™
Lg™ L™, Dy, D2, D3 is defined by the identity:
(1) 2"V (z—=y)=(xVy) >y,

(2) 2" =~ x.
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COROLLARY 10.70. The logic £(V({L¢™ Lg™ L™ Lg™ Lg™ Dy, Da,
Ds3})) is defined by

(1) [e* V(e = p)] &u [(avB) = b,
(2) a =g ~~a.
THEOREM 10.71. The variety generated by the algebras Lgm,Lgp,Dz 18
defined by the identity:
eVO0=2)Vy—-1)=zViiz—=1)— (x—y).

COROLLARY 10.72. The logic £(V({Lg™ LIP D,})) is defined by
[aV(L—=oa)V(B—-T)]egaVila—=T)—= (a—=pP).
THEOREM 10.73. The variety generated by the algebras Lgm,Lgp, D, de-
fined by the identity:
zVyV(z =y =zV[z—=y) —1].

COROLLARY 10.74. The logic £(V({Ld™, L3P D,})) is defined by
aVpV(a—=p)egaVa—p)—=T].

THEOREM 10.75. The wvariety generated by the algebras L‘ljm,L‘lip,L‘;m,
L3P Dy is defined by the identity:

zV[(0—=y)—yl=zViz—1) =y
COROLLARY 10.76. The logic £(V({Ld™, LI? Ldm LIP D,})) is defined
by

[avV{(L=p8) =8} enlaVia—=T)—= 0.
THEOREM 10.77. The variety generated by the algebras L?m,L(;p,Lgm,
L3P, Dy, Dy, Dg is defined by the identity:

z V= @A0=y)lrz— [z —y) =yl
COROLLARY 10.78. The logic £(V({L¢™ L3P Ldm LIP D;, Dy, Dg})) is
defined by

laVie={BA(L—=B)}]enla—[(a—=p) =45
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THEOREM 10.79. The variety generated by the algebras L™, Lgp, Dq,Do,
D3 is defined by the identity:

zVyVy— (y—=a))=z—[zV(0-—y).
It is also defined by the identity:
zVy—={0=(y—=a)}=zVyV(y— ).
COROLLARY 10.80. The logic £(V({Ld™ L3P D, Dy, Ds})) is defined by
aVBV{B—= (8= a)}] enla—{aVv (0= 5}
It is also defined by:
[av{s—= 0= (B —=a)}eulaViV(E—a)
THEOREM 10.81. The wariety generated by the algebras L‘;m,L‘;p,Lgm,
LgP, Ld™ LgP, Ldm L{P D,, Dy, D3 is defined by the identity:
xV(r—y)=aVr—y) —1].
COROLLARY 10.82. The logic £(V({Ld™ LZP Ldm L3P Ldm 1IP Ldm
L{® D;,D3,Dg})) is defined by
[aV(a—B8)]eylav{la—p)—= T}H.
THEOREM 10.83. The variety generated by the algebras 2°, LS L3P LIP,
LI is defined by the identities:
(1) zV(z—=y)=zV|z—y) —1],
(2) xva =1.
COROLLARY 10.84. The logic £(V({2¢, LP, La? LI® LIPY) is defined by
(1) [avV(ia—=B)] e avV{la—=8) = T},
(2) aV ~a.

In view of the above corollary, it is clear that the logic in question does
not have the Disjunction Property.

THEOREM 10.85. The variety generated by the algebras L™ Lg™ LI™
L{%, Dy, Do, D3 is defined by the identities:

() zV(z=y)=zVie—=y) =1,

(2) 2" =~ x.
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COROLLARY 10.86. The logic £(V({Lg¢™ Ld™ Ldm L D, D,,D3}))
is defined by

(1) [aV(e—=p) eulaV{la—=p) =T},

(2) a =g ~~a.

THEOREM 10.87. The wariety generated by the algebras Lgm,Lgp,L‘f{)“,
L'lig,Dl is defined by the identity:
0—1=0. (FTF identity)

COROLLARY 10.88. The logic £(V({Ld™, L3P Lim 192 D,})) is defined
by

(L—=>T) ey L (FTF)
THEOREM 10.89. The wariety generated by the algebras L%“7L‘1187D1 is
defined by the identity:

T YRY— . (commutative identity)

COROLLARY 10.90. The logic £(V({Ld& L{P, D4})) is defined by
(a—pB) ey (8—a). (commutativity)

THEOREM 10.91. The variety V(Caq) is defined
by
o <z

COROLLARY 10.92. The logic £L(V(Cagg)) is defined by

o > ~a.

THEOREM 10.93. The variety V(Dg) is defined by
(x — y)* =z Ay*.

COROLLARY 10.94. The logic £(V(D3) is defined by
(a = B)* &g anp*.
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THEOREM 10.95. The variety generated by the algebras in {L‘iip o=
L...,8  U{Lg™:i=1,...,8  U{D2} is defined by the identity:

(= y) ~ (A y")™.
It is also defined by
(0 1)* ~ 0.
COROLLARY 10.96. The logic L(V({LI : i = 1,...,8} U {Ld™ . =
1,...,8} U {D32}) is defined by
(@ = B) —u (anp)™.
It is also defined by
(Lo T) ey L
THEOREM 10.97. The variety generated by the algebras L?p, i=1,...,8,
is defined by the identities:
(1) (@ = y) = (@Ay")™,
(2) zva' = 1.

COROLLARY 10.98. The logic E(V({L?p :i=1,...,8})) is defined by
(1) (a—=B)" <u (aAp?)™,
(2) aV ~a.

In view of the above corollary, it is clear that the logic in question does
not have the Disjunction Property.

THEOREM 10.99. The variety generated by the algebras L™, i=1,...,8,
and Dg is defined by the identities:

(1) (== y) = @Ay,

(2) 2" ~x.
COROLLARY 10.100. The logic L(V({Lg™ :i=1,...,8} U{D3y})), is
defined by

(1) (= B)" ou (e p)™,

(2) a =y ~~a.
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THEOREM 10.101. The variety generated by L™, LIP Ldm 9P Ldm 1dP
Ldm L3P D, is defined by the identity:

zVy<(z—=y) =y
COROLLARY 10.102. The logic £(V({Ld™ L{P Ldm LJP Ldm 1dP Ldm
LoP Ds})) is defined by

(aVp)—n [(a—B) = A
THEOREM 10.103. The variety generated by LIP LIP LIP, L3P is defined
by the identity:

(1) zvy<(z—y) =y,

(2) zva =1.

COROLLARY 10.104. The logic £(V({LS?, L3P LIP LgP})) is defined by
(1) (aVB) =u [(a— B) — B,
(2) aV ~a.

In view of the above corollary, it is clear that the logic in question does
not have the Disjunction Property.

THEOREM 10.105. The variety generated by L¢™ L™ L™ Ld™ D, is
defined by the identity:

(1) zvy<(z—vy) —vy,
(2) 2" ~ x.

COROLLARY 10.106. The logic £(V({L{™ Ld™ Ldm LIP Dy})) is de-
fined by

(1) (V) =u [(a = B) = b,

(2) a =g ~~a.

The variety V({D1,D2,D3}) was axiomatized in Theorem 7.16. Here
are two more bases for it.
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THEOREM 10.107. The variety V({D1, D2, D3}) is defined by the identity:
xV(y—z)=(@xVy) = (xVz) (Strong JID).
It is also defined by the identity:

1,/*/* ~ .

COROLLARY 10.108. The logic L(V({D1,D2,D3})) is defined by

(@V(B—=7) enl(avp) = (aVy))
It is also defined by the identity:

(~ ((~a)")" &n a
THEOREM 10.109. The variety generated by L™, Lgp, D is defined by the
identity:

(x =y s>~z

COROLLARY 10.110. The logic £(V({Ld™ L3P D,})) is defined by
((a = B) = a) &5 a.

V(D3) was axiomatized in Theorem 7.18. Here are some more bases for
it.

THEOREM 10.111. V(D) is defined by the identity:
zVy=(x—y)—y.
It is also defined by the identities:
(1) z2V(y—2)=(xVy) — (zV=2),

(2) (x=y) Dz~
It is also defined by the identity:
zV(z—=y)~=aV((zVy) —1).

COROLLARY 10.112. The logic £(V(D3)) is axiomatized by
(@Vp) u ((a—=p) = f).
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This logic has an interesting property in that V is definable in terms of —.
It is also axiomatized by

(1) (@V (B =) eu (aVp) = (aV)),
(2) ((a = B) = a) ey a.
It is also axiomatized by
(aV(a—=B)eplav{(aVvp)—T}.
THEOREM 10.113. The variety generated by L$™ LIP Ldm L9P Ldm
Lgp,Dl,Dz,D;; is defined by the identity:
r=(y—o2)=y— (v —2).
COROLLARY 10.114. The logic £(V({L{™, L{P Ld™ L9P Ldm 1IP D,,
D2, D3})) is defined by
o= (B—=)] e [8— (a—=7)]
THEOREM 10.115. The variety generated by L$™ LIP Ldm L9P pdm
L3P Dy is defined by the identity:
=y =2<((y—=x)—2) =z
COROLLARY 10.116. The logic L(V({Ld™ L$P Ldm LgP Ldm 1.IP
D.})) is defined by
(= B) =] —=u [(B—=a) =) =]

We note that a new extension of each of the logic defined in this section
is obtained by adding the axiom «” <y «, as an extension of the logic
DMSH. Similarly, the addition of the axiom: oV o’ yields new extensions
to the logics, over the logic DPCSH, defined in the preceding corollaries.

We conclude this section by remarking that all the logics described in
this section are discriminator logics and also are decidable.

11. Logics corresponding to subvarieties of regular
De Morgan semi-Heyting algebras of level 1

In this section, we present axiomatizations for logics corresponding to
several subvarieties of the variety RDMSH; of regular De Morgan semi-
Heyting algebras of level 1. The algebraic results mentioned (or referred
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to) in this section were proved in [32]. Recall that DMSH; denotes the
logic corresponding to the variety DMSH;. The following corollary is im-
mediate from Theorem 5.9 and definitions.

In what follows, V (or £(V)) denotes the logic corresponding to the
variety V.

Recall that the variety DMISH; was defined in Section 10.

COROLLARY 11.1.
(a) The logic DMSH, is defined, relative to DMSH, by

a AN~a)* g [~ (a Al~a)")]*.

(b) The logic RDMSH; is defined, relative to DMSH1, by
(anat) =g (BVB).

(¢) The logic RDMH; is defined, relative to RDMSH1, by
(aAB) = a.

(d) The logic RDMcmSH; is defined, relative to RDMSH1, by
(= B) =g (B—a)

It follows from Theorem 10.6 that the logic RDM®H is decidable. How-
ever, the following problems are open.

PROBLEM 4: Is the logic RmsH; decidable?

PROBLEM 5: s the logic RmsSH, decidable?

Let L € DHMSH. We say L is pseudocommutative if L satisfies the
identity:
(PCM) Tt =yt~ Yyt — ot
RDMpcmSH denotes the variety of regular De Morgan pseudocommutative
semi-Heyting algebras.

The following corollary is immediate from Theorem 5.9 and the above
definition.
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COROLLARY 11.2. The logic £L(RDMpcmSH] ) is defined by
(a* = 8*) &5 (B* — a*).

THEOREM 11.3 ([32]). RDMpemSH; = V (L™, L{& Dy).
COROLLARY 11.4. The logic L(RDMpcmSH] ) is decidable.

In the rest of this section, unless otherwise stated, the phrase “defined,
modulo RDMSH], by” is abbreviated to the phrase “defined by” in the
context of varieties. Similarly, the phrase “defined, as an extension of
the logic RDMGSH,, by” is also abbreviated to the phrase “defined by”
in the case of logics.

The theorems that appear in the rest of this section were proved in [32].
Each of the corollaries given below follows from the theorem immediately
preceding it and Theorem 5.9.

Here is another axiomatization for RDMpcmSH.

THEOREM 11.5. The variety RDMpcmSH is defined by

(z—=y) =y —a)
COROLLARY 11.6. The logic £L(RDMpcmSH) is defined by

(o= B)* &1 (B~ a)".
THEOREM 11.7. The variety V(L$™ L™ L$™ LI™ Dy, Ds) is defined
by

O—=1" = [~{(0—=1)*}* =0 1.
COROLLARY 11.8. The logic £(V(Ld™ Ldm Ldm 1dm D, Dj)) is de-
fined by

(L=T)" = [~{(L=>T)Y}) ey (a—=T).

The variety V(Dq,D2,D3)(= DQDBSH) was axiomatized earlier.
Here are some more bases for V(D1, D3, D3).

THEOREM 11.9. Each of the following identities is a base for the variety
V(D17D27D3):

1) e —>y=y*— 2", Law of contraposition
y~y p

@) fzv@—=y)} = (@—=y)V(EVvy)=1
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COROLLARY 11.10.
(1) The logic £(V(D1,D2,D3)) is defined by
(o= 8) o (B — ).
(2) The logic £L(V(D1,D2,D3)) is also defined by
{av(e—= B9} = (a—= ")V (aVE).

THEOREM 11.11. The wariety V(L‘lim,Lgm,Lgm,Lgm,Lgm,Dl,Dz,
D3) is defined by

x>yt ry— ot

COROLLARY 11.12. The logic £(V(L{™ Lg™ Lg™ Ld™ L™ D;, D,
D3)) is defined by

(@ = p%) & (B—a).

THEOREM 11.13. The variety V(L™ Lg™ L™ L{m D;, D2, D3) is de-
fined by

zV(zr—y)=zVr—y) —1].

COROLLARY 11.14. The logic £(V(Lg™ Lg™ L™ L™ D,, D2, D3)) is
defined by

[aV(a—=8)]eylav{la—8)—= T},
THEOREM 11.15. The variety V(LE™ LI™ Dy) is defined by
1) av(E@—-y)=zVir—-y —1],
(2) (0—1)* ~1.
COROLLARY 11.16. The logic £(V(Lg™ Lg™ D3)) is defined by
(1) [aV(e=p) eulaV{la—=p) =T},
(2) (L—T)*.
THEOREM 11.17. The variety V(2°,Lg™ L™ Ld™ L™ is defined by
(1) zV(z—=y)=zVz—y) —1],
(2) 2*’ = a**  (xregular).

We caution the reader that in [29], (2) was referred to as “regular”.
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COROLLARY 11.18. The logic £(V(2¢, L™ Lg™ L™ L{%)) is defined by
W) [0V (@A) &n lav {(@— 8) > 1],
(2) ~ (o) &g a**.
THEOREM 11.19. The variety V(2°, Ld™ LI is defined by
(1) aV(z—-y)=azV|(r—y) —1],
2) =¥ ~ z*,
3) (0—=1)v(0—1)*=1.
COROLLARY 11.20. The logic £(V(2¢, Ld™ L)) is defined by
(1) [aVv(a=p)) enlav{la—=p) = T,
(2) ~ (a") & o™,
B) (L=>TV(L—=>T)~
THEOREM 11.21. The variety V(Lg™, L) is defined by
1) avV(ez—-y) =zVir—y) —1],
2) 2 ~
(3) (0—1)"=~1.
COROLLARY 11.22. The logic £(V(Ld™ L{g)) is defined by
(1) [aV(a =P enlaVila—=p) =1},
(2) ~ (") ©n a™,
(3) (L—=T)"
THEOREM 11.23. The wvariety V(L™ Lg™ L™ L$™ L™ Lg™ Ld™
Lg™) is defined by
(1) 2% =~ z*,
(2) (0—1)*=~1.
COROLLARY 11.24. The logic £(V((Ld™, Lgm Ldm Ldm pdm pdm pdm
Lg™) is defined by
(1) ~ (o) &g a*.
(2) (L—T)*.
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THEOREM 11.25. The variety V(L$™, Ld™ Ld™ LI Da) is defined by
(1) (0=-1)V(0—=1*=~1,
(2) (0— 1) =~1.
COROLLARY 11.26. The logic £(V((L¢™ Ld™ L™ Ld™ D,)) is defined
by
(1) (L=>T)V(L—=T)
(2) (L — T)**.
THEOREM 11.27. The variety V(L™ LI™ D;, Do, D3) is defined by
1) zvV(y—z)=~(xVy) =z,
2) (0=1)V(O0—=>1*~
COROLLARY 11.28. The logic £(V((L{™, Lg™ D;, D3, D3)) is defined by
(1) [aV (8= a)] <n[(aVp)—al,
(2) (L=>T)V(L—=T)~
THEOREM 11.29. The variety V(L™ L$™, Dy2) is defined by
(1) av(y—z)=~(xVy) >z,
(2) (0=-1)V(0—=1)*~1,
(3) (0= 1) =~1.
COROLLARY 11.30. The logic £(V((L$™, L™ D,)) is defined by
(1) [aVv (8= a) n((aVp)—al
(2) (L=>T)V(L—=T)
(3) (L —T)*.
THEOREM 11.31. The variety V(L{™ Lg™ L™ Dy, Do, D3) is defined
by
yVy = (eVvy) = 0=2)V(z—y).

COROLLARY 11.32. The logic £(V((L{¢™, Lg™ Lg™ D;, D2, D3)) is de-
fined by

[BV(B—=(aVvh)]en (L —=a)Via=p)
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THEOREM 11.33. The variety V(Lg™, D1, D2, D3) is defined by
eVily—= (0= (y—=a)=zVyV(y— ).
COROLLARY 11.34. The logic £(V(Lg™ D, D3, D3)) is defined by
[aV{B—= (L= (=)} elavBV(f—a)l
THEOREM 11.35. The variety V(CI™) is defined by
z Az <yVvy'. (Kleene identity)
COROLLARY 11.36. The logic £(V(C9™)) is defined by
(e AN ~a)—=g (BV ~B. (Kleene identity)
THEOREM 11.37. The variety V(L) is defined by
(1) ana’ <yVvy, (Kleene identity)
(2) z—>y~y—x.
COROLLARY 11.38. The logic E(V(L%n)) is defined by
(1) (a A ~a) =g (BV ~p5), (Kleene identity)
(2) a—= ey b—a

V(D2) was axiomatized in Section 7. Here are some more bases for it,
but relative to RDMH];.

THEOREM 11.39. Each of the following identities is a base for V(Da3), mod
RDMH; :

L) y={0=>(y—-2)t=yV(y—a).
2) 2V (y—2)=(@Vy) = (zV2).
B) Hzv(E@x =y} = (x—=y)VaVvy =

COROLLARY 11.40. Each of the following axioms defines the logic L(V(D,),
relative to RDMH:

W) B={L=0@B=a)} a6V —=a),

2) [aV (B =] eunll@Vvp) = (avy),

B) HaV(ae—=p7)} = (e = p7)]Vav s
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V(D;) was axiomatized in Section 8. Here are more bases for it. Let
RDMcmSH; denote the subvariety of RDMSH]; defined by: 2 — y =~y —
x.

THEOREM 11.41. FEach of the following identities is an equational base for
V(D1), mod RDMcmSH] :

1) yVy—=(@Vvy)=0—=z)V(E—y),
2) zViy—=(y—=a)]=azvyV(y—a),

@) {zv@—=y)} = @—y)vavy =1,
4) zvV(@y—2)=(@xVy) — (zV=2).

COROLLARY 11.42. Each of the following axioms defines the logic L(V(D,)),
relative to RDMcmSHq:

(1) BV (B—=(avh))]en (L —=a)Vvia—p),
2) [aV{B=(B=a)}eulaviv(E—=a),
B) Havia—=p7)} = (a—=p7)]Vavpr,
4) [av (B =) en((aVp) = (aVy))
We conclude this section with the remark that all logics introduced
in this section are discriminator logics as their corresponding varieties are
discriminator varieties.

12. Extensions of the logic JIDSH,

Algebras closely related to DStSH-algebras, called “JI-distributive semi-
Heyting algebras”, were introduced in [33].
An algebra A in DQDSH is JI-distributive if A satisfies:

(JID) 'V (y—z)= (@ Vy) = (2'V2).
((restricted) Join over Implication Distributivity).

We note that the identity (JID) is obtained by slightly weakening the
identity (Strong JID) that has appeared earlier in Theorem 10.107. Let
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JIDSH denote the variety of JI-distributive DQDSH-algebras and let JIDSH,
(or JID,, for short) denote the subvariety of JIDSH of level 1.

In what follows, V (or L£(V)) denotes the logic corresponding to the
subvariety V.

In this section we present axiomatizations of the logics corresponding
to the subvarieties of JIDSH; which we denote simply by JID;.

COROLLARY 12.1. The logic JZD; corresponding to JID; is defined, as an
extension of DODSH, by

(@) (~vaVv(B—=7) e ((~vaVvp) = (~avy)),
(b) a A~ ) & [~ (a A (~a)))"

Let DSt [DStH] denote the variety of dually Stone semi-Heyting [Heyt-
ing] algebras. The following theorem was proved in [33, Corollary 5.10].

THEOREM 12.2. JID; = DSt V V(Dq, D2, D3).

The preceding Theorem leads us naturally to raise the following open
problems.
PROBLEM 6: Is the logic DStH decidable?

We conjecture that the answer to PROBLEM 5 is in the positive.
More generally, we can ask the following:

PROBLEM 7: Is the logic DStSH is decidable?
We let JIDL,; denote the subvariety of JID; defined by
(L) (z—=y)Vy—=2)=1

The results in the rest of this section depend on the corresponding
algebraic results of [33]. The relevant results, however, are stated here for
the convenience of the reader. The following corollary is immediate from
the above definitions in view of Theorem 5.9.

COROLLARY 12.3. The logic JZDL; corresponding to JIDL, is defined,
modulo JZD;, by

(@ = B) V(6= a)
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Let DStLL denote the subvariety of DSt defined by the identity (L) and
DStHC denote the subvariety of DStH generated by its chains.

THEOREM 12.4. [33]. JIDL, = DStHC Vv V(D3).

For n € N, let C3P denote the n-element DStH-chain (= DPCH-chain)
denotes the variety generated by C9P. (Note that C3P= L{P.)

Since the variety of Boolean algebras is the smallest non-trivial sub-
variety of JIDL,;, we denote by Ly (JIDL,) the latttice of non-trivial
subvarieties of JIDL,;.

The following theorem was proved in [33, Corollary 7.1].

THEOREM 12.5.
(1) Ly T (JIDL,) = [(w + 1) x 2], where x represents the direct product.

(2) JIDL, and DStHC are the only two elements of infinite height in the
lattice Lyt (JIDL,).

(3) V€ Lyt (JIDL,) is of finite height if and only if V is either V(D)
or V(CI), for some n € N\ {1}, or V(CP) v V(Ds), for some
m € N\ {1}.

The following corollary is immediate from the preceding theorem and
Theorem 5.9.

COROLLARY 12.6. The logic JZDL; has the finite model property and
hence it is decidable.

Bases for all subvarieties of JIDL,; were given in [33]. The theorems
presented below are taken from [33] and each of the corollaries given below
follows from the theorem that precedes it and Theorem 5.9.

In the rest of this section, the phrase “defined, modulo JIDL,, by” is ab-
breviated to “defined by”, in the context of varieties. Similarly, the phrase
“defined, as an extension of the logic JZDLq, by” is also abbreviated to
the phrase “defined by” in the case of logics.

The theorems that appear below were proved in [33]. Each of the corol-
laries given below follows from the theorem immediately preceding it and
Theorem 5.9.

THEOREM 12.7. The variety DStHC is defined by

zVa ~1.
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COROLLARY 12.8. The logic DStHC is defined by

aV ~a.
The variety V(D2) was axiomatized earlier. Here is another one.

THEOREM 12.9. The variety V(Ds) is defined by

'~

COROLLARY 12.10. The logic £(V(D3)) is defined by

Q<= I Q.
Let n € N such that n > 2.

THEOREM 12.11. The variety V(C) v V(Da) is defined by
(En) 21V V- Vo, V(rr = a2) V(e = x3) V-V (2po1 — Tp) = 1.

COROLLARY 12.12. The logic £(V(Cp%) Vv V(Dy)) is defined by
(&) arVagV---Va, V(e = a)V(ag = az) V- V(ap—1 = ag).
THEOREM 12.13. The variety V(CIP) is defined by

(1) ava' =1,

(2) ;e Vaa V- - Va, V(x> z2)V(xa > x3) V- V(Tpo1 = ) = 1.
COROLLARY 12.14. The logic £(V(C%)) is defined by

(a) aV ~q,
(Ch) crVagV---Va, V(e = a) V(g = az) V- V(ap—1 = ag).

Here are two more axiomatizations for the logic £(V(C3P) v V(D))

THEOREM 12.15. The variety V(C3®) V V(Dy) is defined by

z Azt < yvyr. (Regularity)
It is also defined by

z Az <yVy*.
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COROLLARY 12.16. The logic £(V(C3P) v V(D)) is defined by
(@na®) —=u (BVBY).
It is also defined by
(@n ~a)—=u (BVSY).
Recall that L{P = C3P. The logic £(V(L{P)) is axiomatized in Corol-
lary 7.11. Here is yet another axiomatization for it.
THEOREM 12.17. The variety V(L) is defined by
(1) z Azt <yVy* (Regularity),
(2) ¥ = a**.
COROLLARY 12.18. The logic £(V(L{?)) is defined by
1) (ana®) —=u (BVB),
(2) ~a* =g a™™.
We note that the extensions of JZDL; are all decidable.
We conclude this section with a partial poset of subvarieties of DQDSH
discussed in the last sections (Figure 5). Its dual will give the partial poset

of the axiomatic extensions of the logic DQDSH. Note that the links in
the poset do not, in general, represent the covers.

13. Concluding remarks and open problems

It is, perhaps, worthwhile to mention here that we know from [29] that
every simple algebra in RDQDStH; is quasiprimal. Of all the 25 simple
algebras in RDQDStSH; (Section 7), 28, 2°, and L;,i = 5,6,7,8, and
D3 are primal algebras and the rest, except D; and D5, are semiprimal
algebras.

We will now collect here all the open problems that were mentioned in
the earlier sections.

PROBLEM 1: Describe the structure of the lattice of subvarieties of the
variety BDQDSH.

PROBLEM 2: Is the variety DQIDStH; generated by its finite members?
PROBLEM 3: Isthe variety DQIDStSH; generated by its finite members?
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DQDSH

DMSH; =
DMStSH, DStSH
RDMSH,; = RDStSH, =
RDMStSH,; = RDStSH =

U{D1,Dy,Ds}) RDPCSH

RDPCStSH; =
V(Cih) =
RDStStSH,

V(2,2)

Figure 5. Partial poset of subvarieties of DQIDSH

PROBLEM 4: Is the logic RmsH;, decidable?

PROBLEM 5: Is the logic RmsSH1 decidable?

PROBLEM 6: Is the logic DStH decidable?

PROBLEM 7: Is the logic DStSH decidable?

We will add a few more problems of interest:

PROBLEM 8: Is RDQDStH = BRDQDStH ?
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PROBLEM 9: [s RDQDSH = BRDQDSH?

PROBLEM 10: Determine the subvarieties of DQDStSH; that have Amal-
gamation Property.

PROBLEM 11: Is DPCSH = SBDPCSH?

We conclude the paper by mentioning a few open-ended problems for
future research.

Investigate the extensions of the logic DHMGSH in relation to, among
others, the following:

(a) Decidability,
(b) Various interpolation properties,

(c) Beth’s Definability property (or equivalently, “the epimorphisms are
surjective” property for the corresponding variety),

) Disjunction property,

) Finite model property,
) Finite embeddability,
)

Structural completeness.
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