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Abstract

This paper introduces the concept of single-valued neutrosophic hyper BC' K-
subalgebras as a generalization and alternative of hyper BC K-algebras and on
any given nonempty set constructs at least one single-valued neutrosophic hy-
per BC K-subalgebra and one a single-valued neutrosophic hyper BC K-ideal.
In this study level subsets play the main role in the connection between single-
valued neutrosophic hyper BC K-subalgebras and hyper BC K-subalgebras and
the connection between single-valued neutrosophic hyper BC' K-ideals and hyper
BCK-ideals. The congruence and (strongly) regular equivalence relations are the
important tools for connecting hyperstructures and structures, so the major con-
tribution of this study is to apply and introduce a (strongly) regular relation on
hyper BC K-algebras and to investigate their categorical properties (quasi com-
mutative diagram) via single-valued neutrosophic hyper BC K-ideals. Indeed, by
using the single-valued neutrosophic hyper BC K-ideals, we define a congruence
relation on (weak commutative) hyper BC K-algebras that under some condi-
tions is strongly regular and the quotient of any (single-valued neutrosophic)hyper
BC K-(sub)algebra via this relation is a (single-valued neutrosophic) (hyper BC K-
subalgebra) BC K-(sub)algebra.
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1. Introduction

Theory of neutrosophic set as an extension of classical set, (intuitionis-
tic) fuzzy set [21] and interval-valued (intuitionistic) fuzzy set is intro-
duced by Smarandache for the first time in 2005 [18] and novel concept
of neutrosophy theory titled neutro-(hyper)algebra as the development of
classical (hyper)algebra and partial-(hyper)algebra [19]. This concept han-
dles problems involving ambiguous, hesitancy, and conflicting data and
describes the main tool in modeling unsure hypernetworks in all sciences,
see in more detail, accessible single-valued neutrosophic graphs [3], deriv-
able single-valued neutrosophic graphs based on KM-single-valued neutro-
sophic metric [5] and single-valued neutrosophic directed (hyper)graphs
and applications in networks [4], single-valued neutrosophic general ma-
chine [17] and a novel similarity measure of single-valued neutrosophic sets
based on modified manhattan distance and its applications [22]. Today, in
the scope of logical (hyper)algebras, (hyper) BC K-algebras and their gen-
eralization such as fuzzy hyper BC K-subalgebras and single-valued neu-
trosophic hyper BC K-subalgebras are investigated and applied in related
interdisciplinary sciences such as inf-hesitant fuzzy ideals in BCK/BCI-
algebras [10], length neutrosophic subalgebras of BCK=BClI-algebras [9],
fuzzy soft positive implicative hyper BCK-ideals of several types [13], im-
plicative neutrosophic quadruple BCK-Algebras and ideals [15], construc-
tion of an HV-K-algebra from a BCK-algebra based on ends lemma [16],
and implicative ideals of BCK-algebras based on MBJ-neutrosophic sets
[20]. The fundamental relations make an important role in the connection
between hyper BCK-subalgebras and BCK-subalgebras and some research
is published in this scopes such as on fuzzy quotient, BCK-algebras [2],
(semi)topological quotient BCK-algebras [14] and extended fuzzy BCK-
subalgebras [23].

Recently in the scope of neutro logical (hyper) algebra Hamidi, et al.
introduced the concept of neutro BC K-subalgebras [6] and single-valued
neutro hyper BCK-subalgebras [7] as a generalization of BCK-algebras
and hyper BC'K-subalgebras, respectively and presented the main results
in this regard.

Regarding these points, we try to develop the notation of fuzzy
hyper BC K-subalgebras to the concept of single-valued neutrosophic hy-
per BCK-subalgebras and so we want to seek the connection between
single-valued neutrosophic BC K-algebras and single-valued neutrosophic
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hyper BCK-algebras. In this paper, we consider single-valued neutro-
sophic hyper BCK-ideals and describe the relationship between (BCK-
ideals) hyper BCK-ideals and single-valued neutrosophic hyper BCK-
ideals. The connection between of category of logical algebras and the
category of logical hyperalgebras (as quasi commutative diagram) is based
on fundamental relation and this problem is made a motivation to intro-
duce some relation on hyper BC K-subalgebras via the single-valued neu-
trosophic hyper BCK-subalgebras and single-valued neutrosophic hyper
BCK-ideals, it is the main and major contribution of this study. We
apply a fundamental relation to any given hyper BCK-algebras and dis-
cuss the quotient of single-valued neutrosophic hyper BC K-algebras to
the convert of single-valued neutrosophic BC K-algebras and discuss the
quotient of single-valued neutrosophic hyper BC K-ideals to the convert of
single-valued neutrosophic BC K-ideals. Moreover, applying the concept
of single-valued neutrosophic hyper BC K-ideals, we get a congruence re-
lation on (weak commutative) hyper BC K-algebras that the quotient of
any given hyper BC K-algebra via this relation is a (hyper BC K-algebra)
BC K-algebra. An isomorphism theorem of single-valued neutrosophic hy-
per BCK-ideals is obtained using the special single-valued neutrosophic
hyper BC'K-ideals. In the section 3, we investigated on single-valued
neutrosophic hyper BC K-subalgebras, especially we converted any given
nonempty set to hyper BC K-subalgebra and obtained a family of single-
valued neutrosophic hyper BC K-subalgebras. In the section 4, it is pre-
sented the concepts of single-valued neutrosophic hyper BC' K-ideals, espe-
cially any given nonempty set extended to a hyper BC'K-algebra with at
least a single-valued neutrosophic hyper BC'K-ideal.

2. Preliminaries

In this section, we recall some concepts that need to our work.

DEFINITION 2.1. [8] Let X # (). Then a universal algebra (X,9,0) of type
(2,0) is called a BCK -algebra, itV z,y,2z € X:
(BCL-1) (20 )9 (29 ) (20 ) = 0,
(BCI-2) (z9 (z9 y))d y =0,
(BCI-3) z¥ = =0,
(BCI-4) 29 y =0 and yd z =0 imply = = y,
(BCK-5) 09 z = 0,
where ¥(z,y) is denoted by z9 y.
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DEFINITION 2.2. [1, 11] Let X # () and P*(X) ={Y |0 #Y C X}. Then

for a map o : X2 — P*(X) a hyperalgebraic system (X, o,0) is called a

hyper BCK -algebra, it V x,y,z € X :

(H1) (z 02) 0 (yoz) <oy,

(H2) (roy)oz=(z02) 0y,

(H3) z 0 X < z,

(H4) x < y and y < z imply = =y,

where r < yisdefined by 0 e z oy, VW, Z C X, W K Z & VYa €

W3beZstagb (WopZ)= U (a 0 b) and o(z,y) is denoted by
acW,beZ

o y.

We will call X is a weak commutative hyper BC K-algebra if, V xz,y €
X (@o(@oy)n(ye(yowx)#0.

THEOREM 2.3. [11] Let (X, 0,0) be a hyper BCK -algebra. ThenV x,y,z €
X and W, Z C X,

(1)) 000)=0,0<Kz,(00z)=0,z€ (x00) and (W < 0=W =0),
(i) <z, zoy<eand (yKz=202<KT0Y),
(i5) Wo Z< W, WKWand WCZ=W<Z).

DEFINITION 2.4. [18] Let V be a universal set. A neutrosophic subset (NS)
X of V is an object having the following form X ={(z, Tx (x), Ix(x), Fx(z))
|z eV}, or X :V —[0,1] x [0,1] x [0,1] which is characterized by a truth-
membership function Tx, an indeterminacy-membership function Iy and
a falsity-membership function Fx. There is no restriction on the sum of
Tx(z),Ix(x) and Fx(x).

From now on, V z,y € [0,1], consider T,in(z,y) = min{z,y} and
Smaz(T,y) = max{z,y} as triangular norm and triangular conorm, re-
spectively.

DEFINITION 2.5. [12] Let (X, 0,0) be a hyper BCK-algebra. A single-
valued neutrosophic subset A = (T4, Ia, F4) of X is called a single-valued
neutrosophic hyper BCK-ideal, if V x,y € X it satisfies the following
properties:

(FH1) z <y = Ta(z) 2 Ta(y), La(z) = La(y) and Fa(z) < Fa(y),
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(FH2) Ta(z) > Trnin{Ta(y), \(Ta(ze y))}, Ta(@) > Tonin{Ia(y), \Ta(z
0 y))} and
FA(I) < Smaw{FA(y)7 \/(FA(IQ y))}

3. Single-valued neutrosophic hyper
BC K-subalgebras

In this section, we make the concept of single-valued neutrosophic hyper
BC K-subalgebras as an extension of fuzzy hyper BC K-subalgebras and
seek some of their properties.

From now on, consider (X, o) as a hyper BC K-subalgebra.

DEFINITION 3.1. A single-valued neutrosophic subset A = (T4, 4, Fa)
of (X, ) is called a single-valued neutrosophic hyper BC K-subalgebra of
(X, 0,0), if

(@) N(Talx 0 ) > Tnin(Ta(@), Ta®));
(i1) \/(IA(CL' 0Y)) < Smaz(La(x), La(y));
(ii)) \/ (Fa(x ¢ ¥)) < Smaz(Fa(x), Fa(y)).

THEOREM 3.2. Let A = (Ta,1a,Fa) be a single-valued neutrosophic hyper
BCK -subalgebra of (X, 0,0). Then

(1) Ta(0) > Ta(x);
(ii) \(Ta(z 00)) = Ta(x);
(i) \(Ta(0 ¢ x)) = Ta(0);

PROOF: (i) Let x€ X. Since 0€x p x, we get that T4(0) ZA(TA(x 0x))>
Tmzn(TA(x), TA(.T)) = TA(iE)

(7)) Let x € X. Since z € x p 0, we get that Ty (z) > /\(TA(QS 00)) >
Tmin(Ta(x),Ta(0)) = Ta(z). So \(Ta(z ¢ 0)) = Ta().

(797) Immediate by Theorem 2.3. O
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THEOREM 3.3. Let A = (Ta,1a,Fa) be a single-valued neutrosophic hyper
BCK -subalgebra of X. Then

(1) 1a(0) < Ta(x);
(i) \/(La(z 0 0)) = La(x);
(it7) \/(1a(0 0 x)) = 14(0);

PROOF: (i) Letx € X. Since 0 € x ¢ x, we get that 14(0) < \/(IA(x ox)) <
Smaw(IA(x)a [A(.’IJ)) = IA(x)

(77) Let © € X. Since x € x ¢ 0, we get that I4(z) < \/(IA(gc 00)) <
Smaz(Ia(x),14(0)) = Ia(z). So \/(Ta(z ¢ 0)) = La(x).

(747) Immediate by Theorem 2.3. O

COROLLARY 34. Let A = (Ta,1a,F4) be a single-valued neutrosophic
hyper BC K-subalgebra of (X, 0,0). Then

(i) Fa(0) < Fa(z);
(i) \/(FA(m 00)) = Fa(x);

(iti) \/(Fa(0 ¢ z)) = Fa(0);
(10) Tnin(Ta(2), 14(0), Fa(0)) < Trnin(Ta(0), La(x), Fa()).

THEOREM 3.5. Let0 & X # 0. Then X converted to a hyper BCK -algebra
(X',0,0)(X’ = X U{0}) with at least a single-valued neutrosophic hyper
BCK -subalgebra.

PRrROOF: Let z,y € X'. Define “p” on X' by 0 oy =0,z oz = {0,2}(z #
0), else o y = 2. Clearly (X', 0,0) is a hyper BCK-algebra. Now, it
is easy to see that every single-valued neutrosophic set A = (Ta,14, Fa)
that T4(0) = 1,14(0) = F4(0) = 0, is a single-valued neutrosophic hyper
BCK-subalgebra of X'. O

Let SYUNh = {A = (Ta,14,F4) | A}, whence X is a hyper BCK-
algebra, A is a single-valued neutrosophic hyper BCK-subalgebra of X
and |X| > 1.
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COROLLARY 3.6. Let X # (). Then X can be extended to a hyper BCK-
algebra that [SVNh| = [R].

PrOOF: Let |X| = 1. Then (X, p,z) is a hyper BC K-algebra such that
xz 0 x = X. Then for a single-valued neutrosophic set A = (Ta,Ia, Fa) by
Ta(x) = Ia(z) = Fa(x) = « is a single-valued neutrosophic hyper BC K-
subalgebra of X where a € [0,1]. If | X| > 2, then by Theorem 3.5, define
A= (Ta,,1a,,Fa,) by

1, if z=0, 0, if z=0,
,IAa(Z‘):{

T =
4. (@) {a, if x#0 a, if x#0

0, if =0

and Fa (x) =<~ 2T Obviously, A = (Ta,,1a,,Fa,) a single-
a, if x #0,

valued neutrosophic hyper BC K-subalgebra of X and so [SVN'h| = |[0, 1]|.

O

Let X be a hyper BCK-algebra, A = (Ta,14,F4) a single-valued neu-
trosophic hyper BC K-subalgebra of X and a, 8,y € [0, 1]. Define T} =
{ze X | Talx)>a}, I ={ze X |Is(z)<B}, F]l={ze X | Falz) <
v} and AP = {z € X | Ta(x) > o, La(x) < B, Fa(z) <7}

THEOREM 3.7. Let A = (Ta,1a,Fa) be a single-valued neutrosophic hyper
BCK -subalgebra of X. Then

(i) 0€ AP =T¢NIiNF],
(i) AP is a hyper BCK -subalgebra of X,
(iv) if0<a<a <1, then T$ CTY, 1§ D19 and F§ D FY.

ProOF: (i) Clearly A#7) = A* N A% N A7 and by Theorems 3.2, 3.3,
and Corollary 3.4, we get that 0 € A(®A7),

(1) Let z,y € TG. Then Tpin(Ta(z), Ta(y)) > a. Now, for any z €
2 0Y,Ta(2) > Tmin(Talx 0y)) > Thmin(Ta(z),Ta(y)) > o. Hence z € TS
and so z ¢ y € T§. In similar a way z,y € Iﬁ N F, implies that z o y C
(I% N FY). Then AP is a hyper BCK-subalgebra of X.

(#i1) Immediate. O
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COROLLARY 3.8. Let A = (Ta,14,F4) be a single-valued neutrosophic
hyper BCK-subalgebra of X. If 0 < oo < o/ < 1, then A(®*%) is a hyper
BC K-subalgebra of Alea’a’),

Let X be a hyper BC' K-algebra, S be a hyper BC K-subalgebra of X
and o, o, 8, ,7,7 € [0,1]. Define

aa ', ifzels, ' ', ifzes,
Ty =@ HTE S gy 10 BT ES g
a, ifxégs, B, ifxdgs,

/ i S
Fx[;m ](x) =7 ,1 T €9  Thus we have the following theorem.
v, fzgS,

THEOREM 3.9. Let X be a hyper BCK -algebra and S be a hyper BCK -
subalgebra of X. Then
(7) Tga’a/] is a fuzzy hyper BCK -subalgebra of X .

(44) If’ﬁl] s a fuzzy hyper BCK -subalgebra of X .
(#4i) FEW/] is a fuzzy hyper BCK -subalgebra of X .

(iv) A = (Tga’a/],lf’ﬁ/],FE”’]) 1s a single-valued neutrosophic hyper
BCK -subalgebra of X.

PRrROOF: (i) Let z,y € X. If 2,y € S, since S is a hyper subalgebra of X,
we get that z o y C S and so

AT @ 0y) = NTE(S) = of 2 T T (@), T ().

If ( x6SandygS)or(x%SandyeS)or(ngandygS)then
/\TO‘O'] (z 0y)) € {a,a'}. Thus /\T[aa (x 0oy)) > Tmin(Tg}a]( ),
Tx[f “ ]( )) and so TL s a fuzzy hyper BC K-subalgebra of X.

(i), (i44) Are similar to (i).

(iv) Let x,y € X. If x,y € S, since S is a hyper BC K-subalgebra
of X, we (8,8'] (8.8]

get that z o y C S and so \/IA (x oy)) < \/IA (S)

o < SmaX(Iﬂﬁ]( ),If’m(y)) If (x € Sandy ¢ S) or (z ¢ S and
yeS)or(x g Sandy € 9) then\/[wﬁ]xgy)) € {B,5'}. Thus
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\/TLB’B/](Q; oy)) < SmaX(IL‘ﬁﬁ/] (x),If’B/](y)). In similar a way, can see
that \/ 7@ 0 1)) < Smax(FE (@), T (y) an by item (5), A =

(T}f’a/], f’ﬁ/], Ff[‘%ﬂ) is a single-valued neutrosophic hyper BC K-subal-
gebra of X. O

4. Single-valued neutrosophic hyper BC K-ideals of
hyper BC K-algebras

In this section, we extended any given nonempty set to a hyper BCK-
algebra with at least a single-valued neutrosophic hyper BC K-ideal and
investigate their properties. Also, single-valued neutrosophic hyper BC K-
ideals are converted to hyper BC' K-ideal via valued cuts. The homomor-
phisms play the main role in the extension of single-valued neutrosophic
hyper BC K-ideals and consequently in the extension of hyper BC K-ideals.
A fundamental relation is applied to generate single-valued neutrosophic
BCK-ideals from single-valued neutrosophic hyper BC'K-ideal and so it
is considered their properties of via related diagrams. We consider the
(weak commutative) hyper BC K-algebras and define a regular equivalence
relation on any given hyper BC K-algebras via single-valued neutrosophic
hyper BC K-ideals and prove some isomorphism theorems in this regard,
that is the major contribution of this section.

Throughout this work, we denote hyper BC K-algebra (X, 0,0) by X.

PrOPOSITION 4.1. Let (X,0,0) be a hyper BCK-algebra and A =
(T'a, L4, F4) be a single-valued neutrosophic hyper BCK-ideal. Then

Smax(TA(O), IA(O)a FA(J?)) > Sma;c(TA(x)a IA(I‘), FA(O))
PrOOF: Immediate by definition. O

THEOREM 4.2. Let 0 € X be an arbitrary set. Then X extended to a hy-

per BCK -algebra (X, 0,0) with at least a single-valued neutrosophic hyper
BCK -ideal.

PRrOOF: Let 2,y € X. Define “ o "on X by Theorem 3.5. Clearly, (X, ¢ ,0)
is a hyper BC'K-algebra. Let A = (T4, 4, F4) be a single-valued neutro-
sophic set, where A(0) = (1,1,0) and x,y € X, then F4(0) = 0 < Fu(y).
If z # y, then
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Fa() < Smac(Fa(y), Fa(@)) = Smas(Fa(y), \/(FA(CUQ Y))-

If 0 # z = y, then

Fa() < Smax(Fa(y), Fa(@)) = Smas(Fa(y), \/(FA(xQ Y))-

In similar a way,
and Ia(z) > Thmin(Ta(y), Ia(x)) = Thmin(La(y), /\(IA(JJQ y))). Therefore,
A is a single-valued neutrosophic hyper BC K-ideal. O

Let (X, 0,0) be a hyper BC K-algebra which is defined in Theorem 4.2
and

SVYNhi = {u | uis a single-valued
neutrosophic hyper BCK-ideal on(X, g,0)},

then we have the following result.

COROLLARY 4.3. Let (X, ,0) be a hyper BC K-algebra. If | X| > 1, then
|SVNRi| = |R|.

Ezample 4.4. Let X = {—1,-2,-3,—4,—5} C Z. Then (X,0 ,—1) is a
hyper BC'K-algebra as follows:

o | -1 -2 -3 —4 =5

-1 {1} {1} {-1} {-1} {-1}

=21 {-2} {-1,-2} {-2} {—2} {—2}

=3 {3} {3} {-1,-3} {3} {=3}

-4 {4} {-4} {4} {-1,-4} {-4}

=5 | {5} {-5} {-5} {-5} {-1,-5}

Define A : X — [0,1]2 by Ta(z) = Ia(z) = L and Fu(x) = l It is
-z x

easy to see that A = (Ta, I, Fa) is a single-valued neutrosophic hyper
BCK-ideal.

THEOREM 4.5. Let (X, 0,0) be a hyper BCK -algebra and A = (Ta,Ia, Fa)
be a single-valued neutrosophic hyper BCK -ideal of X. ThenV z,y € X
andY,Z C X:
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(i) if Y < Z, then 3 z € Z such that Tpin(\/(Ta(Y)),\/(La(Y))) >
Tonin(Ta(2), La(2)) and \(Fa(Y)) < Fa(2);

(”) if Y < Z, then Tmzn(\/(TA(Y))v \/(IA(Y))) > Tmm(/\(TA(Z))’ /\
(14(2))) and \[(Fa(2)) = \(Fa(Y))

(i18) Tnin(Ta(x), 1a(2)) < Trin(\/ (Ta(zo ), \/ (La(ze y)) and Fa(z) >
N\(Fa(ze y)).

(V) Tonin(Ta(x), Ta(2)) < Tin(\(Ta(ze v), \(Ia(zo y)) and Fa(x) >
\/(Fa(ze y)).

PROOF: (i) Since Y <« Z,Vy €Y, d 2z € Z such that y < 2. Hence
\/(Ta(Y)) > Ta(y) > Ta(z). Insimilar a way, \/(1a(Y)) > La(y) > Ia(2)
and 50 Trmin(\/(Ta(Y)), \/(Ia(Y))) > Tmin(Ta(2),14(2)). In addition,
Vyey, HzeZsuchthat/\FA )) < Fa(y) < Fa(z).

(1) Let Y < Z. Then Vy €Y, 3 z € Z such that y < z, so Ta(y) >
Ta(2),Ia(y) > Ia(z) and Fa(y) < Fa(z). It follows that \/(Ta(Y)) >
Tay) = Ta(2) = \(Ta(2)), \/Ua(Y)) 2 IA( ) = 1a(z) = \1a(2)
and \/(FA( > Fa(z) > Fa(y) > /\ Fa(Y)). Hence Tmm(\/( a(Y),
\/(Ta(¥) szm</\<TA<Z>> /\<IA< ) and \/ Fa(2)) = N(Fa(¥).

(¢43) By Theorem 2.3, o y < x. Then by (ii), we get that Ta(z) <
\/TA (zoy),Ia(z <\/IA (roy)) and Fa(x >/\FA (xo y)).

(iv) By Theorem 23, zpy < x. Then Vt € (zoy),t < x, we get that
Ta(t) > Ta(x), so /\TA 2o y) > Ta(x) and similar a way /\IA(:UQ y) >
Ix(x) is obtamed Also zp y < z implies that V ¢ € (zo y),t < x so
Fa(t) < Fa(x). Thus \/(Fa(zo y)) < Fa(x). O

~—

COROLLARY 4.6. Let (X, 0,0) be a hyper BC' K-algebra and A be a single-
valued neutrosophic hyper BC' K-ideal of X. Then V z,y € X and Y, Z C

X7 get Tmm(\/(TA(Y 0 Z))7 \/(IA(Y o Z))) > Tmin(/\(TA(Y))v /\(IA(Y)))
and \/(Fa(Y)) > A(Fa(Y ¢ 2)).
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Let o, 3,y € [0, 1] and A = (T4, L4, F4) be a single-valued neutrosophic
hyper BCK-ideal of X. Define Al®A7) = 7)1 N FO) | where T(®) =
{z € X | Talz) > a},IP = {zx € X | Ia(x) > B} and FO) = {2 ¢
X | Fa(z) <~}

THEOREM 4.7. neutrosophic hyper BCK -ideal is a single-valued neutro-
sophic hyper BCK-ideal. Let (X, 0,0) be a hyper BCK-algebra and A =
(Ta,1a,Fa) be a single-valued neutrosophic hyper BCK -ideal of X such
that T 1B FO) £ (. ThenV z,y,z € X:

(i) 0 € AleBal;
(ii) if y € AlvPY) and @ < y, then x € AlA];

(113) (yo z) < z implies that Ta(y) = Trmin(Ta(2),Ta(x)), La(y) = Tmin(
IA(Z ( )) ( )<S77LG.L(FA( ) ( ))

(iv) Al*B is a hyper BCK -ideal of X .

PROOF: (i) There exists = € Al®#7) such that Ty(z) > o, Ia(z) > B
and F4(x) <. By Corollary 4.1, T4 (0) > Ta(x),14(0) > I4(x), Fa(0) <
Fa(z), conclude that 0 € Al*8:7],
(79) Since x < y, by definition, we get that Ta(z) > Ta(y), la(z) >
Ia(y) and Fa(z) < Fa(y). Now, y € AL*#7) implies that z € AlA:7],
(791) (yo z) < x implies that 0 € (yo z)o x, then by Theorem 4.5,

we get that Ty(z) < /\(TA(yQ 2)), Ia(z) < /\(IA(yQ z)) and Fu(z) >
\/(FA(yQ z)). Now, A is a single-valued neutrosophic hyper BC' K-ideal so
Ta(Y) = Trin(Ta(2), \(Ta(ye 2))) = Tonin(Ta(2), Ta(x))
La(y) = Trin(1a(2), \(Ta (e 2))) = Trin(La(2), La(2))
Fa(y) < Smaa(Fa(2), \/ (Fa(ye 2))) < Smaz(Fa(z), Fa(x)).

(iv) Let z,y € X,z0 y < A5 and y € AP, Then Ty(y) >
a,Ia(y) > B, Fa(y) <~ and by Theorem 4.5,

ATalwo y) = a, NUa(zo ) = B and \/(Fa(ze ) < 7. Hence
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Ta(x) = Tinin(Ta(y), /\(TA(wé’ Y))) 2 Tin(a, @) =
Ta(z) > Trnin(1a(y), /\(IA(mé’ Y))) = Tinin(B, B) = B
FA(-T) < Smaz(FA(y)v\/(FA($9 y))) > Smam(fY?’y) =7

Therefore, z € AL*#7) and so AL*#7) is a hyper BCK-ideal. O

Let (X, 0,0) be a hyper BCK-algebra. A map f: X — X is called a
homomorphism, if f(0) =0 and V 2,y € X, f(xoy) = f(x)of(y). If f be
an onto homomorphism and A = (T4, [, F4) a single-valued neutrosophic
subset of X. Define Ay = (T'a,,1a,, Fa,) by

Af(x) = (Ta(f (@), La(f(2)), Fa(f (x)).
Thus, have the following theorem.

THEOREM 4.8. Let (X, 0,0) be a hyper BCK-algebra. Then the single-
valued neutrosophic set A = (Ta,1a,Fa), is a single-valued neutrosophic
hyper BCK -ideal of X if and only if Ay = (Ta;,Ia;, Fa,) is a single-valued
neutrosophic hyper BC K -ideal of X .

PROOF: Let A = (T4, 4, F4) be asingle-valued neutrosophic hyper BC K-
ideal of X and z € X. Then

T4, (0) = TA( (0)) = Ta(0) = Ta(f(x)) = Ta,(x)
14,(0) = 1a(f(0)) = 14(0) = Ia(f(x)) = La,(x)
Fa,(0) = Fa(f(0)) = Fa(0) < Fa(f(x)) = Fa,(

andV z,y € X,
Ta,(y) = Ta(f(¥)) > Twin(Talf (@), \(Ta(f(y)e f(2))))
= Toin(Ta(f(2)), N(Ta(f(yo x)))
Tonin(Ta, (), \(Ta, (o ))).

In similar a way, 4, (y) > Toin(La, (2), \(Is, (o #))) and Fa,(y) <

Smiaz(Fa, (z), \/ (Fa, (yo 7)) are obtained. Hence Af = (Ta,,la,,Fa,)
is a single-valued neutrosophic hyper BC K-ideal of X.

z)
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Conversely, assume that Ay = (Ta,,la,,Fa,) is a single-valued neu-
trosophic hyper BC' K-ideal of X and y € X. Since f is onto, 3 = € X such
that f(z) = y. Then

T4(0) = Ta(f(0)) = Ta;(0) > Ta,(x) = Ta(y)

TA(0) = TaA(f(0)) = I4,(0) > L4, (x) = ILa(
Fa(0) = Fa(f(0)) = Fa,(0) < Fa,(z) = Fa(y)-
(a

Let x,y € X. Then there exists a,b € X such that f
Hence we get that

Ta(y) = Ta(f(b))

<
~—

T'a, (D)

Tonin(Ta, (a), ]\ (Ta, (bo a)))
Tonin(Ta(f(a)), \(Ta(f(be a))))
Tonin(Ta(f(a), N\(Ta(f(b)e f(a)))
= Toin(Ta(@), \(Talye x)).

AV

In similar a way, can see that I4(y) > Tmm(IA(x),/\(IA(yQ x)) and

Fa(y) < Smaz(Fa(z),\/(Fa(ye x)). Therefore A = (Ta,Ia, Fa) is a
single-valued neutrosophic hyper BC K-ideal of X. O
THEOREM 4.9. Let (X, 0,0) be a hyper BCK -algebra, A = (Ta,Is,F4) be
a single-valued neutrosophic hyper BCK -ideal of X and f : X — X be a
homomorphism,
(@) if © € ker(f), then ¥ y € X, Tpnin(Ta;(x),1a,(x)) >
Tmin(Ta(y), 1a(y)) and Fa,(z) < Fa(y).

(1) if at least one of T4 or Ia or Fa is one to one, then ker(f) is a hyper
BCK -ideal.

(4ii) if 3o € X such that A(x) = (1,1,0), then Ay ) = {z € X | Ta(z) =
Is(z) =1,Fa(z) =0} is a hyper BCK -ideal in X.

(iv) Ao,0) is a single-valued neutrosophic hyper BCK -ideal in X .

PRrOOF: (i) Let @ € ker(f). Then, Ts,(z) = Ta(f(x)) = Ta(0), La,(v) =

I4(f(z)) = 1a(0) and Fa,(x) = Fa(f(z)) = Fa(0). Thus V y € X,
Ta, () 2 Ta(y), La,(x) > Ia(y) and Fa,(z) < Fa(y).
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(ii) Clearly 0 € ker(f). Let y € ker(f) and zoy < ker(f), where z,y €
X.  Then Ta,(y) = Ta(0),1a,(y) = 1a(0),Fa,(y) = Fa(0),
N\(Ta, (o v)) = Ta(0), ALa, (xe y)) = 14(0) and \/(Fa, (zo
y)) = Fa(0) So

Tay () 2 Tonin(Ta, (v), \(Ta, (20 9))) = Trin(Ta(0), Ta(0)) = Ta(0)
La, () = Tonin(La, (1), \(La; (@0 1)) = Tonin(1a(0), 14(0)) = I4(0)
Fa; (2) < Sac(Fa; (9): \/ (Fa, (€0 9))) = Smax(Fa(0), Fa(0)) = Fa(0).

Hence T, (z) = Ta(0),1a;(x) = 1a(0) and Fa,(x) = Fa(0). If if at least
one of Ty or I4 or Fy is a one to one map, then z € ker(f).

(#41) Since there exists z € X such that A(z) = (1,1,0), we get that
1 =Ta(x) <Ta(0),1 = I4(x) < I4(0) and 0 = Fu(x ) > F4(0). Hence
TA(O) = IA(O) = l,FA(O) =0and so 0 € A(I,O)- Now, let y € A(I,O) and
ro y < Ag1,0), where z,y € X. Then, Ta(y) = Ia(y) = 1,Fa(y) = 0,

A Ta(zoy)) = NLa(ze y)) = 1 and \/(Fa(ze y)) = 0. So

TA(JU) 2 TMin(TA(y)’ /\( (JCQ y))) = Tmz’n(lv 1) =1
IA( ) > Tmm IA y),/\ JUQ y = Tmz’n(L 1) =1
Fa(x) < Smaz(Fa( y),\/ 4(20Y))) = Smaz(0,0) = 0.

Hence Ta(z) = Ia(x) = 1, Fa(z) = 0 and so x € A(1p).

(iv) Since A0y = X, then the proof is clear. O

THEOREM 4.10. Let (X, 0,0) be a hyper BCK -algebra, I be a hyper BCK -
ideal and A = (Ta,Ia,Fa), A" = (Tar,Iar, Far) be single-valued neutro-
sophic hyper BCK -ideals of X. Then
(Z) XA = {x e X ‘ TA(x) = TA(O),IA(I') = IA(0)7FA(1') = FA(O)} S a
hyper BCK -ideal of X ;

(1) if A’(0) = A(0), then Xa0 X4 = U (a'o a), is a hyper BCK -
a'€X 4/
acX g
ideal;
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(7i1) Xa is a hyper BCK-ideal of X a0 Xar;

(iv) if A is restricted to I, then A is a single-valued neutrosophic hyper
BCK-ideal of 1.

PROOF: (i) Let z,y € X such that xp y < X4 and y € X4. Then
Ta(y) = Ta(0),Ia(y) = 14(0),Fa(y) = Fa(0), \(Ta(ze y)) = Ta(0),
N\ Ta(zoy)) = 14(0) and \/(Fa(ze y)) = Fa(0), So Ta(x) > Tmin{Ta(y),
NTa(ze v)} = Ta(0), 1a(x) > Tomin{Ia(y), \(Ia(ze ¥))} = 14(0) and
Fa(2) < Spaz{Fa(y), \/ (Fa(zey))} = Fa(0). So Ta(x) = Ta(0), Ia(x) =
14(0), Fa(x) = F4(0), hence x € X4 and X 4 is a hyper BC' K-ideal.

(i) Clearly 0 € X 40 X a. Let t,t' € X such that t'9 t < X 40 X4 and

t € X4 0 X4. Then there exist a’ € X4 and a € X4 such that ¢t € a/p a
so by Theorem 4.5,

T4(t) > \(Th(d'e ) > Th(a) = T4(0), T4 (t) > \(Ta(a'e a))
> 1)) = I (0)FA() < \/(Fild'e a)) < Fi(a') = F4(0)
and so
Th(t) = Trin(Th(), N(T(F 0 1)) = Tonin (Th(1), T4(0))
Ih(t) = Toin (L (0, NT4(t'0 1)) = Trnin(L4(1), T4(0))
FA(#) < Spas (FA (), \FAF0 ) = Smaa(Fa(t), F4(0)).

Hence t' € X4 and sot’ € /o 0 C X0 X4. Therefore X0 X4 is a
hyper BC'K-ideal in X.

(7i1) Let z € X 4. Since x € zp 0, we get that x € X4 C X0 X4 and
by (i), X4 is a hyper BCK-ideal of X0 X .

(iv) The proof is clear. O

Let X be a hyper BCK-algebra and z,y € X. Then zf8y < dn €
N, (a1,...,a,) € X™ and Ju € o(ay,...,a,) such that {z,y} C u. The
relation [ is a reflexive and symmetric relation, but not transitive relation.
Let C(8) be the transitive closure of 8 (the smallest transitive relation
such that contains ). Hamidi, et.al in [1], proved that for any given weak
commutative hyper BCK-algebra X, C(3) is a strongly regular relation
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on X and (X/C(B),9,0) is a BCOK-algebra, where C(B)(x)9 C(B)(y) =
C(B)(@ 0 y) and 0 = C(B)(0).

THEOREM 4.11. Let (X, p,0) be a hyper BCK -algebra. If A= (Ta,Ia,Fa)
is a single-valued neutrosophic hyper BC K -ideal of X, then there erists a
single-valued neutrosophic hyper BOK -ideal A = (Ta, 14, Fa) of (X/C(B),
9,0) such thatV z,y € X,

) A(0) = A(C(B)(x);

i) TA(C(B)(Y)) = Tonin(Ta(C(B)(x

(i

( (C(B) (=)
(i) TA(C(8)(¥)) = Tnin(Ta(C(B) (@), A ( ;
(iv) Fa(C(B)(®)) < Smax(Fa(C(B)(x), \ (Fa((C(B)(y), C(5

>
—
=5
)
Q
=2 =
SS
Q Q
==
ORG)

~—
—~
8
~
~—
~
~

PROOF: (i) We define A : X/C(8) — [0, 1]* by (Ta(C(8)(1)). Ta(C(5)(1)).
FACBO) =( \/ Ta@), \/ L@, A Falx)), where .t

tC(B) = t C(B) = t C(B) =
X. Consider the following diagram:
Ta

IA FA

X 01, X 01, X 01].
Wl % WJ, % ﬂl A{
X/C(B) X/C(B) X/C(B)

Firstly we show that A is well-defined. Let t,t',2 € X and C(B)(t) =
C(B)(t'). Then t C(B) t' and

z C(B)t z C(B) t

nLe@w =\ Ii@= \/ L@ =TJCE){)
z C(B) ¢ z C(B) t/

Fa(C(B)(t) = Fa(z)= N\ Falz)=Fa(C(B)t))
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In addition, V z,t € X |, we get that

TACE0) =\ Ta)=Ta(0)> \/ Ta(t)=Ta(C(H)(x))

t C(B8) 0 tC(B) z
LCEO) =\ Ta®)=140)> \/ La(t) = Ta(C(B)(x))
t C(B8) 0 tC(B) x

Fac@)= N Fa)=Fa0)< J\ Falt)=Fa(C(B)(x)).

t C(B) 0 tC(B) z
(#7) Let z,y € X. Since V t € C(8)(y) and V ' € C(8)(x),

V' Ta(t) = Ta(t) = Trin(Ta(t'), \(Talte 1))

tC(B)y
\  1a(t) = 1a(t) = Toin(Ia(t), \(La(te t')))
tC(B)y
/\ FA(t) S FA(t) S S’rrLaa:(FA(t/)7 /\(FA(tQ t,)))
t C(B) y
we get that
Ta(CBw) = \ Talt)
t C(B) y
> \/ (Tmin(TA(tl)v /\(TA(tQ t/)))
t'eC(B)(x)
tC(B)y
> Toin( \/ Ta(t'), \/ /\ (Ta(tot))
t'eC(B)(x) t'eC(B)(z) teC(B)(v)
> Toin( \/  Talt), A \/(Ta(m))
t'eC(B)(z) meI(C(8)(y),C(B)(z))

> Toin(Ta(C(B) (@), \(Ta((C(B)(y), C(B)(x))))-
(441, 4v) Similar to item (47), can see that
LA(C(B)®)) = Tnin(La(C(B)(2), AT4(I(C(B)(y), C(B)(x)))) and
FA(C(B)(y)) < Smaa(Fa(C(B)(x), \/ (Fa(@(C(B)(y), C(B)(2))). T
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Let (Y, 9,0, =) be a BCK-algebra and B = (T, I, Fi) a single-valued
neutrosophic subset of Y. Then B = (Tp,Ip,Fp) is called a single-
valued neutrosophic BCK-ideal of Y, if (1);V 2,y € Y,z <y = Ta(z) >
Ta(y), Ia(z) = Ia(y) and Fa(z) < Fa(y),
and Fu(x) < Spmazs{Fa(y), Fa(z9 y)}.

COROLLARY 4.12. Let (X, p,0) be a weak commutative hyper BCK-al-
gebra. If A = (Ta,Ia,F4) is a single-valued neutrosophic hyper BCK-
ideal of X, then there exists a single-valued neutrosophic BC K-ideal B =
(Tp, Ip, Fp) of BCK-algebra (X/C(f),9,0), such that Tg om > Ta,Ip o
m>14,and Fgom < Flyu.

PROOF: By Theorem 4.11, consider B = T,4. For any = € X, since 2C(8)z,

we get that (T o m)(z) = T(C(B)(@) = \/ Talt) = Tale), (5o
t C(B) =
(@) = Ip(CB)) = \/ ILalt) > La(e) and
tC(B) =
(Fpom)(z) =Fp(C(B)(x)) = [\ Falt) < Fa(x). O
tC(B) z

Ezample 4.13. Let X = {0,b,c¢,d}. Then A = (Ta,Ia,F4) is a single-
valued neutrosophic hyper BCK-subalgebra of hyper BCK-algebra
(X, 0,0) as follows:

Q({)}?}?}C{Z} 0O b ¢ d
0 |40 0 0 0

AN 211 09 os o
d [{d} {d} {c} {0,¢} Fy |01 015 025 0.25

Clearly (X, 0, A) is not weak commutative and T is a single-valued neu-
trosophic hyper BCK-ideal. Now we get that X/C(8) = {C(8)(0) =

{0,¢},C(B)(b) = {b}, C(B)(d) = {d}},

v | C(B)(0) _C(B)(b) C(B)(d)
C(B)(0) | C(B)(0) C(B)0) C(B)(0)
C(P)b) | C(B)(b) C(B)0) C(B)(0)
cB)d) | ¢(B)(d) CB)d) C(B)0)
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and
ey cen)  cpB)d)
Ta 1 0.9 0.3
Ia 1 0.9 0.3
Fa 0.1 0.25 0.25

It is easy to see that (X/C(8),9,C(B)(0), A) is a hyper BC'K-algebra.

DEFINITION 4.14. Let (X, 0,0) be a hyper BCK-algebra and A = (T4,
I4,F4) be a single-valued neutrosophic hyper BCK-ideal of X. For any
x,y € X, define binary relations R74, R4, R4 on X as follows:

2R™y & Ta(x) < Tay) and /\(Ta ) > Ta(y)
xRy & Ix(z) < Ia(y) and N\(Ia >IA(y)
Ry & Fa(z) > Fa(y)

and \/(Fa(o(z,y))) < Faly) and R = R™ N R n R™.

THEOREM 4.15. Let (X, 0,0) be a hyper BCK-algebra, A = (Ta,Ia,Fa)
be a single-valued neutrosophic hyper BCK -ideal of X and x,y € X.

(1) R is an equivalence relation on X .

(1) if A is one to one and xRy, then V z € X we have (zo z)R(yo 2)
and (zo x)R(z0 y).

(#i) if A is one to one, xRy and uRw then (xp u)R(yo w) YV u,w € X.

PROOF: (i) By Theorem 4.5, T4 (z) < /\ Ta(zoz)),la(z) < \/(IA(an:)),
Fu(z) > /\(FA(xg x)) and so R is a reflexive relation. Let z,y € X
such that .TRy Then TA(Z‘) < TA(y),IA( ) IA( ) FA( ) FA(y),

ATalol@9) = Taw)s NLalow ) > La(y) and \/(Fa(olz,9))) <
F4(y). Since

Ta(®) > Tonin(Ta®), \(Ta(@e 9))) > Tmin(Ta(y), Ta(y)) = Taly)
®), \/(Fa(ze )

FA(ZE) < Smaa:(FA Yy (FA oy ) < Smaa:(FA(y)aFA(y)) = FA(y)
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we get that Ta(z) = Ta(y), [a(z) = Ia(y), Fa(z) = Fa(y). Using Theorem
15, N(Ta(yo 7)) > Ta(y) = Ta(@), A(Lalyo 7)) > La(y) = La(z) and
\/(FA(yQ x)) < Fa(y) = Fa(x) so R is a symmetric relation. Let xRy
and yRz. Then Ta(z) = Ta(y) = Ta(2),1a(x) = La(y) = La(2), Fa(x) =
F4(y) = Fa(z) and clearly R is a transitive relation.

(#i) Let xRy and z € X. Then by (i), Ta(x) = Ta(y),la(z) =
I4(y), Fa(x) = Fa(y) and since A is a one to one map, we have x = y.
Hence there exists a € xp z and y € yo z such that T4 (a) < Ta(b),

A\ (Ta(ag b)) > Ta(b), Ia(a) < 1a(b), \(Ta(ag b)) > La(b) and Fa(a)
FA(b),\/(FA(aQ b)) < F4(b). Therefore (zo z)R(yo z) and in a similar
way get that (zo x)R(z0 y).

(#i1) Let z Ry and wRw. Then by (i), (zo u)R(yo u) and (yo u) R(yo w).
Using the transitivity of R, we get that (zo u)R(ye w). O

COROLLARY 4.16. Let (X,0,0) be a hyper BCK-algebra and A =
(T, I4,F4) be a single-valued neutrosophic hyper BC'K-ideal of X and
z,y € X.
(i) if A is one to one, then R is a congruence relation on X;
(#) R(0) = X 4 and if A is one to one, then R(0) = {0};
i

1i1) if A is one to one, then R is a strongly regular relation on X.

Vv

PRrROOF: (i) Immediate by Theorem 4.15.

(73) Let x € R(0). Then by Theorem 4.15, Ta(x) = T4(0),Ia(x) =
14(0), Fa(z) = F4(0) and so R(0) = X 4. Since A is one to one, we get
that X4 = {z | Ta(z) = Ta(0), Ia(x) = 14(0), Fa(z) = Fa(0)} = {0}.

(#i1) Let z,y, 2z € X and xRy. Then z = y and so xp z = yp z. Therefore

(xo z)R(yo z),(z0 ©)R(z0 y) and so R is a strongly regular relation. O

THEOREM 4.17. Let (X, 0,0) be a (weak commutative ) hyper BCK -algebra
and A = (Ta,Ia,F4) be a one to one single-valued neutrosophic hyper
BCK -ideal of X. Then, (X/R, ¢, R(0)) is a ( BCK -algebra) hyper BCK -
algebra such thatV z,y € X, R(z)o'R(y) = R(zp y).

Proor: By Corollary 4.16, ¢’ is well-defined and the proof is straightfor-
ward. O

THEOREM 4.18. Let (X, 01,0) and (Y, 02,0") be (weak commutative ) hyper
BCK-algebras and A = (Ta,Ia,Fa) be a one to one single-valued neutro-
sophic hyper BCK -ideal of Y. If f : X — Y is an epimorphism, then
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(1) Ay is a single-valued neutrosophic hyper BCK-ideal of X ;

(i1) X/Ry = Y/R such that zRyx’ < Ta(f(x)) < Ta(f(2'),Ia(f(z)) <
La(f(2), Fa(f(2)) = Fa(f (@), N(Ta(f(ze 7)) = Ta(f ('),
AUa(f(ze 2)) > La(f(')) and \/(Fa(f(ze 2))) < Fa(f(z')),

where z, 2’ € X.

PrOOF: (i) Clearly for all x € X, Tx,(0) = Ta(f(0)) = Ta(0') >
Ta(f(x)) = Ta;(x),1a,(0) = L1a(f(0)) = L1a(0)) = La(f(x)) = La,(x)
and Fa,(0) = Fa(f(0)) = Fa(0') < Fa(f(z)) = Fa,(x). Let z,2" € X.
Since A is a single-valued neutrosophic hyper BC K-ideal of Y, we get that

Tay@) = Ta(f(@) = ToindTalf@))s N(Ta(f @)02Ta(f (@)}
= Tmin{TA(f(I/)a /\(TA(f(xglxl)))}
= Toin{Ta, (&), \(Ta, (zra"))}.

Y]

In similar a way, can see that I4,(x) > Trmin{la,(z'), /\(IAf (ro12))} and

IAf (.’17) S Smaa:{FAf (ml)7 \/
(Fa,(zo12"))}-

(it) Since Ty and T4, are single-valued neutrosophic hyper BCK-
ideals of Y, X, respectively, then by Theorem 4.17, (X/Ry, 0, R;(0)) and
(Y/R,0', R(0")) are (BC K-algebras) hyper BC K-algebras. Now, define a
map ¢ : X/Ry = Y/R by o(Rs(z)) = R(f(z)). Let x,2’ € X. Then
p(RE (@) = p(RE* (@) & f(2) R (')

Ta(f () < Ta(f(@), \(Ta(f(@)e 2f(a")) = Ta(f ()
Ta,(x) < Ta,(2') and - \(Ta(f(ze12'))) > Ta(f(2"))
Ta,(z) < Ta,(2') and (T, (wo12")) > Ta, (')

R4 (x) = R} (a).

ORI

In similar a way, cp(R}I‘-A (x)) = cp(R}IcA (") & R}A (x) = RJI‘-A () and
@(R?“ (z)) = @(R?"“‘ (') & R?“ (z) = RJI?A («'). It follows that @(R(x)) =
©(Rf(z")) & Ry¢(x) = Ry(z’) and hence ¢ is a well-defined and one to one
map. Clearly ¢ is an epimorphism, and so it is an isomorphism. O
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COROLLARY 4.19. (Isomorphism Theorem) Let (X, o, 0) be a hyper BCK-
algebraand A = (T4, I, Fa), A" = (T, I, F’y) be one to one single-valued
neutrosophic hyper BC'K-ideals of X such that A(0) = A’(0). Then

(i) A’ N A is a single-valued neutrosophic hyper BC K-ideal of X;

(i1) (Xa0Xa)/Ra = Xa/Rana.

PROOF: (i) Let z € X. Then
(ThNTa)(0) = Trnin(T4(0), Ta(0)) > Trnin(Th (), Ta(z)) =
(Th NTa)(x), (T4 N 14)(0) = Tmin(14(0), 14(0)) >
Toin(Ia(%), 1a(2)) = (Iy N La) (@), (F3 N Fa)(0)
= Simaz(F4(0), Fa(0))
< Smax(FfA(x)aFA(x)) = (F;{ N Fa) ().

Let 2,y € X. Then
(Th N T)(@) = Ty (Th (@), Ta ()
> Toin[Tonin T4 (), (T (20 )], Tonin Ta (), \(Ta(wo )]
= TinlTninlTh (). Ta®)), Tin \(Th (e ), \(Ta (e )]
= Tl (Th N Ta) (), \(Th N Ta) (e 4)

In similar a way can see that (I, NI4)(x) > Thin[(I4N14)(y), /\((IAQIA)

and (Fy (1 Fa) () < Smasl(Fy 0 Fa) (1), \/((Fh 0 Fa).

(#4) By Theorem 4.10, A’ N A is a single-valued neutrosophic hyper
BCK-ideal of X 4, then we define ¢ : Xa/Rana — (Xao Xa)/Ra by
©(Rana(x)) = Ra(z). Let z,2" € X4 and Rana(x) = Rana(z’). Then
(A NA)(x) = (AN A)(z') and since A’ N A is one to one, we get that
x = 2/. Hence Ra(x) = Ra(a’). Moreover, o(Rana(z)o 'Rana(z’)) =
©(Rana(zo 2')) = Ra(zo ') = Ra(x)o 'Ra(x’) and so ¢ is a homomor-
phism. Clearly ¢ is bijection and so is an isomorphism. O

Ezample 4.20. Let X = {0,1,2,3,4,5}. Then A = (T4, 4, Fa) is a single-
valued neutrosophic hyper BC'K-subalgebra of X hyper BC K-algebra
(X, 0,0) as follows:
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0 1 2 3 4 5

{oy {0}y {0y {0} {0} {0}
{1y {01} {1y {1} {1} {1}
{2v {23 {02} {2} {2} {2}
{3y {30 3 {03} {3} {3}
{4y {4 {4} {4} {0,4} {0}
By By By By {5 {05}

and

| 0 1 2 3 4 5
Tao | 072 0.61 054 034 027 0.19
Iy [ 019 08 02 021 026 025
Fa | 015 028 034 039 048 061

(i) If a = 0.5,8 = 0.7, = 0.4, then T* = {0,1,2},1° = {0,2,3,4,5},
F7=1{0,1,2,3} and so A(*#) = {0, 2}, which is a hyper BC'K-subalgebra
of (X, 0,0).

(i4) Consider S = {0,5}, a« = 0.5,¢' = 0.7, = 0.6, = 0.8,7 = 0.85
and v/ = 0.9. Then

T W N~ O

Tl = £(0,0.5), (1,0.7), (2,0.7), (3,0.7), (4,0.7), (5,0.5)}
1977 = £(0,0.6), (1,0.8), (2,0.8), (3,0.8), (4,0.8), (5,0.6)}
FU%T Z £00,0.85), (1,0.9), (2,0.9), (3,0.9), (4,0.9), (5,0.85)}

are fuzzy hyper BC K-subalgebras of X and A = (T}f“a/], L‘B’B/], FBW,]) is
a single-valued neutrosophic hyper BC'K-subalgebra of X.

(i3i) Let o = 0.3,8 = 0.1 and v = 0.5. Then Al*87] = (@) 1) A
FO = {0,1,2,3} n{0,1,2,3,4,5} N {0,1,2,3,4} = {0,1,2,3}. Clearly
2 € AlvA7) and 0 <« 2, then 0 € Al*B],

Ezample 4.21. Let X = {0,1,2,3} and Y = {0’,a,b,¢}. Then A =
(Ta,Ia,F4) is a single-valued neutrosophic hyper BCK-ideal of hyper
BCK-algebra (X, p,0) as follows:

o |0 1 2 3 J |0 a b c

0 {0} {0} {0} {0} 0 {0y {07} {0} {07}
L1y {013 {1y {1} a |{a} {0,a} {a}  {a}
§ 2y {20 {02} {2} b | {oy {op {00} {b}

B3y 8y 8 {03} {et {ag  {g {0,

o
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and

o 1 2 3
Ty | 093 073 013 0.13
Iy | 087 067 01 0.05
Fi | 013 023 033 04

(i) Define f : Y — X by f = {(0,0),(c,1),(b,2),(a,3)}, clearly f is a
homomorphism. Hence Ay is a single-valued neutrosophic hyper BC K-
ideal of hyper BC K-algebra (Y, ¢’,0’) that is obtained as follows:

‘O’ a b c

Ta, | 093 013 0.13 0.73
I, 1087 0.05 01 0.67
Fa, 1013 04 033 0.23

f

(ii) Computations show that R4 = {(z,z), (2,3),(3,2) |z € X}, RIa =
{(xm)|x€X}RFA—{(m:v)|m€X}andsR {(z,2) | z € X}
that is a congruence relation. It follows that Ry = {(x,z) | + € Y} and so
X/R=X =Y =Y/R,.

(791) Clearly X4 = R(0) = {0} and ker(f) = {0} that is a trivial (hyper)
BCK-ideal. Also for all v € ker(f) and for all y € X, Tpnin(Ta, (2), La,())

Ezample 4.22. Let X = {0,1,2,3}. Then A = (Ta,14,F4) and A’ =
(Tar, Las, Far) are single-valued neutrosophic hyper BC K-ideals of hyper
BCK-algebra (X, g,0) as follows:

o 1 _2 3 o 1 2 3
E‘H ‘% % 1{(8% T, 005 085 025 0.25
@) {2} {02} {0) |00 08 02 0L
{31 {3p {3+ {0} AT . ' .

W N~ O

and

0o 1 2 3
To | 095 075 015 0.5
Iy | 09 07 01 0.05
Fuy | 015 025 035 04
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Then

ANA = A X4 =Xa ={0},R" = RT™ = {(2,2),(2,3),(3,2)|z € X},
R4 = Rla = {(2,%),(2,3),(3,2) | z € X}, RF'r = RFar =
{(z,2) |z € X} andso R4 = R™ANRM“ NRf =Ry =
RT™v n R N R = {(2,2) |z € X}.

It follows that (X40X4/) = {0} and so (Xa40Xa/)/Ra = {0}/Rs =
{0}/Rar = {0}/Rana = Xa/Rana.

5. Conclusion

In some problems in the real world, there are many uncertainties (such as
fuzziness, incompatibilities, and randomness), in an expert system, belief
system, and information fusion, especially in some scopes of computer sci-
ences such as artificial intelligence. Thus we need to deal with uncertain
information and logic establishes the foundations for it, because computer
sciences are based on classical logic. The concept of BC'K-algebra is one
of the important logical algebras that are applied in computer sciences and
other networking sciences. In addition, defects in classical algebras that
can not work in groups and have limitations can be eliminated with the
help of logical hyperalgebra. Thus the concept of hyper BC K-algebra is
an important logical hyperalgebra that is applied in the computer sciences
and other hypernetworking sciences that some groups of elements must
be operated together and have been proposed for semantical hypersystems
of logical hypersystems. In addition in some applications such as expert
systems, belief systems, and information fusion, we should consider not
only the truth membership supported by the evidence but also the falsity-
membership against the evidence, which is beyond the scope of fuzzy sub-
sets. Thus the concept of a neutrosophic subset is a powerful general for-
mal framework that generalizes the concept of the classic set and the fuzzy
subset is characterized by a truth-membership function, an indeterminacy-
membership function, and a falsity-membership function. This assump-
tion is very important in a lot of situations such as information fusion
when we try to combine the data from different sensors. In this paper, we
consider the collectivity of logical (hyper)BC K-algebras and single-valued
neutrosophic hyper BC K-subalgebras to solve some complex real prob-
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lems dealing with the principles of logical hyperalgebra(one or more groups
based on these principles must be combined) and have uncertain informa-
tion such as complex intelligent hypernetworks and related other sciences.
Thus the non-classical mathematics together with the concept of neutro-
sophic subset, therefore, has nowadays become a useful tool in applications
mathematics and complex hypernetworks. Moreover, we can refer to some
academic contributions of single-valued neutrosophic subsets such as single-
valued neutrosophic directed (hyper)graphs and applications in networks
[4], application of single-valued neutrosophic in lifetime in wireless sensor
(hyper)network [4], an application of single-valued neutrosophic subsets
in social (hyper)networking [4], application of single-valued neutrosophic
sets in medical diagnosis, application of neutro hyper BCK-algebras and
single-valued neutrosophic hyper BCK-subalgebras in economic hypernet-
work [7], and application of neutro hyper BCK-algebras and single-valued
neutrosophic hyper BCK-subalgebras in data (hyper)networks [7]. To con-
clude, we considered the notion of single-valued neutrosophic hyper BC K-
ideals and investigated some of their new useful properties. We considered
that for any o € [0, 1] there is an algebraic relation between of a single-
valued neutrosophic subset hyper BC' K-subalgebra, A = (T4, I, Fa) and
A = (Ta% 14%, F4®). In addition, with respect to the concept of hyper
BCK-ideals of given hyper BC K-algebra, is constructed quotient BC K-
algebra structures. On any nonempty set, is constructed an extendable
single-valued neutrosophic BC K-(ideal)subalgebra and isomorphism theo-
rem of single-valued neutrosophic hyper BC' K-ideals is obtained. One of
the advantages of this study is the conversion of complex hypernetworks
to complex networks in such a way that all the details of the complex hy-
pernetworks are preserved and transferred to the complex networks, but
there are some limitations in this work. Although neutrosophic subsets
are more flexible and useful as compared to all fuzzy theories, there are
some limitations whence we need more than three functions in designing
and modeling the real problem with complexity and high dimension. Also,
the computations of single-valued neutrosophic hyper BC' K-ideals for any
given hyper BC K-algebras with large cardinal is hard and so the related
mathematical tools such as congruence and strongly relations, nontrivial
homomorphisms are complicated. Hence these problems prevent us from
having a definite and simple algorithm for our computations.

We wish this research is important for the next studies in logical hy-
peralgebras. In our future studies, we hope to obtain more results regard-



438 Mohammad Hamidi

ing single-valued neutrosophic (hyper) BC K-subalgebras and their appli-
cations in handing information regarding various aspects of uncertainty,
non-classical mathematics (fuzzy mathematics or great extension and de-
velopment of classical mathematics) that are considered to be a more pow-
erful technique than classical mathematics.

Acknowledgements. We thank the anonymous referee for the useful
comments and suggestions, which helped us to improve the overall quality
of the paper.
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