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Abstract

The notion of positive implicative soju ideal in BC K-algebra is introduced, and
several properties are investigated. Relations between soju ideal and positive
implicative soju ideal are considered, and characterizations of positive implicative
soju ideal are established. Finally, extension property for positive implicative soju

ideal is constructed.
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1. Introduction

Atanassov [4, 5] introduced the notion of “intuitionistic fuzzy set” as a gen-
eralization of the notion of fuzzy set. Using the Atanassov’s idea, Jun et
al. [15] established the intuitionistic fuzzification of the concept of subalge-
bras and ideals in BC'K-algebras, and investigated some of their properties.
They introduced the notion of equivalence relations on the family of all in-
tuitionistic fuzzy ideals of a BC'K-algebra and investigated some related
properties. In 1999, the notion of soft set was introduced by Molodtsov [21]
as a new mathematical tool for dealing with uncertainties. Intuitionistic
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fuzzy set and soft set theory were applied to several aspects (see [1], [2],
(3], [6], [7], [8], [12], [13], [14], [16], [17], [19], [22], [23], [24]). Jun et al. [1§]
introduced a new structure, so called a soju structure, by combining intu-
itionistic fuzzy set and soft set. They applied it to BCK/BCI-algebras,
and introduced the notion of soju subalgebra and soju ideal in BCK/BCI-
algebras. They considered the relation between soju subalgebra and soju
ideal, and provided conditions for a soju structure to be a soju ideal in
a BC K-algebra. They discussed characterizations of soju subalgebra and
soju ideal, and considered homomorphic image and preimage of soju sub-
algebra.

In this paper, we introduce the notion of positive implicative soju ideal
in BCK-algebra, and investigate related properties. We discuss relations
between soju ideal and positive implicative soju ideal, and establish char-
acterizations of positive implicative soju ideal. We construct extension
property for positive implicative soju ideal.

2. Preliminaries

A BCK/BCI-algebra is an important class of logical algebras introduced
by K. Iséki (see [10] and [11]).

By a BCI-algebra, we mean a set X with a special element 0 and a
binary operation * that satisfies the following conditions:

@D (Va,y,z € X) (((zxy) * (z#2)) * (zxy) = 0),
(1) (Va,y € X) ((z* (xxy)) xy = 0),
(IlI) (Vz € X) (z*xx =0),
(V) (Ve,ye X) (xxy=0,yxz=0 = z=y).
If a BCI-algebra X satisfies the following identity:
(V) (Vz e X) (0xx=0),
then X is called a BC'K-algebra.
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Any BCK/BCI-algebra X satisfies the following conditions:

(Ve X)(xx0=2x), (

(Vo,y2 € X) (p<y = oxz<ysz iy<zxz),

(Vo,y,2 € X) ((mry) 2= (z*2)xy), (

(Ve,y,z€ X)((xx2) * (yx2) <xxy) (
where z < y if and only if z xy = 0.

A nonempty subset S of a BCK/BCI-algebra X is called a subalgebra
of X if xxy e S forall x,y € S. A subset I of a BCK/BCI-algebra X is
called an ideal of X if it satisfies:

0el, (2.5)
VMreX)VyeD)(zxyel = xzel). (2.6)

A subset I of a BCK-algebra X is called a positive implicative ideal of
X if it satisfies (2.5) and

(Va,y,z€ X)((zxy)xz€l, yxze€l = xxzel). (2.7)

We refer the reader to the books [9, 20] for further information regard-
ing BCK/BC1I-algebras.

3. Positive implicative soju ideals

In what follows, let U be an initial universe set unless otherwise specified.

DEFINITION 3.1 ([18]). Let X be a set of parameters. For any subset A
of X, let 0 := (iis, Vo) be an intuitionistic fuzzy set in A and (F, A) be
a soft set over U. Then a pair (A, (o; F)) is called a soju structure over
(10,1],0).

Given a soju structure (A, (o; F)) over ([0,1],U), a € 2V and (t,s) €
[0,1] x [0, 1] with ¢t + s < 1, consider the following sets:

po;t)" =A{z € X | o (z) > t},

(
(Vo1 8)x i={z € X [0 (x) < s},
i(Fya):={z e X | F(z) D a}.
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DEFINITION 3.2 ([18]). Let A be a subset of a BCK/BCI-algebra X. A
soju structure (A, (o; F)) over ([0,1],U) is called a soju subalgebra based
on A (briefly, soju A-subalgebra) of X if the following condition is valid.

po (% y) 2 min{po (z), o (y) }
(Vo,ye A) [ zxy € A = ¢ Yo(zxy) <max{v.(2),7%(y)} |. (3.1)
F(zxy) 2 F(z) N F(y)
DEFINITION 3.3 ([18]). Let A be a subalgebra of a BCK/BC1I-algebra X.
A soju structure (A, (o; F)) over ([0,1],U) is called a soju ideal based on
A (briefly, soju A-ideal) of X if the following conditions are valid.

(Vz € A) (16 (0) > p1o(x), 75(0) < 75 (), F(0) 2 F(x)), (3:2)
Mo (CL’) > min{:ua (-T * y>7 Mo (y)}
(Vz,y € A) | 7o(@) < max{vo(z*y),7%(y)} |- (3:3)

F(x) 2 Fzxy) N F(y)
DEFINITION 3.4. Let A be a subalgebra of a BCK-algebra X. A soju
structure (A, (o; F)) over ([0,1],U) is called a positive implicative soju ideal
based on A (briefly, positive implicative soju A-ideal) of X if it satisfies the

condition (3.2) and

o5 2) > minjio (2 % ) % 2), 1o (y  2))

(Vz,y,z € A) | vo(z*x2) <max{v,((xxy) *2),7.(y*2)} |. (3.4)

Flaxz) 2 F((@y) * )0 Fly*2)

ExaMPLE 3.5. Let X = {0,1,2,3,4} be a set with the binary operation
* which is given in Table 1. Then X is a BCK-algebra (see [20]). For
A = X, consider a soju structure (A, (o; F')) over ([0,1],U) which is defined
by Table 2 where a1 2 a2 2 a3z 2 as # 0 in U. It is routine to verify that
(A, (o; F)) is a positive implicative soju A-ideal of X.

We discuss relations between soju ideal and positive implicative soju
ideal.

THEOREM 3.6. In a BCK-algebra, every positive implicative soju ideal is
a soju ideal.

PROOF: For any subalgebra A of a BCK-algebra X, let (A, (03 F)) be a
positive implicative soju A-ideal of X. If we take z = 0 in (3.4) and use
(2.1), then we have (3.3). Hence (A4, (o; F)) is a soju A-ideal of X. O
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Table 1. Cayley table for the binary operation “x

* 0 1 2 3 4
0 0 0 0 0 0
1 1 0 1 0 0
2 2 2 0 2 0
3 3 3 3 0 0
4 4 4 3 2 0

Table 2. Tabular representation of (A, (o; F))

A fio () Vo () F(z)
0 0.7 0.1 a
1 0.5 0.2 as
2 0.6 0.4 a
3 0.3 0.3 ay
4 0.3 0.4 ay

The converse of Theorem 3.6 is not true as seen in the following exam-
ple.
EXAMPLE 3.7. Let U = Z be the initial universe set and let X = {0, 1,2, 3}
be a set with the binary operation * which is given in Table 3.

[13%2

Table 3. Cayley table for the binary operation “x

W N = O %
(VU R el N es)
W = O Ol
W O O O
SN = O W

Then (X, *,0) is a BCK-algebra (see [20]). For A = X, let (A, (0; F)) be
a soju structure over ([0,1],U) which is defined by Table 4. It is routine
to check that (A, (o; F)) is a soju A-ideal of X. But it is not a positive
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Table 4. Tabular representation of (A, (c; F))

A @) W@ Fa)
0 0.7 0.2

1 0.5 0.3 4N
2 0.5 0.3 4N
3 0.4 0.5 2N

implicative soju A-ideal of X since
po(2%1) = pr(1) = 0.5 2 0.7 = min{ps (2% 1) 1), us (1 % 1)},

Yo (2% 1) =75(1) = 0.3 £ 0.2 = max{y,((2* 1) * 1), v, (1 1)},
or F(2%1)=F(1) =4N 2N =F((2%1) 1) N F(1 % 1).
LEMMA 3.8 ([18]). Given a subalgebra A of a BCK/BCI-algebra X, let
(A, (03 F)) be a soju A-ideal of X. If the inequality = <y holds in A, then
po(T) 2 1o (y), Vo (¥) <70 (y) and F(x) 2 F(y).
We provide conditions for a soju ideal to be a positive implicative soju

ideal.
THEOREM 3.9. Let A =X be a BCK-algebra. Given a soju structure (A,
(o; F)) over ([0,1],U), the following are equivalent.

(1) (A, (0; F)) is a positive implicative soju A-ideal of X .

(2) (A, (0; F)) is a soju A-ideal of X satisfying the condition

to (T y) = po((z *y) *y)
(Va,y € A) 'y:,(x xqy) < :yc,((:v *y) *y) ) (3.5)

F(zxy) 2 F((zxy) xy)
(3) (4, (o3 ﬁ‘)) is a soju A-ideal of X satisfying the condition
pro (2% 2) * (y * 2)) = po((zxy) * 2)

(Vx,y,z € A) 7~U((m x2)* (y*2)) < ~m,((:v *Y) * 2) . (3.6)

PROOF: Assume that (A, (o; F)) is a positive implicative soju A-ideal of
X. Then (A, (0; F)) is a soju A-ideal of X by Theorem 3.6. Taking z =y
in (3.4) implies that
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fo (2 % y) > min{u, ((z * y) * y), po (y * y) }
= min{y, ((z * y) * y), 1s(0)}
= o ((z % y) *y),

Yo (z xy) < max{v,((z *y) *y), 7% (y*y)}
= max{7, ((z * y) *¥),7-(0)}
=7 ((z*y) *xy),

and
Flzxy) D F((xxy)*y) NEF(y*
= F((zxy)*y) N F(y
= F((z*y) *y).

Hence (2) is valid. Let (A, (o; F)) be a soju A-ideal of X that satisfies the
condition (3.5). Note that

for all z,y,z € A. Hence

po(((z % (y * 2))  2) ¥ 2) 2 po((x % y) * 2),

Vo (2 (y * 2)) % 2) x 2) <70 ((2 *y) * 2),

and
F(((z % (y*2)) % 2) % 2) 2 F((z % y) *2)
by Lemma 3.8. It follows from (2.3) and (3.5) that
po (5 2) % (y * 2)) = pio (2 % (y  2)) * 2)
> po(((x  (y * 2)) % 2)  2)
> po((2 +y) * 2),
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and
21?(((?6*(1/*2))*2)*2)
Therefore (3) holds. Finally, let (A, (o; F)) be a soju A-ideal of X that

satisfies the condition (3.6). Then

fro (% 2) = min{pg (2 + 2) * (y * 2)), o (y * 2)}
> min{uo ((z *y) * 2), 1o (y * 2)},

Yo (z * 2) < max{v,((z * 2) * (y * 2)), 7. (y * 2)}
< max{y,((z *x y) * 2), ¥ (y * 2) },

and

for all z,y,2 € A by using (3.3) and (3.6). Therefore (A, (c; F)) is a
positive implicative soju A-ideal of X. O

OF
OF

THEOREM 3.10. Let A= X be a BCK-algebra. Then a soju structure (A,
(o3 F)) over ([0,1],U) is a positive implicative soju A-ideal of X if and only
if (A, (o; F)) satisfies the condition (3.2) and

pio (@ + y) = min{po (((z * y) * y) * 2), o (2)}

(Va,y,2 € A) | Yol2xy) < max{yo(((z *y) *y) * 2),70(2)} (3.8)
PROOF: Assume that (A, (o; F)) is a positive implicative soju A-ideal of
X. Then (A, (0;F)) is a soju A-ideal of X by Theorem 3.6. Hence the
condition (3.2) holds. Using (3.3), (2.1), (2.3), (III) and (3.6), we have
1o (2) }

)% (Y *y))s 1o (2)}
) *Y), po(2)}
) * 2), 1o (2)}

po (% y) = minfpo ((z + y) * 2),
= min{pe (((z * 2) xy
> min{p, (((z * 2) xy

(( y

= min{us (((x * y) *
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and

for all x,y, 2 € A, which proves (3.8).
Conversely, suppose that a soju structure (A, (o; F)) over ([0,1],U)
satisfies two conditions (3.2) and (3.8). Then
fio (7) = pio (% 0) = min{pg (((z * 0) % 0) * 2), o (2)}
= min{ e (2 * 2), iy (2)
(
)

Vo (2) = 7o (2 % 0) < max{y,

= max{7,(z * 2),7 (2

and F(z) = F(z % 0) D (((:U*O) 0) * 2z) N F(z) = F(z % z) N F(z) for

all z,z € A. Hence (A, (0; F)) is a soju A-ideal of X. If we take z = 0 in
(3.8), then

2
((z % 0) % 0) x 2),75(2)}
2

to (2 * y) > min{ue (((z * y) * y) * 0), uo(0)}

= min{u, ((z *y) *y), 4o (0)} = po ((z * y) * y),
Yo (% y) < max{y, (((z *y) *y) *0),7,(0)}

= max{"((z *y) *¥),7(0)} = 7 ((z *y) * y),

and
F(z*y) 2 F(((z+y)*y)*0)N F(0)
= F((zxy) *y) NF(0) = F((zxy) *y)

for all z,y € A. Tt follows from Theorem 3.9 that (A, (o; F)) is a positive
implicative soju A-ideal of X. O
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LEMMA 3.11 ([18]). Given a subalgebra A of a BCK/BCI-algebra X, every
soju A-ideal (A, (0:F)) of X satisfies the following assertion.

to(x) = min{po (y), to(2)}
(Ve,y,z€ A) |zxy <z = Yo (x) < max{m,( ), v (2)} . (3.9

F) o Pl 0 Py

THEOREM 3.12. Given a subalgebra A of a BCK-algebra X, if every soju
structure (A, (o3 F)) over ([0,1],U) satisfies the condition (3.9), then it is
a soju A-ideal of X.

PROOF: Assume that (A, (o; F)) satisfies the condition (3.9). Since 0%z <
z for all z € A, we have 1,(0) > pio (), 75(0) < 7o (x) and F(0) D F(z)
for all z € A by (3.9). Note that (x* (x*y))*y =0, that is, zx (xxy) <y
for all z,y € A. It follows from (3.9) that pg(z) = min{pus(z * y), pe(y)},
Yo () < max{yy(z*y), 7 (y)}, and F(x) D F(zxy)NF(y) for all 2,y € A.
Therefore (A, (o; F)) is a soju A-ideal of X O

The following corollary can be easily proved by induction.
COROLLARY 3.13. Given a subalgebra A of a BCK-algebra X, every soju
structure (A, (o3 F)) over ([0,1],U) is a soju A-ideal of X if and only if
the following assertion is valid.

n ,UU(Z') > min{ﬂ'a(az) ‘ 1= 1727"' ,TL}
l‘*Hai:O = Vo(x)<max{70 )‘1:1727"‘771} (3.10)

for all x,a1,a2,-++ ,a, € A, where v« [['_ja; = (- (xxay) ) *xay.
THEOREM 3.14. Let A= X be a BCK -algebra. Then a soju structure (A,
(o3 F)) over ([0,1],U) is a positive implicative soju A-ideal of X if and only
if (A, (03 F)) satisfies the following assertion.

pio (2 * y) = min{us (a), 1o (0)}
(zxy)xy)xa<b = ¢ 7(r*xy) <max{y,(a),7,(b)} (3.11)
F(xzxy) 2 F(a) N F(b)

for all x,y,a,b € A.



Positive Implicative Soju Ideals in BC K -Algebras 11

PROOF: Suppose that (A, (o; F)) is a positive implicative soju A-ideal of
X. Then (A, (5;F)) is a soju A-ideal of X by Theorem 3.6. Suppose that
((x*y)*y)*a<bforall z,y,a,b € A. Then

fo (2 % y) > pio((z + y) *y) = min{pu,(a), uo(b)},

Yo(z *y) < Yo ((z*y) *y) < max{ys(a),7,(b)},

and F(zxy) D F((z*y) *y) 2 F(a) N F(b) by (3.5) and Lemma 3.11.

Conversely, assume that (A, (o; F)) satisfies the condition (3.11). Let
x,a,b € A be such that z xa < b, that is, (x *xa) *b = 0. Then (((x * 0) *
0) * a) * b = 0, that is, ((z * 0) % 0) * @ < b, which implies from (2.1) and
(3.11) that (@) = pto (& +0) > min{ag (@), 1 (B)}, 70 (2) = 0 (w 0) <
max{7y(a), v, (b)} and F(z) = F(z%0) 2 F(a)NF(b). Hence (A, (o; F)) is
a soju A-ideal of X by Theorem 3.12. Since (((z*y)*y)*((x*xy)*y))*0 =0
for all x,y € A, we get

tro (% y) > min{p, ((z * y) * y), 4o (0)} = 1o ((x * y) xy),

Yo (2 % y) < max{y,((z *y) *y),7:(0)} = 7o ((z * y) xy),

y)
and F(x * ) D F((x sy)*y) NF(0) = F((z xy) *y) by (3.11) and (3.2).
Therefore (A, (o; F')) is a positive implicative soju A-ideal of X by Theorem
3.9. O

THEOREM 3.15. Let A = X be a BCK-algebra. Then a soju structure (A,
(o; F)) over ([0,1],U) is a positive implicative soju A-ideal of X if and only
if (A, (0 F)) satisfies the following assertion.

m{ﬂa(a)v o(b)}
max{,(0), 70 (6)}
F(a) N F(b)

o (4 2) x (y 5 2)) 2
((xxy)x2)xa<b = Yol(m*2) % (y* 2)) <
D)

m
ma.

(3.12)

for all x,y,z,a,b € A.

PROOF: Assume that (A, (o; F)) is a positive implicative soju A-ideal of
X. Then (A, (o; F)) is a soju A-ideal of X by Theorem 3.6. Suppose that
((x*xy)*2)xa <bforall z,y,2,a,b € A. Then
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po (T % 2) % (y * 2)) > po((z * y) * 2) > min{pe(a), 1o (b)},

Yo ((z * 2) * (y* 2)) < Yo ((x*y) * 2) < max{v,(a),7,(b)},

*y)
and F((z*z) % (yx2)) D F((zxy)*2) 2 F(a)NF(b) by (3.6) and Lemma
3.11, which proves (3.12).
Conversely, suppose that (A, (o; F')) satisfies the condition (3.12). Let
x,y,a,b € A be such that ((x *y) *xy) *a < b. Then

o (T xy) = po((z * y) * (y xy)) > min{puy(a), us ()},

Yo (% y) = Yo ((x *y) * (y *y)) < max{v,(a),7,(b)},

and F(zxy) = F((xxy)* (y*y)) 2 F(a) N F(b) by (III), (2.1) and (3.12).
Therefore (A, (o; F')) is a positive implicative soju A-ideal of X by Theorem
3.14. U

The above two theorems have more general form.
THEOREM 3.16. Let A = X be a BCK -algebra. Then a soju structure (A,
(o F)) over ([0,1],U) is a positive implicative soju A-ideal of X if and only
if (A, (0 F)) satisfies the following assertion.

to(zxy) > min{p,(a;) |i=1,2,--- ,n}
(

((m*y)*y)*Haz =0 = ’yf,(x*y) < max{, Elz) |i=1,2,--- ,n}
i=1 F(zxy) 2 _719 F(a;)
(3.13)
for all x,y,a1,a2, -+ ,a, € A.

PROOF: Let (4, (o; F)) be a positive implicative soju A-ideal of X. Then
(A, (03 F)) is a soju ideal of X by Theorem 3.6. Assume that ((z*y)*y) *
[T, a; =0 for all z,y,a1,as, -+ ,a, € A. Using (3.5) and Corollary 3.13,
we get

po (@ *y) = pio((w +y) xy) = min{pg(a;) | i =1,2,--- ,n},

Vo2 xy) < Yo ((zxy) xy) <max{y,(a;) [i=1,2,--- ,n},
and F(zxy) D F((x*y)*y)2 () Fl(a;), which proves (3.13).
1=1,2,---,n

? )
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Conversely, suppose that (A, (o; F)) satisfies the condition (3.13). Let
x,y,a,b € A be such that ((z x y) xy) *a < b. Then p,(x *xy) >
min{/is (a), 1o (0)}, Vo (2 * y) < max{vy,(a),7-(b)}, and F(z *y) 2 F(a) N
F(b) by (3.13). It follows from Theorem 3.14 that (4, (o; F)) is a positive
implicative soju A-ideal of X. O

THEOREM 3.17. Let A = X be a BCK -algebra. Then a soju structure (A,
(o3 F)) over ([0,1],U) is a positive implicative soju A-ideal of X if and only
if (A, (0 F)) satisfies the following assertion.

po ((z 5 2)  (y x 2)) = min{pe(a;) | i =1,2,--- ,n},
(e (e ) <maxtonla) [i= L2 o) (3
Fllxz)*(yxz))2 1 Fla)
1=1,2,-- \n
for all z,y,z,a1,a9, -+ ,a, € A with ((x xy) * z) * H?:l a; = 0.
PROOF: It is similar to the proof of Theorem 3.16. U

LEMMA 3.18 ([18]). In a BCK-algebra X, every soju ideal is a soju subal-
gebra.
THEOREM 3.19. Let X be a BCK-algebra and let o € 2V and (t,s) €
[0,1]x[0,1] with t+s < 1. Given a soju structure (A, (o; F)) over (0, 1],U)
where A = X, the following are equivalent.

(1) (A, (0 F)) is a positive implicative soju A-ideal of X .

(2) The sets (po;t)*, (Vo3 8)« and i(F; ) are positive implicative ideals

of X when they are nonempty.

PROOF: Assume that (A, (o; F)) is a positive implicative soju A-ideal of
X. Then (A, (0;F)) is a soju A-subalgebra of X by Theorem 3.6 and
Lemma 3.18. Let a € 2Y and (t,s) € [0,1] x [0,1] be such that ¢t +s < 1
and (o3 t)*, (705 8)« and i(ﬁ’; «) are nonempty. Then there exist a,b,c € A
such that a € (po;t)*, b € (Y4;5)s and ¢ € i(F;a). It follows from (III)
and (3.1) that

#o(0) = po(ax a) > min{uy(a), po(a)} = pio(a) > ¢,
V5(0) = 75(b+ b) < max{ry,(b),70(b)} = 75(b) <s,

and F(0) = F(cxc) D F(e)n F(c¢) = F(c) 2 a. This shows that 0 € (ug;1)*,
0 € (79:5)s and 0 € i(F; ). Let z,y, 2 € Abe such that (zxy)*z € (ig;t)*
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and y *x 2z € (o3 t)*. Then p,((x *y) * 2) >t and p,(y * 2) > t. It follows
from (3.4) that

fio (2 2) = min{p, (2 *y) * 2), po(y * 2)} > ¢

and so that = x z € (ue;t)*. Now, suppose that (a % b) * ¢ € (70;5)+ and
bxc € (Vy;9)« for all a,b,c € A. Then v,((a*b) xc) < s and v,(bxc) < s.
Hence

Yo (ax ¢) < max{y,((axb)*c),v,(bxc)} < s,

and s0 a*c € (V5;8)«. Let z,y, 2 € A be such that (z*y)* 2z € i(F;a) and
y*z € i(F;a). Then F((x*y)*z) D aand F(y* z) D o, which implies
from (3.4) that

Flaxz) 2 F((zxy)*2) N F(y+2) 2 a.

Hence z * z € i(F; ). Therefore (tio;t)*, (Vo3 5)s and i(F;«) are positive
implicative ideals of X.

Conversely, suppose that (s;t)*, (74:5)s and i(F; ) are positive im-
plicative ideals of X for all a € 2V and (¢, s) € [0,1] x [0,1] with t +s < 1,
(o t)* # 0, (Vo3 8)« # 0 and i(F;a) # 0. Then (uo;t)*, (Vo3 $). and
i(F; ) are subalgebras of X. Let 2,y € A be such that u,(z) = t; and
Uo(y) = to. If we take t = min{ty,t2}, then z,y € (uy;t)* and thus
x*y € (uy;t)*. Hence

po (2 xy) > t = min{ty, ta} = min{pe (), po (y)}- (3.15)

If we put = y in (3.15) and use (III), then u,(0) > p, () for all x € A.
Similarly, we know that 7,(0) < v,(x) for all x € A. For any a,b € A, if
we take o = F(a) N F(b), then a,b € i(F; ). Thus axb € i(F; ), and thus

F(axb) D a= F(a) N E(b).

Taking a = b implies F(0) D F(a) for all @ € A. Let x,y,2 € A be such
that pe((z*y) * 2) = t; and py(y * 2) = to. Taking t = min{ty, t2} implies
that (zxy)*xz € (ue;t)* and y* 2z € (uy;t)*, and so xxz € (ug;t)*. Hence

o(@ % 2) > ¢ = minty, to} = min{p, (@ + y) * 2), 1o (y % 2)).
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If we put s = max{v,((z * y) * 2),7v(y * 2)} for all z,y,z € A, then
(x*xy)*z € (V5;5)x and y % 2z € (75;5)«. Hence x * z € (75;5)x, which
implies that

Vo (@ % 2) <8 = max{, (2 *y) * 2),76 (y * 2)}-

For any a,b,c € A, let @ = a;Nag where oy = F((axb)*c) and ag = F(bxc).
Then (axb) xc € i(F;«a) and bx ¢ € i(F;«a), and thus a * ¢ € i(F;a). Tt
follows that

Flaxc)Da=a3Nag = F((axb)*c)NF(b*c). (3.16)
Therefore (A, (o; F)) is a positive implicative soju A-ideal of X. O

Note that a soju ideal might not be a positive implicative soju ideal (see
Example 3.7). But we have the following extension property for positive
implicative soju ideal.

THEOREM 3.20. Given a BCK -algebra X and A = X, let (A, (0; F)) and
(B, (6;G)) be soju A-ideals of X such that

(1) 10(0) = 15(0), 7 (0) = 75(0), F(0) = G(0).

(2) (Vo€ A) (o) < ps(2),70 () = 75(2), F(z) € G(2)).
If (A, (a;ﬁ)) is a positive implicative soju A-ideal of X, then so is (B,
(0;G)).
PROOF: Assume that (A, (o; F)) is a positive implicative soju A-ideal of
X. Let x,y,z € A. Using (2.3), (3.6) and (III), we have

AVARLY,

t’;t;:t’;t
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Vo (@ 2) * (y * 2)) * ((z *y) * 2))
=v5(((z * 2) * ((zxy) x 2)) * (y * 2))
=75(((2 * ((z*y) x 2)) x 2) * (y * 2))
< Yo(((@ ((z % y) *2)) * 2) * (y * 2))
< Yo(((@x ((z xy) x2)) xy) * 2)

= Yo (((z xy) * ((z xy) * 2)) * 2)

= Yo (((z xy) * 2) = ((x * y) x 2))
=7(0) = 75(0),

and

G(((x % 2) * (y  2)) * (2 * y) * 2))

= G(((xx2)* ((zxy) * 2)) * (y * 2))
= G(((z* ((xxy)*2)) * 2) * (y * 2))
D F(((zx ((wxy)*2)) % 2) % (y* 2))
D F(((z* ((wxy)x2)) *y) * 2)

= F(((zxy) * ((zxy) x2)) * 2)

= F(((z *y)  2) * ((z % y) * 2))

= F(0) = G(0)

It follows from (3.2) and (3.3) that

ps (0 # 2) * (y * 2)) = min{ps (2 + 2) * (y * 2)) * (2 *y) * 2)), ps((x + y) * 2)}
> min{5(0), ps((z + y) * 2)} = ps(( x y) * 2),

Yo ((z * 2) * (y * 2)) = max{ys(((z * 2) * (y * 2)) * (zxy) * 2)), vs((x *y) * 2)}
< max{75(0),7s((z *y) * 2)} = 75((@ *y) * 2),
and
G((zx2)* (y* 2)) = G(((w % 2) * (y + 2)) * ((x* y) * 2)) NG((x*y) * 2)
2 G(0)NG((axy) *2) = G((w xy)  2)

for all z,y,z € A. Therefore (B, (6;G)) is a positive implicative soju
A-ideal of X. d
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