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Abstract

The aim of this manuscript is to introduce the (o, 38)-hesitant fuzzy set and apply
it to semigroups. In this paper, as a generalization of the concept of hesitant fuzzy
sets to semigroup theory, the concept of (v, 8)-hesitant fuzzy subsemigroups of
semigroups is introduced, and related properties are discussed. Furthermore, we
define and study (a, 3)-hesitant fuzzy ideals on semigroups. In particular, we in-
vestigate the structure of («, 8)-hesitant fuzzy ideal generated by a hesitant fuzzy
ideal in a semigroup. In addition, we also introduce the concepts of («, 3)-hesitant
fuzzy semiprime sets of semigroups, and characterize regular semigroups in terms
of (a, B)-hesitant fuzzy left ideals and («, 8)-hesitant fuzzy right ideals. Finally,
several characterizations of regular and intra-regular semigroups by the properties
of (o, B)-hesitant ideals are given.
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1. Introduction

An (a, §)-hesitant fuzzy set on a semigroup is a generalization of the con-
cept of fuzzy subsets, interval-valued fuzzy sets and hesitant fuzzy sets
in semigroups. A hesitant fuzzy set theory is an excellent tool to handle
the uncertainty in case of insufficient data. Many authors studied differ-
ent aspects of hesitant fuzzy sets (see [1, 5, 14, 19, 20]). Also, hesitant

Presented by: Jausz Ciuciura
Received: October 25, 2020
Published online: September 14, 2022

© Copyright by Author(s), Lédz 2022
© Copyright for this edition by Uniwersytet Lédzki, Lédz 2022


https://doi.org/10.18778/0138-0680.2022.13
https://publicationethics.org/

384 Pairote Yiarayong

fuzzy set theory is used in decision making problem etc. (see [12, 16]),
and is applied to BCK/BCl-algebras and UP-algebras (see [10, 11, 13]).
The notion of interval-valued fuzzy sets has been applied to theory of semi-
groups [4]. They considered characterizations of left [right] simple, left
[right] duo and a semilattice of left [right] simple semigroups. In 2012,
Khan, Jun and Abbas [8] characterized regular (resp.intra-regular, simple
and semisimple) ordered semigroups by their (€, € Vg)-fuzzy interior ide-
als (resp. (€, € Vq)-fuzzy ideals). Also they proved that the an ordered
semigroup S is simple if and only if it is (€, € Vq)-fuzzy simple. In 2013,
Yaqoob [18] characterized regular LA-semigroups by the properties of in-
terval valued intuitionistic fuzzy left ideals [right ideal, generalized bi-ideal
and bi-ideal]. In 2014, Jun, Ahn and Muhiuddin [6] applied the notion of
hesitant fuzzy soft sets to BCK/BCl-algebras. They introduced the notions
of hesitant fuzzy soft subalgebras and (closed) hesitant fuzzy soft ideals
and investigated several properties. In 2015, Jun, Lee, and Song [7] intro-
duced the notion of hesitant fuzzy (generalized) bi-ideals on a semigroup,
which is a generalization of interval valued fuzzy (generalized) bi-ideals. In
2016, Khan et al. [9] applied the notion of interval-valued fuzzy subsets to
ordered semigroups, and proved that the intersection of non-empty class
of interval-valued fuzzy interior ideals of an ordered semigroup is also an
interval-valued fuzzy interior ideal. In 2017, Tang, Davvaz and Xie [15] de-
fined and studied the completely prime, weakly completely prime and com-
pletely semiprime fuzzy quasi-I'-hyperideals of ordered I'-semihypergroups,
and characterized bi-regular ordered I'-semihypergroups by the proper-
ties of completely semiprime fuzzy quasi-I’-hyperideals. In 2018, Abbasi
et al. [2] gave the concept of hesitant fuzzy ideals and 3-prime hesitant
fuzzy ideals in po-semigroup, which is a generalization of fuzzy ideals and
3-prime fuzzy ideals in po-semigroups. In 2019, Arulmozhi, Chinnadurai
and Swaminathan [3] introduced the notion of interval valued (77, 5)—bipolar
fuzzy ideal, bi-ideal,interior ideal, (€, € Vq)-bipolar fuzzy ideal of ordered
I'-semigroups and established some properties of bipolar fuzzy ideals in
terms of (€, € V g)-bipolar fuzzy ideals. In 2020, Yairayong [17] applied
the theory of hesitant fuzzy sets to completely regular semigroups and
introduced the notion of hesitant fuzzy semiprime sets and hesitant fuzzy
idempotent sets on semigroups, which is a generalization of fuzzy semiprime
and fuzzy idempotent sets. He also proved that the every hesitant fuzzy
two-sided ideal on a semigroup S is a hesitant fuzzy interior ideal if and
only if S is a semisimple semigroup.
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The aim of this manuscript is to introduce the («, 8)-hesitant fuzzy set
and apply it to semigroups. The rest contents of this paper are arranged as
follows. In Section 2, we present the fundamental concepts and properties
of “-hesitant (,-hesitant) fuzzy sets, («, 8)-hesitant fuzzy subsemigroups
and (a, B)-hesitant fuzzy ideals, which form the basis of our subsequent
discussion. In this regard, we prove that that every hesitant fuzzy set on a
semigroup S is («, 8)-hesitant fuzzy left (right, two-sided) ideal if and only
if g(SOH) CH(3(HOS) CH,5(SOH)U(HES)) C *“H). We prove
that the non empty subset of a semigroup S is a subsemigroup (left ideal,
right ideal, two-sided ideal) of S if and only if the hesitant fuzzy set on S
is the (a, B)-hesitant fuzzy subsemigroup ((«, 5)-hesitant fuzzy left ideal,
(a, B)-hesitant fuzzy right ideal, («, 3)-hesitant fuzzy two-sided ideal) on
S. In Section 3, we define the notions of (a, §)-hesitant fuzzy semiprime
sets and equivalent definitions of them. Some related properties of them are
obtained. In this paper, we give characterizations of semigroups in terms of
(a, B)-hesitant fuzzy ideals, and characterize regular semigroups in terms
of (a, B)-hesitant fuzzy left ideals and («, 8)-hesitant fuzzy right ideals.
Finally, several characterizations of regular and intra-regular semigroups
by the properties of («, 8)-hesitant ideals are given.

2. “-hesitant (,-hesitant) fuzzy sets

In this section, we present the fundamental concepts and properties of
“hesitant (,-hesitant) fuzzy sets, («, §)-hesitant fuzzy subsemigroups and
(a, B)-hesitant fuzzy ideals, which form the basis of our subsequent dis-
cussion. In this regard, we prove that that every hesitant fuzzy set on a
semigroup S is (a, B)-hesitant fuzzy left (right, two-sided) ideal if and only
if s(SOH) C*H(B(HOS) C*H,3(SOH)U(HGS)) C “H). We prove
that the non empty subset of a semigroup S is a subsemigroup (left ideal,
right ideal, two-sided ideal) of S if and only if the hesitant fuzzy set on S
is the (a, B)-hesitant fuzzy subsemigroup ((«, 5)-hesitant fuzzy left ideal,
(a, B)-hesitant fuzzy right ideal, («, §)-hesitant fuzzy two-sided ideal) on
S. These notions will be helpful in later sections.

Let H : S — P([0, 1]) be a hesitant fuzzy set on a semigroup S and let «
be any element of P([0,1]). Then the “-hesitant fuzzy set (,-hesitant
fuzzy set) on S is defined as *H, = H,Ua (o He = Hy Na) for all z € S.
Next, we define the hesitant fuzzy set over a semigroup S. If H, = [0, 1]
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for all x € S, then it is easy to see that H is a hesitant fuzzy set on a
semigroup S. We denote such type of hesitant fuzzy set H by S.
The proof of them is straightforward, so we omit it.

LEMMA 2.1. Let S be a hesitant fuzzy set on a semigroup S and let o be
any element of P([0,1]). The following statements are true.

1. *§=S8.
2. . S=a.

Next, we denote by H(.S) the set of all hesitant fuzzy sets on a semigroup
S. Let H and F be any elements of H(S). Then, H is said to be a subset
of F, denoted by H X Fif H, C F, forallz € S.

Now we are giving some basic properties of hesitant fuzzy subsemi-
groups on a semigroup S, which will be very helpful in later section.

THEOREM 2.2. Let ‘H be a hesitant fuzzy subsemigroup on a semigroup S.
Then, the following statements are true:

1. If a is an element of P([0,1]), then *H is a hesitant fuzzy subsemi-
group on S.

2. If « is an element of P([0,1]), then oH is a hesitant fuzzy subsemi-
group on S.

PRrROOF: 1. Let z and y be any elements of S and let o € P([0,1]). Then,
it is clear that

“Hay HeyUa
(HaNHy) U
(HeUa)N (HyUa)
= “HY.

v

This completes the proof.
2. Let z and y be any elements of S and let o € P([0, 1]). Since H is a
hesitant fuzzy subsemigroup on S, we obtain

aHazy Hoy N
(Hz NHy) Na
(He Na) N (Hy Na)

JHY.

Iy 1l

From here, we obtain that ,# is a hesitant fuzzy subsemigroup on S. O
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For a non empty family of a hesitant fuzzy sets {H; : ¢ € I'}, on a semi-

group S. The symbols U ‘H; and ﬂ ‘H; will mean the following hesitant
iel i€l
fuzzy sets:

(U%X:Umm

el i€l

and

(ﬂ%k=ﬂmm.

el el

If T is a finite set, say I = {1,2,3,...,n}, then clearly U H; =H1 UHa U
iel
...UH, and ﬂ%i:Hl NHaN...NH, (see [7]).
icl

THEOREM 2.3. Let H and G be two hesitant fuzzy sets of a semigroup S.
Then, the following statements are true:

1. If « is an element of P([0,1]), then * (HNG) = *HN*G.
2. If a is an element of P([0,1]), then o (HNG) = oH N 4G.
3. If a is an element of P([0,1]), then * (HUG) = *H U “G.
4. If a is an element of P([0,1]), then o (HUG) = 4H U ,G.

PROOF: 1. Let x be any element of S. For every a € P([0,1]) we have

*(HNG), (HNH), U«
(HaNGs)Ua

(Hy Ua) N (G, Ua)
He NGy

= (QH m ag>z ’

which implies that * (XN G) = *H N G for all o € P([0,1]).
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2. Let x be any element of S. Then, for every a € P([0,1]), we have
«aHNG), = (HNH):Na

= HsNGx)Na
= (HeNa)N (G Na)
= aHm N agm
= (OCH N ag)x :
This completes the proof.
3—4. Tt can be proved similarly to 1. O

Now we introduce the notion of («, )-hesitant fuzzy subsemigroups on
a semigroup.

DEFINITION 2.4. Let H be a hesitant fuzzy set on a semigroup S and let
a, B be any element of P([0,1]). Then # is said to be an («, §)-hesitant
fuzzy subsemigroup on S if “H,, 2 gHY for any z,y € S.

Thus every hesitant fuzzy subsemigroup on a semigroup S is an (a, §)-
hesitant fuzzy subsemigroup with & = () and 8 = [0, 1]. Thus every hesitant
fuzzy subsemigroups on S is an (a, §)-hesitant fuzzy subsemigroup on S.
However, the converse is not necessarily true as shown in the following
example.

Ezample 2.5. Consider the semigroup S = {a,b,c,d} with the following
multiplication “-” table below:

QU O ST

Q Q@ 2 9
Qe 2 |
Qe 2 2o
o o QX

We define the hesitant fuzzy set H : .S — P([0,1]) on S as follows:

0.7,0.8) U (0.8,0.9]; = € {a,b}
Hy =1 (0.2,0.8); x € {c}
{0,0.1,0.2,0.3}; otherwise.

Then, as is easily seen, H is an ([0, 3],{0,0.1,0.2})-hesitant fuzzy sub-
semigroup on S, but not a hesitant fuzzy subsemigroup on S. Since
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HE = HgNH, = {0,0.1,0.2,0.3} N (0.2,0.8) = {0.3}, while Hg.. = Hp =
(0.7,0.8) U (0.8,0.9].

Now we have the following result:

THEOREM 2.6. If H and G are any («, B)-hesitant fuzzy subsemigroups on
a semigroup S, then HNG is an («, B)-hesitant fuzzy subsemigroup on S.

PROOF: Let x and y be any elements of S. Since H and G are both («, 3)-
hesitant fuzzy subsemigroups on S, we have

“(HN g)a:y = (HayNGay) Uax

(Hay Ua) N (Gyy U )

“Hay NGy

gHY N pGY

(HaNHyNB)N (G NGy NS
= (H, ﬁgx) (Hy,NGy)N P

- (ng Hm@)mﬁ
= s(HNG)Y.

v 1l

Therefore, H NG is an («, B)-fuzzy subsemigroup on S. O

The following corollary follows from Theorem 2.6 and the definition of
(o, B)-hesitant fuzzy subsemigroup on a semigroup S

COROLLARY 2.7. If H; is an («, 8)-hesitant fuzzy subsemigroup on a semi-
group S for all 7 € I, then ﬂ H; is an (o, 8)-hesitant fuzzy subsemigroup
iel
on S.
Let F and G be two hesitant fuzzy sets on a semigroup, the hesitant
fuzzy product (see [7]) of F and G is defined to be a hesitant fuzzy set
F ® G on S which is given by

U FyNG.; Fy,z €S, such that x = yz
(]:Qg)w - r=yz

0; otherwise.

As is well known, the operation “®” is associative.
Next, we proved that every hesitant fuzzy set on a semigroup S is
(c, B)-hesitant fuzzy subsemigroup if and only if g(H © H) C *H.
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THEOREM 2.8. For a hesitant fuzzy set H on a semigroup S, the following
two statements are equivalent:

1. H is an (o, B)-hesitant fuzzy subsemigroup on S.
2. sg(HOH) C*H.

Proor: First assume that H is an (a, §)-hesitant fuzzy subsemigroup on
S. Let x be any element of .S such that it is not expressible as product of two
elements in S. Observe that g(HOH), = (HOH).NB=0NE =0 C *H,.
Otherwise, there exist elements y and z of S such that * = yz. Thus, by
hypothesis we have

= (U HaﬂHb>mB

r=ab
= U (Ha N Hb N 6)
r=ab
- U (Hab U a)

z=ab
= H,U«
= “H,.

Therefore g(H © H) C “H.

Conversely, assume that 7 is a hesitant fuzzy set on S such that g(H ©
H) C *H. Let z,y and z be any elements of S. Now, choose = yz. Thus,
we obtain

“Hy. = “Hg
D 3(HOH):
= [ Han Hb) N
r=ab
> (HyNH)NP
= 57‘[5.
Therefore, the proof is completed. O

Now, we can introduce the (o, 3)-hesitant fuzzy ideals on a semigroup,
in the following manner:
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DEFINITION 2.9. Let H be a hesitant fuzzy set on a semigroup S. Then H
is said to be an (a, §)-hesitant fuzzy left ideal ((«, §)-hesitant right
ideal) on S if “Hyy D gHy (“Hay 2 gHe) for any z,y € S. A hesitant
fuzzy set H is an («, 8)-hesitant fuzzy ideal (or (o, 5)-hesitant fuzzy
two-sided ideal) on S if and only if it is both (a, 8)-hesitant fuzzy left
and right ideal onS.

Remark 2.10. Let H be a hesitant fuzzy set on a semigroup S. Then, the
following statements are true:

1. If H is an (o, B)-hesitant fuzzy left (right) ideal on S, then H is an
(«, B)-hesitant fuzzy subsemigroup on S.

2. A hesitant fuzzy left ideal (right ideal, ideal) on S is an («, 8)-fuzzy
left ideal (right ideal, ideal) with & = @ and 8 = [0,1]. Thus every
hesitant fuzzy left ideal (right ideal, ideal) on S is an (a, §)-fuzzy left
ideal (right ideal, ideal) on S.

However, the converse is not necessarily true as shown in the following
example.

Ezxzample 2.11.

1. Consider the semigroup S = {a, b, ¢, d} with the following multiplica-
tion “-” table below:

QO &9

Q2 2 Qe
QUL |
ISEESERCIIRSE NeoY
Q QL Q|

Now, we define a hesitant fuzzy set H : S — P ([0,1]) by

b _ { 10,085); z € {a,b}
7 {0,0.22,0.42,0.52}; otherwise.

Let oo = (0.52,0.62] and 5 = {0.12,0.22,0.32,0.52}. Then, as is easily
seen, H is an (a, B)-hesitant fuzzy subsemigroup on S, but H is not
an (a, f)-hesitant fuzzy left (right) ideal on S. Because
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(0.52,0.62)9

Hq U (0.52,0.62]

= {0,0.22,0.42,0.52} U (0.5,0.6]
{0,0.22,0.42} U[0.52,0.62]
{0.12,0.22,0.32,0.52}

0,0.8) N {0.12,0.22,0.32,0.52}
= H,n{0.12,0.22,0.32,0.52}
{0.12,0.22,0.32,0.52}7‘117-

[N

2. Suppose that S is the semigroup of Example 2.11 (1). Now, we define
a hesitant fuzzy set F : S — P [0,1] by

£ _ [ 10,052,062}; ¢ {ab}
71 [0,0.52); otherwise.
Let o = [0,0.72) and 5 = (0.52,0.62). Then, as is easily seen, F is an
(o, B)-hesitant fuzzy ideal on S, but F is not a hesitant fuzzy ideal
on S. Because Fy., = Fq =[0,0.5) 2 {0,0.5,0.6} = Fp.

By Theorem 2.2 and Definition 2.9, we immediately obtain the following
theorem:

THEOREM 2.12. Let H be a hesitant fuzzy left (right, two-sided) ideal on a
semigroup S. Then the following properties hold.

1. If a is an element of P([0,1]), then ®H is a hesitant fuzzy left (right,
two-sided) ideal on S.

2. If a is an element of P([0,1]), then oH is a hesitant fuzzy left (right,
two-sided) ideal on S.

Next, we proved that every hesitant fuzzy set on a semigroup S is
(e, B)-hesitant fuzzy left (right, two-sided) ideal if and only if (S ® H) C
H(p(HOS) CH, 5 (SOH)U(HOS)) C*H).

THEOREM 2.13. For a hesitant fuzzy set H on a semigroup S, the following
statements are equivalent:

1. H is an (o, B)-hesitant fuzzy left (right, two-sided) ideal on S.
2. 3(SOH)CH(BHOS) C*H,3((SOH)U(HOS)) C*H).

PROOF: First assume that H is an («, 8)-hesitant fuzzy left ideal on S.
Let « be any element of S such that it is not expressible as product of two
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elements in S, we can write g(SOH), = (SOH),NB=0NE =0 C *H,.
Otherwise, there exist elements y and z of S such that z = yz. Since H is
an (o, 8)-hesitant fuzzy left ideal on S, it follows that

(SOH), = SOH).N
= <LJ&0HOH6
r=ab
= U (ounn,np
r=ab
= U (Hy N B)
z=ab
- U (Hab U Oé)
= “H,.

Therefore g(S ®@ H) C *H.
Conversely, assume that H is a hesitant fuzzy set on .S such that 3(S©®
H) C *H. Let y and z be any elements of S. Choose z € S such that
x = yz. Since
“Hyz “Ha
s(SOH)s
(SOH).NS

U San Hb) na
(S M) N B
([0,1]NnH.)N B
BHza

v

v

we obtain H is an («, 3)-hesitant fuzzy left ideal on S. O

In the following we show that if H and G are two (a, §)-hesitant fuzzy
left (right, two-sided) ideals on a semigroup, then H NG and H U G are
(o, B)-hesitant fuzzy left (right, two-sided) ideals on S.

THEOREM 2.14. Let H and G be two («, B)-hesitant fuzzy left (right, two-
sided) ideals on a semigroup S. Then the following statements hold:

1. HNG is an («, B)-hesitant fuzzy left (right, two-sided) ideal on S.
2. HUG is an (a, B)-hesitant fuzzy left (right, two-sided) ideal on S.
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ProOF: 1. The proof follows from Theorem 2.6.
2. By Theorem 2.13, we have

(SOMUG) = s(SOH)U(SOT))
B(SG)H)UB(SG)Q)

C *HUG
= *(HNQG).
Therefore, we obtain H UG is an (a, 8)-fuzzy left ideal on S. O

The following two corollaries are exactly obtained from Theorem 2.14.

THEOREM 2.15. Let H; be an («, 8)-hesitant fuzzy left (right, two-sided)
ideal on a semigroup S for all it € I. Then the following statements hold:

1. m H; is an («, B)-hesitant fuzzy left (right, two-sided) ideal on S.
iel

2. U H; is an («, B)-hesitant fuzzy left (right, two-sided) ideal on S.
iel
Now, we define a y-cut (or y-level set) of the hesitant fuzzy set H on a
semigroup S and then we present some results in this connection.

Let H be a hesitant fuzzy set on a semigroup S. For each v € P([0,1]),
the set

UH:v)={zeS:H, 2}

is said to be a y-cut (or y-level set) of H.

In the following, we characterize an («, 8)-hesitant fuzzy subsemigroup
((«r, B)-hesitant fuzzy left ideal, (o, 8)-hesitant fuzzy right ideal, («,3)-
hesitant fuzzy two-sided ideal) on semigroups in terms 4-level subsemi-
groups (left ideal, right ideal, two-sided ideal).

THEOREM 2.16. Let H be a hesitant fuzzy set on a semigroup S. Then the
following statements hold:

1. For each v € P([0,1]) such that v C « U B, the non empty set
U(“H :7) is a subsemigroup of S if and only if H is an (a,f)-
hesitant fuzzy subsemigroup on S.

2. For each v € P(]0,1]) such that v C a U B, the non empty set
U (“H :7) is a left ideal of S if and only if H is an («, B)-hesitant
fuzzy left ideal on S.
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3. For each v € P([0,1]) such that v C a U §, the non empty set
U (*H :v) is a right ideal of S if and only if H is an («, B)-hesitant
fuzzy right ideal on S.

4. For each v € P([0,1]) such that v C o U B, the non empty set
U(*H : ) is an ideal of S if and only if H is an (o, B)-hesitant
fuzzy ideal on S.

PRrROOF: 1. First assume that the non empty set U (*H : 7) is a subsemi-
group of S. Let x and y be any elements of S. Choose v € P([0, 1]) such
that v = “HY. Then we have “H, 2 v and “H, D v, which implies that
z,y € U(*H 7). Thus zy € U (*H : ), since U (*H : ) is a subsemi-
group of S. This implies that “H,y 2 v =*HY D HINB = gHY and so H
is an (a, 8)-hesitant fuzzy subsemigroup on S.

Conversely, assume that H is an (o, 8)-hesitant fuzzy subsemigroup
on S. Let z and y be any elements of S such that z,y € U (*H : ) for all
v € P([0,1]). We obtain that *H, D v and *H, 2 7. By hypothesis,

Hey = “HypyUa
2 (MY Ua
= H.NHyNPB) U«
= H,Ua)N(H,Ua)N(U«)
= “H,N*H,N(BU)
2 yNyN(BUa)
= ’y.
Therefore xy € U (“H : v) and the theorem is proved.
2—4. The proof is similar to 1. O

Let A be a subset of a semigroup S and let 6,¢ € P([0,1]) such that
0 # (. Recall that the (4, ¢)-characteristic function Cg A for a subset A of

S is defined by
( o ) _ 0 xe€A
ca/, (; otherwise.
Observe that if A =S, then it is easy to see that Céo’l]s =S.

LEMMA 2.17. Let Cg and CgB be two (0, ()-characteristic functions on a
semigroup S. Then the following statements hold:

5 5 _ 6
L CCAHCCB_CCAOB'

5 5 _ b
2. CCAQCCB*CCAB'
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PROOF: It is straightforward. O

Now, the result follows from fundamental theorem of (4, {)-characteristic
function.

THEOREM 2.18. Let A be a subset of a semigroup S and let 6,¢ € P([0,1])
such that § D (. Then the following statements hold:

1. If A is a subsemigroup of S, then O‘CgA is an (a, B)-hesitant fuzzy
subsemigroup on S.

2. If A is a left ideal of S, then anA is an («, B)-hesitant fuzzy left ideal
on S.

3. If A is a right ideal of S, then O‘CgA is an («, B)-hesitant fuzzy right
ideal on S.

4. If A is an ideal of S, then “CSA is an (a, B)-hesitant fuzzy ideal on S.

PRrROOF: 1. Let x and y be any elements of S. We consider the following
cases:

1. z,y € A.
2.x¢ Aory ¢ A

Case 1: Assume that z,y € A. Thus (CgA) = 0 and (CgA) =J.
z y

Since A is a subsemigroup of S, we obtain zy € A, which implies that

o (ach)ry = (CgA)my Ua =6Ua = ((C?A)z N (CgA)y) Ua 2
(CHARICHBLEEHCAR

Case 2: Assume that © ¢ A or y ¢ A. Then we have (CgA) =(or
xT
(05 ) — ¢, which implies that
CA y

“(eta),, = (@), e
(Ua

(ve), n (),
((vc2) n(vee,), ) no

= ()

I

V)
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Therefore, O‘Cg is an («, 8)-hesitant fuzzy subsemigroup on S.
2-4. The proof is similar to 1. O

The following theorem shows that a non empty subset of a semigroup S
is a subsemigroup (left ideal, right ideal, two-sided ideal) of S if and only
if the hesitant fuzzy set on S is the (o, 8)-hesitant fuzzy subsemigroup
((r, B)-hesitant fuzzy left ideal, («, 8)-hesitant fuzzy right ideal, («, 3)-
hesitant fuzzy two-sided ideal) on S.

THEOREM 2.19. Let A be a subset of a semigroup S and let 6,¢ € P([0,1])
such that § D (. Then the following properties hold.

1. For each (Ua 2 dUa C aUpP, A is a subsemigroup of S if and only
if aC‘S is an («, B)-hesitant fuzzy subsemigroup on S.

2. For each (Ua 2 6Ua CaUp, A is aleft ideal of S if and only if
an is an («, B)-hesitant fuzzy left ideal on S.

3. For each (Ua 20Ua CaUQpf, A is a right ideal of S if and only if
O‘Cg is an («, B)-hesitant fuzzy right ideal on S.

4. For each (Ua 2 0Ua C aUB, A is an ideal of S if and only z'fanA
is an («, B)-hesitant fuzzy ideal on S.

PrOOF: 1. By Theorem 2.18, the necessity is clear. Now let us show
the sufficiency. We suppose now that O‘Cg 4 Is an (a, B)-hesitant fuzzy
subsemigroup on S. Let z be any element of S such that z € A. Observe

that @ <C2A>x = (CgA>an = dUa implies that z € U (O‘CgA 00U a). On
the other hand, let = be any element of S such that z € U (anA :ouU a).
Thus we have (C‘gA) D § U« implies that z € A, since (Ua 2 d U a.

Therefore A =U (“CgA t0U a) and hence it follows from Theorem 2.16(1)

that A is a subsemigroup of S.
2—-4. The proof is similar to 1. O

The next result covers some basic properties, which will be useful in the
sequel.
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THEOREM 2.20. If H is an («, §)-hesitant fuzzy right (left) ideal on a semi-
group S, then HU (S ©@ H) is an («, B)-hesitant fuzzy ideal on S.

PrOOF: Then, by Theorem 2.13, we have

3 (SOHUSOH))) (SOH)U(SO(SOH)))
(SOH)U(E(S®S) O pH)
(SOH)U(E(S®S)®pH)
(SOH)U(“SO*H)
(SOH)U*(SOH)
*HUY(SOH)
“(HU(SOH)),

i

since § is an (a, B)-hesitant fuzzy left ideal on S. Thus, we obtain, H U
(S ©H) is an (o, B)-hesitant fuzzy left ideal on S. Also, we have

s(HUSOH)OS) G(HOS)U((SOH)®S))
s(HOS)Ug((SOH)OS)
CHUBSOg(HOS))
CHU (S © “H)
*(HU(SOH)),

NN

since H is an («, B)-hesitant fuzzy right ideal on S. Therefore HU (S © H)
is an (a, B)-hesitant fuzzy right ideal on S and the proof is completed. [

3. Characterizing regular semigroups

In this section we define the concept of («, 8)-hesitant fuzzy idempotent
sets on semigroups and then by using this idea we characterize the regular
semigroups in terms of hesitant fuzzy left ideals, hesitant fuzzy right ideals
and hesitant fuzzy ideals.

Recall that an element x is said to be regular if there exists an element
s in a semigroup S such that x = xsx. A semigroup S is said to be regular
if every element of S is regular.

First, we define the operation “~3” on a semigroup S. Let o and 8 be
any elements of P([0, 1]). We consider two hesitant fuzzy sets H and G on a
semigroup S. Then we have, H ~% G if and only if sH C *G and 3G C “H.
A hesitant fuzzy set H on a semigroup S is said to be («, )-idempotent
fH~FHOH.
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THEOREM 3.1. Ewery (a, B)-hesitant fuzzy right (left) ideal on a regular
semigroup is («, B)-idempotent.

PROOF: Let H be an (a, §)-hesitant fuzzy right ideal on a regular semi-
group S. Then by Theorem 2.13, we obtain that g (H O H) Cg(HOS) C
*H. On the other hand, let x be any element of S. Then, since S is regular,
there exists an element s in S such that x = xsx. Therefore

*HOH), = (HOH),Ua

= (U’Hamm> Ua

z=ab
(Hos N Hz) Ua
(Haps Ua) N (Hy U )
Hes N gHy
gHz N gHy
s

ie., ®(H©H) 2 gH and the proof is now complete. O

I 1viv I v

By Theorem 3.1, we immediately obtain the following corollary:

COROLLARY 3.2. Every (a, 8)-hesitant fuzzy ideal on a regular semigroup
is (o, B)-idempotent.

In the following theorem we give a characterization of a semigroup that
is regular in terms of (o, 3)-hesitant fuzzy right ideals and (a, §)-hesitant
fuzzy left ideals.

THEOREM 3.3. Let ¢ and ¢ be any elements of P ([0,1]) such that (Ua 2
6N B. For a semigroup S, the following statements are equivalent:

1. S is regular.

2. For every («, §)-hesitant fuzzy right ideal H and every («, 5)-hesitant
Juzzy left ideal F on S, HNF ~F H O F.

PROOF: First assume that S is a regular semigroup. Let H be any («, 3)-
hesitant fuzzy right ideal and F any («, 3)-hesitant fuzzy left ideal on
S. Then by Theorem 2.13, we obtain that g (HOF) C g (HOS) C *H
and g (HOF) C g(SOF) C *F. Consequently we have g (HO F) C
*HNOF = *(HNF). On the other hand, let x be any element of S.
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Then, since S is regular, there exists an element s in S such that x = zsx.
Observe that

CHOF), = (HOF),Ua

= <U7—laﬂ]—"b>Uoz

r=ab

D (HesNFi)Ua

= (HgsUa)N(FpUa)
2 gH.N(FNP)

= M. pFy

= p(HNF),

implies that * (H © F) 2 5 (HNF). Therefore HNF ~F H O F and so
(1) implies (2).

Conversely, assume that (2) holds. Let R and L be any right ideal and
any left ideal of S, respectively. In order to see that RN L C RL holds, let
x be any element of RN L. Then by Theorem 2.18, the (9, ¢)-characteristic
functions acg  and O‘Cé , of Rand Lis an (a, B)-hesitant fuzzy right ideal
and an (a, B)-hesitant fuzzy left ideal on S, respectively. Then it follows
from Lemma 2.17, it follows that

(i), =

Il
e~
)
(=11 =21
©
)
>
C
Q

U
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Hence € RL and so RN L C RL. Since the inclusion in the other
direction always holds, we obtain that R N L = RL. Therefore S is a
regular semigroup and so (2) implies (1). O

Recall that a semigroup S is said to be right (left) zero if zy = y(zy =
z) for all z,y € S. Now, we can give the main result.

THEOREM 3.4. Let ¢ and & be any elements of P ([0,1]) such that (U« 2
6N B. For a regular semigroup S, the following statements are equivalent:

1. The set £(S) of all (o, B)-idempotents of S forms a left (right) zero
subsemigroup of S.

2. For every (a, B)-hesitant fuzzy left (right) ideal H on S, H, ~3 H,
for all z,y € £(S).

PROOF: First assume that (1) holds. Let H be an (a, 8)-hesitant fuzzy
left ideal on S and let x,y € £(5). Since £(S) is a left zero subsemigroup
of S, we have zy = = and yz = y. Observe that “H, = “H,, D gH, and
“Hy = “Hyz 2 gHa, implies that H, ~F H, and hence (1) implies (2).
Conversely, assume that (2) holds. Let x be any element of S. Since
S is regular, there exists an element s € S such that x = xsx. Now
(xszs)(zsxs) = (xsx)s(zsx)s = zsxzs € £(S), implies that £(S) is non
empty. Thus it follows from Theorem 2.18(2) that the (0, ¢)-characteristic
function O‘Cg Sy of the principal left ideal Sy of S is an («, 8)-hesitant fuzzy

left ideal on S. Clearly, (acg Sy)m > (ﬁcg Sy)y = 6N B, which implies that

x € Sy. Therefore, there exist s € S such that z = sy = s(yy) = (sy)y =
xy. Hence £(S) is a left zero subsemigroup of S and so (2) implies (1). O

By Theorem 3.4, we immediately obtain the following corollary:

COROLLARY 3.5. Let ¢ and 0 be any elements of P ([0, 1]) such that (Ua 2
6 N B. For a regular semigroup S, the following statements are equivalent:

1. The set £(S) of all (o, B)-idempotents of S forms an zero subsemi-
group of S.

2. For every («, 8)-hesitant fuzzy ideal H on S, H, ~5 Hy for all z,y €
E(9).

Recall that a semigroup S is said to be left (right) regular if for each

element x of S, there exists an element s € S such that z = sz?(x = 22s).
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From the above discussion, we can immediately obtain the following
theorems.

THEOREM 3.6. Let ¢ and ¢ be any elements of P ([0,1]) such that (U« 2
6N B. For a semigroup S, the following conditions are equivalent.

1. S is left reqular.

2. For every («a, B)-hesitant fuzzy left ideal H on S, H, ~§ Ha2 for all
xeS.

PROOF: First assume that (1) holds. Let H be any (v, 8)-hesitant fuzzy
left ideal on S and let x any element of S. Then, since S is left regular,
there exists an element s in S such that @ = s2?. Hence we have, *H, =
“Hazz 2 gHy2 and “Hye 2 gHy. Therefore H, ~§ H,2 and so (1) implies
(2).

Conversely, assume that (2) holds. Let  be any element of S. Then it
follows from Theorem 2.18(2) that the (4, ¢)-characteristic function O‘Cg G2
of the principal left ideal 22 U Sz? of S is an («, 3)-hesitant fuzzy left ideal

: 2 2 2 aps 5 —
on S. Since z° € z° U Sz, we have ( CCmZUSIZ)w 2 (5(341%3032)12 =

(Cgﬂusscz) , N B =0nNp. This implies that = € 2?2 U Sz?. Hence S is left

regular and so (2) implies (1). O
From Theorem 3.6 we can easily obtain the following corollary.

COROLLARY 3.7. Let ¢ and 6 be any elements of P ([0, 1]) such that (Ua 2
6 N 3. For a semigroup S, the following conditions are equivalent.

1. S is right regular.

2. For every (a, B)-hesitant fuzzy right ideal H on S, H, ~§ H,> for all
zeS.

Recall that a subset A of a semigroup S is said to be semiprime if
for all z € S,2? € A implies x € A. Now, we give the definition of (a, 3)-
hesitant fuzzy semiprime set on a semigroup S, which is a generalization
of the notion of hesitant fuzzy semiprime sets.

A hesitant fuzzy set H on a semigroup S is said to be («, 8)-hesitant
fuzzy semiprime if “H, O gH,> for all x € S.
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THEOREM 3.8. Let ¢ and § be any elements of P ([0,1]) such that { Ua 2
6N B. If P is a non empty subset of a semigroup S, then the following
conditions are equivalent:
1. P is semiprime.
2. The (9,C)-characteristic function O‘Cgp of P is an («a,f)-hesitant
fuzzy semiprime.

PROOF: First assume that P is a semiprime set of S. Let x be any element
of S. We consider the following cases:

1. 22 € P.

2. x¢ Poryé¢P.

Case 1: Assume that 22 € P. Since P is semiprime, we have z € P.

: 5 _ § _

Then, we obtain (QCCP)w =JdUa and (5CCP):E2 =d0Ng.

Case 2: Assume that 22 ¢ P. It is easy to see that (5C2P)x2 =(Ng.
In any case, we have (ﬁcgp)xz - ("‘Cgp)x for all x € S. Therefore, anP
is an (a, 8)-hesitant fuzzy semiprime set on S and hence (1) implies (2).

Conversely, assume that (2) holds. Let z be any element of S such
that 22 € P. Since O‘Césp is an («, §)-hesitant fuzzy semiprime set on S,
it follows that (”‘Cép)w D (56219)12 = (Cép)wz N B = 6N B. Observe that
("‘Cgp) = ) U a, implies that x € P. Therefore, P is a semiprime set of

xr

S and hence (2) implies (1). O

In order to characterize the (o, 3)-hesitant fuzzy semiprime set gener-
ated by a hesitant fuzzy semiprime set in a semigroup, we need the following
theorem.

THEOREM 3.9. If H is an («, B)-hesitant fuzzy subsemigroup on a semi-
group S, then the following conditions are equivalent:

1. H is an («, B)-hesitant fuzzy semiprime set on S.

2. For every x € S, Hy G Hyo.
PROOF: It is clear that (2) implies (1). Assume that H is an («, 8)-hesitant
fuzzy semiprime set on S. Let x be any element of S. Otherwise, we have
My 2 pHyz and “Hy2 D gHE = gH,. Therefore Hy ~3F H,2 and hence
(1) implies (2). O

Recall that a semigroup S is said to be intra-regular if for each element
x of S, there exist elements r and s in S such that z = rz?s. Now we shall
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characterize the intra-regular semigroups in terms of («, §)-hesitant fuzzy
ideals.

THEOREM 3.10. Let ¢ and § be any elements of P ([0,1]) such that (U« 2
oNB. If S is a semigroup S, then the following conditions are equivalent:

1. S is intra-regular.

2. For every (a,B)-hesitant fuzzy ideal on S is («,B)-hesitant fuzzy
semiprime.

3. For every («, B)-hesitant fuzzy ideal H on S, Hy ~§ Hy2 forallz € S.

PROOF: First assume that S is an intra-regular semigroup. Let H be any
(a, B)-hesitant fuzzy ideal on S. Next, let « be any element of S. Then,
since S is intra-regular, there exist elements r and s in S such that z = ra?s,

which implies that

“Hy Hypzs U

Hyp2s U

BHrz2 U

(Hyzz N B) U
(Hrpz Ua) N (BU)
Hygz N (ﬁ @] a)
37‘[1;2 n (6 @] Oé)
HoeNBN(BUQ)
Hez NP

ﬁsz.

([ [ | 1 | A (O |

Thus, we obtain *H,2 D gH,, since H is an («, B)-hesitant fuzzy ideal.
Therefore H, ~§ H,2 and so (1) implies (3).

Assume that (2) holds. Let x be any element of S. Then it follows from
Theorem 2.18(2) that the (6, ¢)-characteristic function acngUSm2U12$USzZS
of the principal ideal 22 U Sz? U225 U S2%S of S is an (a, #)-hesitant fuzzy

: ard ) —
ideal on S. Therefore, ( CCwQUSwZUz2SUSw2S>I =2 (’HC zQUSxQUw2SUSw2S)I2 -

(ng%Sm?uﬂSuSzzS)ﬂ NS = 6N, since 22 € 22USz2Uz2S5USz2S. Clearly,
xr € 22USz2U22SUSx2S. Therefore it is easily seen that S is intra-regular
and so (2) implies (1). It is clear that (2) and (3) are equivalent. O

Now we characterize the intra-regular semigroup in terms of (a, f3)-
hesitant fuzzy left ideals and (o, §)-hesitant fuzzy right ideals.
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THEOREM 3.11. Let ¢ and § be any elements of P ([0, 1]) such that (Ua 2
dNpB. If S is a semigroup S, then the following conditions are equivalent:

1. S is intra-regular.

2. sg(HNF) C *(HOF) for every («,B)-hesitant fuzzy left ideal H
and every (a, B)-hesitant fuzzy right ideal F on S.

PROOF: First assume that S is intra-regular. Let H and F be any («, 5)-
hesitant fuzzy left ideal and any (o, 3)-hesitant fuzzy right ideal on S,
respectively. Next, let x be any element of S. Then, since S is intra-
regular, there exist elements r and s in S such that x = ra%s. Hence we

have,
*HoF), = HoF),Ua

= (U?—Lam}‘b>Ua

rz=ab
(Hyw N Fos) U
(Hrz Ua) N (Frs Ua)
aHT(E ﬂ a]::vs
gH: N gFa
s(HNF),,

Iy

vl

which implies that g (HNF) C *(H © F). Therefore (1) implies (2).
Conversely, assume that (2) holds. Let L and R be any left ideal and

any right ideal of S, respectively. Next, let = be any element of S such that

€ LNR. Then z € L and x € R. By Theorem 2.18 "‘CgL and anR is an

(a, B)-hesitant fuzzy left ideal and an («, §)-hesitant fuzzy right ideal on
S, respectively. Then, by Lemma 2.17, we obtain that

(vctpn), = (€ly), Ve
(CgLQC‘gR) Ua
= a(CgLQCgR -
5(CngCgR)z

- B (CngR>z

(¢2)p) 0B
= 0Ng,

U

U
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which means that x € LR. Therefore we obtain that L N R C LR and
hence S is intra-regular. Thus (2) implies (1). O

In the following theorem we give a characterization of a semigroup that
is both regular and intra-regular in terms of (a, 8)-hesitant fuzzy right
ideals and (c, 8)-hesitant fuzzy left ideals.

THEOREM 3.12. Let ¢ and 0 be any elements of P ([0,1]) such that (Ua 2
dNpB. If S is a semigroup S, then the following conditions are equivalent:

1. S is reqular and intra-reqular.

2. 3(HNF) C *(HOF)N(FOH)) for every (a,B)-hesitant fuzzy
right ideal H and every («, §)-hesitant fuzzy left ideal F on S.

PROOF: First assume that (1) holds. Let H and F be any («, 8)-hesitant
fuzzy right ideal and any («, 5)-hesitant fuzzy left ideal on S, respectively.
Then it follows from Theorems 3.3, 3.11 that g (HNF) C * (H © F) and
s(HNF)=5(FNH) C*(FeH). Therefore g(HNF) C *((HOF)N
(F ®H)) and so (1) implies (2).

Conversely, assume that (2) holds. Let H and F be any («, 8)-hesitant
fuzzy right ideal and any («, 5)-hesitant fuzzy left ideal on S, respectively.
We obtain

g(FNH) = g(HNF)

CgLQCgR Ua
(HoF)N(FoH)
(FOH).

N
2 R

Nl

Thus it follows from Theorem 3.11 that S is an intra-regular semigroup.
Now, we show that S is a regular semigroup. By the assumption, g (H N F)
CH{(HOF)N(FOH)) € *(HOF). On the other hand, g (H o F) C
g(SOF) C*Fand g(HOF) C g(HOS) € *H, which means that
s(HOF) C*HN*F =*(HNF). Hence it follows from Theorem 3.3
that S is regular. Therefore (2) implies (1). O

4. Conclusion

In study the structure of semigroups, we notice that the («, 3)-hesitant
fuzzy sets with special properties always play an important role. The («, §)-
hesitant fuzzy ideals on a semigroup are key tools to describe the algebraic
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subsystems of a semigroup S. By using the point wise (left, right) ideas and
methods, in this paper we defined and studied (a, §)-hesitant fuzzy (left,
right) ideals on semigroups. In particular, we introduced the concepts
of “-hesitant (,-hesitant) fuzzy sets, («, 8)-hesitant fuzzy subsemigroups
and (a, §)-hesitant fuzzy ideals of semigroups, and characterized regular
semigroups in terms of («, 8)-hesitant fuzzy ideals. Furthermore, we prove
that the non empty subset of a semigroup S is a subsemigroup (left ideal,
right ideal, two-sided ideal) of S if and only if the hesitant fuzzy set on S
is the (a, 8)-hesitant fuzzy subsemigroup ((«, 3)-hesitant fuzzy left ideal,
(«, B)-hesitant fuzzy right ideal, («, 8)-hesitant fuzzy two-sided ideal) on
S. As an application of the results of this paper, the corresponding results
of fuzzy sets. We hope that this work would offer foundation for further
study of the theory on semigroups.
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