
Bulletin of the Section of Logic

Volume 52/4 (2023), pp. 411–440

https://doi.org/10.18778/0138-0680.2023.20

Mohammad Hamidi

EXTENDED BCK-IDEAL BASED ON
SINGLE-VALUED NEUTROSOPHIC HYPER

BCK-IDEALS

Abstract

This paper introduces the concept of single-valued neutrosophic hyper BCK-

subalgebras as a generalization and alternative of hyper BCK-algebras and on

any given nonempty set constructs at least one single-valued neutrosophic hy-

per BCK-subalgebra and one a single-valued neutrosophic hyper BCK-ideal.

In this study level subsets play the main role in the connection between single-

valued neutrosophic hyper BCK-subalgebras and hyper BCK-subalgebras and

the connection between single-valued neutrosophic hyper BCK-ideals and hyper

BCK-ideals. The congruence and (strongly) regular equivalence relations are the

important tools for connecting hyperstructures and structures, so the major con-

tribution of this study is to apply and introduce a (strongly) regular relation on

hyper BCK-algebras and to investigate their categorical properties (quasi com-

mutative diagram) via single-valued neutrosophic hyper BCK-ideals. Indeed, by

using the single-valued neutrosophic hyper BCK-ideals, we define a congruence

relation on (weak commutative) hyper BCK-algebras that under some condi-

tions is strongly regular and the quotient of any (single-valued neutrosophic)hyper

BCK-(sub)algebra via this relation is a (single-valued neutrosophic)(hyperBCK-

subalgebra) BCK-(sub)algebra.

Keywords: single-valued neutrosophic (hyper)BCK-subalgebra, quasi commuta-

tive diagram, extendable single-valued neutrosophic (hyper)BCK-ideal.

2020 Mathematical Subject Classification: 03B47 , 06F35 , 03B52.

Presented by: Janusz Czelakowski
Received: January 21, 2021
Published online: August 10, 2023

© Copyright by Author(s),  Lódź 2023
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1. Introduction

Theory of neutrosophic set as an extension of classical set, (intuitionis-
tic) fuzzy set [21] and interval-valued (intuitionistic) fuzzy set is intro-
duced by Smarandache for the first time in 2005 [18] and novel concept
of neutrosophy theory titled neutro-(hyper)algebra as the development of
classical (hyper)algebra and partial-(hyper)algebra [19]. This concept han-
dles problems involving ambiguous, hesitancy, and conflicting data and
describes the main tool in modeling unsure hypernetworks in all sciences,
see in more detail, accessible single-valued neutrosophic graphs [3], deriv-
able single-valued neutrosophic graphs based on KM-single-valued neutro-
sophic metric [5] and single-valued neutrosophic directed (hyper)graphs
and applications in networks [4], single-valued neutrosophic general ma-
chine [17] and a novel similarity measure of single-valued neutrosophic sets
based on modified manhattan distance and its applications [22]. Today, in
the scope of logical (hyper)algebras, (hyper)BCK-algebras and their gen-
eralization such as fuzzy hyper BCK-subalgebras and single-valued neu-
trosophic hyper BCK-subalgebras are investigated and applied in related
interdisciplinary sciences such as inf-hesitant fuzzy ideals in BCK/BCI-
algebras [10], length neutrosophic subalgebras of BCK=BCI-algebras [9],
fuzzy soft positive implicative hyper BCK-ideals of several types [13], im-
plicative neutrosophic quadruple BCK-Algebras and ideals [15], construc-
tion of an HV-K-algebra from a BCK-algebra based on ends lemma [16],
and implicative ideals of BCK-algebras based on MBJ-neutrosophic sets
[20]. The fundamental relations make an important role in the connection
between hyper BCK-subalgebras and BCK-subalgebras and some research
is published in this scopes such as on fuzzy quotient, BCK-algebras [2],
(semi)topological quotient BCK-algebras [14] and extended fuzzy BCK-
subalgebras [23].

Recently in the scope of neutro logical (hyper) algebra Hamidi, et al.
introduced the concept of neutro BCK-subalgebras [6] and single-valued
neutro hyper BCK-subalgebras [7] as a generalization of BCK-algebras
and hyper BCK-subalgebras, respectively and presented the main results
in this regard.

Regarding these points, we try to develop the notation of fuzzy
hyper BCK-subalgebras to the concept of single-valued neutrosophic hy-
per BCK-subalgebras and so we want to seek the connection between
single-valued neutrosophic BCK-algebras and single-valued neutrosophic
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hyper BCK-algebras. In this paper, we consider single-valued neutro-
sophic hyper BCK-ideals and describe the relationship between (BCK-
ideals) hyper BCK-ideals and single-valued neutrosophic hyper BCK-
ideals. The connection between of category of logical algebras and the
category of logical hyperalgebras (as quasi commutative diagram) is based
on fundamental relation and this problem is made a motivation to intro-
duce some relation on hyper BCK-subalgebras via the single-valued neu-
trosophic hyper BCK-subalgebras and single-valued neutrosophic hyper
BCK-ideals, it is the main and major contribution of this study. We
apply a fundamental relation to any given hyper BCK-algebras and dis-
cuss the quotient of single-valued neutrosophic hyper BCK-algebras to
the convert of single-valued neutrosophic BCK-algebras and discuss the
quotient of single-valued neutrosophic hyper BCK-ideals to the convert of
single-valued neutrosophic BCK-ideals. Moreover, applying the concept
of single-valued neutrosophic hyper BCK-ideals, we get a congruence re-
lation on (weak commutative) hyper BCK-algebras that the quotient of
any given hyper BCK-algebra via this relation is a (hyper BCK-algebra)
BCK-algebra. An isomorphism theorem of single-valued neutrosophic hy-
per BCK-ideals is obtained using the special single-valued neutrosophic
hyper BCK-ideals. In the section 3, we investigated on single-valued
neutrosophic hyper BCK-subalgebras, especially we converted any given
nonempty set to hyper BCK-subalgebra and obtained a family of single-
valued neutrosophic hyper BCK-subalgebras. In the section 4, it is pre-
sented the concepts of single-valued neutrosophic hyper BCK-ideals, espe-
cially any given nonempty set extended to a hyper BCK-algebra with at
least a single-valued neutrosophic hyper BCK-ideal.

2. Preliminaries

In this section, we recall some concepts that need to our work.

Definition 2.1. [8] Let X ̸= ∅. Then a universal algebra (X,ϑ, 0) of type
(2, 0) is called a BCK-algebra, if ∀ x, y, z ∈ X:
(BCI-1) ((xϑ y)ϑ (xϑ z))ϑ (zϑ y) = 0,
(BCI-2) (xϑ (xϑ y))ϑ y = 0,
(BCI-3) xϑ x = 0,
(BCI-4) xϑ y = 0 and yϑ x = 0 imply x = y,
(BCK-5) 0ϑ x = 0,

where ϑ(x, y) is denoted by xϑ y.
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Definition 2.2. [1, 11] Let X ̸= ∅ and P ∗(X) = {Y | ∅ ̸= Y ⊆ X}. Then
for a map ϱ : X2 → P ∗(X) a hyperalgebraic system (X, ϱ, 0) is called a
hyper BCK-algebra, if ∀ x, y, z ∈ X :
(H1) (x ϱ z) ϱ (y ϱ z) ≪ x ϱ y,
(H2) (x ϱ y) ϱ z = (x ϱ z) ϱ y,
(H3) x ϱ X ≪ x,
(H4) x ≪ y and y ≪ x imply x = y,
where x ≪ y is defined by 0 ∈ x ϱ y, ∀ W,Z ⊆ X, W ≪ Z ⇔ ∀ a ∈
W ∃ b ∈ Z s.t a ≪ b, (W ϱ Z) =

⋃
a∈W,b∈Z

(a ϱ b) and ϱ(x, y) is denoted by

xϱ y.

We will call X is a weak commutative hyper BCK-algebra if, ∀ x, y ∈
X, (x ϱ (x ϱ y)) ∩ (y ϱ (y ϱ x)) ̸= ∅.

Theorem 2.3. [11] Let (X, ϱ, 0) be a hyper BCK-algebra. Then ∀ x, y, z ∈
X and W,Z ⊆ X,

(i) (0 ϱ 0) = 0, 0 ≪ x, (0 ϱ x) = 0, x ∈ (x ϱ 0) and (W ≪ 0 ⇒ W = 0),

(ii) x ≪ x, x ϱ y ≪ x and (y ≪ z ⇒ x ϱ z ≪ x ϱ y),

(iii) W ϱ Z ≪ W , W ≪ W and (W ⊆ Z ⇒ W ≪ Z).

Definition 2.4. [18] Let V be a universal set. A neutrosophic subset (NS)
X of V is an object having the following formX={(x, TX(x), IX(x), FX(x))
|x ∈ V }, or X : V → [0, 1]× [0, 1]× [0, 1] which is characterized by a truth-
membership function TX , an indeterminacy-membership function IX and
a falsity-membership function FX . There is no restriction on the sum of
TX(x), IX(x) and FX(x).

From now on, ∀ x, y ∈ [0, 1], consider Tmin(x, y) = min{x, y} and
Smax(x, y) = max{x, y} as triangular norm and triangular conorm, re-
spectively.

Definition 2.5. [12] Let (X, ϱ, 0) be a hyper BCK-algebra. A single-
valued neutrosophic subset A = (TA, IA, FA) of X is called a single-valued
neutrosophic hyper BCK-ideal, if ∀ x, y ∈ X it satisfies the following
properties:
(FH1) x ≪ y ⇒ TA(x) ≥ TA(y), IA(x) ≥ IA(y) and FA(x) ≤ FA(y),
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(FH2) TA(x) ≥ Tmin{TA(y),
∧

(TA(xϱ y))}, IA(x) ≥ Tmin{IA(y),
∧

(IA(x

ϱ y))} and

FA(x) ≤ Smax{FA(y),
∨

(FA(xϱ y))}.

3. Single-valued neutrosophic hyper
BCK-subalgebras

In this section, we make the concept of single-valued neutrosophic hyper
BCK-subalgebras as an extension of fuzzy hyper BCK-subalgebras and
seek some of their properties.

From now on, consider (X, ϱ) as a hyper BCK-subalgebra.

Definition 3.1. A single-valued neutrosophic subset A = (TA, IA, FA)
of (X, ϱ) is called a single-valued neutrosophic hyper BCK-subalgebra of
(X, ϱ, 0), if

(i)
∧

(TA(x ϱ y)) ≥ Tmin(TA(x), TA(y));

(ii)
∨

(IA(x ϱ y)) ≤ Smax(IA(x), IA(y));

(iii)
∨

(FA(x ϱ y)) ≤ Smax(FA(x), FA(y)).

Theorem 3.2. Let A = (TA, IA, FA) be a single-valued neutrosophic hyper
BCK-subalgebra of (X, ϱ, 0). Then

(i) TA(0) ≥ TA(x);

(ii)
∧

(TA(x ϱ 0)) = TA(x);

(iii)
∧

(TA(0 ϱ x)) = TA(0);

Proof: (i) Let x∈X. Since 0∈x ϱ x, we get that TA(0)≥
∧

(TA(x ϱ x))≥
Tmin(TA(x), TA(x)) = TA(x).

(ii) Let x ∈ X. Since x ∈ x ϱ 0, we get that TA(x) ≥
∧

(TA(x ϱ 0)) ≥
Tmin(TA(x), TA(0)) = TA(x). So

∧
(TA(x ϱ 0)) = TA(x).

(iii) Immediate by Theorem 2.3.
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Theorem 3.3. Let A = (TA, IA, FA) be a single-valued neutrosophic hyper
BCK-subalgebra of X. Then

(i) IA(0) ≤ IA(x);

(ii)
∨

(IA(x ϱ 0)) = IA(x);

(iii)
∨

(IA(0 ϱ x)) = IA(0);

Proof: (i) Let x ∈ X. Since 0 ∈ x ϱ x, we get that IA(0) ≤
∨

(IA(x ϱ x)) ≤
Smax(IA(x), IA(x)) = IA(x).

(ii) Let x ∈ X. Since x ∈ x ϱ 0, we get that IA(x) ≤
∨

(IA(x ϱ 0)) ≤
Smax(IA(x), IA(0)) = IA(x). So

∨
(IA(x ϱ 0)) = IA(x).

(iii) Immediate by Theorem 2.3.

Corollary 3.4. Let A = (TA, IA, FA) be a single-valued neutrosophic
hyper BCK-subalgebra of (X, ϱ, 0). Then

(i) FA(0) ≤ FA(x);

(ii)
∨

(FA(x ϱ 0)) = FA(x);

(iii)
∨

(FA(0 ϱ x)) = FA(0);

(iv) Tmin(TA(x), IA(0), FA(0)) ≤ Tmin(TA(0), IA(x), FA(x)).

Theorem 3.5. Let 0 ̸∈ X ̸= ∅. Then X converted to a hyper BCK-algebra
(X ′, ϱ, 0)(X ′ = X ∪ {0}) with at least a single-valued neutrosophic hyper
BCK-subalgebra.

Proof: Let x, y ∈ X ′. Define “ ϱ ” on X ′ by 0 ϱ y = 0, x ϱ x = {0, x}(x ̸=
0), else x ϱ y = x. Clearly (X ′, ϱ, 0) is a hyper BCK-algebra. Now, it
is easy to see that every single-valued neutrosophic set A = (TA, IA, FA)
that TA(0) = 1, IA(0) = FA(0) = 0, is a single-valued neutrosophic hyper
BCK-subalgebra of X ′.

Let SVNh = {A = (TA, IA, FA) | A}, whence X is a hyper BCK-
algebra, A is a single-valued neutrosophic hyper BCK-subalgebra of X
and |X| ≥ 1.
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Corollary 3.6. Let X ̸= ∅. Then X can be extended to a hyper BCK-
algebra that |SVNh| = |R|.

Proof: Let |X| = 1. Then (X, ϱ, x) is a hyper BCK-algebra such that
x ϱ x = X. Then for a single-valued neutrosophic set A = (TA, IA, FA) by
TA(x) = IA(x) = FA(x) = α is a single-valued neutrosophic hyper BCK-
subalgebra of X where α ∈ [0, 1]. If |X| ≥ 2, then by Theorem 3.5, define
A = (TAα , IAα , FAα) by

TAα
(x) =

{
1, if x = 0,

α, if x ̸= 0
, IAα

(x) =

{
0, if x = 0,

α, if x ̸= 0

and FAα
(x) =

{
0, if x = 0,

α, if x ̸= 0,
Obviously, A = (TAα

, IAα
, FAα

) a single-

valued neutrosophic hyper BCK-subalgebra of X and so |SVNh| = |[0, 1]|.

Let X be a hyper BCK-algebra, A = (TA, IA, FA) a single-valued neu-
trosophic hyper BCK-subalgebra of X and α, β, γ ∈ [0, 1]. Define Tα

A =

{x ∈ X | TA(x) ≥ α}, IβA = {x ∈ X | IA(x) ≤ β}, F γ
A = {x ∈ X | FA(x) ≤

γ} and A(α,β,γ) = {x ∈ X | TA(x) ≥ α, IA(x) ≤ β, FA(x) ≤ γ}.

Theorem 3.7. Let A = (TA, IA, FA) be a single-valued neutrosophic hyper
BCK-subalgebra of X. Then

(i) 0 ∈ A(α,β,γ) = Tα
A ∩ IβA ∩ F γ

A,

(ii) A(α,β,γ) is a hyper BCK-subalgebra of X,

(iv) if 0 ≤ α ≤ α′ ≤ 1, then Tα′

A ⊆ Tα
A , I

α′

A ⊇ IαA and Fα′

A ⊇ Fα
A .

Proof: (i) Clearly A(α,β,γ) = Aα ∩ Aβ ∩ Aγ and by Theorems 3.2, 3.3,
and Corollary 3.4, we get that 0 ∈ A(α,β,γ).

(ii) Let x, y ∈ Tα
A . Then Tmin(TA(x), TA(y)) ≥ α. Now, for any z ∈

x ϱ y, TA(z) ≥ Tmin(TA(x ϱ y)) ≥ Tmin(TA(x), TA(y)) ≥ α. Hence z ∈ Tα
A

and so x ϱ y ⊆ Tα
A . In similar a way x, y ∈ IβA ∩ F γ

A, implies that x ϱ y ⊆
(IβA ∩ F γ

A). Then A(α,β,γ) is a hyper BCK-subalgebra of X.
(iii) Immediate.
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Corollary 3.8. Let A = (TA, IA, FA) be a single-valued neutrosophic
hyper BCK-subalgebra of X. If 0 ≤ α ≤ α′ ≤ 1, then A(α′,α,α) is a hyper
BCK-subalgebra of A(α,α′,α′).

Let X be a hyper BCK-algebra, S be a hyper BCK-subalgebra of X
and α, α′, β, β′, γ, γ′ ∈ [0, 1]. Define

T
[α,α′]
A (x) =

{
α′, if x ∈ S,

α, if x ̸∈ S,
, I

[β,β′]
A (x) =

{
β′, if x ∈ S,

β, if x ̸∈ S,
, and

F
[γ,γ′]
A (x) =

{
γ′, if x ∈ S,

γ, if x ̸∈ S,
. Thus we have the following theorem.

Theorem 3.9. Let X be a hyper BCK-algebra and S be a hyper BCK-
subalgebra of X. Then

(i) T
[α,α′]
A is a fuzzy hyper BCK-subalgebra of X.

(ii) I
[β,β′]
A is a fuzzy hyper BCK-subalgebra of X.

(iii) F
[γ,γ′]
A is a fuzzy hyper BCK-subalgebra of X.

(iv) A = (T
[α,α′]
A , I

[β,β′]
A , F

[γ,γ′]
A ) is a single-valued neutrosophic hyper

BCK-subalgebra of X.

Proof: (i) Let x, y ∈ X. If x, y ∈ S, since S is a hyper subalgebra of X,
we get that x ϱ y ⊆ S and so∧

T
[α,α′]
A (x ϱ y) ≥

∧
T

[α,α′]
A (S) = α′ ≥ Tmin(T

[α,α′]
A (x), T

[α,α′]
A (y)).

If (x ∈ S and y ̸∈ S) or (x ̸∈ S and y ∈ S) or (x ̸∈ S and y ̸∈ S) then∧
T

[α,α′]
A (x ϱ y)) ∈ {α, α′}. Thus

∧
T

[α,α′]
A (x ϱ y)) ≥ Tmin(T

[α,α′]
A (x),

T
[α,α′]
A (y)) and so T

[α,α′]
A is a fuzzy hyper BCK-subalgebra of X.

(ii), (iii) Are similar to (i).
(iv) Let x, y ∈ X. If x, y ∈ S, since S is a hyper BCK-subalgebra

of X, we get that x ϱ y ⊆ S and so
∨

I
[β,β′]
A (x ϱ y)) ≤

∨
I
[β,β′]
A (S) =

α′ ≤ Smax(I
[β,β′]
A (x), I

[β,β′]
A (y)). If (x ∈ S and y ̸∈ S) or (x ̸∈ S and

y ∈ S) or (x ̸∈ S and y ̸∈ S) then
∨

I
[β,β′]
A (x ϱ y)) ∈ {β, β′}. Thus
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∨
T

[β,β′]
A (x ϱ y)) ≤ Smax(I

[β,β′]
A (x), I

[β,β′]
A (y)). In similar a way, can see

that
∨

F
[γ,γ′]
A (x ϱ y)) ≤ Smax(F

[γ,γ′]
A (x), F

[γ,γ′]
A (y)) an by item (i), A =

(T
[α,α′]
A , I

[β,β′]
A , F

[γ,γ′]
A ) is a single-valued neutrosophic hyper BCK-subal-

gebra of X.

4. Single-valued neutrosophic hyper BCK-ideals of
hyper BCK-algebras

In this section, we extended any given nonempty set to a hyper BCK-
algebra with at least a single-valued neutrosophic hyper BCK-ideal and
investigate their properties. Also, single-valued neutrosophic hyper BCK-
ideals are converted to hyper BCK-ideal via valued cuts. The homomor-
phisms play the main role in the extension of single-valued neutrosophic
hyper BCK-ideals and consequently in the extension of hyper BCK-ideals.
A fundamental relation is applied to generate single-valued neutrosophic
BCK-ideals from single-valued neutrosophic hyper BCK-ideal and so it
is considered their properties of via related diagrams. We consider the
(weak commutative) hyper BCK-algebras and define a regular equivalence
relation on any given hyper BCK-algebras via single-valued neutrosophic
hyper BCK-ideals and prove some isomorphism theorems in this regard,
that is the major contribution of this section.

Throughout this work, we denote hyper BCK-algebra (X, ϱ, 0) by X.

Proposition 4.1. Let (X, ϱ, 0) be a hyper BCK-algebra and A =
(TA, IA, FA) be a single-valued neutrosophic hyper BCK-ideal. Then

Smax(TA(0), IA(0), FA(x)) ≥ Smax(TA(x), IA(x), FA(0)).

Proof: Immediate by definition.

Theorem 4.2. Let 0 ∈ X be an arbitrary set. Then X extended to a hy-
per BCK-algebra (X, ϱ, 0) with at least a single-valued neutrosophic hyper
BCK-ideal.

Proof: Let x, y ∈ X. Define “ ϱ ”on X by Theorem 3.5. Clearly, (X, ϱ , 0)
is a hyper BCK-algebra. Let A = (TA, IA, FA) be a single-valued neutro-
sophic set, where A(0) = (1, 1, 0) and x, y ∈ X, then FA(0) = 0 ≤ FA(y).
If x ̸= y, then
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FA(x) ≤ Smax(FA(y), FA(x)) = Smax(FA(y),
∨

(FA(xϱ y))).

If 0 ̸= x = y, then

FA(x) ≤ Smax(FA(y), FA(x)) = Smax(FA(y),
∨

(FA(xϱ y))).

In similar a way,

∀ x, y ∈ X,TA(x) ≥ Tmin(TA(y), TA(x)) =Tmin(TA(y),
∧

(TA(xϱ y)))

and IA(x) ≥ Tmin(IA(y), IA(x)) = Tmin(IA(y),
∧

(IA(xϱ y))). Therefore,

A is a single-valued neutrosophic hyper BCK-ideal.

Let (X, ϱ, 0) be a hyper BCK-algebra which is defined in Theorem 4.2
and

SVNhi = {µ | µis a single-valued

neutrosophic hyper BCK-ideal on(X, ϱ, 0)},

then we have the following result.

Corollary 4.3. Let (X, ϱ, 0) be a hyper BCK-algebra. If |X| ≥ 1, then
|SVNhi| = |R|.

Example 4.4. Let X = {−1,−2,−3,−4,−5} ⊆ Z. Then (X, ϱ ,−1) is a
hyper BCK-algebra as follows:

ϱ −1 −2 −3 −4 −5

−1 {−1} {−1} {−1} {−1} {−1}
−2 {−2} {−1,−2} {−2} {−2} {−2}
−3 {−3} {−3} {−1,−3} {−3} {−3}
−4 {−4} {−4} {−4} {−1,−4} {−4}
−5 {−5} {−5} {−5} {−5} {−1,−5}

Define A : X → [0, 1]3 by TA(x) = IA(x) =
1

−x
and FA(x) =

1

x
. It is

easy to see that A = (TA, IA, FA) is a single-valued neutrosophic hyper
BCK-ideal.

Theorem 4.5. Let (X, ϱ, 0) be a hyper BCK-algebra and A = (TA, IA, FA)
be a single-valued neutrosophic hyper BCK-ideal of X. Then ∀ x, y ∈ X
and Y,Z ⊂ X:
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(i) if Y ≪ Z, then ∃ z ∈ Z such that Tmin(
∨

(TA(Y )),
∨

(IA(Y ))) ≥
Tmin(TA(z), IA(z)) and

∧
(FA(Y )) ≤ FA(z);

(ii) if Y ≪ Z, then Tmin(
∨

(TA(Y )),
∨

(IA(Y ))) ≥ Tmin(
∧

(TA(Z)),
∧

(IA(Z))) and
∨

(FA(Z)) ≥
∧

(FA(Y ));

(iii) Tmin(TA(x), IA(x)) ≤ Tmin(
∨

(TA(xϱ y),
∨

(IA(xϱ y)) and FA(x) ≥∧
(FA(xϱ y)).

(iv) Tmin(TA(x), IA(x)) ≤ Tmin(
∧

(TA(xϱ y),
∧

(IA(xϱ y)) and FA(x) ≥∨
(FA(xϱ y)).

Proof: (i) Since Y ≪ Z, ∀ y ∈ Y , ∃ z ∈ Z such that y ≪ z. Hence∨
(TA(Y )) ≥ TA(y) ≥ TA(z). In similar a way,

∨
(IA(Y )) ≥ IA(y) ≥ IA(z)

and so Tmin(
∨

(TA(Y )),
∨

(IA(Y ))) ≥ Tmin(TA(z), IA(z)). In addition,

∀ y ∈ Y , ∃ z ∈ Z such that
∧

(FA(Y )) ≤ FA(y) ≤ FA(z).

(ii) Let Y ≪ Z. Then ∀ y ∈ Y , ∃ z ∈ Z such that y ≪ z, so TA(y) ≥
TA(z), IA(y) ≥ IA(z) and FA(y) ≤ FA(z). It follows that

∨
(TA(Y )) ≥

TA(y) ≥ TA(z) ≥
∧

(TA(Z)),
∨

(IA(Y )) ≥ IA(y) ≥ IA(z) ≥
∧

(IA(Z))

and
∨

(FA(Z)) ≥ FA(z) ≥ FA(y) ≥
∧

(FA(Y )). Hence Tmin(
∨

(TA(Y )),∨
(IA(Y ))) ≥ Tmin(

∧
(TA(Z)),

∧
(IA(Z))) and

∨
(FA(Z)) ≥

∧
(FA(Y )).

(iii) By Theorem 2.3, xϱ y ≪ x. Then by (ii), we get that TA(x) ≤∨
TA(xϱ y), IA(x) ≤

∨
(IA(xϱ y)) and FA(x) ≥

∧
(FA(xϱ y)).

(iv) By Theorem 2.3, xϱ y ≪ x. Then ∀ t ∈ (xϱ y), t ≪ x, we get that

TA(t) ≥ TA(x), so
∧

TA(xϱ y) ≥ TA(x) and similar a way
∧

IA(xϱ y) ≥
IA(x) is obtained. Also xϱ y ≪ x implies that ∀ t ∈ (xϱ y), t ≪ x so

FA(t) ≤ FA(x). Thus
∨

(FA(xϱ y)) ≤ FA(x).

Corollary 4.6. Let (X, ϱ, 0) be a hyper BCK-algebra and A be a single-
valued neutrosophic hyper BCK-ideal of X. Then ∀ x, y ∈ X and Y,Z ⊂
X, get Tmin(

∨
(TA(Y ϱ Z)),

∨
(IA(Y ϱ Z))) ≥ Tmin(

∧
(TA(Y )),

∧
(IA(Y )))

and
∨

(FA(Y )) ≥
∧

(FA(Y ϱ Z)).
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Let α, β, γ ∈ [0, 1] and A = (TA, IA, FA) be a single-valued neutrosophic
hyper BCK-ideal of X. Define A⌊α,β,γ⌋ = T (α)∩ I(β)∩F (γ), where T (α) =
{x ∈ X | TA(x) ≥ α}, I(β) = {x ∈ X | IA(x) ≥ β} and F (γ) = {x ∈
X | FA(x) ≤ γ}.

Theorem 4.7. neutrosophic hyper BCK-ideal is a single-valued neutro-
sophic hyper BCK-ideal. Let (X, ϱ, 0) be a hyper BCK-algebra and A =
(TA, IA, FA) be a single-valued neutrosophic hyper BCK-ideal of X such
that T (α), I(β), F (γ) ̸= ∅. Then ∀ x, y, z ∈ X:

(i) 0 ∈ A⌊α,β,γ⌋;

(ii) if y ∈ A⌊α,β,γ⌋ and x ≪ y, then x ∈ A⌊α,β,γ⌋;

(iii) (yϱ z) ≪ x implies that TA(y) ≥ Tmin(TA(z), TA(x)), IA(y) ≥ Tmin(
IA(z), IA(x)), FA(y) ≤ Smax(FA(z), FA(x));

(iv) A⌊α,β,γ⌋ is a hyper BCK-ideal of X.

Proof: (i) There exists x ∈ A⌊α,β,γ⌋ such that TA(x) ≥ α, IA(x) ≥ β
and FA(x) ≤ γ. By Corollary 4.1, TA(0) ≥ TA(x), IA(0) ≥ IA(x), FA(0) ≤
FA(x), conclude that 0 ∈ A⌊α,β,γ⌋.

(ii) Since x ≪ y, by definition, we get that TA(x) ≥ TA(y), IA(x) ≥
IA(y) and FA(x) ≤ FA(y). Now, y ∈ A⌊α,β,γ⌋ implies that x ∈ A⌊α,β,γ⌋.

(iii) (yϱ z) ≪ x implies that 0 ∈ (yϱ z)ϱ x, then by Theorem 4.5,

we get that TA(x) ≤
∧

(TA(yϱ z)), IA(x) ≤
∧

(IA(yϱ z)) and FA(x) ≥∨
(FA(yϱ z)). Now, A is a single-valued neutrosophic hyper BCK-ideal so

TA(y) ≥ Tmin(TA(z),
∧

(TA(yϱ z))) ≥ Tmin(TA(z), TA(x))

IA(y) ≥ Tmin(IA(z),
∧

(IA(yϱ z))) ≥ Tmin(IA(z), IA(x))

FA(y) ≤ Smax(FA(z),
∨

(FA(yϱ z))) ≤ Smax(FA(z), FA(x)).

(iv) Let x, y ∈ X,xϱ y ≪ A⌊α,β,γ⌋ and y ∈ A(α,β,γ). Then TA(y) ≥
α, IA(y) ≥ β, FA(y) ≤ γ and by Theorem 4.5,∧

(TA(xϱ y)) ≥ α,
∧

(IA(xϱ y)) ≥ β and
∨

(FA(xϱ y)) ≤ γ. Hence
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TA(x) ≥ Tmin(TA(y),
∧

(TA(xϱ y))) ≥ Tmin(α, α) = α

IA(x) ≥ Tmin(IA(y),
∧

(IA(xϱ y))) ≥ Tmin(β, β) = β

FA(x) ≤ Smax(FA(y),
∨

(FA(xϱ y))) ≥ Smax(γ, γ) = γ.

Therefore, x ∈ A⌊α,β,γ⌋ and so A⌊α,β,γ⌋ is a hyper BCK-ideal.

Let (X, ϱ, 0) be a hyper BCK-algebra. A map f : X → X is called a
homomorphism, if f(0) = 0 and ∀ x, y ∈ X, f(xϱy) = f(x)ϱf(y). If f be
an onto homomorphism and A = (TA, IA, FA) a single-valued neutrosophic
subset of X. Define Af = (TAf

, IAf
, FAf

) by

Af (x) = (TA(f(x)), IA(f(x)), FA(f(x)).

Thus, have the following theorem.

Theorem 4.8. Let (X, ϱ, 0) be a hyper BCK-algebra. Then the single-
valued neutrosophic set A = (TA, IA, FA), is a single-valued neutrosophic
hyper BCK-ideal of X if and only if Af = (TAf

, IAf
, FAf

) is a single-valued
neutrosophic hyper BCK-ideal of X.

Proof: Let A = (TA, IA, FA) be a single-valued neutrosophic hyper BCK-
ideal of X and x ∈ X. Then

TAf
(0) = TA(f(0)) = TA(0) ≥ TA(f(x)) = TAf

(x)

IAf
(0) = IA(f(0)) = IA(0) ≥ IA(f(x)) = IAf

(x)

FAf
(0) = FA(f(0)) = FA(0) ≤ FA(f(x)) = FAf

(x)

and ∀ x, y ∈ X,

TAf
(y) = TA(f(y)) ≥ Tmin(TA(f(x)),

∧
(TA(f(y)ϱ f(x))))

= Tmin(TA(f(x)),
∧

(TA(f(yϱ x)))

= Tmin(TAf
(x),

∧
(TAf

(yϱ x))).

In similar a way, IAf
(y) ≥ Tmin(IAf

(x),
∧

(IAf
(yϱ x))) and FAf

(y) ≤
Smiax(FAf

(x),
∨

(FAf
(yϱ x))) are obtained. Hence Af = (TAf

, IAf
, FAf

)

is a single-valued neutrosophic hyper BCK-ideal of X.
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Conversely, assume that Af = (TAf
, IAf

, FAf
) is a single-valued neu-

trosophic hyper BCK-ideal of X and y ∈ X. Since f is onto, ∃ x ∈ X such
that f(x) = y. Then

TA(0) = TA(f(0)) = TAf
(0) ≥ TAf

(x) = TA(y)

IA(0) = IA(f(0)) = IAf
(0) ≥ IAf

(x) = IA(y)

FA(0) = FA(f(0)) = FAf
(0) ≤ FAf

(x) = FA(y).

Let x, y ∈ X. Then there exists a, b ∈ X such that f(a) = x and f(b) = y.
Hence we get that

TA(y) = TA(f(b)) = TAf
(b)

≥ Tmin(TAf
(a),

∧
(TAf

(bϱ a)))

= Tmin(TA(f(a)),
∧

(TA(f(bϱ a))))

= Tmin(TA(f(a)),
∧

(TA(f(b)ϱ f(a)))

= Tmin(TA(x),
∧

(TA(yϱ x)).

In similar a way, can see that IA(y) ≥ Tmin(IA(x),
∧

(IA(yϱ x)) and

FA(y) ≤ Smax(FA(x),
∨

(FA(yϱ x)). Therefore A = (TA, IA, FA) is a

single-valued neutrosophic hyper BCK-ideal of X.

Theorem 4.9. Let (X, ϱ, 0) be a hyper BCK-algebra, A = (TA, IA, FA) be
a single-valued neutrosophic hyper BCK-ideal of X and f : X → X be a
homomorphism,

(i) if x ∈ ker(f), then ∀ y ∈ X,Tmin(TAf
(x), IAf

(x)) ≥
Tmin(TA(y), IA(y)) and FAf

(x) ≤ FA(y).

(ii) if at least one of TA or IA or FA is one to one, then ker(f) is a hyper
BCK-ideal.

(iii) if ∃ x ∈ X such that A(x) = (1, 1, 0), then A(1,0) = {x ∈ X | TA(x) =
IA(x) = 1, FA(x) = 0} is a hyper BCK-ideal in X.

(iv) A(0,0) is a single-valued neutrosophic hyper BCK-ideal in X.

Proof: (i) Let x ∈ ker(f). Then, TAf
(x) = TA(f(x)) = TA(0), IAf

(x) =
IA(f(x)) = IA(0) and FAf

(x) = FA(f(x)) = FA(0). Thus ∀ y ∈ X,
TAf

(x) ≥ TA(y), IAf
(x) ≥ IA(y) and FAf

(x) ≤ FA(y).
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(ii) Clearly 0 ∈ ker(f). Let y ∈ ker(f) and xϱ y ≪ ker(f), where x, y ∈
X. Then TAf

(y) = TA(0), IAf
(y) = IA(0), FAf

(y) = FA(0),∧
(TAf

(xϱ y)) = TA(0),
∧

(IAf
(xϱ y)) = IA(0) and

∨
(FAf

(xϱ

y)) = FA(0) So

TAf
(x) ≥ Tmin(TAf

(y),
∧

(TAf
(xϱ y))) = Tmin(TA(0), TA(0)) = TA(0)

IAf
(x) ≥ Tmin(IAf

(y),
∧

(IAf
(xϱ y))) = Tmin(IA(0), IA(0)) = IA(0)

FAf
(x) ≤ Smax(FAf

(y),
∨

(FAf
(xϱ y))) = Smax(FA(0), FA(0)) = FA(0).

Hence TAf
(x) = TA(0), IAf

(x) = IA(0) and FAf
(x) = FA(0). If if at least

one of TA or IA or FA is a one to one map, then x ∈ ker(f).
(iii) Since there exists x ∈ X such that A(x) = (1, 1, 0), we get that

1 = TA(x) ≤ TA(0), 1 = IA(x) ≤ IA(0) and 0 = FA(x) ≥ FA(0). Hence
TA(0) = IA(0) = 1, FA(0) = 0 and so 0 ∈ A(1,0). Now, let y ∈ A(1,0) and
xϱ y ≪ A(1,0), where x, y ∈ X. Then, TA(y) = IA(y) = 1, FA(y) = 0,∧

(TA(xϱ y)) =
∧

(IA(xϱ y)) = 1 and
∨

(FA(xϱ y)) = 0. So

TA(x) ≥ Tmin(TA(y),
∧

(TA(xϱ y))) = Tmin(1, 1) = 1

IA(x) ≥ Tmin(IA(y),
∧

(IA(xϱ y))) = Tmin(1, 1) = 1

FA(x) ≤ Smax(FA(y),
∨

(FA(xϱ y))) = Smax(0, 0) = 0.

Hence TA(x) = IA(x) = 1, FA(x) = 0 and so x ∈ A(1,0).

(iv) Since A(0,0) = X, then the proof is clear.

Theorem 4.10. Let (X, ϱ, 0) be a hyper BCK-algebra, I be a hyper BCK-
ideal and A = (TA, IA, FA), A

′ = (TA′ , IA′ , FA′) be single-valued neutro-
sophic hyper BCK-ideals of X. Then

(i) XA = {x ∈ X | TA(x) = TA(0), IA(x) = IA(0), FA(x) = FA(0)} is a
hyper BCK-ideal of X;

(ii) if A′(0) = A(0), then XA′ϱ XA =
⋃

a′∈XA′
a∈XA

(a′ϱ a), is a hyper BCK-

ideal;
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(iii) XA is a hyper BCK-ideal of XAϱ XA′ ;

(iv) if A is restricted to I, then A is a single-valued neutrosophic hyper
BCK-ideal of I.

Proof: (i) Let x, y ∈ X such that xϱ y ≪ XA and y ∈ XA. Then

TA(y) = TA(0), IA(y) = IA(0), FA(y) = FA(0),
∧

(TA(xϱ y)) = TA(0),∧
(IA(xϱ y)) = IA(0) and

∨
(FA(xϱ y)) = FA(0), So TA(x) ≥ Tmin{TA(y),∧

(TA(xϱ y))} = TA(0), IA(x) ≥ Tmin{IA(y),
∧

(IA(xϱ y))} = IA(0) and

FA(x) ≤ Smax{FA(y),
∨

(FA(xϱ y))} = FA(0). So TA(x) = TA(0), IA(x) =

IA(0), FA(x) = FA(0), hence x ∈ XA and XA is a hyper BCK-ideal.
(ii) Clearly 0 ∈ XA′ϱ XA. Let t, t

′ ∈ X such that t′ϱ t ≪ XA′ϱ XA and
t ∈ XA′ϱ XA. Then there exist a′ ∈ XA′ and a ∈ XA such that t ∈ a′ϱ a
so by Theorem 4.5,

T ′
A(t) ≥

∧
(T ′

A(a
′ϱ a)) ≥ T ′

A(a
′) = T ′

A(0), I
′
A(t) ≥

∧
(I ′A(a

′ϱ a))

≥ I ′A(a
′) = I ′A(0)F

′
A(t) ≤

∨
(F ′

A(a
′ϱ a)) ≤ F ′

A(a
′) = F ′

A(0)

and so

T ′
A(t

′) ≥ Tmin(T
′
A(t),

∧
(T ′

A(t
′ϱ t))) ≥ Tmin(T

′
A(t), T

′
A(0))

I ′A(t
′) ≥ Tmin(I

′
A(t),

∧
(I ′A(t

′ϱ t))) ≥ Tmin(I
′
A(t), I

′
A(0))

F ′
A(t

′) ≤ Smax(F
′
A(t),

∧
(F ′

A(t
′ϱ t))) ≥ Smax(F

′
A(t), F

′
A(0)).

Hence t′ ∈ XA′ and so t′ ∈ t′ϱ 0 ⊆ XA′ϱ XA. Therefore XA′ϱ XA is a
hyper BCK-ideal in X.

(iii) Let x ∈ XA. Since x ∈ xϱ 0, we get that x ∈ XA ⊆ XAϱ XA′ and
by (i), XA is a hyper BCK-ideal of XAϱ XA′ .

(iv) The proof is clear.

Let X be a hyper BCK-algebra and x, y ∈ X. Then xβy ⇔ ∃n ∈
N, (a1, . . . , an) ∈ Xn and ∃u ∈ ϱ(a1, . . . , an) such that {x, y} ⊆ u. The
relation β is a reflexive and symmetric relation, but not transitive relation.
Let C(β) be the transitive closure of β (the smallest transitive relation
such that contains β). Hamidi, et.al in [1], proved that for any given weak
commutative hyper BCK-algebra X, C(β) is a strongly regular relation
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on X and (X/C(β), ϑ, 0) is a BCK-algebra, where C(β)(x)ϑ C(β)(y) =
C(β)(x ϱ y) and 0 = C(β)(0).

Theorem 4.11. Let (X, ϱ, 0) be a hyper BCK-algebra. If A = (TA, IA, FA)
is a single-valued neutrosophic hyper BCK-ideal of X, then there exists a
single-valued neutrosophic hyper BCK-ideal A = (TA, IA, FA) of (X/C(β),
ϑ, 0) such that ∀ x, y ∈ X,

(i) A(0) ≥ A(C(β)(x));

(ii) TA(C(β)(y)) ≥ Tmin(TA(C(β)(x),
∧(

TA(ϑ(C(β)(y), C(β)(x)))
)
,

(iii) IA(C(β)(y)) ≥ Tmin(IA(C(β)(x),
∧(

IA(ϑ(C(β)(y), C(β)(x)))
)
,

(iv) FA(C(β)(y)) ≤ Smax(FA(C(β)(x),
∧(

FA(ϑ(C(β)(y), C(β)(x)))
)
.

Proof: (i) We define A : X/C(β) → [0, 1]3 by (TA(C(β)(t)), IA(C(β)(t)),

FA(C(β)(t))) = (
∨

t C(β) x

TA(x),
∨

t C(β) x

IA(x),
∧

t C(β) x

FA(x)), where x, t ∈

X. Consider the following diagram:

X

π

��

TA // [0 1]

X/C(β)

TA

::
, X

π

��

IA // [0 1]

X/C(β)

IA

::
, X

π

��

FA // [0 1]

X/C(β)

FA

::
.

Firstly we show that A is well-defined. Let t, t′, x ∈ X and C(β)(t) =
C(β)(t′). Then t C(β) t′ and

TA(C(β)(t)) =
∨

x C(β) t

TA(x) =
∨

x C(β) t′

TA(x) = TA(C(β)(t′))

IA(C(β)(t)) =
∨

x C(β) t

IA(x) =
∨

x C(β) t′

IA(x) = IA(C(β)(t′))

FA(C(β)(t)) =
∧

x C(β) t

FA(x) =
∧

x C(β) t′

FA(x) = FA(C(β)(t′)).
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In addition, ∀ x, t ∈ X , we get that

TA(C(β)(0)) =
∨

t C(β) 0

TA(t) = TA(0) ≥
∨

t C(β) x

TA(t) = TA(C(β)(x))

IA(C(β)(0)) =
∨

t C(β) 0

TA(t) = IA(0) ≥
∨

t C(β) x

IA(t) = IA(C(β)(x))

FA(C(β)(0)) =
∧

t C(β) 0

FA(t) = FA(0) ≤
∧

t C(β) x

FA(t) = FA(C(β)(x)).

(ii) Let x, y ∈ X. Since ∀ t ∈ C(β)(y) and ∀ t′ ∈ C(β)(x),∨
t C(β) y

TA(t) ≥ TA(t) ≥ Tmin(TA(t
′),

∧
(TA(tϱ t′)))

∨
t C(β) y

IA(t) ≥ IA(t) ≥ Tmin(IA(t
′),

∧
(IA(tϱ t′)))

∧
t C(β) y

FA(t) ≤ FA(t) ≤ Smax(FA(t
′),

∧
(FA(tϱ t′)))

we get that

TA(C(β)(y)) =
∨

t C(β) y

TA(t)

≥
∨

t′∈C(β)(x)
t C(β) y

(Tmin(TA(t
′),

∧
(TA(tϱ t′)))

≥ Tmin(
∨

t′∈C(β)(x)

TA(t
′),

∨
t′∈C(β)(x)

∧
t∈C(β)(y)

(TA(tϱ t′)))

≥ Tmin(
∨

t′∈C(β)(x)

TA(t
′),

∧
m∈ϑ(C(β)(y),C(β)(x))

∨
(TA(m))

≥ Tmin(TA(C(β)(x),
∧

(TA(ϑ(C(β)(y), C(β)(x)))).

(iii, iv) Similar to item (ii), can see that

IA(C(β)(y)) ≥ Tmin(IA(C(β)(x),
∧

(IA(ϑ(C(β)(y), C(β)(x)))) and

FA(C(β)(y)) ≤ Smax(FA(C(β)(x),
∨

(FA(ϑ(C(β)(y), C(β)(x)))).



Single-Valued Neutrosophic Hyper BCK-Ideals 429

Let (Y, ϑ, 0,⪯) be a BCK-algebra and B = (TB , IB , FB) a single-valued
neutrosophic subset of Y . Then B = (TB , IB , FB) is called a single-
valued neutrosophic BCK-ideal of Y , if (1);∀ x, y ∈ Y, x ⪯ y ⇒ TA(x) ≥
TA(y), IA(x) ≥ IA(y) and FA(x) ≤ FA(y),

(2); TA(x) ≥ Tmin{TA(y), TA(xϑ y)}, IA(x) ≥ Tmin{IA(y), IA(xϑ y)}
and FA(x) ≤ Smax{FA(y), FA(xϑ y)}.

Corollary 4.12. Let (X, ϱ, 0) be a weak commutative hyper BCK-al-
gebra. If A = (TA, IA, FA) is a single-valued neutrosophic hyper BCK-
ideal of X, then there exists a single-valued neutrosophic BCK-ideal B =
(TB , IB , FB) of BCK-algebra (X/C(β), ϑ, 0), such that TB ◦ π ≥ TA, IB ◦
π ≥ IA, and FB ◦ π ≤ FA.

Proof: By Theorem 4.11, consider B = TA. For any x ∈ X, since xC(β)x,

we get that (TB ◦ π)(x) = TB(C(β)(x)) =
∨

t C(β) x

TA(t) ≥ TA(x), (IB ◦

π)(x) = IB(C(β)(x)) =
∨

t C(β) x

IA(t) ≥ IA(x) and

(FB ◦ π)(x) = FB(C(β)(x)) =
∧

t C(β) x

FA(t) ≤ FA(x).

Example 4.13. Let X = {0, b, c, d}. Then A = (TA, IA, FA) is a single-
valued neutrosophic hyper BCK-subalgebra of hyper BCK-algebra
(X, ϱ, 0) as follows:

ϱ 0 b c d
0 {0} {0} {0} {0}
b {b} {0} {0} {0}
c {c} {c} {0} {0}
d {d} {d} {c} {0, c}

and

0 b c d
TA 1 0.9 0.3 0.3
IA 1 0.9 0.3 0.3
FA 0.1 0.15 0.25 0.25

.

Clearly (X, ϱ,A) is not weak commutative and T is a single-valued neu-
trosophic hyper BCK-ideal. Now we get that X/C(β) = {C(β)(0) =
{0, c}, C(β)(b) = {b}, C(β)(d) = {d}},

ϑ C(β)(0) C(β)(b) C(β)(d)
C(β)(0) C(β)(0) C(β)(0) C(β)(0)
C(β)(b) C(β)(b) C(β)(0) C(β)(0)
C(β)(d) C(β)(d) C(β)(d) C(β)(0)
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and

C(β)(0) C(β)(b) C(β)(d)

TA 1 0.9 0.3
IA 1 0.9 0.3
FA 0.1 0.25 0.25

It is easy to see that (X/C(β), ϑ, C(β)(0), A) is a hyper BCK-algebra.

Definition 4.14. Let (X, ϱ, 0) be a hyper BCK-algebra and A = (TA,
IA, FA) be a single-valued neutrosophic hyper BCK-ideal of X. For any
x, y ∈ X, define binary relations RTA , RIA , RFA on X as follows:

xRTAy ⇔ TA(x) ≤ TA(y) and
∧

(TA(ϱ(x, y))) ≥ TA(y)

xRIAy ⇔ IA(x) ≤ IA(y) and
∧

(IA(ϱ(x, y))) ≥ IA(y)

xRFAy ⇔ FA(x) ≥ FA(y)

and
∨

(FA(ϱ(x, y))) ≤ FA(y) and R = RTA ∩RIA ∩RFA .

Theorem 4.15. Let (X, ϱ, 0) be a hyper BCK-algebra, A = (TA, IA, FA)
be a single-valued neutrosophic hyper BCK-ideal of X and x, y ∈ X.

(i) R is an equivalence relation on X.

(ii) if A is one to one and xRy, then ∀ z ∈ X we have (xϱ z)R(yϱ z)
and (zϱ x)R(zϱ y).

(iii) if A is one to one, xRy and uRw then (xϱ u)R(yϱ w) ∀ u,w ∈ X.

Proof: (i) By Theorem 4.5, TA(x) ≤
∧

(TA(xϱ x)), IA(x) ≤
∨

(IA(xϱ x)),

FA(x) ≥
∧

(FA(xϱ x)) and so R is a reflexive relation. Let x, y ∈ X

such that xRy. Then TA(x) ≤ TA(y), IA(x) ≤ IA(y), FA(x) ≥ FA(y),∧
(TA(ϱ(x, y))) ≥ TA(y),

∧
(IA(ϱ(x, y))) ≥ IA(y) and

∨
(FA(ϱ(x, y))) ≤

FA(y). Since

TA(x) ≥ Tmin(TA(y),
∧

(TA(xϱ y))) ≥ Tmin(TA(y), TA(y)) = TA(y)

IA(x) ≥ Tmin(IA(y),
∧

(IA(xϱ y))) ≥ Tmin(IA(y), IA(y)) = IA(y)

FA(x) ≤ Smax(FA(y),
∨

(FA(xϱ y))) ≤ Smax(FA(y), FA(y)) = FA(y)
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we get that TA(x) = TA(y), IA(x) = IA(y), FA(x) = FA(y). Using Theorem

4.5,
∧

(TA(yϱ x)) ≥ TA(y) = TA(x),
∧

(IA(yϱ x)) ≥ IA(y) = IA(x) and∨
(FA(yϱ x)) ≤ FA(y) = FA(x) so R is a symmetric relation. Let xRy

and yRz. Then TA(x) = TA(y) = TA(z), IA(x) = IA(y) = IA(z), FA(x) =
FA(y) = FA(z) and clearly R is a transitive relation.

(ii) Let xRy and z ∈ X. Then by (i), TA(x) = TA(y), IA(x) =
IA(y), FA(x) = FA(y) and since A is a one to one map, we have x = y.
Hence there exists a ∈ xϱ z and y ∈ yϱ z such that TA(a) ≤ TA(b),∧

(TA(aϱ b)) ≥ TA(b), IA(a) ≤ IA(b),
∧

(IA(aϱ b)) ≥ IA(b) and FA(a) ≥
FA(b),

∨
(FA(aϱ b)) ≤ FA(b). Therefore (xϱ z)R(yϱ z) and in a similar

way get that (zϱ x)R(zϱ y).
(iii) Let xRy and uRw. Then by (ii), (xϱ u)R(yϱ u) and (yϱ u)R(yϱ w).

Using the transitivity of R, we get that (xϱ u)R(yϱ w).

Corollary 4.16. Let (X, ϱ, 0) be a hyper BCK-algebra and A =
(TA, IA, FA) be a single-valued neutrosophic hyper BCK-ideal of X and
x, y ∈ X.

(i) if A is one to one, then R is a congruence relation on X;
(ii) R(0) = XA and if A is one to one, then R(0) = {0};
(iii) if A is one to one, then R is a strongly regular relation on X.

Proof: (i) Immediate by Theorem 4.15.
(ii) Let x ∈ R(0). Then by Theorem 4.15, TA(x) = TA(0), IA(x) =

IA(0), FA(x) = FA(0) and so R(0) = XA. Since A is one to one, we get
that XA = {x | TA(x) = TA(0), IA(x) = IA(0), FA(x) = FA(0)} = {0}.

(iii) Let x, y, z ∈ X and xRy. Then x = y and so xϱ z = yϱ z. Therefore

(xϱ z)R(yϱ z), (zϱ x)R(zϱ y) and so R is a strongly regular relation.

Theorem 4.17. Let (X, ϱ, 0) be a (weak commutative ) hyper BCK-algebra
and A = (TA, IA, FA) be a one to one single-valued neutrosophic hyper
BCK-ideal of X. Then, (X/R, ϱ′, R(0)) is a ( BCK-algebra) hyper BCK-
algebra such that ∀ x, y ∈ X,R(x)ϱ′R(y) = R(xϱ y).

Proof: By Corollary 4.16, ϱ′ is well-defined and the proof is straightfor-
ward.

Theorem 4.18. Let (X, ϱ1, 0) and (Y, ϱ2, 0
′) be (weak commutative ) hyper

BCK-algebras and A = (TA, IA, FA) be a one to one single-valued neutro-
sophic hyper BCK-ideal of Y . If f : X → Y is an epimorphism, then
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(i) Af is a single-valued neutrosophic hyper BCK-ideal of X;

(ii) X/Rf
∼= Y/R such that xRfx

′ ⇔ TA(f(x)) ≤ TA(f(x
′)), IA(f(x)) ≤

IA(f(x
′)), FA(f(x)) ≥ FA(f(x

′)),
∧

(TA(f(xϱ x′))) ≥ TA(f(x
′)),∧

(IA(f(xϱ x′))) ≥ IA(f(x
′)) and

∨
(FA(f(xϱ x′))) ≤ FA(f(x

′)),

where x, x′ ∈ X.

Proof: (i) Clearly for all x ∈ X, TAf
(0) = TA(f(0)) = TA(0

′) ≥
TA(f(x)) = TAf

(x), IAf
(0) = IA(f(0)) = IA(0

′) ≥ IA(f(x)) = IAf
(x)

and FAf
(0) = FA(f(0)) = FA(0

′) ≤ FA(f(x)) = FAf
(x). Let x, x′ ∈ X.

Since A is a single-valued neutrosophic hyper BCK-ideal of Y , we get that

TAf
(x) = TA(f(x)) ≥ Tmin{TA(f(x

′)),
∧

(TA(f(x)ϱ2TA(f(x
′)))}

= Tmin{TA(f(x
′),

∧
(TA(f(xϱ1x

′)))}

= Tmin{TAf
(x′),

∧
(TAf

(xϱ1x
′))}.

In similar a way, can see that IAf
(x) ≥ Tmin{IAf

(x′),
∧

(IAf
(xϱ1x

′))} and

IAf
(x) ≤ Smax{FAf

(x′),
∨

(FAf
(xϱ1x

′))}.
(ii) Since TA and TAf

are single-valued neutrosophic hyper BCK-
ideals of Y,X, respectively, then by Theorem 4.17, (X/Rf , ϱ

′, Rf (0)) and
(Y/R, ϱ ′, R(0′)) are (BCK-algebras) hyper BCK-algebras. Now, define a
map φ : X/Rf → Y/R by φ(Rf (x)) = R(f(x)). Let x, x′ ∈ X. Then

φ(RTA

f (x)) = φ(RTA

f (x′)) ⇔ f(x)RTAf(x′)

⇔ TA(f(x)) ≤ TA(f(x
′)),

∧
(TA(f(x)ϱ 2f(x

′))) ≥ TA(f(x
′))

⇔ TAf
(x) ≤ TAf

(x′) and
∧

(TA(f(xϱ1x
′))) ≥ TA(f(x

′))

⇔ TAf
(x) ≤ TAf

(x′) and
∧

(TAf
(xϱ1x

′)) ≥ TAf
(x′)

⇔ RTA

f (x) = RTA

f (x′).

In similar a way, φ(RIA
f (x)) = φ(RIA

f (x′)) ⇔ RIA
f (x) = RIA

f (x′) and

φ(RFA

f (x)) = φ(RFA

f (x′)) ⇔ RFA

f (x) = RFA

f (x′). It follows that φ(Rf (x)) =
φ(Rf (x

′)) ⇔ Rf (x) = Rf (x
′) and hence φ is a well-defined and one to one

map. Clearly φ is an epimorphism, and so it is an isomorphism.
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Corollary 4.19. (Isomorphism Theorem) Let (X, ϱ, 0) be a hyper BCK-
algebra and A = (TA, IA, FA), A

′ = (T ′
A, I

′
A, F

′
A) be one to one single-valued

neutrosophic hyper BCK-ideals of X such that A(0) = A′(0). Then
(i) A′ ∩A is a single-valued neutrosophic hyper BCK-ideal of X;
(ii) (XAϱXA′)/RA

∼= XA/RA′∩A.

Proof: (i) Let x ∈ X. Then

(T ′
A ∩ TA)(0) = Tmin(T

′
A(0), TA(0)) ≥ Tmin(T

′
A(x), TA(x)) =

(T ′
A ∩ TA)(x), (I

′
A ∩ IA)(0) = Tmin(I

′
A(0), IA(0)) ≥

Tmin(I
′
A(x), IA(x)) = (I ′A ∩ IA)(x), (F

′
A ∩ FA)(0)

= Smax(F
′
A(0), FA(0))

≤ Smax(F
′
A(x), FA(x)) = (F ′

A ∩ FA)(x).

Let x, y ∈ X. Then

(T ′
A ∩ TA)(x) = Tmin(T

′
A(x), TA(x))

≥ Tmin[Tmin[T
′
A(y),

∧
(T ′

A(xϱ y))], Tmin[TA(y),
∧

(TA(xϱ y))]]

= Tmin[Tmin[T
′
A(y), TA(y)], Tmin[

∧
(T ′

A(xϱ y)),
∧

(TA(xϱ y))]]

= Tmin[(T
′
A ∩ TA)(y),

∧
((T ′

A ∩ TA)(xϱ y))]

In similar a way can see that (I ′A∩IA)(x) ≥ Tmin[(I
′
A∩IA)(y),

∧
((I ′A∩IA)

and (F ′
A ∩ FA)(x) ≤ Smax[(F

′
A ∩ FA)(y),

∨
((F ′

A ∩ FA).

(ii) By Theorem 4.10, A′ ∩ A is a single-valued neutrosophic hyper
BCK-ideal of XA, then we define φ : XA/RA′∩A → (XAϱ XA′)/RA by
φ(RA′∩A(x)) = RA(x). Let x, x′ ∈ XA and RA′∩A(x) = RA′∩A(x

′). Then
(A′ ∩ A)(x) = (A′ ∩ A)(x′) and since A′ ∩ A is one to one, we get that
x = x′. Hence RA(x) = RA(x

′). Moreover, φ(RA′∩A(x)ϱ
′RA′∩A(x

′)) =
φ(RA′∩A(xϱ x′)) = RA(xϱ x′) = RA(x)ϱ

′RA(x
′) and so φ is a homomor-

phism. Clearly φ is bijection and so is an isomorphism.

Example 4.20. Let X = {0, 1, 2, 3, 4, 5}. Then A = (TA, IA, FA) is a single-
valued neutrosophic hyper BCK-subalgebra of X hyper BCK-algebra
(X, ϱ, 0) as follows:
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ϱ 0 1 2 3 4 5
0 {0} {0} {0} {0} {0} {0}
1 {1} {0, 1} {1} {1} {1} {1}
2 {2} {2} {0, 2} {2} {2} {2}
3 {3} {3} {3} {0, 3} {3} {3}
4 {4} {4} {4} {4} {0, 4} {0}
5 {5} {5} {5} {5} {5} {0, 5}

and

0 1 2 3 4 5
TA 0.72 0.61 0.54 0.34 0.27 0.19
IA 0.19 0.8 0.2 0.21 0.26 0.25
FA 0.15 0.28 0.34 0.39 0.48 0.61

(i) If α = 0.5, β = 0.7, γ = 0.4, then Tα = {0, 1, 2}, Iβ = {0, 2, 3, 4, 5},
F γ = {0, 1, 2, 3} and soA(α,β,γ) = {0, 2}, which is a hyperBCK-subalgebra
of (X, ϱ, 0).

(ii) Consider S = {0, 5}, α = 0.5, α′ = 0.7, β = 0.6, β′ = 0.8, γ = 0.85
and γ′ = 0.9. Then

T
[α,α′]
A = {(0, 0.5), (1, 0.7), (2, 0.7), (3, 0.7), (4, 0.7), (5, 0.5)}

I
[β,β′]
A = {(0, 0.6), (1, 0.8), (2, 0.8), (3, 0.8), (4, 0.8), (5, 0.6)}

F
[γ,γβ′]
A = {(0, 0.85), (1, 0.9), (2, 0.9), (3, 0.9), (4, 0.9), (5, 0.85)}

are fuzzy hyper BCK-subalgebras of X and A = (T
[α,α′]
A , I

[β,β′]
A , F

[γ,γ′]
A ) is

a single-valued neutrosophic hyper BCK-subalgebra of X.
(iii) Let α = 0.3, β = 0.1 and γ = 0.5. Then A⌊α,β,γ⌋ = T (α) ∩ I(β) ∩

F (γ) = {0, 1, 2, 3} ∩ {0, 1, 2, 3, 4, 5} ∩ {0, 1, 2, 3, 4} = {0, 1, 2, 3}. Clearly
2 ∈ A⌊α,β,γ⌋ and 0 ≪ 2, then 0 ∈ A⌊α,β,γ⌋.

Example 4.21. Let X = {0, 1, 2, 3} and Y = {0′, a, b, c}. Then A =
(TA, IA, FA) is a single-valued neutrosophic hyper BCK-ideal of hyper
BCK-algebra (X, ϱ, 0) as follows:

ϱ 0 1 2 3
0 {0} {0} {0} {0}
1 {1} {0, 1} {1} {1}
2 {2} {2} {0, 2} {2}
3 {3} {3} {3} {0, 3}

ϱ′ 0′ a b c
0′ {0′} {0′} {0′} {0′}
a {a} {0′, a} {a} {a}
b {b} {b} {0′, b} {b}
c {c} {c} {c} {0′, c}
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and

0 1 2 3
TA 0.93 0.73 0.13 0.13
IA 0.87 0.67 0.1 0.05
FA 0.13 0.23 0.33 0.4

(i) Define f : Y → X by f = {(0′, 0), (c, 1), (b, 2), (a, 3)}, clearly f is a
homomorphism. Hence Af is a single-valued neutrosophic hyper BCK-
ideal of hyper BCK-algebra (Y, ϱ′, 0′) that is obtained as follows:

0′ a b c
TAf

0.93 0.13 0.13 0.73
IAf

0.87 0.05 0.1 0.67
FAf

0.13 0.4 0.33 0.23

(ii) Computations show thatRTA = {(x, x), (2, 3), (3, 2) | x ∈ X}, RIA =
{(x, x) | x ∈ X}, RFA = {(x, x) | x ∈ X} and so R = {(x, x) | x ∈ X}
that is a congruence relation. It follows that Rf = {(x, x) | x ∈ Y } and so
X/R ∼= X ∼= Y ∼= Y/Rf .

(iii) ClearlyXA = R(0) = {0} and ker(f) = {0} that is a trivial (hyper)
BCK-ideal. Also for all x ∈ ker(f) and for all y ∈ X,Tmin(TAf

(x), IAf
(x))

≥ Tmin(TA(y), IA(y)).

Example 4.22. Let X = {0, 1, 2, 3}. Then A = (TA, IA, FA) and A′ =
(TA′ , IA′ , FA′) are single-valued neutrosophic hyper BCK-ideals of hyper
BCK-algebra (X, ϱ, 0) as follows:

ϱ 0 1 2 3
0 {0} {0} {0} {0}
1 {1} {0} {1} {0}
2 {2} {2} {0, 2} {0}
3 {3} {3} {3} {0}

0 1 2 3
TA 0.95 0.85 0.25 0.25
IA 0.9 0.8 0.2 0.1
FA 0.15 0.2 0.3 0.35

and

0 1 2 3
TA′ 0.95 0.75 0.15 0.15
IA′ 0.9 0.7 0.1 0.05
FA′ 0.15 0.25 0.35 0.4
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Then

A ∩A′ = A′, XA = XA′ = {0}, RTA = RTA′ = {(x, x), (2, 3), (3, 2)|x ∈ X},
RIA = RIA′ = {(x, x), (2, 3), (3, 2) | x ∈ X}, RFA = RFA′ =

{(x, x) | x ∈ X} and so RA = RTA ∩RIA ∩RFA = RA′ =

RTA′ ∩RIA′ ∩RFA′ = {(x, x) | x ∈ X}.

It follows that (XAϱXA′) = {0} and so (XAϱXA′)/RA = {0}/RA
∼=

{0}/RA′ ∼= {0}/RA′∩A = XA/RA′∩A.

5. Conclusion

In some problems in the real world, there are many uncertainties (such as
fuzziness, incompatibilities, and randomness), in an expert system, belief
system, and information fusion, especially in some scopes of computer sci-
ences such as artificial intelligence. Thus we need to deal with uncertain
information and logic establishes the foundations for it, because computer
sciences are based on classical logic. The concept of BCK-algebra is one
of the important logical algebras that are applied in computer sciences and
other networking sciences. In addition, defects in classical algebras that
can not work in groups and have limitations can be eliminated with the
help of logical hyperalgebra. Thus the concept of hyper BCK-algebra is
an important logical hyperalgebra that is applied in the computer sciences
and other hypernetworking sciences that some groups of elements must
be operated together and have been proposed for semantical hypersystems
of logical hypersystems. In addition in some applications such as expert
systems, belief systems, and information fusion, we should consider not
only the truth membership supported by the evidence but also the falsity-
membership against the evidence, which is beyond the scope of fuzzy sub-
sets. Thus the concept of a neutrosophic subset is a powerful general for-
mal framework that generalizes the concept of the classic set and the fuzzy
subset is characterized by a truth-membership function, an indeterminacy-
membership function, and a falsity-membership function. This assump-
tion is very important in a lot of situations such as information fusion
when we try to combine the data from different sensors. In this paper, we
consider the collectivity of logical (hyper)BCK-algebras and single-valued
neutrosophic hyper BCK-subalgebras to solve some complex real prob-
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lems dealing with the principles of logical hyperalgebra(one or more groups
based on these principles must be combined) and have uncertain informa-
tion such as complex intelligent hypernetworks and related other sciences.
Thus the non-classical mathematics together with the concept of neutro-
sophic subset, therefore, has nowadays become a useful tool in applications
mathematics and complex hypernetworks. Moreover, we can refer to some
academic contributions of single-valued neutrosophic subsets such as single-
valued neutrosophic directed (hyper)graphs and applications in networks
[4], application of single-valued neutrosophic in lifetime in wireless sensor
(hyper)network [4], an application of single-valued neutrosophic subsets
in social (hyper)networking [4], application of single-valued neutrosophic
sets in medical diagnosis, application of neutro hyper BCK-algebras and
single-valued neutrosophic hyper BCK-subalgebras in economic hypernet-
work [7], and application of neutro hyper BCK-algebras and single-valued
neutrosophic hyper BCK-subalgebras in data (hyper)networks [7]. To con-
clude, we considered the notion of single-valued neutrosophic hyper BCK-
ideals and investigated some of their new useful properties. We considered
that for any α ∈ [0, 1] there is an algebraic relation between of a single-
valued neutrosophic subset hyper BCK-subalgebra, A = (TA, IA, FA) and
A = (TA

α, IA
α, FA

α). In addition, with respect to the concept of hyper
BCK-ideals of given hyper BCK-algebra, is constructed quotient BCK-
algebra structures. On any nonempty set, is constructed an extendable
single-valued neutrosophic BCK-(ideal)subalgebra and isomorphism theo-
rem of single-valued neutrosophic hyper BCK-ideals is obtained. One of
the advantages of this study is the conversion of complex hypernetworks
to complex networks in such a way that all the details of the complex hy-
pernetworks are preserved and transferred to the complex networks, but
there are some limitations in this work. Although neutrosophic subsets
are more flexible and useful as compared to all fuzzy theories, there are
some limitations whence we need more than three functions in designing
and modeling the real problem with complexity and high dimension. Also,
the computations of single-valued neutrosophic hyper BCK-ideals for any
given hyper BCK-algebras with large cardinal is hard and so the related
mathematical tools such as congruence and strongly relations, nontrivial
homomorphisms are complicated. Hence these problems prevent us from
having a definite and simple algorithm for our computations.

We wish this research is important for the next studies in logical hy-
peralgebras. In our future studies, we hope to obtain more results regard-



438 Mohammad Hamidi

ing single-valued neutrosophic (hyper)BCK-subalgebras and their appli-
cations in handing information regarding various aspects of uncertainty,
non-classical mathematics (fuzzy mathematics or great extension and de-
velopment of classical mathematics) that are considered to be a more pow-
erful technique than classical mathematics.

Acknowledgements. We thank the anonymous referee for the useful
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of the paper.
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