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Abstract

We formulate a certain subtheory of Ishimoto’s [1] quantifier-free fragment of
Lesniewski’s ontology, and show that Ishimoto’s theory can be reconstructed in
it. Using an epimorphism theorem we prove that our theory is complete with
respect to a suitable set-theoretic interpretation. Furthermore, we introduce
the name constant 1 (which corresponds to the universal name ‘object’) and we
prove its adequacy with respect to the set-theoretic interpretation (again using
an epimorphism theorem). Ishimoto’s theory enriched by the constant 1 is also
reconstructed in our formalism with into which 1 has been introduced. Finally we
examine for both our theories their quantifier extensions and their connections
with Lesniewski’s classical quantified ontology.

Keywords: Lesniewski’s ontology, elementary ontology, quantifier-free frag-
ment of ontology, copula ‘is’, calculus of names, ontology-like theories, sub-
theories of Le$niewski’s ontology.

Introduction

The first part of this paper (sections 1-5) is an introduction to first-order
and quantifier-free theories with Le$niewski’s copula ‘is’ (‘¢’). Some of
these theories also have the name constant 1 (which corresponds to the
universal name ‘object’). We present various connections between these
theories and their semantic investigation in the following standard set-
theoretic interpretation of ‘is’ and ‘object’ (in an arbitrary family F of

sets):
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XerY < X is a singleton and X CY,
1-=UF.

Notice that quantifier-free theories can be treated as pure (i.e., quantifier-
free) calculi of names, in which individual variables are schematic letters
for general names and specific symbols are appropriate logical constants.

In Section 6 we formulate a subtheory of the quantifier-free fragment
ontology presented by Ishimoto in [1]. Using an epimorphism theorem we
show that this subtheory is complete in the following set-theoretic seman-
tics for ‘is’ (in an arbitrary family F of sets):

XerY < 0# X CY or both X is a singleton and X =Y.

We reconstruct Ishimoto’s theory in this subtheory. (Notice that X ex Y
iff X ex X and X exY.) We also put in place conditions that suffice for us
to obtain Leéniewski’s elementary ontology on the basis of our subtheory.

In Section 7 we introduce into our formalism the constant ‘1’ and prove
its completeness again using an epimorphism theorem. Ishimoto’s theory
enriched by ‘17 is also reconstructed in our subtheory with 1. We examine
the connections both theories have with Le$niewski’s first-order ontology.

In Section 8 we study the possibility of defining the predicate designated
by our subtheory (i.e., for the relation €5) in the quantifier-free ontology
and the first-order ontology.

1. Open first-order theories vs pure calculi of names

Let L be a first-order language. A formula of L is said to be open iff it does
not contain any quantifiers (i.e., if it does not contain any bound individual
variables). Let L° be the language of open formulas in L (i.e., the alphabet
of L° obtained from the alphabet of L by omitting quantifiers and bound
individual variables). If F denotes the set of all formulas of L then F°
denotes the set of all open formulas in L.

Notice that all open theses of any first-order theory we can treated as
universal. Thus, any open thesis ¢(x1,...,z,) is equivalent to the closed
thesis Vaq ...V, p(z1,...,2,).

By a quantifier-free theory we understand any theory which for some
first-order language L satisfies the following three conditions:
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1. it is built from the set F*° of open formulas of L,

2. the set of its theses includes the set of formulas from F° which are
instances of classical tautologies,

3. the set of its theses is closed under modus ponens and the rule of sub-
stitution for free individual variables.

Remark 1.1. Quantifier-free theories understood in the above way can be
treated as pure (i.e., quantifier-free) calculi of names, in which individual
variables are schematic letters for general names and specific symbols are
appropriate logical constants. Of course, when we examine pure calculi of
names, we can replace individual variables ‘x’, ‘y’, ‘2’, etc., with appropriate
schematic name letters, e.g.: ‘S’, ‘P’, ‘M, etc. (cf. [3, pp. 11-22] and [4,
pp. 5-6]). m]
Remark 1.2. Models for pure calculi of names are ordered pairs of the form
(U,d), where U is any set (a universe) and d is a function of denotation
from Var into 2Y, i.e., for any variable & we assign a subset of U which is
treated as a reference of x (cf. [3, pp. 25-27] and [4, pp. 6-7]). O

In both cases where T is a first-order theory or T' is a quantifier-free
theory, the set of all theses of T will be denoted by Th(T).

Let T be a first-order theory built in a set of formulas F. By a
quantifier-free fragment of T' we understand a quantifier-free theory whose
theses are all these and only those open formulas of F° which are theses
of T'. Formally, a quantifier-free theory IV is a propositional quantifier-free
fragment of a first-order theory T iff Th(IN) = F° N Th(T). Obviously,
T may not have a quantifier-free fragment, but if it has a such fragment,
it is only one.

A first-order theory T is said to be open iff all specific axioms of T' are
open formulas. In this case, let T° be a quantifier-free theory built in F*°
and having the same specific axioms as T'. It is known that (cf., e.g., [6,
p. 329]):

THEOREM 1.1. For any open first-order theory T, the quantifier-free theory
T° is the quantifier-free fragment of T, i.e., Th(T°) = F° N Th(T).
2. Two elementary Lesniewskian ontologies

Lesniewski’s original ontology investigated the copula ‘is’ represented by
the sign ‘e’ This theory is creative in the following sense: it has a creative
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language and creative definitions (see, e.g., [7, 8, 5]). The only axiom of
Lesniewski’s ontology is the following formula:

xey < zzex AVzyu(zex Auex = zeu)AVz(zex = zey)  (A)

To avoid creativity in ontology, it is studied as a first-order theory (see,
e'g" [27 77 5})'

2.1. The theory A

Let L, be a first-order language (without equality) with exactly one specific
constant — the binary predicate ‘¢’. Moreover, let For, be the set of all
formulas of L, and Fory be the set of all open formulas from For.

In [10, 5], the first-order theory in the set For, based only on axiom ()
is examined. We denote this theory by ‘A’ Directly from the axiom we
obtain:

Fact 2.1. The following formulas are theses of A:

xex & dzzex ANVzu(zex ANuex — zeu) (%)
Tey > TEX (e1)

TEYANYyez ST EZ (e2)

TEYAYEY S YEeT (e3)

TEYNYEZ S YET (e4)

FacT 2.2. 1. From (e4) we obtain (e3). From (e1) and (e3) we obtain (e4).
2. From (e1)—(e3) we obtain the “— 7 part of (A):

rxey = JzzexAVzyu(zex Auex — zeu) AVz(zex — zey) (22)
3. From (e3) and (e2) we obtain the “—= 7 part of ($):
rex — Jzzex AVzu(zex Auexr — 2z eu) (~$)
4. The converse implications:

Jzzex AVzyu(zexAuexr — zeu) > zex (+$)
Jzzex AVz,u(zex ANuex — zeu)AVz(zex = zey) >z ey (+A)

we do not obtain from (e1)—(e4q).

PRrROOF: Ad 4. In the L.-structure A = (Us, e9), where Uy := {0,1} and
eq = {(0,0), (0,1)}, formulas (e1)—(e4) are true, but (+$) is not true. 0O
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It is easy to see that directly from (+$) we obtain («A). Thus,
FACT 2.3. The sets {(e1), (e2), (e3), (+$)} and {(e1), (€2), (¢4), (+$)} create
other axiomatizations of A. So we have:
Th(A) = Th((e1)+(e2)+(e3)+(+$))
= Th((e1)+(e2)+(ea)+(<$)).

2.2. The theory EO

In [2] Iwanu$ examined the first-order theory which he called the elementary
ontology and which he denoted by ‘EO’. The theory is based on ()) and
the following two axioms:

VedyVz(z ey <> zez A 2z€ex)
Vo, ydzVu(ue z <> uex Auey)
Jwanu$ proved that these three axioms are enough to obtain a whole ele-
mentary ontology, i.e., for any formula ¢ in which the variable ‘y’ is not
free we obtain the following thesis (see [2, Theorem 1.1al):
YWVz(zey < zez A g) (%)

Moreover, for any variable & which is different from the variable ‘y’ and
any formula ¢ in which ‘y’ is not free we obtain the following thesis (see,

e.g., [9]):
2 YWVz(zey <> zex Ap)

So in EO we can introduce the definitions of name-forming functors and
name constants constructed in the way Le$niewski wanted:

Vz(z e f(wr,...,xn) <> zex Npy), foraxe{z,z,...,2,} (af f)
Vz(zen<> ze 2 A y) (df n)
where ‘2’, ‘x,’, ..., ‘z,’ may be the only free variables in ¢ and ‘z’ may
be the only free variable in ¢, (cf. [2, 5]). Formulas ¢ and ¢, may be
instances of classical tautologies. Then we can omit them and from (df n)

in the language L with the constants ‘€’ and the name constant ‘1’ we
obtain the following definition of ‘1’

zeleozex (af 1)

Thus, in the theory EO we can define the constant ‘1°, which in Le$niewski’s
theory represents the universal general name ‘object’.
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It is known that A is a proper subtheory of EO, i.e.,
Th(A) € Th(EO).
For example, the following thesis of EO:
INVz(z ey <> 2 € 2) (%)

is not a thesis of A. So (df 1) cannot be a definition in A.
Theories EO and A have, however, the same open theses (see Theo-

rem 4.4), i.e.,
For? N Th(EO) = For? N Th(A).

2.3. Set-theoretic interpretations

In this paper we will only consider first-order languages that have one
or both of the binary predicates ‘¢’ and ‘€*’ and a possible name con-
stant ‘1°. For any first-order language L, any interpretation of L (for short:
L-structure) is an relational structure with a universe Uy in which a binary
predicate 7 is interpreted as a binary relation 7y in Uy and, optionally,
the constant 17 is interpreted as a member of Uy. For any L-structure 2,
let Ver(2() be the set of all formulas of L which are true in 2L

A L-structure 2 is epimorphic to a L-structure B iff there is a mapping
f from Ug onto Us such that for any predicate m of L and arbitrary
a,b € Uy we have: (a,b) € mq iff (f(a), f(b)) € mxw; and, optionally,
f(y) = 1. It is well known that if a L-structure 2 is epimorphic to a
L-structure B then Ver(2) = Ver(B).

Special L-structures are set-theoretic L-structures in which Uy is any
non-empty family F of sets and for any binary predicate 7, the relation 7y
is determined in F by a set-theoretic formula ®,(X,Y"). This relation will
be denoted by mr.

For ‘e’ the formula ®.(X,Y) has the following form:*

X is a singleton and X C Y.
That is, we put:
er = {(X,Y) e F?: 9., (X,Y)}. (df ex)

Optionally, if L has the constant ‘1°, then for any non-empty family F of
sets we put 17 :=JF.

IFor the predicate ‘¢*’ the formula ® ¢ (X,Y) will be given on p. 250.
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We say that a non-empty family F of sets is an s-family iff {p} € F,
for any p € |JF. We say that a field F of sets is an s-field iff it is a s-
family. A special L-structure with a universe F is s-special (resp. p-special;
sf-special) iff F is an s-family (resp. a power set; an s-field).

2.4. Epimorphism theorems for A and EO

In [10] the following theorem is proved:?

THEOREM 2.4 ([10]). An L.-structure is a model of A iff it is epimorphic
to an s-special L -structure.

Thus, we obtain:

THEOREM 2.5 ([10]). ¢ € Th(A) iff ¢ is true in any s-special L -structure.

PrROOF: “=7" Obvious. “<” Let ¢ be true in any s-special L,-structure
and let 2 be an arbitrary model of A. In virtue of Theorem 2.4, 2 is
epimorphic to a s-special L¢-structure B; so we have Ver(2) = Ver(B).
But ¢ € Ver(8), by the assumption. Hence ¢ € Ver(2(). So ¢ is true in all
models of A. Thus, ¢ € Th(A), by Godel’s completeness theorem. a

In [2, Theorem 3.II] it is proved that:
THEOREM 2.6 ([2]). ¢ € Th(EO) iff o is true in any p-special L -structure.

Although Theorem 2.6 holds, not every model of EQ is epimorphic to
a p-special Lg-structure. But in [5] the following theorem is proved:

THEOREM 2.7 ([5]). An Le-structure is a model of EO iff it is epimorphic
to an sf-special L -structure.

Thus, we obtain (as Theorem 2.5):
THEOREM 2.8. ¢ € Th(EO) iff ¢ is true in any sf-special L, -structure.

Because every sf-special L¢-structure with set-theoretic operations U,
N and — is an atomic Boolean algebra, Theorem 2.8 is a semantical proof
the fact that the theory EO is definitionally equivalent to the first-order
theory of atomic Boolean algebras (see [5, Section 9]). A syntactic proof
of this fact has been presented in [2, Theorem 2.1].

2For the proof see also the proof of Theorem 3.3 and footnote 3.
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3. Theories EO and A with the name constant ‘1’

3.1. The theory EO+(df 1)

We wrote that we can define in the theory EO the name constant ‘1’ by
(df 1). Obviously, we must extend the language L. to Lg and add to
EO the definition (df 1). Let us denote by EO+(df 1) this conservative
extension of EO in the set Forg of formulas. Since (df 1) is true in all
special structures, from Theorem 2.6 we obtain:

COROLLARY 3.1. 1. An L -structure is a model of EO+(Af 1) iff it is

epimorphic to an sf-special Ly -structure.
2. ¢ € Th(EO+(df 1)) iff ¢ is true in any sf-special Lg -structure.

3.2. The theory Al

As we mentioned on page 238, the formula (df 1) cannot be a definition
in A. So if we want to consider the constant ‘1’ in A, we must introduce
it with a specific axiom. This axiom can be the following formula:

rex —>xel (e1y)

Let A1 be the first-order theory in For having formulas (A) and (e1;) as
specific axioms.
Fact 3.2. Formula (df 1) and the following ones are theses of Al:

rey—xel (cely)
zel —szex (cely)
xel & Jzzex AVaVu(zex Auexr — zeu) ($1)
lex s zex (elg)

PROOF: For (cely): We use (e11) and (e1). For (celz): We use (g1). For
(df 1): We use (e11) and (cela). For ($1): We use ($) and (df 1).
For (e13): By () and (df 1), we obtain:

lex < Jzzel AVzyu(zelAuel =5 zeu) AVz(zel = zex)
“ Jzzel AVzu(zezAueu—zeu) ANVz(zez — zex)

But, by (g1), we obtain:

Vz,u(zezAueu—zeu) — Vz,u(zex Auexr — zeu)
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Therefore we also obtain the following thesis of Al:
lex — Jzzex AVz,u(zex Auexr — zeu)

Hence, by ($), we obtain (els). O

3.3. An epimorphism theorem for Al

THEOREM 3.3. An L -structure is a model of A1 iff it is epimorphic to
an s-special L -structure.
PROOF: “=" Let A = (Ux, €9, 19() be a model of A1.

We defined the following relation on Ug:

a = b iff either a = b, or both a €9 b and b eg a.

By (g2), = is an equivalence relation and it is a congruence on 2, i.e., if
a1 = ag and by = bg, then: ay €9 by iff as €9 by. We denote the equivalence
class of a by [a]. Of course, if a gy a then [a] = {a}. We put Uy /= := {[a] :
a € Uy} and define the following function f: Uy — 2V2/=

fla) = {[c] € 2V2/= : c ey a}.
Firstly, we prove that for all a,b € Uy,
if a eq b then f(a) = {[a]}.

Suppose that a eg b. Then, by (e1), we have a ey a; and so {[a]} C f(a).
On the other hand, if [¢] € f(a) then c eg a. So a eg ¢, by (e4). Therefore,
a = c and so [c] = [a]. Hence f(a) C {[a]}.

We put F := {f(a) : a € Uy}. Of course, (F,er,15) is a special Lg-
structure. We show that it is an s-special, i.e., F is an s-family. Assume
that p € |JF, i.e., p € f(a), for some a € Uy. Then p = [¢] for some ¢ € Uy
such that c eg  a. Hence c eg ¢; and so f(c) := {[c]}. Therefore {p} € F.

Secondly, we prove that for all a,b € Ug:

aey b iff f(a) Er f(b)

Suppose that aegb. Then f(a) = {[a]} C f(b). So f(a)er f(b). Conversely,
let f(a) ex f(b), i.e., f(a) is a singleton and f(a) C f(b). Then for some
co € Uy we have f(a) = {[co]} and [co] € f(b). Since 2 is a model of (A),
for the proof of a ey b is suffices to show that: (i) ¢ eg a, for some ¢ € Ug;
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(ii) for all ¢,d € Uy, if cega and deg a, then ceg d; and (iii) for any ¢ € Uy,
if c eg a then ceg b. For (i): ¢o €9 a, since f(a) = {[co]}. For (ii): Suppose
that c eg @ and d ey a. Then [¢], [d] € f(a), c ey ¢ and [¢] = [d] = [co]. So
c ey d. For (ili): Suppose that c ey a. Then [c] € f(a). So f(a) = {[c]},
since f(a) is a singleton. Hence [c] € f(b); and so ¢ ey b. Thus, we obtain,
if f(a) er f(b) then a g9 b.2

Finally, we show that f(1y) = |JF =: 1x. Indeed, for any a € Uy
we have f(a) C f(1y). If [¢] € f(a) then ¢ eg a. Hence ¢ eg ¢, by (e1).
Therefore ¢ eg 1g, by (e11). So [c] € f(1a). Thus, f(1a) CUF C f(1a).

“«<” Obvious. |

Thus, we obtain (as Theorem 2.5):
THEOREM 3.4. For any ¢ € Forg, ¢ is a thesis of A1 iff ¢ is true in any
s-special Le -structure.

4. The quantifier-free fragment of EO

Let us describe the quantifier-free fragment of elementary ontology EO in
Ishimoto’s version from [1].

4.1. The open theory E

Following Ishimoto, we consider an open first-order theory built in L, and
having (e1)—(e3) as specific axioms. We denote this theory by ‘E’. Since
from (e1) and (e3) we obtain (e4) and from (e4) we obtain (e3), the formulas
(e1), (e2) and (e4) create an another axiomatization of the theory E. Notice
that (=) and (=$) are theses of E, but (+2) and (+$) are not.

4.2. E versus A and EO
By facts 2.1 and 2.2(4), we obtain:

Th(E) € Th(A). (4.1)

However, by Fact 2.3, we obtain:
Th(A) = Th(E+(<$)), (4.2)
Th(EO) = Th(E+(+$)+(%)). (4.3)

3Note that the part of the above proof which does not apply to the constant ‘17 is
the proof of Theorem 2.4.
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4.3. The quantifier-free theory E°

Let E° be the quantifier-free theory built in For. and having the same
specific axioms as E. Directly from Theorem 1.1 we obtain:

COROLLARY 4.1. The quantifier-free theory E° is the quantifier-free frag-
ment of the open theory E, i.e., Th(E®) = For; N Th(E).

Remark 4.1. In connection with Remark 1.1, the quantifier-free theory E°
can be treated as a pure calculus of names with one logical constant ‘e’
(cf. [3, pp. 26-27 and 96-97] and [4, pp. 6-7 and 24-25]).

Moreover, in connection with Remark 1.2 and (df €x), models for the
pure calculus of names E° are ordered pairs of the form (U,d), where U
is any set, d: Var — 2V and the logical constant ‘¢’ has the following
interpretation:

‘r ey’ is true in (U,d) iff d(x) is a singleton and d(xz) C d(y). O

4.4. An epimorphism theorem for E

In [10] and [5] we have, respectively, proofs of “(a) < (b)” and “(a) < (c)”
parts of the following theorem:
THEOREM 4.2. For any L -structure the following conditions are equivalent:
(a) it is a model of E,
(b) it is epimorphic to a special L -structure,
(c) it is epimorphic to a special L -structure whose universe is a family of
non-empty sets.t
Hence we obtain (as Theorem 2.5):
THEOREM 4.3. For any ¢ € Fore the following conditions are equivalent:
(a) ¢ is a thesis of E,
(b) ¢ is true in any special L -structure,
(¢) ¢ is true in any special L¢-structure whose universe is a family of
non-empty sets.
Remark 4.2. In connection with the above theorem, Corollary (4.1) and
Remark 4.1, an open formula from Fory is a thesis of a pure calculus of
names E° iff it is true in any model (U,d), i.e., it is a tautology in the
given semantics. Moreover, we also obtain that an open formula ¢ from
For? is a thesis of a pure calculus of names E° iff ¢ is true in any model

4See the proof of Theorem 5.8 and footnote 7.
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(U, d) in which we have d(x) # 0 for any variable «x, i.e.,  is a traditional
tautology in the given semantics.’ O

4.5. EP° is the quantifier-free fragment of elementary ontology

From theorems 2.6 and 4.3 we obtain:
THEOREM 4.4. Th(E®) = For? N'Th(E) = For! N'Th(A) = For N'Th(EO).
So E° is the quantifier-free fragment of E, A and EO.

Moreover, for any first-order theory T, if Th(E) C Th(T) C Th(EO)
then E° is the quantifier-free fragment of T'.

Proor: First, Th(E°) = Fory N Th(E) C For, N Th(A) C Fory N Th(EO).
Second, let ¢ € For? N Th(EO) and (F,er) be any special Lg-structure.
Notice that F C 2YF and for all XY € F we have: X erY iff X €9urY.
So (F,er) is a substructure of the p-special L-structure (27, &u7). By
Theorem 2.6, ¢ is true in (27, &u7). Hence ¢ is true in (F, &x), since ¢ is
open. Therefore ¢ € Th(E), by Theorem 4.3. O

5. The theory E with the name constant ‘1’

5.1. The open theory E1

Since the formula (%%) is not a thesis of E, if we want to consider the
constant 1 in E, we must introduce it with specific axioms. These axioms
can be the open formulas (e11) and (e13). So let E1 be the open first-order
theory in Forg having the formulas (e1)—(e3), (¢11) and (el2) as specific
axioms.

FacT 5.1. Azioms (e11) and (elz2) are independent in E.

PROOF: The Lg-structure A = (U, e, 19), where Uy := {1,2}, ey :=
{(1,1),(1,2)} and 19 := 1, is a model of E and (e11) in which (e12) is not
true. Moreover, the Lj-structure 2 = (Ug, €q(, 19), where Uy := {0, 1},
eg :={(0,0)} and 1g := 1, is a model of E and (e13) in which (e1;) is not
true. O

51n [3, pp. 96-97] and [4, pp. 24-25] these results were shown using Henkin’s method
with the maximal consistent sets in E°.
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Fact 5.2. The formulas (cels) and the “— 7 part of ($1)
zel = Tzzex AVaVu(zez Auex — zeu) (=$1)

are theses of E in the language L.

PROOF: For (cely): We use (1) and the substitute [y/1]. For (#$1): Since
(%) is a thesis of E, we use (cela). O

FAacT 5.3. The formulas (cely), and (df 1) are theses of E1.°

PROOF: For (cely): We use (e11) and (e1). For (df 1): We use (e1;) and
(cely), by Fact 5.2. |

5.2. The quantifier-free theory E1°

Let E1° be the quantifier-free theory built in Forg and having the same

specific axioms as E1. Directly from Theorem 1.1 we obtain:

COROLLARY 5.4. E1° is the quantifier-free fragment of ET.

Remark 5.1. The quantifier-free theory E1° can be treated as a pure cal-

culus of names with the logical constants ‘¢’ and ‘1 (cf. [3, pp. 96-97]).
In connection with remarks 4.1 and 5.1, models for the pure calculus

of names E1° are ordered pairs of the form (U, d), where U is any set and

d: Var — 2Y such that d(1) = U. The logical constant ‘¢’ has the same

interpretation as in Remark 4.1 (cf. [5, pp. 26-27 and 96-97]). O

5.3. EI1 versus Al

First, notice that:
FACT 5.5. The “” part of ($1), i.e. the following formula

Fzzex AVaVu(zex ANuex — zeu) — xel («$1)

as well as the formula (+$), are not theses of ET.

PROOF: The Lg-structure A = (Ugy, e, 19), where Uy := {0,1}, ey :=
{{(0,0),(0,1)} and 1g := 1, is a model of E1 in which (+$1) is not true,
since Tg Zor 1o O

SHowever, (df 1) is not the definition of ‘1’ in E.
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Thus, by facts 3.2 and 5.5, we obtain:
FAcT 5.6. A1 is a proper extension of E1, i.e., we have:

Th(E1) C Th(A1).

Let E4+(«$1) be the the first-order theory which is built in Forg and
which is a non-conservative extension of E by one specific axiom (+$1).
THEOREM 5.7. The three theories A1, E+(+$1) and E+(<$)+(el1) are
equivalent, i.e.,

Th(E+(+$1)) = Th(A1) = Th(E+(+$)+(e11)).

PrOOF: Firstly, Th(E+(+$1)) C Th(AT), since Th(E1) C Th(Al) and
(+$1) € Th(AT), by Fact 3.2. Secondly, by (4.2), we have:

Th(AT) := Th(A+(e11)) = Th(E+(-$)+(e11)).

Moreover, from (=$) and (+$1) we obtain (e1;); from (celz) and (+$1) we
obtain («$). Hence Th(E+(«$)+(e11)) € Th(E+(<$1)). O

5.4. An epimorphism theorem for E1

THEOREM 5.8. An L -structure is a model of E1 iff it is epimorphic to a
special L -structure.

PROOF: “="” Let A = (Uy, €g, 19} be a model of E1. We consider two
cases.

The first case: Tg ey 1. We define the function f: Uy — {0, {Ug}},

fla) = 0 there is no ¢ such that c ey a
- | {Ua} otherwise

We put F := {f(a) : a € Uy} and we show that f is an epimorphism from
A onto (F,er,1£). In fact, notice that f(1y) = {Uy} =UJF =: 1£.
Moreover, we show that for all a,b € Ugy:

aey biff f(a)er f(b).

Suppose that a eg b. Then a eg a, by (e1). Hence f(a) = {Ua} = f(b);
and so f(a) ex f(b). Conversely, suppose that f(a)er f(b), i.e., f(a) is a
singleton and f(a) C f(b). Then f(a) = {Ux} = f(b). Hence for some
c1,c2 we have c¢1 ey a and ¢g €9 b. For ¢ = 1,2, by (1), ¢; €g ¢;; and so
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ci eq 1o, by (e11). Therefore, Ty €9 ¢;, by (e3) and the assumption. Hence
To €9 a and Tg e b, by (e2). Hence a eg a, by (e13). Hence a ey 19, by
(e11). Thus, a €9 b, by (e2).

The second case: Ty Zo 191 We defined the following relation on Ug:

a = b iff either a = b, or both a ey b and b ey a.

By (e2), = is an equivalence relation and it is a congruence on 2, i.e., if
a1 = ag and by = by, then: aj ey by iff as e9 bo. We denote the equivalence
class of a by [a]. Of course, if a gy a then [a] = {a}. We put Uy /= := {[a] :
a € Uy} and define the following function f: Uy — QUx/=,

a) ‘= {[CL}} ifaeg[a
fla): {{[C} cceg alU{{0},0} otherwise

We put F := {f(a) : a € Uy} and we show that f is an epimorphism from
2 onto <.7:, Er, ]_7:>
Firstly, we show that for all a,b € Ugy:

aeqb iff [a] € f(b). (t)

Suppose that a eg b. If b go b then [a] € f(b). If beg b then f(b) := {[b]}
and b eg a, by (e3). Hence a = b, [a] = [b]; and so [a] € f(b). Conversely,
suppose that [a] € f(b). If b go b then a eq b, since [a] ¢ {{0},0}. If bey b
then f(b) = {[a]}; and so a = b. Hence a ey b.

Secondly, we prove that for all a,b € Ug:

aey b iff f(a) Er f(b)
Suppose that a eg b. Then a eg( a, by (e1). Hence, by (t), we have f(a) :=
{la]} C f(b), i.e., f(a)er f(b). Conversely, let f(a)er f(b), i.e., f(a) is a
singleton and f(a) C f(b). Then a ey a and so f(a) = {[a]} C f(b). Hence
[a] € f(b); and so a eg b, by (1).”

Finally, we show that f(1g) = UF =: 1£. This is due to the fact
that f(a) C f(1qa), for any a € Uy. Indeed, if {{0},0} C f(a), then
{{0},0} C f(1a), since 1o o 1o If [c] € f(a) then c ey a, by (f). Hence
cegc, by (€1). Therefore ceg 1o, by (e11). So [c] € f(19). Thus, we obtain
o) SUF S (1)

“«<” Obvious. O

"Note that the part of the above proof which does not apply to the constant ‘1’ is
the proof of “(a) = (c)” in Theorem 4.2.
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Thus, we obtain (as Theorem 4.3):
THEOREM 5.9. For any ¢ € Forg: ¢ € Th(E1) iff ¢ is true in any special
L -structure.
Remark 5.2. In connection with the above theorem and Remark 5.1, an
open formula from ForJ is a thesis of a pure calculus of names E1° iff it is
true in any model (U, d), i.e., it is a tautology in the given semantics.* O

5.5. E1° is the quantifier-free fragment of A1 and EO+(df 1)

From theorems 5.9 and 2.6 we obtain:
THEOREM 5.10. Th(E1°) = Forg N Th(E1) = Forg N Th(A1) = Forg N
Th(EO+(df 1)). So E1° is the quantifier-free fragment of the first-order
theories E1, A1 and EO+(df 1).
ProOOF: First, Th(E1°) = Forg N Th(E1) C Forg N Th(A1) C Forg N
Th(EO+(df 1)). Second, let ¢ € For, N"Th(EO+(df 1)) and (F,ex,1£) be
any special L -structure. Notice that |JF = (J2Y, F C 297 17 =10~
and for all X,Y € F we have: X erY iff XeourY. So (F,er,15) is a sub-
structure of the p-special Lj-structure (27, &u7,15,07). By Theorem 2.6,
¢ is true in (27 gur, 1507). Hence ¢ is also true in (F, &r,15), since ¢ is
open. Therefore ¢ € Th(ET), by Theorem 5.9.

Finally, Forg NTh(EO+(df 1)) = Th(E1°) = Forg N Th(E1) C Forg N
Th(A1) C Fory N Th(EO+(df 1)). O

6. A reconstruction of E in one of its subtheories

6.1. The open theory E* in the language L.,

Let E* be the open first-order theory in the language L. with two specific
axioms (e2) and (e3).

Fact 6.1. E* is a proper subtheory of E, i.e., Th(E*) C Th(E).

Proor: First, Th(E*) C Th(E). Second, we have Th(E) ¢ Th(E*). To
show it we take a structure (N, <), where N is the set of natural numbers
and the interpretation of predicate ‘e’ is the relation <. The formulas (e2)
and (e3) are true in (N, <), but (e4) and (&1) are not true. m|

8In [3, pp. 96-97] these results were shown using Henkin’s method with the maximal
consistent sets in E1°.
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We will prove that in the theory E* we can reconstruct the theory E.
Between E and E* we define the following transformation tr: For. — For,.
The function tr fulfils the following conditions for all x,y € Var and all
¢, € Forg:

tr(xey)="zeyAzex,

tr(= @) =" tr(e)

tr(p o) =tr(p) otr(v)7, for o € {A,V,—, <},

tr(Qx ) = "Qx tr(p)7, for Q € {Vv,3}.
We obtain the following:
FacT 6.2. For any ¢ € For.: ¢ € Th(E) iff tr(p) € Th(E*).
PROOF: “="tr(eq) gives: zeyAzex — xex Axex. Soitis an instance
of a classical tautology. tr(es) gives: zeyAzexAyezAyey = xezAxex.
So it belongs to Th(E*), by (e2) and classical propositional logic. tr(es)
gives: zeyAzexANyezAyey > yexAyey. So it belongs to Th(E*),
by (e3) and classical propositional logic.

“«<” By (€1) and the rule of substitution for free individual variables,
for all variables @ and y, the equivalence "@ e y <> tr(x € y)™ is a thesis
of E. Hence for any ¢ € Fore: ¢ € Th(E) iff tr(p) € Th(E). Thus, since
E* is a subtheory of E, if tr(p) € Th(E*), then ¢ € Th(E). O

6.2. The open theory E* in the language L,

For better readability, we will analyse theory E* in another language L.,
where we change the predicate ‘¢’ to ‘€. So in place of axioms (e2) and
(e3) we take their Le«-counterparts:

& YNy z—oxe 2 (e})
r&yANyesy—syca (&)

Notice that directly from (€%) we obtain the following thesis of E*:
&€ yhNyer—sorAyey (cey)
Moreover, by (€5) and (), we obtain the L.--counterpart of (=$):

re&r — Jzze e AV u(z e x Aue T — 26 ) (%)
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6.3. Defining the predicate ‘e’ by ‘€*’

We extend the language L to the language L.« by adding the predicate
‘e’ In L let E*4(df €) be a definitional extension of the theory E* by
adding the following definition:

zeyorz&axAzey (df ¢)

So we obtain: N .
rex & e (%)

6.4. The quantifier-free theories E*® and (E*+(df €))°

Let E*® and (E*+(df €))° be the quantifier-free theories built, respec-
tively, in Forg. and Fory,. and having the same specific axioms as E* and
E*+(df ¢). Directly from Theorem 1.1 we obtain:

COROLLARY 6.3. E*° and (E*+(df €))° are quantifier-free fragments of
E* and E*+(df ¢), respectively.

Remark 6.1. The quantifier-free theories E*° and (E*+(df €))° can be
treated as pure calculi of names with one logical constant ‘€*’ and two
logical constant ‘€*” and ‘e’, respectively (cf. [3, pp. 54-55] and [4, p. 8]).
O

6.5. Epimorphism theorems for E* and E*4(df ¢)
For ‘¢’ the formula ®(X,Y) (see p. 238) has the following form:
either ) ## X C Y or both X is a singleton and X =Y.

That is, we put:
e = {(X,)Y) e F?: - (X,Y)}. (df ex)

FACT 6.4. In any special L -structure, the predicate ‘e’ defined by (df €)
is interpreted by the relation ex defined by (df ex). So (df €) is true in any
special Le -structure (F, er, €5).

PROOF: Suppose that F is a non-empty family of sets and R C F? is an
interpretation of the predicate ‘€’ defined by (df ¢). We show that R = er.
For all X,Y € F we obtain: X RY iff X e5 Y and X ex X iff both either
0 # X C Y or there is a p € |JF such that X = {p} =Y, and there
is a ¢ € [JF such that X = {q} iff either both § # X C Y and there
is a ¢ € |JF such that X = {q}, or both there is a p € |JF such that
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X = {p} =Y and there is a ¢ € |JF such that X = {q} iff either there
is ap e |JF such that X = {p} C Y or there is a p € |JF such that
X ={p} =Y iff thereisape|JF such that X ={p} CY iff Xer Y. O

Remark 6.2. In connection with remarks 1.2, 4.1 and 6.1, models for the
pure calculi of names E*® and (E*4(df €))° are ordered pairs of the form
(U, d), where U is any set and d: Var — 2V. The logical constant ‘¢*’ has
the following interpretation:

‘x €y’ is true in (U, d) iff either ) # d(z) C d(y)
or both d(z) = d(y) and d(z) is a singleton.

The logical constant ‘e’ is interpreted as in Remark 4.1. a

THEOREM 6.5. For any L -structure (resp. L -structure) the following

conditions are equivalent:

(a) it is a model of E* (resp. E*+(df ¢)),

(b) it is epimorphic to a special L -structure (resp. Leex-structure),

(c) it is epimorphic to a special L -structure (resp. L -structure) whose
universe is a family of non-empty sets.

PRrOOF: “(c) = (b)” Obvious.

“(b) = (a)” Let (F,er,€er) be an arbitrary special Lge-structure.
Then, by Fact 6.4, (df €) is true in (F, &r, €x). We show that both axioms
of E* are true in (F, ex). Consequently, in virtue of Fact 6.4, all axioms of
E*+(df €) will be true in every epimorphic structure with (F, &r, €x).

For (¢&}): We take an arbitrary valuation v such that v(z) = X, v(y) =
Y and v(z) = Z. Assume that X ex Y and Y €5 Z. Then both either
) # X C Y or there is a p € |JF such that X = {p} =Y, and either
0 #Y C Z or there is a ¢ € |JF such that Y = {¢} = Z. So we have the
following cases:

i) 0#A#XCYandD#Y C Z;s00 # X C Z;
(ii) @ #Y C Z and there is a p € |JF such that X = {p} = Y; so there
is a p € |JF such that X = {p} C Z;
(iii) there is a p € |JF such that X = {a} =Y and there is a ¢ € JF
such that Y = {¢} = Z; so thereisap € |JF such that X = {p} = Z
Thus, X €5 Z. (The following case cannot obtain: § # X C Y and there is
aq€|JF such that Y = {q} = Z.)

For (¢5): We take an arbitrary valuation v such that v(z) = X and

v(y) =Y. Assume that X €Y and Y €5 Y. Then both either ) # X C Y
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or there is a p € |JF such that X = {p} =Y, and there is a ¢ € |J F such
that Y = {q}. So we have: there is a p € |JF such that X = {p} =Y
and there is a ¢ € |JF such that Y = {q}. So there is a p € |JF such
that X = {p} =Y. Thus, Y €& X. (The following case cannot obtain:
0 # X C Y and there is a b € |JF such that Y = {b}.)

“(a) = (c¢)” For the theory E*. Let 2 = (U, €9) be a model of E*.
We define the following relation on Ug:

a ~ b iff either a = b, or both a €5 b and b €5 a.

By (€}), ~ is an equivalence relation and it is a congruence on 2, i.e., if
ay ~ ap and by ~ by, then: ay € by iff ap € ba. We denote the equivalence
class of a by [a]. Notice that, by (€}), for any a € Uy we have:

if a gy a then [a] = {a}. (1)
Let Uy /~ := {[a] : a € Uy} and we define the function f: Uy — 2U2/~,
o {la]} ifaeya
fla) :== {{[c] ceyalU{la],0} otherwise

We put F := {f(a) : a € Uy}. We show that f is an epimorphism from 2/
onto (F,€x).
We prove that for all a,b € Ugy:

agyb iff f(a)ex f(b). (1)

Suppose that a €y b. We consider three possibilities.

1) bey b. Then bey a, by (€5). So a ~ band [a] = [b]. Moreover, a €y a,
by (€1). So f(a) = {lal} = {[b]} = f(b). Thus, f(a) &z f(b).

2) a€yaand b gy b Then [b] € f(b), f( ) = {[a]} and [a] € f(b).
Moreover, [b] ¢ f(a), since a » b by (&}). Thus, @ # f(a) C f(b); and so
f(a) €5 £(b).

3) agyaand bgyb. Thena # b, [a] € f(a), [a] € f(b) and [b] € f(b). By
(1), we have [a] = {a} # {b} = [b]. Moreover, b gy a, by (&}); and so a = b.
Therefore, [b] ¢ f(a). If [c] € f(a), then either ¢ €y a or ¢ = a. So ¢ &y b,
by (&;) and the assumption. Hence [c] € f(b). Thus, § # f(a) C f(b); and
so f(a) e 1(b).

Conversely, let f(a) €5 f(b), i.e., either (i) 0 # f(a) C f(b) or (ii)
both f(a) is a singleton and f(a) = f(b). In the case (i) we have: a # b,
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[a] € f(a) and b gy b. So a = b, by (c€}) and the assumption. Moreover,
[a] € f(b) and so a €y b, since [a] # [b]. In the case (ii) we have: a € qa,
by band {[a]} = f(a) = f(b) = {[b]}. So [a] = [b], i.e., a ~ b. Hence
either @ = b, or both a £ b and b £ a. In both cases, we get: a &y b.
For the theory E*+(df €). Let 2 = (Uy, €q, €y) be a model of E*+
(df €). As for E* we construct the family F and the epimorphism f. Then
for all a,b € Uy we have: a eg b iff a €y a and a €y b iff f(a) ex f(a) and
f(a) ex f(b) iff f(a)er f(b) (by Fact 6.4). |
Thus, we obtain (as Theorem 2.5):
THEOREM 6.6. For any ¢ € Fore (resp. ¢ € Forge) the following condi-
tions are equivalent:
(a) @ is a thesis of E* (resp. E*4(df €)),
(b) @ is true in any special L -structure (resp. L -structure),
(¢c) @ is true in any special L -structure (resp. Lee -structure) whose uni-
verse is a family of non-empty sets.

Remark 6.3. In connection with the above theorem, remarks 6.1 and 6.2,
an open formula from ForZ. (resp. Forg,.) is a thesis of a pure calculus of
names E*° (resp. (E*+(df €))°) iff it is true in any model (U, d), i.e., it is
a tautology in the given semantics. O

6.6. A reconstruction of E in E*

It is easy to see that (¢1)—(e4) are theses of E*+4(df €). Thus, we obtain
that E*4(df ¢) is a proper extension of E, i.e.,

Th(E) C Th(E*+(df ¢)). (6.1)

However, in the light of theorems 4.3 and 6.6, the theories E and E*+4(df ¢)
have the same theses from the language L., i.e., we obtain:

Th(E) = For, N Th(E*+(df ¢)). (6.2)

6.7. Reconstructions of A and EO in some extensions of E*

If we use the language L.« then we can extend theories in L. using formulas
from L. Let us recall that the formula («$) is not a thesis of E. So, by
(6.2), it is not a thesis of E*+(df ¢).
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In virtue of (4.2) and (6.1), we obtain that E*+(df ¢) is a proper
extension of A. Moreover, in virtue of (4.3) and (6.1), we obtain that
E*+(df ¢)+(x) is a proper extension of EO. That is,

Th(A) C Th(E*+(df €)+(+$)), (6.3)

Th(EO) € Th(E*+(df &)+ (<$)+(x)). (6.4)
However, in the light of theorems 2.5 and 6.6, the theories A and E*+
(df ¢)+(+$) have the same theses from the language L, i.e., we obtain:

Th(A) = For, N Th(E*+(df ¢)+(+$)).
In fact, by theorems 2.5 and 6.6, all theses of E*+(df ¢)+(+$) are true in
all s-special Lge-structures. So if ¢ belongs to For, NTh(E*+(df ¢)+(+$)),
then it is true in all s-special L.-structures. Hence, by Theorem 2.5, ¢ is a
thesis of A.

Moreover, in the light of theorems 2.6 (or 2.8) and 6.6, the theories EO
and E*+(df €)+(+$)+(x) have the same theses from the language L, i.e.:
Th(EO) = For, N Th(E*+(df €)+(¢$)+(*)).

In fact, by theorems 2.6 and 6.6, all theses of E*+(df ¢)+(+$) are true in
all p-special Lge-structures. So if ¢ belongs to For, " Th(E*+(df ¢)+(+$)),
then it is true in all p-special L.-structures. Hence, by Theorem 2.6, ¢ is
a thesis of EO.

7. The theory E* with the name constant ‘1’

7.1. The theory E*1

Let E*1 be a non-conservative extension of the theory E* which is an open
first-order theory built in For, and has the following specific axioms:

x€y—>axel (e°11)
1o —aea (e19)
Yy NzeTA-zex = e (e"13)

Notice that (€*13) is logically equivalent to:
Fuue&rAFuueTA-uezr) = el
From (€"11) we obtain the Lg+-counterpart of (e11), i.e.,
xe&r—ael

But the implication ‘z € 1 — x € 2’, and so the Lgj-counterpart of (df 1),
ie, ‘x &1 < xe x’, are not theses of E*1. In fact, the Lg-structure
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A = (U, €y, 1a1), where Uy = {0,1}, € = {(0,1)} and 1y := 1, is a
model of E*1 in which ‘x € 1 — x € &’ is not true.

Axiom (€°11) is the Lgq-counterpart of ‘xz e y — x € 1’ belonging to
Th(ET). Axiom (&"13) is the Lgj-counterpart of axiom (e13) of E1. How-
ever, we show that the Lgj-counterpart of (¢°13) is not a thesis of E1.

Fact 7.1. The azioms of E*1 are independent.

PRrROOF: Firstly note that both Lgq-structures from Fact 5.1 are models
of (¢"13). So (€13) does not follow form (€°1;) and (e*13); and (e"11)
does not follow from (e*13) and (e*13). Secondly, the Lg-structure A =
(Usi, €y, Ta1), where Uy := {0,1,2,3}, € := {(0,3),(1,3),(1,2)} and 19 :=
3 is a model of E* and the formulas (¢°11) and (¢*13). But any valuation
v for which v(z) = 2, v(y) = 1 and v(z) = 0 does not satisfy (¢"13). ad

We will get similarly:
COROLLARY 7.2. The L¢ -counterpart of (€13) is not a thesis of E1.

PROOF: The Lgq-structure 2A = (Ugy, ex, 19), where Uy := {0,1,2,3},
eg = {(0,0),(1,1),(0,3),(1,3),(1,2)} and 1y := 3 is a model of E1. But
any valuation v for which v(z) = 2, v(y) = 1 and v(z) = 0 does not satisfy
the L¢-counterpart of (€°13). O Now, notice that:

Fact 7.3. All axioms of E*1 are true in all special L structures.

PROOF: Let F be any non-empty family of sets.

For (e¢11): We take an arbitrary valuation v such that v(z) = X and
v(y) =Y. Assume that XexY. Then either ) # X C Y or thereisp € [JF
such that X = {p} =Y. Of course, X, Y C JF =:1x. If JF = {p} then
X = {p} =1x. If |JF is not a singleton then X C 1x. So in both cases
we have X ex 17.

For (e¢13): We take an arbitrary valuation v such that v(z) = X.
Assume that 17 €5 X. Then there is a p € |JF such that 17 = {p} = X.
So we have X ex X.

For (e¢13): We take an arbitrary valuation v such that v(z) = X.
Assume that for some Yy, Zg € F we have Yy ex X, Zger 17 and Zy g5 X.
We consider three cases.

(a) 17 is a singleton. Then X =1, since ) # X C1x. So X ex 1 5.

(b) X is a singleton and 1x is not. Then ) ## X C 1x. So X ex1£.

(c) X is not a singleton. Then 1x is not a singleton and ) # Yy C X.
Moreover, ) # Zy C 15 and either Zg = X or Zy € X. So either § # Z, =
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X Clrorboth 0 # Zy C1rand Zy € X. So in both cases X # 1£.

=

ThuS,@#X’C‘_]}', i.e.,Xe}‘_—l;.—. O

7.2. The quantifier-free theories E*1° and (E*14-(df €))°

Let E*1° and (E*1+(df €))° be quantifier-free theories in Forg and For? .,
having the same specific axioms as E*1 and E*1°4(df ¢), respectively.
Directly from Theorem 1.1 we obtain:
COROLLARY 7.4. E*1° is the quantifier-free fragment of E*1. Moreover,
(E*1+4(af €))° is the quantifier-free fragment of E*1+(df ).
Remark 7.1. The quantifier-free theory E*1° can be treated as a pure
calculus of names with logical constants ‘€*” and ‘1.

The quantifier-free theory (E*14(df ¢))° can be treated as a pure cal-
culus of names with logical constants ‘¢’, ‘€*” and ‘1". m]

7.3. Epimorphism theorems for E*1 and E*1+(df ¢)

THEOREM 7.5. An Legq-structure is a model of E*1 (resp. E*14(df ¢€)) iff
it is epimorphic to a special L -structure (resp. L -structure).

PROOF: “=" For the theory E*1. Let A = (Uy, €4, o) be a model of E*1.
We consider three cases.

The first case: there is no ¢ such that c € Tg. Then, by (¢°14), for
all a,b € Uy we have a gy b. We define the function f: Uy — {0} by
f(a) :==0, for any a € Uy. Moreover, we put F := {f(a) : a € Uy} = {0}.
Of course, f(1g) = {0} =JF =: 1 and for all a,b € Uy we have: a €y b
iff f(a)€ex f(b). So f is an epimorphism from 2 onto (F,er,15).

The second case: Ty € To. We define the function f: Uy — {0, {0}},

fla) = {{@} ifa€ya

1] otherwise

and we put F := {f(a) : a € Uy} C {0,{0}}. Of course, f(19) = {0} =
JF =: 1x. Moreover, we show that for all a,b € Uy we have:

a €y b iff f(a) ex f(b).

Suppose that a €y b. Then a €y 1, by (e°11). Hence 1 € a, by (€}), since
Tor €y Ta. Hence 1€y b, by (€7). Therefore a €y a and b €y b, by (¢"12).
Therefore f(a) = {0} = f(b); and so f(a)ex f(b). Conversely, suppose that
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f(a)&x f(b). Then f(a) = {0} = f(b). Hence a €y a and b ey b. So a €y 1
and b€y 1, by (€7). Hence 1€y b, by (&%), since Ty €y 1o. Hence a € b,
by (€7).

Thus, in this case f is an epimorphism from 2( onto (F,ex,1x).

The third case: there is a ¢ such that c € 1o and Tg go Tor. As in the
“(a) = (c)” part of the proof of Theorem 6.5, we defined the congruence ~.
Moreover, we define the function f: Uy — 2U2/~,

0 if a #y Ta and there is no c such that c € a
_ JHle] s ceyal U{0} a gy T and for some ¢ we have c €y a
Ja) = {[a]} if a € a (and a € 1o)
{l[d:ceyalU{la],0} ifagyaandacyly

So f(1a) :={[c] : c €y T} U{D}. We put F :={f(a):a € Uy}.

We must show that f(1g) = UF =: 1x. This is due to the fact that
f(a) € f(1g), for any a € Uy. Firstly, 0 € f(1g). Secondly, if a €y a,
then f(a) := {[a]} and a € 1o, by (¢€'11). Hence [a] € f(1q); and so
f(a) € f(1). Thirdly, if a gy a and [c] € f(a), then either ¢ € a or both
c=a and a €y Ty. In both cases ¢ €y 1o. Thus, f(a) C f(Ta).

Therefore, we obtain f(1g) CJF C f(1g).

Now we show that for all a,b € Usy:

agyb iff f(a)er f(b).

Suppose that a € b. Then a € Ty, by (¢°11). Hence f(a) # 0 and a # 1g,
by the assumption. We consider five possibilities.

(1) b ey b. Then b ey a, by (e5). Moreover, a €y a, by (€}). Hence, by
(€1), a ~b; so [a] = [b] and f(a) = {[a]} = {[b]} = f(D).

(2) a€y aand b gy 19 (and so b gy b). Then f(a) = {[a]}, [a] # [b];
and so 0 # f(a) & f(b) := {[c] : c €y b} U{D}.

(3) b #iy b, a £ 0 and bey Ta. Then F(a) = {[al}, [a] £ [b], [} ¢ £(a);
and so 0 # f(a) & f(b) :={[c] : c € b} U {[b], 0}

(4) a gy a and b gy 19 (and so b gy b). Then b gy a, by (€7) and the
assumption. So [a] # [b]. Moreover, f(a) := {[c] : c €y a} U {[a], 0} and
JF(b) :={[c] : c €y b} U{0}. Therefore,  # f(a) < f(b).

(5) a gy a and b €y 19 and b g5 b. Then b £y a, by (¢}) and the
assumption. So [a] # [b]. Moreover, f(a) := {[c] : ¢ €y a} U {[a],0} and
J(b) :={[c] : ce b}U{[b],0}. Hence [b] ¢ f(a). Therefore, 0 # f(a) C f(b).

Thus, in all five cases we have f(a) e f(b).
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Conversely, let f(a)ex f(b), i.e., either (1) both f(a) is a singleton and
f(a) = f(b), or (2) O # f(a) € f(b). Then, in both cases, for some ¢y we
have cg €y a. Hence cy €y 15

(1) Then f(a) = {[a]} = {[b]} = f(b). Hence a € b.

(2) We consider the following cases.

(2a) a €y a. Then 0 # f(a) := {[a]} € f(b) # {[b]}. Hence b gy b; and
so a = b, i.e., [a] # [b]. Hence a &y b.

(2b) a gy a. We show that a €y Ty. (It is also when a € a.)

Indeed, suppose that a gy 1g, ie., 0 # f(a) == {[c] : ¢ € a} U {0}.
But we have 0 # f(a) € f(b) C f(1a). Hence § # f(a) € f(1a). So
0 # {[c] : ceygal U{0} € {[c] : c &y T} U{0}. So there is ¢; € Uy such
that ¢1 € 19 and ¢1 g5 a. Moreover, since we have cg €y a, by (£13), we
obtain a contradiction: a €y lg.

Therefore O # {[c] : c €y a} U{[a],0} C f(b). Hence [a] € f(b). In the
case where b Zy 19 we have a €y b. In the case where b €5 1o either a € b
or [a] = [b]; and so also a € b.

For the theory E*1+4(df €). As for the theory E*+(df €) in the proof
of Theorem 6.5.

“«<"” By Theorem 6.5 and Fact 7.3. O

Thus, we obtain (as Theorem 2.5):
THEOREM 7.6. For any ¢ € Forgq (resp. ¢ € Forgeq): ¢ is a thesis of
E*1 (resp. E*1+(df €)) iff ¢ is true in any special Leq-structure (resp.
L ges1 -structure).
Remark 7.2. In connection with the above theorem, an open formula from

Forf.; (resp. For{,,) is a thesis of a pure calculus of names E*1° (resp.
(E*14(df €))°) iff it is true in any model (U, d). O

7.4. A reconstruction of E1 in E*1

In Leq we can build definitional extensions of two theories E*+(€11)+
(¢°13) and E*1 by adding the definition (df €). Notice that

Fact 7.7. Th(E1) € Th(E*+(e11)+(¢"12)+(df €)) C Th(E*14+(df €)).
So the theory E*14(df €) is a proper extension of E1.

PrOOF: Firstly, (e1)—(e3) are theses of E*+(df €). Secondly, from (&*14)
and (df ¢) we obtain (e1;), and from (&"13) and (df ¢) we obtain (els).
Thirdly, by Fact 7.1, the formula (¢*13) is not a thesis of E*+(e*11)+(e12).
So it is not a thesis of E*4(e11)4(e"12)+(df €). ad
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However, in the light of theorems 5.9 and 7.6, the theories E1 and
E*1+(df ¢) have the same theses from the language L, i.e., we obtain:

Fory N Th(E*1+(df ¢)) = Th(E1). (7.1)

7.5. A reconstruction of Al in some extension of E*

If we use the language L.+ then we can extend theories in Lgq using
formulas from L. Let us remind that the formula («$1) is not a thesis of
E1. So, by (7.1), it is not a thesis of E*14-(df ¢). Moreover, notice that:
Fact 7.8. All of (€11)—(e"13) do not belong to Th(E*+(df €)+(+$1)).
PROOF: The Lge--structure A = (Ugy, €9, €%, 1), where Uy = {1,2},
ey =0, &y = {(1,2)} and 19 := 1, is a model of E*+(df ¢*)+(+$1) in
which (1) and (¢"12) are not true.

Moreover, Lge-structure A = (Us, €9(, €, 12), where Uy := {0, 1,2,
3}, €y =0, € = {(0,1),(1,2)} and 1y := 1, is a model of E*+(df ")+
(+$1) in which (€"13) is not true. O

In virtue of (6.1) and Theorem 5.7, we obtain that E*+4(df €)+(+$1)
is a proper extension of Al, i.e.,

Th(A1) C Th(E*+(df €)-+(-$1)). (7.2)

However, in the light of theorems 3.4 and 7.6, the theories A1 and E*+
(df €)+(+$1) have the same theses from the language Ly, i.e., we obtain:

Th(A1) = Foryy N Th(E*+(df £)+(<$1)). (7.3)

In fact, by theorems 3.4 and 7.6, all theses of E*+(df ¢)+(+$1) are true in
all s-special L+ -structures. So if ¢ belongs to Forg NTh(E*+(df ¢)+(+$)),
then it is true in all s-special L.j-structures. Hence, by Theorem 3.4, ¢ is
a thesis of A.

8. Defining the predicate ‘€*’ by ‘¢’

As the definition of ‘¢*” by ‘e’ we adopt the following non-open formula:

ze€y < (zeyhyex)V (af &)
€
(Fuuerx AVu(uex > uey) AN—Vu(luey = uex))
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8.1. The definition (df &) in the theory E

Let E+(af €") be a definitional extension of E by adding (df €*). We prove:
Fact 8.1. The theory E-+(df €°) is a proper extension of E*.
ProoF: For (¢}): Directly by (df ¢) we obtain:
x€YyNyeze (uuerAVu(uer > uey) ANJu(ueyA—-uex))V
(reyhyex) AN((BuueyAVu(uey — uez) A
Ju(uezA-uey)VyezAzey))
Hence, by (e3), we have:
€ YNy z = (xezNzex)V(Fuuer AVu(uexr = uez) ANJu(uezA—uex))
For (€5): Directly by (df ¢*) we obtain:
z€YANYyey & (GuuexAVuluex wuey) N—Vuluey »uex))V
(zeyAyex))Ayey
< (BuuerAVuluexr s uey) A
Vu(uey suex) Nyey)V(reyAyexAyey)
However, the first component of the above disjunction is contradictory. In
fact, if y € y and for some u; we have u; € z, then also uy € y. So, by (e3),

y € ur. So, by (e2), we obtain: Vu(u ey — we x). Thus, we obtain the
following (the first one by (e;); the second one by (df €)):

TEYNYE Y < YeTANTEYAYEY <> YeTATEY
TeEYANyex — ye x
So we also have ‘z & yAyey — ye ]
Notice that directly from (df ¢") we obtain the formula (%). However,

FACT 8.2. The implication ‘v ey — x €y’ is not a thesis of E+(df €).%

Hence we obtain:
(df ¢) ¢ Th(E+(af €"))

Th(E*+(df €)) € Th(E+(df €")).
PROOF: The Lge-structure A = (Ug, ex1, € ), where Uy := {0,1}, eo =
{(0,0),(0,1)} and € := {(0,0)} is a model of E+(df ¢*) in which ‘vey —
x €y’ is not true. So also (df €) is not true in the model. O

9But the implications ‘c ez — z ¢ 2’ and ‘c " z Az ey — z ey’ are theses of
E+(df ¢).
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We obtain:
Fact 8.3. (df €) ¢ Th(EO+(df €)+(e))+(ey)). So (df €) ¢ Th(E*+
(af e)+(+$1)).
PROOF: The Lge-structure A = (U, eq, €y), where Uy := {0,1} and
ey = {(0,1)} and € = 0, is a model of EO and formulas (df €), (&)
and (€5). We have 0 €y 1, but the substitution [z/0,y/1] does not satisfy
the right-side of the equivalence (df €*). O

Thus, although Th(E) C Th(E*+(df €)), we have:

Th(E+(df €)) € Th(E*+(df €)).

8.2. The definition (df &) in the theories A and Al

First we notice:

Fact 8.4. In any s-special L -structure, the predicate ‘€*’ defined by (df €*)
is interpreted by the relation €5 defined by (df ex). So (df €) is true in
any s-special L -structure (F, €r, €5).

PROOF: Suppose that F is a non-empty s-family of sets and R C F? is
an interpretation of the predicate ‘€*’ defined by (df ¢). We show that
R =¢x. Forall X,Y € F we obtain: X RY iff either (i) both X &Y and
Y ex X, or (ii) both for some X; € F we have X; ¢z X and for all Z € F:
if Zer X then Zer Y, and for some X5 € F we have Xo 7Y and X g7 X.

In the case (i): X is a singleton and X =Y. So we have X eX V.

In the case (ii): (a) for some singleton X; € F we have X; C X; (b)
for any singleton Z € F such that Z C X we have Z C Y (c) for some
5ingletonX2EfwehaveXgCYannggX By (a), X # 0. By (b)
X CY, since F is an s-family of sets. By (c¢), X ¢ Y. So we have X ex Y.

Conversely, if X ex Y then either case (1) or case (ii) holds. O

In virtue of Theorem 2.4 and Fact 8.4, for the theory A+(df ") we get:

THEOREM 8.5. An L -structure is a model of A+(df €") iff it is epimor-
phic to an s-special L~ -structure.

Hence we can prove (as Theorem 2.5):

THEOREM 8.6. ¢ belongs to Th(A+(df €*)) iff ¢ is true in any s-special
Lo -structure.

Thus, in virtue of Fact 8.3 and theorems 6.6 and 8.6 we get:
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FAcT 8.7. Th(E*+(df ¢)) € Th(A+(df ¢*)) and Th(E*+(df €)+(+$1))
Th(A1+(df "))
PROOF: Suppose that ¢ is a thesis of E*4(df ¢). Then, in virtue of Theo-
rem 6.6, ¢ is true in all special Lee-structures. So ¢ is true in all s-special
Le--structures. Hence ¢ € Th(A+(df €*)), by Theorem 8.6.°

Moreover, we use Fact 3.2. O

Finally, we prove that:
FACT 8.8. Th(E*+(df ¢)+(df ¢*)+(+$1)) = Th(A1+(df £)).
PRrROOF: Firstly, by (7.2), we have Th(A1+(df ¢*)) C Th(E*+(df ¢)+(+$1)
+(df ¢")). Secondly, by Fact 8.7, we have Th(E*+(df €)+(+$1)) C Th(A1
+(af €)). O
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