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Abstract

In this paper, we develop the theory of residuated lattices by introducing and
studying several new types of filters and related concepts, including semi-simple
filters, essential filters, the socle of a filter, and independent families of filters.
Our primary goal is to understand the inner structure of residuated lattices by
analyzing these new objects. First, we establish the key properties of simple and
essential filters. Next, we provide both algebraic and topological characteriza-
tions for identifying when a filter is simple or essential. Furthermore, we use the
concepts of the socle and independent families of filters to consider deeper into
the structure of filters and the residuated lattice itself. Also, several character-
izations for semi-simple filters and semi-simple residuated lattices are provided.
Using these characterizations, we establish a fundamental logical characterization
of semi-simplicity, proving that a residuated lattice is semi-simple if and only if its
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frame of filters satisfies the law of excluded middle which, in this setting, is equiv-
alent to the logical principles of double negation, material implication, and the
contraposition law. A central result shows that for finite residuated lattices, be-
ing semi-simple is equivalent to being hyperarchimedean, highlighting the natural
connection between these concepts. Complementary results deepen our under-
standing of the relation between simple and maximal filters in residuated lattices,
and a comparison between a ring’s semi-simplicity and the semi-simplicity of the
residuated lattice of its ideals are also established.

Keywords: simple filter, semi-simple filter, socle of a residuated lattice, indepen-
dent family of filters.
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Introduction

Algebraic structures play a fundamental role in formalizing different logical
systems. Boolean algebras, for instance, are the natural framework for clas-
sical logic. However, to study non-classical logics such as fuzzy logic where
the logical “and” can depend on the order of propositions, we need more
flexible tools. Residuated lattices serve as this primary, general framework.

Introduced by Ward and Dilworth in 1939 [23], residuated lattices gen-
eralize the ideal theory of rings. Important subclasses like MV-algebras
and BL-algebras have a direct and well-established connection to fuzzy
logic [7, 9].

In parallel, the concepts of simplicity and semi-simplicity are central in
ring and module theory. A simple ring has no non-trivial two-sided ideals,
while a semi-simple ring is, by the fundamental Wedderburn-Artin Theo-
rem, a finite direct product of simple rings. This decomposition provides
a powerful structural insight [16, 2]. The theory of semi-simple structures
has since been extended beyond rings, for instance, the basic structure of
semi-simple modules is detailed in [2, 24], and the concept for semi-rings,
based on ideals and coideals, has been introduced and investigated for its
homological properties [11, 5, 15].
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$U_{Max}(G)\not =\emptyset $


$M\in U_{Max}(G)$


$G\not \subseteq M$


$\bigcap V_{Max}(G)\subseteq M$


$G\subseteq M$


$\bigcap V_{Max}(G)\not \subseteq M$


$x\in (\bigcap V_{Max}(G))\setminus M$


$x\in N$


$N\in V_{Max}(G)$


$y\in F$


$x\vee y\in N$


$N\in V_{Max}(G)$


$N\in \M (L)\setminus V_{Max}(G)$


$N\in U_{Max}(G)=Int_{Max}(V_{Max}(F))\subseteq V_{Max}(F)$


$F\subseteq N$


$y\in N$


$x\vee y\in N$


$x\vee y\in N$


$N\in \M (L)$


$x\vee y\in \R (L)=\{1\}$


$x\vee y=1$


$x\not \in M$


$x\not =1$


$F\not \in E_F$


$Int_{Max}(V_{Max}(F))=U_{Max}(G)=\emptyset $


$V_{Max}(F)$


$\M (L)$


$\M (L)$


$\Leftarrow ).$


$V_{Max}(F)$


$\M (L)$


$Int_{Max}(V_{Max}(F))=\emptyset $


$1\not =x\in L$


$\R (L)=\{1\}$


$x\not \in \R (L)$


$U_{Max}(x)\not =\emptyset $


$U_{Max}(x)\not \subseteq V_{Max}(F)$


$U_{Max}(x)\cap U_{Max}(F)\not =\emptyset $


$M\in U_{Max}(x)\cap U_{Max}(F)$


$x\not \in M$


$F\not \subseteq M$


$y\in F\setminus M$


$x\vee y=1$


$M$


$x\in M$


$y\in M$


$x \not \in M$


$y \not \in M$


$x\vee y\not =1$


$1\not =x\in L$


$y\in F$


$x\vee y\not =1$


$F\in E_L$


$\relax \square $


$V_{Max}([c))=\M (L)$


$\M (L)$


$[c)\in E_L$


$\R (L)=\{1\}$


$L$


$\mathfrak {A}\subseteq \spec (L)$


$\mathfrak {A}$


$\spec (L)$


$V(\bigcap \mathfrak {A})$


$\mathfrak {A}\subseteq \M (L)$


$\mathfrak {A}$


$\M (L)$


$V(\bigcap \mathfrak {A})\cap \M (L)=V_{Max}(\bigcap \mathfrak {A})$


$\mathfrak {A}\subseteq V(\bigcap \mathfrak {A})$


$V(\bigcap \mathfrak {A})$


$\spec (L)$


$\bar {\mathfrak {A}}\subseteq V(\bigcap \mathfrak {A})$


$\mathfrak {C}$


$\spec (L)$


$\mathfrak {A}\subseteq \mathfrak {C}$


$F\in \F (L)$


$\mathfrak {C}=V(F)$


$\mathfrak {A}\subseteq V(F)$


$P\in \mathfrak {A}$


$F\subseteq P$


$F\subseteq \bigcap \mathfrak {A}$


$V(\bigcap \mathfrak {A})\subseteq V(F)=\mathfrak {C}$


$V(\bigcap \mathfrak {A})$


$\spec (L)$


$\mathfrak {A}$


$\bar {\mathfrak {A}}=V(\bigcap \mathfrak {A})$


$X$


$Y$


$X$


$A$


$Y$


$A$


$Y$


$Y$


$A$


$X$


$\relax \square $


$Y$


$X$


$\bar {Y}=X$


$L$


$\mathfrak {A}\subseteq \spec (L)$


$\mathfrak {A}$


$\spec (L)$


$\bigcap \mathfrak {A}=\{1\}$


\begin {align*}\mathfrak {A} \text { is dense in } \spec (L) \Leftrightarrow & \text { } \bar {\mathfrak {A}}=\spec (L)\\ \Leftrightarrow & \text { } V(\bigcap \mathfrak {A})=\spec (L) \\ \Leftrightarrow &\text { } V(\bigcap \mathfrak {A})=V(\{1\}) \\ \Leftrightarrow & \text { } \bigcap \mathfrak {A}=\{1\}.\end {align*}


$\relax \square $


$L$


$\R (L)=\{1\}$


$\mathfrak {B}\subseteq \M (L)$


$\mathfrak {B}$


$\M (L)$


$\bigcap \mathfrak {B}=\{1\}$


$\R (L)=\{1\}$


$F$


$L$


$V_{Max}(F)=\M (L)$


$V_{Max}(F)=V_{Max}(\{1\})$


$F=\{1\}$


\begin {align*}\mathfrak {B} \text { is dense in } \M (L) \Leftrightarrow &\text { } \text {The closure of }\mathfrak {B} \text { in } \M (L) \text { is equal to } \M (L) \\ \Leftrightarrow & \text { } V(\bigcap \mathfrak {B})\cap \M (L)=\M (L)\\ \Leftrightarrow & \text { }V_{Max}(\bigcap \mathfrak {B})=\M (L) \\ \Leftrightarrow & \text { }V_{Max}(\bigcap \mathfrak {B})=V_{Max}(\{1\}) \\ \Leftrightarrow & \text { } \bigcap \mathfrak {B}=\{1\}.\end {align*}


$\relax \square $


$\mathfrak {A}$


$L$


$\mathfrak {A}\subseteq \spec (L)$


$\mathfrak {A}\cap E_L=\emptyset $


$\mathfrak {A}$


$L$


$\mathfrak {A}$


$\spec (L)$


$F$


$L$


$L$


$F\not \subseteq P$


$P\in \mathfrak {A}$


$1\Rightarrow 2).$


$F$


$L$


$\mathfrak {A}$


$L$


$F\not \subseteq P$


$P\in \mathfrak {A}$


$F\not \subseteq P$


$P\in \mathfrak {A}$


$x\in F^*$


$[x)\cap F=\{1\}$


$[x)\cap F\subseteq P$


$P\in \mathfrak {A}$


$F\not \subseteq P$


$P\in \mathfrak {A}$


$[x)\subseteq P$


$P\in \mathfrak {A}$


$[x)\subseteq \bigcap _{P\in \mathfrak {A}}P$


$\bigcap _{P\in \mathfrak {A}}P=\{1\}$


$x=1$


$F^*=\{1\}$


$F$


$L$


$2\Rightarrow 1).$


$P\in \mathfrak {A}$


$P^*\not =\{1\}$


$1\not =x_P\in P^*$


$P\in \mathfrak {A}$


$P\in \mathfrak {A}$


$x_P\in P$


$x_P=x_P\vee x_P=1$


$x_P\not \in P$


$P\in \mathfrak {A}$


$F:=[\{x_P\mid P\in \mathfrak {A}\})$


$P\in \mathfrak {A}$


$x_P\not \in P$


$F\not \subseteq P$


$P\in \mathfrak {A}$


$F$


$L$


$F^*=\{1\}$


$x\in \bigcap \mathfrak {A}$


$x\vee x_P=1$


$P\in \mathfrak {A}$


$[x)\cap F=\{1\}$


$[x)\subseteq F^*=\{1\}$


$x=1$


$\bigcap \mathfrak {A}=\{1\}$


$\mathfrak {A}$


$\spec (L)$


$\relax \square $


$P$


$L$


$P$


$L$


$L$


$P$


$L$


$P^*\not =\{1\}$


$1\not =x\in P^*$


$x\in P$


$x=x\vee x=1$


$x\not \in P$


$Q\subseteq P$


$Q\in \spec (L)$


$y\in P$


$x\vee y=1$


$x\vee y\in Q$


$x\not \in P$


$x\not \in Q$


$y\in P$


$P\subseteq Q$


$P=Q$


$P$


$L$


$\relax \square $


$P$


$L$


$P$


$L$


$L$


$\Rightarrow ).$


$\Leftarrow ).$


$P$


$L$


$x_1,..., x_n\in P$


$P=[x_1,..., x_n)$


$i\in \{1,..., n\}$


$y_i\in L\setminus P$


$x_i\vee y_i=1$


$y:=y_1\vee \dots \vee y_n$


$P$


$y\in L\setminus P$


$x_i\vee y=1$


$i\in \{1,..., n\}$


$a\in P$


$m_1,..., m_n\in \mathbb {N}$


$x_1^{m_1}\odot \dots \odot x_n^{m_n}\leq a$


$x_i^{m_i}\vee y=1$


$i\in \{1,..., n\}$


\begin {equation*}1\odot \dots \odot 1= (x_1^{m_1}\vee y)\odot \dots \odot (x_n^{m_n}\vee y) \leq (x_1^{m_1}\odot \dots \odot x_n^{m_n})\vee y \leq a\vee y.\end {equation*}


$a\vee y=1$


$y\in P^*$


$y\in L\setminus P$


$y\not =1$


$P^*\not =\{1\}$


$P$


$L$


$\relax \square $


$F$


$L$


$L$


$F$


$L$


$F\not \subseteq P$


$P$


$L$


$L$


$P\not \in E_L$


$P$


$L$


$\bigcap _{P \in \mm (L)}P=\{1\}$


$\relax \square $


$\{F_i\}_{i\in \Lambda }$


$L$


$F_j \cap (\bigvee _{j\not =i\in \Lambda }F_i)=\{1\}$


$j\in \Lambda $


$F\in \F (L)$


$\{F_i\}_{i\in \Lambda }$


$L$


$F$


$\{F_i\}_{i\in \Lambda }$


$F=\bigoplus _{i\in \Lambda }F_i$


$\{F_i\}_{i\in \Lambda }$


$L$


$F=\bigvee _{i\in \Lambda }F_i$


$F_i$


$F$


$\mathfrak {F}$


$\bigvee \mathfrak {F}=\{1\}$


$e\in \B (L)$


$L$


$[e)\cap [e^*)=[e\vee e^*)=\{1\}$


$[e)\vee [e^*)=[e\odot e^*)=[0)=L$


$L=[e)\oplus [e^*)$


$F, G\in \F (L)$


$L$


$\{F, G\}$


$L$


$f, f'\in F$


$g, g'\in G$


$f\odot g\leq f'\odot g'$


$f\leq f'$


$g\leq g'$


$f, f'\in F$


$g, g'\in G$


$f\odot g= f'\odot g'$


$f= f'$


$g= g'$


$1\Rightarrow 2).$


$f\odot g\leq f'\odot g'$


$f, f'\in F$


$g, g'\in G$


$f\odot g\leq f'\odot g'$


$f\odot g\leq f'$


$f\odot g\leq g'$


$g\leq f\to f'$


$f\leq g\to g'$


$f\to f', g\to g'\in F\cap G=\{1\}$


$f\to f'=1$


$g\to g'=1$


$f\leq f'$


$g\leq g'$


$2\Rightarrow 3).$


$3\Rightarrow 1).$


$x\in F\cap G$


$x\odot 1= 1\odot x$


$x, 1\in F\cap G$


$x=1$


$\{F, G\}$


$L$


$\relax \square $


$F, F', G, G'\in \F (L)$


$L$


$F\subseteq F'$


$G\subseteq G'$


$F\oplus G=F'\oplus G'$


$F= F'$


$G= G'$


$a\in F'$


$b\in G'$


$a\odot b\in F'\oplus G'$


$a\odot b\in F\oplus G$


$f\in F$


$g\in G$


$f\odot g\leq a\odot b$


$a, f\in F'$


$b, g\in G'$


$f\leq a$


$g\leq b$


$f\in F$


$g\in G$


$a\in F$


$b\in G$


$F'\subseteq F$


$G'\subseteq G$


$F= F'$


$G= G'$


$\relax \square $


$F,G\in \F (L)$


$L$


$L=F\oplus G$


$e\in \B (L)$


$F=[e)$


$G=[e^*).$


$e, g\in \B (L)$


$L=[e)\oplus [g)$


$g=e^*$


$\Rightarrow ).$


$L=F\oplus G$


$L=F\vee G$


$F\cap G=\{1\}$


$e\in F$


$g\in G$


$e\odot g=0$


$e\vee g\in F\cap G=\{1\}$


$e\vee g=1$


$e\wedge g=e\odot g=0$


$e\in \B (L)$


$e^*=g$


$e\in F$


$e^*\in G$


$[e)\subseteq F$


$[e^*)\subseteq G$


$x\in F$


$y\in G$


$0=e\odot e^*\leq x\odot y$


$e\leq x$


$e^*\leq y$


$x\in [e)$


$y\in [e^*)$


$F=[e)$


$G=[e^*)$


$\Leftarrow ).$


$\relax \square $


$F,G\in \F (L)$


$L$


$L=H\oplus G$


$F$


$G$


$e\in \B (L)$


$F=[e)$


$G=[e^*)$


$\relax \square $


$\{F_i\}_{i\in \Lambda }$


$L$


$\{F_i\}_{i\in \Lambda }$


$L$


$\{F_i\}_{i\in \Lambda '}$


$\{F_i\}_{i\in \Lambda }$


$L$


$A$


$B$


$\Lambda $


$A\cap B=\emptyset $


$(\bigvee _{i\in A}F_i)\cap (\bigvee _{j\in B}F_j)=\{1\}$


$\{F_i\}_{i\in \Lambda '}$


$\{F_i\}_{i\in \Lambda }$


$f_i, f'_i\in F_i$


$i\in \Lambda '$


$\odot _{i\in \Lambda '}f_i\leq \odot _{i\in \Lambda '}f'_i$


$f_i\leq f'_i$


$i\in \Lambda '$


$\{F_i\}_{i\in \Lambda '}$


$\{F_i\}_{i\in \Lambda }$


$f_i, f'_i\in F_i$


$i\in \Lambda '$


$\odot _{i\in \Lambda '}f_i= \odot _{i\in \Lambda '}f'_i$


$f_i= f'_i$


$i\in \Lambda '$


$1\Rightarrow 2).$


$2\Rightarrow 3).$


$A$


$B$


$\Lambda $


$A\cap B=\emptyset $


$x\in (\bigvee _{i\in A}F_i)\cap (\bigvee _{j\in B}F_j)$


$A'\subseteq A$


$B'\subseteq B$


$x\in (\bigvee _{i\in A'}F_i)\cap (\bigvee _{j\in B'}F_j)$


$x\in \bigvee _{i\in A'}F_i$


$x\in \bigvee _{j\in B'}F_j$


$a_i\in F_i$


$i\in A'$


$b_j\in F_j$


$j\in B'$


$\odot _{i\in A'}a_i\leq x$


$\odot _{j\in B'}b_j\leq x$


$i\in A'$


$a_i\vee (\odot _{j\in B'}b_j)\in F_i\cap (\bigvee _{j\in B'}F_j)$


$i\in A'$


$F_i\cap (\bigvee _{j\in B'}F_j)=\{1\}$


$i\in A'$


$a_i\vee (\odot _{j\in B'}b_j)=1$


\begin {align*}1=\odot _{i\in A'}1= & \odot _{i\in A'}(a_i\vee (\odot _{j\in B'}b_j))\\ &\leq (\odot _{i\in A'}a_i)\vee (\odot _{j\in B'}b_j)\\ &\leq x.\end {align*}


$x=1$


$(\bigvee _{i\in A}F_i)\cap (\bigvee _{j\in B}F_j)=\{1\}$


$3\Rightarrow 1).$


$i\in \Lambda $


$A:=\{i\}$


$B:=\{j\in \Lambda \mid i\not =j\}$


$2\Leftrightarrow 4 \Leftrightarrow 5)$


$\relax \square $


$T$


$L$


$P$


$L$


$\{T, P\}$


$L$


$\R (L)=\{1\}$


$T$


$L$


$1).$


$\bigcap _{P\in \spec (L)}P=\{1\}$


$T\not =\{1\}$


$T\not \subseteq \bigcap _{P\in \spec (L)}P$


$P\in \spec (L)$


$T\not \subseteq P$


$T\cap P\not =T$


$T$


$T\cap P=\{1\}$


$\{T, P\}$


$L$


$2).$


$\R (L)=\{1\}$


$T\not =\{1\}$


$T\not \subseteq \R (L)$


$M\in \M (L)$


$T\not \subseteq M$


$T\cap M\not =T$


$T$


$T\cap M\subseteq T$


$T\not \subseteq M$


$T\cap M=\{1\}$


$T\vee M=L$


$L=T\oplus M$


$T$


$L$


$\relax \square $


$F, G, H\in \F (L)$


$L$


$F\subseteq G$


\begin {equation*}G\cap (F\vee H)=F\vee (G\cap H).\end {equation*}


$x\in G\cap (F\vee H)$


$x\in G$


$x\in F\vee H$


$f\in F$


$h\in H$


$f\odot h\leq x$


$h\leq f\to x$


$h\leq f\to x$


$x\leq f\to x$


$f\to x\in G\cap H$


$f\odot (f\to x)\leq x$


$x\in F\vee (G\cap H)$


$G\cap (F\vee H)\subseteq F\vee (G\cap H)$


$F\subseteq G$


$F\vee (G\cap H)\subseteq G$


$F\vee (G\cap H)\subseteq F\vee H$


$F\vee (G\cap H)\subseteq G\cap (F\vee H)$


$G\cap (F\vee H)=F\vee (G\cap H).$


$\relax \square $


$F\in \F (L)$


$L$


$H\in \F (L)$


$H\subseteq F$


$G\in \F (L)$


$F=H\oplus G$


$\{1\}\not =H\in \F (L)$


$H\subseteq F$


$T\in \m (L)$


$T\subseteq H$


$\{1\}\not =H\in \F (L)$


$H\subseteq F$


$1\not =x\in H$


$\Sigma :=\{A\in \F (L)\mid A\subset [x)\}$


$\{1\}\in \Sigma $


$\Sigma \not =\emptyset $


$\Sigma $


$\Sigma $


$\Sigma $


$\Sigma $


$\Sigma $


$B$


$B\subseteq F$


$F=B\oplus B'$


$B'\in \F (L)$


$[x)=[x)\cap F=[x)\cap (B\oplus B')=B\vee ([x)\cap B')$


$[x)\cap B'\in \m (L)$


$[x)\cap B'\subseteq [x)\subseteq H$


$[x)\cap B'=\{1\}$


$[x)=B\vee ([x)\cap B')$


$B=[x)$


$[x)\cap B'\not =\{1\}$


$G\subseteq [x)\cap B'$


$G\in \F (L)$


$G\subseteq B$


$G\subseteq B\cap B'=\{1\}$


$G=\{1\}$


$G\not \subseteq B$


$B\subset B\vee G\subseteq [x)$


$B$


$B\vee G= [x)$


$a\in [x)\cap B'$


$[x)\cap B'\subseteq [x)=B\vee G$


$b\in B$


$g\in G$


$b\odot g\leq a$


$b\leq g\to a$


$a\leq g\to a$


$b\leq g\to a$


$g\to a\in B\cap [x)\cap B'=\{1\}$


$g\to a=1$


$g\leq a$


$g\in G$


$a\in G$


$[x)\cap B'\subseteq G$


$[x)\cap B'= G$


$[x)\cap B'\in \m (L)$


$\relax \square $


$F$


$L$


$\So (F)$


$\bigvee \{T\mid T\in \m (L), T\subseteq F\}$


$\{1\}$


$F$


$L$


\begin {equation*}\So (F)=\bigcap E_F.\end {equation*}


$\{T\in \m (L)\mid T\subseteq F\}=\emptyset $


$\So (F)=\{1\}$


$\So (F)\subseteq \bigcap E_F$


$\{T\in \m (L)\mid T\subseteq F\}\not =\emptyset $


$A\in \{T\in \m (L)\mid T\subseteq F\}$


$B\in E_F$


$E_F$


$A\cap B=\{1\}$


$A\cap F=\{1\}$


$A\subseteq F$


$A=\{1\}$


$A\in \{T\in \m (L)\mid T\subseteq F\}$


$B\in E_F$


$A\cap B\not =\{1\}$


$A$


$L$


$A\cap B=A$


$A\in \{T\in \m (L)\mid T\subseteq F\}$


$B\in E_F$


$A\subseteq B$


$\So (F)\subseteq \bigcap E_F$


$H\in \F (L)$


$H\subseteq \bigcap E_F$


$F\in E_F$


$H\subseteq F$


$H\vee (H^*\cap F)\in E_F$


$H\subseteq \bigcap E_F\subseteq H\vee (H^*\cap F)$


\begin {equation*}\bigcap E_F=\bigcap E_F\cap (H\vee (H^*\cap F))=H\vee ((\bigcap E_F)\cap H^*\cap F).\end {equation*}


$H\cap ((\bigcap E_F)\cap H^*\cap F)\subseteq H\cap H^*=\{1\}$


$H\cap ((\bigcap E_F)\cap H^*\cap F)=\{1\}$


\begin {equation*}\bigcap E_F=H\oplus ((\bigcap E_F)\cap H^*\cap F).\end {equation*}


$\bigcap E_F$


$\So (F)\subseteq \bigcap E_F$


$\bigcap E_F=\So (F)\oplus ((\bigcap E_F)\cap \So (F)^*\cap F)$


$A:=(\bigcap E_F)\cap \So (F)^*\cap F$


$A=\{1\}$


$\So (F)=\bigcap E_F$


$A\not =\{1\}$


$T\in \m (L)$


$T\subseteq A$


\begin {equation*}\{1\}\not =T\subseteq \So (F)\cap ((\bigcap E_F)\cap \So (F)^*\cap F)=\{1\},\end {equation*}


$\relax \square $


$F$


$L$


$\So (F)=F\cap \So (L)$


$\So (\So (F))=\So (F)$


$1).$


$\So (L)=\{1\}$


$\So (L)\not =\{1\}$


$\So (F)\subseteq F$


$\So (F)\subseteq \So (L)$


$\So (F)\subseteq F\cap \So (L)$


$x\in F\cap \So (L)$


$x\in \So (L)$


$T_1,..., T_n\in \m (L)$


$x_1\in T_1,...,x_n\in T_n$


$x_1\odot \dots \odot x_n\leq x$


$I:=\{i\in \{1,...,n\}\mid x\vee x_i=1\}.$


$I=\emptyset $


$x\vee x_i\not =1$


$i\in \{1,..., n\}$


$1\not =x\vee x_i\in F\cap T_i$


$F\cap T_i\not =\{1\}$


$F\cap T_i\subseteq T_i$


$T_i$


$F\cap T_i=T_i$


$T_i\subseteq F$


$i\in \{1,..., n\}$


$T_i\subseteq \So (F)$


$i\in \{1,..., n\}$


$x\in \So (F)$


$I=\{1,..., n\}$


$x\vee x_i=1$


$i\in \{1,..., n\}$


\begin {equation*}1=(x\vee x_1)\odot \dots \odot (x\vee x_n)\leq x\vee (x_1\odot \dots \odot x_n).\end {equation*}


$x_1\odot \dots \odot x_n\leq x$


$x\vee (x_1\odot \dots \odot x_n)=x$


$1\leq x$


$x=1$


$x\in \So (F)$


$I\not =\emptyset $


$I\not =\{1,..., n\}$


$J:=\{1,..., n\}\setminus I$


\begin {align*}(\odot _{j\in J}(x\vee x_j))= & (\odot _{i\in I}(x\vee x_i))\odot (\odot _{j\in J}(x\vee x_j))\\&= (x\vee x_1)\odot \dots \odot (x\vee x_n) \\&\leq x\vee (x_1\odot \dots \odot x_n)=x.\nonumber \end {align*}


\begin {align}\label {sss} (\odot _{j\in J}(x\vee x_j))\leq x\vee (x_1\odot \dots \odot x_n)=x.\tag {*}\end {align}


$x\vee x_j\not =1$


$j\in J$


$1\not =x\vee x_j\in F\cap T_j$


$F\cap T_j\not =\{1\}$


$j\in J$


$F\cap T_j\subseteq T_j$


$T_j$


$F\cap T_j=T_j$


$T_j\subseteq F$


$j\in J$


$x\vee x_j\in \So (F)$


$j\in J$


$(\odot _{j\in J}(x\vee x_j))\in \So (F)$


$x\in \So (F)$


$(*)$


$2).$


$(1)$


$\So (F)\subseteq \So (L)$


\begin {equation*}\So (\So (F))=\So (F)\cap \So (L)=\So (F).\end {equation*}


$\relax \square $


$M$


$L$


$\R (L)=\{1\}$


$M$


$\M (L)$


$e\in \B (L)$


$M=[e^*)$


$M$


$L$


$1\Rightarrow 2).$


$M$


$\M (L)$


$a\in L$


$\{M\}=U_{Max}(a)$


$a\in (\bigcap _{M\not = N\in \M (L)}N)\setminus M$


$a\not \in M$


$n\in \mathbb {N}$


$(a^n)^*\in M$


$e:=a^n$


$e\in (\bigcap _{M\not = N\in \M (L)}N)\setminus M$


$e^*\in M$


$e\vee e^*\in \bigcap _{ N\in \M (L)}N=\R (L)=\{1\}$


$e\vee e^*=1$


$e\in \B (L)$


$e^*\in M$


$[e^*)\subseteq M$


$x\in M$


$x\vee e\in \R (L)=\{1\}$


$x\vee e=1$


$e^*\to x=e^{**}\vee x=e\vee x=1$


$e^*\leq x$


$x\in [e^*)$


$M=[e^*)$


$2\Rightarrow 1).$


$e\in \B (L)$


$M=[e^*)$


$\{M\}=U_{Max}(e)$


$M$


$\M (L)$


$2\Rightarrow 3).$


$e\in \B (L)$


$M=[e^*)$


$L=[e)\oplus [e^*)$


$M$


$L$


$3\Rightarrow 2).$


$\relax \square $


$L$


$\R (L)=\{1\}$


\begin {equation*}\So (L)=\{a\in L\mid U_{Max}(a) \text { }\text {is a finite set}\}.\end {equation*}


$\So (L)=\{1\}$


$\So (L)\subseteq \{a\in L\mid U_{Max}(a) \text { }\text {is a finite set}\}$


$\So (L)\not =\{1\}$


$1\not =a\in \So (L)=\bigvee _{T\in \m (L)}T$


$T_1,..., T_n\in \m (L)$


$a_1\in T_1$


$a_n\in T_n$


$a_1\odot \dots \odot a_n\leq a$


$a\in T_1\vee \dots \vee T_n$


$U_{Max}(a)\subseteq U_{Max}(T_1\vee \dots \vee T_n)$


$U_{Max}(T_1\vee \dots \vee T_n)=U_{Max}(T_1)\cup \dots \cup U_{Max}( T_n)$


$U_{Max}(T_i)$


$i$


$U_{Max}(a)$


$\So (L)\subseteq \{a\in L\mid U_{Max}(a) \text { }\text {is a finite set}\}$


$a\in L$


$U_{Max}(a)=\emptyset $


$[a)=\{1\}$


$a\in \So (L)$


$U_{Max}(a)$


$a\in L$


$U_{Max}(a)=\{M_1,...M_n\}$


$N\in \M (L)\setminus U_{Max}(a)$


$a\in N$


$n=1$


$M_1$


$\M (L)$


$e\in \B (L)$


$M=[e)$


$a\vee e\in \R (L)=\{1\}$


$a\vee e=1$


$e^*\leq a$


$a\in [e^*)$


$[e)$


$[e^*)$


$a\in \So (L)$


$2\leq n$


$j\in \{1,..., n\}$


$M_1,..., M_n$


$a_i\in M_i\setminus M_j$


$i\not = j$


$i\in \{1,..., n\}$


$b_j:=a\vee a_1\vee \dots \vee \hat {a_{j}}\vee \dots \vee a_n$


$b_j\in (\bigcap _{M_j\not =N\in \M (L)}N)\setminus M_j$


$U_{Max}(b_j)=\{M_j\}$


$j\in \{1,..., n\}$


$j\in \{1,..., n\}$


$M_j$


$\M (L)$


$e_j\in \B (L)$


$M_j=[e_j)$


$a\vee e_1\vee \dots \vee e_n\in \R (L)=\{1\}$


$a\vee e_1\vee \dots \vee e_n=1$


$(e_1\vee \dots \vee e_n)^*\leq a$


$(e_1^*\odot \dots \odot e_n^*)\leq a$


$a\in [e_1^*)\vee \dots \vee [e_n^*)$


$[e_j)$


$[e_j^*)$


$a\in \So (L)$


$\relax \square $


$L$


$\So (L)\in E_L$


$\So (L)$


$L$


$\{1\}\not =F\in \F (L)$


$\So (F)\not =\{1\}$


$L$


$E_L$


$E_L$


$1\Rightarrow 2).$


$\So (F)=F\cap \So (L)$


$\So (F)=\{1\}$


$F\cap \So (L)=\{1\}$


$\So (L)$


$L$


$F=\{1\}$


$2\Rightarrow 3).$


$3\Rightarrow 1).$


$F$


$L$


$F$


$F\cap \So (L)\not =\{1\}$


$(\So (L))^*=\{1\}$


$\So (L)\in E_L$


$1\Rightarrow 4).$


$\So (L)\in E_L$


$\mathfrak {A}$


$E_L$


$\So (L)\subseteq \bigcap \mathfrak {A}$


$\bigcap \mathfrak {A}$


$L$


$4\Rightarrow 1).$


$\So (L)=\bigcap E_L$


$\So (L)\in E_L$


$\relax \square $


$L$


$L$


$\So (L)\in E_L$


$L$


$\relax \square $


$L$


$M_0(L):=\{M\in \M (L)\mid M \text { }\text {is an isolated point of}\text { } \M (L)\}$


$L$


$\R (L)=\{1\}$


$M_0(L)$


$\M (L)$


$M_0(L)$


$\M (L)$


$\bigcap M_0(L)=\{1\}$


$M\in M_0(L)$


$e_M\in \B (L)$


$M=[e_M^*)$


$[e_M)$


$x\in (\So (L))^*$


$x\vee e_M=1$


$M\in M_0(L)$


$e_M^*\leq x$


$M\in M_0(L)$


$x\in [e_M^*)$


$M\in M_0(L)$


$x\in \bigcap M_0(L)=\{1\}.$


$x=1$


$\So (L)\in E_L$


$\So (L)\in E_L$


$x\in \bigcap M_0(L)$


$y\in \So (L)$


$\So (L)=\{1\}$


$x\vee y=1$


$\So (L)\not =\{1\}$


$e_1,..., e_n\in \B (L)$


$[e_1),..., [e_n)\in \m (L)$


$e_1\odot \dots \odot e_n\leq y$


$i$


$[e_i^*)$


$\M (L)$


$x\in [e_i^*)$


$e_i^*\leq x$


$x\vee e_i=1$


$i\in \{1,..., n\}$


\begin {equation*}1=(x\vee e_1)\odot \dots \odot (x\vee x_n)\leq x\vee (e_1\odot \dots \odot e_n)\leq x\vee y,\end {equation*}


$x\vee y=1$


$x\vee y=1$


$y\in \So (L)$


$x=1$


$\bigcap M_0(L)=\{1\}$


$M_0(L)$


$\M (L)$


$\relax \square $


$L$


$\R (L)=\{1\}$


$\So (L)$


$L$


$M_0(L)$


$\M (L)$


$\Rightarrow ).$


$\So (L)$


$L$


$a\in L$


$\So (L)=[a)$


$\So (L)=\{1\}$


$M\in M_0(L)$


$e_M\in \B (L)$


$M=[e_M^*)$


$[e_M)$


$\So (L)\not =\{1\}$


$M_0(L)=\emptyset $


$\So (L)\not =\{1\}$


$M_0(L)$


$M_0=\{[e_i)\}_{i\in \Lambda }$


$\{e_i\}_{i\in \Lambda }\subseteq \B (L)$


$\So (L)=\bigvee _{T\in \m (L)}T$


$a\in \So (L)$


$T_1,..., T_n\in \m (L)$


$f_1,..., f_n\in \B (L)$


$T_j=[f_j)$


$j\in \{1,..., n\}$


$f_1\odot \dots \odot f_n\leq a$


$i\in \Lambda $


$[e_i)$


$[e_i^*)$


$e_i^*\in \So (L)$


$i\in \Lambda $


$i\in \Lambda $


$e_i^*\in \So (L)=[a)$


$m\in \mathbb {N}$


$a^m\leq e_i^*$


\begin {align*}f_1\wedge \dots \wedge f_n= & f_1\odot \dots \odot f_n=(f_1\odot \dots \odot f_n)^m\leq a^m\leq e_i^*\\& \Rightarrow f_1\wedge \dots \wedge f_n\leq e_i^*\\ & \Rightarrow e_i\leq (f_1\wedge \dots \wedge f_n)^* \\ & \Rightarrow e_i\leq f_1^*\vee \dots \vee f_n^* \\ & \Rightarrow [f_1^*\vee \dots \vee f_n^*)\subseteq [e_i) \\ & \Rightarrow [f_1^*)\cap \dots \cap [f_n^*)\subseteq [e_i).\end {align*}


$[e_i)$


$j\in \{1,..., n\}$


$[f_j^*)\subseteq [e_i)$


$[f_j)$


$[f_j^*)$


$[e_i)$


$[f_j^*)= [e_i)$


$e_i=f_j^*$


$M_0(L)=\{[f_1^*),..., [f_n^*)\}$


$\M (L)$


$\Leftarrow ).$


$M_0(L)$


$\M (L)$


$M_0(L)=\emptyset $


$T\in \m (L)$


$e\in \B (L)$


$T=[e)$


$[e^*)$


$\M (L)$


$\m (L)=\emptyset $


$\So (L)=\{1\}$


$L$


$M_0(L)\not =\emptyset $


$\R (L)=\{1\}$


$L$


$[e)$


$e\in \B (L)$


$[e^*) \in M_0(L)$


$\m (L)$


$M_0(L)$


$M_0(L)$


$\m (L)$


$\m (L)=\{[e_1),..., [e_n)\}$


\begin {equation*}\So (L)=[e_1)\vee \dots \vee [e_n)=[e_1\odot \dots \odot e_n).\end {equation*}


$\So (L)$


$L$


$\relax \square $


$F$


$L$


$F\not =\{1\}$


$F=\bigvee _{i\in \Lambda }T_i$


$\{T_i\}_{i\in \Lambda }$


$F$


$L$


$F$


$L$


$F=\bigvee _{i\in \Lambda }T_i$


$\{T_i\}_{i\in \Lambda }$


$F$


$F=\bigoplus _{j\in \Omega }T_j$


$\{T_j\}_{j\in \Omega }$


$H\in \F (L)$


$H\subseteq F$


$G\in \F (L)$


$F=H\oplus G$


$H\in \F (L)$


$H\subseteq F$


$F=H\oplus (H^*\cap F)$


$E_F=\{F\}$


$1\Rightarrow 2).$


$F=\bigvee _{i\in \Lambda }T_i$


$\{T_i\}_{i\in \Lambda }$


$\Sigma :=\{K\subseteq \Lambda \mid \bigvee _{k\in K}T_k=\bigoplus _{k\in K}T_k\}$


$\Sigma $


$i\in \Lambda $


$\{i\}\in \Sigma $


$\Sigma \not =\emptyset $


$\{\Gamma _\alpha \}$


$\Sigma $


$\Gamma :=\bigcup _{\alpha }\Gamma _\alpha $


$\beta \in \Gamma $


$x\in T_\beta \bigcap (\bigvee _{\beta \not =\alpha \in \Gamma }T_\alpha )$


$\alpha _1,..., \alpha _n\in \Gamma $


$x\in T_\beta \bigcap (T_{\alpha _1}\vee \dots \vee T_{\alpha _n} )$


$\gamma $


$\beta , \alpha _1,..., \alpha _n\in \Gamma _\gamma $


$x\in T_\beta \bigcap (T_{\alpha _1}\vee \dots \vee T_{\alpha _n} )\subseteq T_\beta \bigcap (\bigvee _{\beta \not =\alpha \in \Gamma _\gamma }T_\alpha )=\{1\}$


$x=1$


$\Gamma \
\in \Sigma $


$\Sigma $


$\Sigma $


$\Sigma $


$\Omega $


$G:=\bigvee _{a\in \Omega }T_a=\bigoplus _{a\in \Omega }T_a$


$F\not =G$


$i\in \Lambda $


$T_i\not \subseteq G$


$T_i$


$T_i\not \subseteq G$


$T_i\bigcap (\bigvee _{a\in \Omega }T_a)=\{1\}$


$x\in T_{a_*}\bigcap (T_i\vee (\bigvee _{a_*\not =a\in \Omega }T_a))$


$a_*\in \Omega $


$x\in T_i\vee (\bigvee _{a_*\not =a\in \Omega }T_a)$


$t\in T_i$


$l\in \bigvee _{a_*\not =a\in \Omega }T_a$


$t\odot l\leq x$


$t\leq l\to x$


$t\leq l\to x$


$x\leq l\to x$


$l\to x\in T_{a_*}\cap T_i$


$T_i$


$T_{a_*}$


$T_{a_*}\cap T_i=\{1\}$


$l\to x=1$


$l\leq x$


$x\in T_{a_*}\cap (\bigvee _{a_*\not =a\in \Omega }T_a)=\{1\}$


$x=1$


$\Omega \cup \{i\}\in \Sigma $


$G=F$


$F=\bigoplus _{j\in \Omega }T_j$


$\{T_j\}_{j\in \Omega }\subseteq \m (L)$


$2\Rightarrow 1).$


$2\Rightarrow 3).$


$F=\bigoplus _{j\in \Omega }T_j$


$\{T_j\}_{j\in \Omega }$


$H\in \F (L)$


$H\subseteq F$


$H=F$


$H\not = F$


$\Sigma :=\{K\subseteq \Omega \mid H\cap (\bigvee _{k\in K}T_k)=\{1\}\}$


$\Gamma $


$H\not = F$


$j\in \Omega $


$T_j\not \subseteq H$


$\{j\}\in \Gamma $


$\Sigma \not =\emptyset $


$\{\Gamma _\alpha \}$


$\Sigma $


$\Gamma :=\bigcup _{\alpha }\Gamma _\alpha $


$x\in H\cap (\bigvee _{j\in \Gamma }T_j)$


$j_1,..., j_n\in \Gamma $


$x\in H\cap (T_{j_1}\vee \dots \vee T_{j_n} )$


$j_*\in \Gamma $


$j_1,..., j_n\in \Gamma _{j_*}$


$x\in H\cap (\bigvee _{j\in \Gamma _{j_*}}T_j)=\{1\}$


$x=1$


$\Sigma $


$\Sigma $


$\Sigma $


$A$


$G:=\bigvee _{a\in A}T_a$


$H\cap G=\{1\}$


$(1\Rightarrow 2)$


$F=H\vee G$


$F=H\oplus G$


$3\Rightarrow 1).$


$\{1\}\not =H\in \F (L)$


$H\subseteq F$


$T\in \m (L)$


$T\subseteq H$


$G:=\bigvee _{T\in \m (L), T\subseteq F}T$


$F=G\oplus G'$


$G'\in \F (L)$


$G'\not =\{1\}$


$T\in \m (L)$


$T\subseteq G$


$T\subseteq G\cap G'=\{1\}$


$T=\{1\}$


$G'=\{1\}$


$F=\bigvee _{T\in \m (L), T\subseteq F}T$


$3\Rightarrow 5).$


$F\in E_F$


$H\in E_F$


$G\in \F (L)$


$F=H\oplus G$


$H\cap G=\{1\}$


$F\cap G=\{1\}$


$G\subseteq F$


$G=\{1\}$


$F=H$


$E_F=\{F\}$


$5\Rightarrow 4).$


$H\in \F (L)$


$H\subseteq F$


$H\vee (H^*\cap F)\in E_F$


$H\vee (H^*\cap F)=F$


$H\cap (H^*\cap F)=\{1\}$


$F=H\oplus (H^*\cap F)$


$4\Rightarrow 3).$


$\relax \square $


$F, G\in \F (L)$


$G\subseteq F$


$F$


$G$


$H\in \F (L)$


$H\subseteq G$


$H\subseteq F$


$H'\in \F (L)$


$F=H\oplus H'$


$H\subseteq G\subseteq H\oplus H'=H\vee H'$


$G=G\cap (H\vee H')=H\vee (G\cap H')$


$H\cap (G\cap H')=\{1\}$


$G=H\oplus (G\cap H')$


$G$


$\relax \square $


$e, f\in \B (L)$


$[e)\to [f)=\{x\in L\mid f\leq e\vee x\}.$


$[e)\to [f)=[f)^*\to [e)^*$


\begin {equation*}x\in [e)\to [f) \Leftrightarrow [e)\cap [x)\subseteq [f) \Leftrightarrow [e\vee x)\subseteq [f) \Leftrightarrow f\leq e\vee x.\end {equation*}


$[e)\to [f)=\{x\in L\mid f\leq e\vee x\}$


\begin {align*}x\in [e)\to [f)&\Rightarrow f\leq e\vee x \\&\Rightarrow 1=f\vee f^*\leq e\vee x\vee f^*\\ & \Rightarrow e\vee x\vee f^*=1\\ & \Rightarrow e^*\leq x\vee f^* \\ & \Rightarrow x\in [f^*)\to [e^*)\\ &\Rightarrow x\in [f)^*\to [e)^*.\end {align*}


$[e)\to [f)\subseteq [f)^*\to [e)^*$


$[e)\to [f)\supseteq [f)^*\to [e)^*$


$[e)\to [f)=[f)^*\to [e)^*$


$\relax \square $


$L$


$L$


$L$


$L$


$L=\bigvee _{i\in \Lambda }T_i$


$\{T_i\}_{i\in \Lambda }$


$L$


$L$


$L=\bigoplus _{j\in \Omega }T_j$


$\{T_j\}_{j\in \Omega }$


$H\in \F (L)$


$G\in \F (L)$


$L=H\oplus G$


$\F (L)$


$H\in \F (L)$


$L=H\oplus H^*$


$L$


$E_L=\{L\}$


$L=T_1\oplus \dots \oplus T_n$


$T_1,..., T_n\in \m (L)$


$L$


$\R (L)=\{1\}$


$L$


$L$


$\{1\}$


$L$


$\F (L)$


$\F (L)$


$\F (L)$


$1\Leftrightarrow 2\Leftrightarrow 3\Leftrightarrow 4\Leftrightarrow 6$


$5\Leftrightarrow 6).$


$2\Rightarrow 7).$


$L=\bigoplus _{j\in \Omega }T_j$


$\{T_j\}_{j\in \Omega }$


$0\in L$


$j_1,..., j_n\in \Omega $


$0\in T_{j_1}\vee \dots \vee T_{j_n}$


$L=T_{j_1}\vee \dots \vee T_{j_n}$


$\{T_j\}_{j\in \Omega }$


$L$


$\{T_{j_1},..., T_{j_n}\}$


$L$


$L=T_{j_1}\oplus \dots \oplus T_{j_n}$


$7\Rightarrow 2).$


$3\Rightarrow 8).$


$P\in \spec (L)$


$M\in \M (L)$


$P\subseteq M$


$G\in \F (L)$


$L=M\oplus G$


$P\not =M$


$x\in M\setminus P$


$y\in G$


$x\vee y\in M\cap G=\{1\}$


$x\vee y=1\in P$


$x\not \in P$


$y\in P$


$G\subseteq P$


$G\cap M=\{1\}$


$G\subseteq P\subseteq M$


$G=\{1\}$


$L=M\vee G=M\vee \{1\}=M$


$P=M$


$L$


$(3\Leftrightarrow 7)$


$L=T_1\oplus \dots \oplus T_n$


$T_1,..., T_n\in \m (L)$


$L$


$\R (L)=\{1\}$


$e_1,..., e_n\in \B (L)$


$T_i=[e_i)$


$i\in \{1,..., n\}$


$i\in \{1,..., n\}$


\begin {align*}L=T_1\oplus \dots \oplus T_n= & [e_1)\oplus \dots \oplus [e_n)\\=&[e_i)\oplus [e_1)\oplus \dots \oplus \hat {[e_i)}\oplus \dots \oplus [e_n) \\=&[e_i)\oplus [e_1)\vee \dots \vee \hat {[e_i)}\vee \dots \vee [e_n)\\=& [e_i)\oplus [e_i\odot \dots \odot \hat {e_i}\odot \dots \odot e_n),\end {align*}


$f_i:=e_i\odot \dots \odot \hat {e_i}\odot \dots \odot e_n$


$i\in \{1,..., n\}$


$L=[e_i)\oplus [f_i)$


$i\in \{1,..., n\}$


$[f_i)$


$i\in \{1,..., n\}$


$f_i=e^*_i$


$\M (L)=\{[f_1),..., [f_n)\}$


$\{[f_1),..., [f_n)\}\subseteq \M (L)$


$N\in \M (L)$


$i\in \{1,..., n\}$


$[e_i)\cap [f_i)=\{1\}\subseteq N$


$i\in \{1,..., n\}$


$[e_i)\subseteq N$


$[f_i)\subseteq N$


$i\in \{1,..., n\}$


$[f_i)\subseteq N$


$[f_i)= N$


$[f_i)$


$L$


$N\in \{[f_1),..., [f_n)\}$


$i\in \{1,..., n\}$


$[e_i)\subseteq N$


$L= [e_1)\vee \dots \vee [e_n)\subseteq N$


$L=N$


$\M (L)=\{[f_1),..., [f_n)\}$


$L$


$8\Rightarrow 1).$


$\M (L)=\{M_1,..., M_n\}$


$L$


$\R (L)=\{1\}$


$n=1$


$\M (L)=\{M_1\}$


$M_1=\R (L)=\{1\}$


$L$


$n\geq 2$


$i\in \{1,..., n\}$


$N_i:=M_1\cap \dots \cap \hat {M_i}\cap \dots \cap M_n$


$i\in \{1,..., n\}$


$M_i\cap N_i=\R (L)=\{1\}$


$M_i\vee N_i=M_i\vee (M_1\cap \dots \cap \hat {M_i}\cap \dots \cap M_n)=\bigcap _{j\not = i}(M_i\vee M_j)=\bigcap _{j\not = i}L=L$


$L=M_i\oplus N_i$


$i$


$N_i$


$L$


$i\in \{1,..., n\}$


$i\in \{1,..., n\}$


$e_i\in \B (L)$


$N_i=[e_i)$


$M_i=[e^*_i)$


$e^*_1\vee \dots \vee e^*_n\in \bigcap _{i=1}^nM_i=\R (L)=\{1\}$


$e^*_i\vee \dots \vee e^*_n=1$


$f:=e_i\odot \dots \odot e_n$


\begin {align*}f=f\odot 1=&f\odot (e^*_1\vee \dots \vee e^*_n)\\=&(f\odot e^*_1)\vee \dots \vee (f\odot e^*_n)\\\leq & (e_1\odot e^*_1)\vee \dots \vee (e_n\odot e^*_n)=0.\end {align*}


$f=e_i\odot \dots \odot e_n=0$


$L=N_1\vee \dots \vee N_n$


$8\Rightarrow 9).$


$9\Rightarrow 8).$


$\M (L)=\{M_1,..., M_n\}$


$\R (L)=M_1\cap \dots \cap M_n=\{1\}$


$P\in \spec (L)$


$M_1\cap \dots \cap M_n=\{1\}\subseteq P$


$i\in \{1,..., n\}$


$M_i\subseteq P$


$M_i\in \M (L)$


$M_i=P$


$P\in \M (L)$


$\spec (L)=\M (L)$


$L$


$8\Rightarrow 10).$


$L$


$\spec (L)=\M (L)$


$L$


$P_1\cap \dots \cap P_n$


$Q_1\cap \dots \cap Q_m$


$F$


$L$


$i\in \{1,..., n\}$


$Q_1\cap \dots \cap Q_m\subseteq P_i$


$j_i\in \{1,..., m\}$


$Q_{j_i}\subseteq P_i$


$P_i, Q_{j_i}\in \M (L)$


$Q_{j_i}= P_i$


$j\in \{1,..., m\}$


$P_1\cap \dots \cap P_n\subseteq Q_j$


$i_j\in \{1,..., n\}$


$P_{i_j}\subseteq Q_j$


$P_{i_j}, Q_j\in \M (L)$


$Q_j= P_{i_j}$


$\{P_1,..., P_n\}$


$\{ Q_1,..., Q_m\}$


$L$


$10\Rightarrow 11).$


$11\Rightarrow 8).$


$\{1\}=P_1\cap \dots \cap P_n$


$\{1\}$


$L$


$P\in \spec (L)$


$P_1\cap \dots \cap P_n=\{1\}\subseteq P$


$i\in \{1,..., n\}$


$P_i\subseteq P$


$P_i\in \M (L)$


$P_i= P$


$\M (L)\subseteq \spec (L)\subseteq \{P_1,..., P_n\}\subseteq \M (L)$


$\M (L)= \spec (L)= \{P_1,..., P_n\}$


$L$


$1\Leftrightarrow 12).$


$5\Rightarrow 13).$


$F\in \F (L)$


$e\in \B (L)$


$F=[e)$


\begin {equation*}F^{**}=[e)^{**}=[e^{**})=[e)=F.\end {equation*}


$\F (L)$


$13\Rightarrow 4).$


$H\in \F (L)$


\begin {equation*}H\vee H^*=(H\vee H^*)^{**}=(H^*\cap H^{**})^*=(H^*\cap H)^*=\{1\}^*=L.\end {equation*}


$H\cap H^*=\{1\}$


$H\oplus H^*=L$


$\F (L)$


$5\Rightarrow 14).$


$F\in \F (L)$


$e\in \B (L)$


$F=[e)$


\begin {equation*}F\vee F^*=[e)\vee [e)^*=[e)\vee [e^*)=[e\odot e^*)=[0)=L.\end {equation*}


$\F (L)$


$14\Rightarrow 4).$


$H\in \F (L)$


\begin {equation*}H\vee H^*=H^*\to H^*=L.\end {equation*}


$H\cap H^*=\{1\}$


$H\oplus H^*=L$


$\F (L)$


$5\Rightarrow 15).$


$F, G\in \F (L)$


$e, f\in \B (L)$


$F=[e)$


$G=[f)$


\begin {equation*}F\to G=[e)\to [f)=[f)^*\to [e)^*=G^*\to F^*.\end {equation*}


$\F (L)$


$15\Rightarrow 13).$


$F\in \F (L)$


\begin {equation*}F^{**}\to F=F^*\to F^{***}=F^*\to F^*=L.\end {equation*}


$F^{**}=F$


$\F (L)$


$\relax \square $


$L: = [0, 1]$


\begin {equation*}x\wedge y:=min\{x,y\}, x\vee y:=max\{x,y\}, x\odot y:=max\{0, x+y-1\},\end {equation*}


\begin {equation*}and\end {equation*}


\begin {equation*}x\to y:=min\{1,1-x+y\}.\end {equation*}


$(L, \wedge , \vee , \odot , \to , 0, 1)$


$x\in [0,1)$


$n\in \mathbb {N}$


$x^n=0$


$\F (L)=\{\{1\}, L\}$


$L$


$L$


$L$


$L$


$\R (L)=\{1\}$


$\relax \square $


$L$


$\{0, 1\}$


$A_i:=\{0, 1\}$


$i\in \mathbb {N}$


$A_i's$


$L=\prod _{i\in \mathbb {N}}A_i$


$\R (L)=\{(1, 1,...)\}=\{1_L\}$


$L$


$L$


$L$


$R$


$R$


$(Id(R),\cap ,+,\odot , \rightarrow ,0=\{0\},1=R)$


$\subseteq $


$I,J\in Id\left ( R\right )$


\begin {equation*}I+J:=\{i+j\mid i\in I,j\in J\}\text {, }I\odot J:=\{\underset {k=1}{\overset {n}{\sum }}i_{k}j_{k}\mid \text { }i_{k}\in I,j_{k}\in J\},\end {equation*}


\begin {equation*}\text { and }\end {equation*}


\begin {equation*}I\rightarrow J:=\left \{x\in A\mid x\cdot I\subseteq J\right \}.\end {equation*}


$R$


$(Id(R),\cap ,+,\odot , \rightarrow ,0=\{0\},1=R)$


$R:=R_1\times \dots \times R_n$


$R_i's$


$Id(R)=\{I_1\times \dots \times I_n\mid I_i\in Id(R_i)\text { for each } i=\{1,..., n\}$


$R_i$


$Id(R_i)=\{\{0_{R_i}\}, R_i\}$


$(Id(R),\cap ,+,\odot , \rightarrow ,0=\{0\},1=R)$


$I_1\times \dots \times I_n\in R$


$m\in \mathbb {N}$


$(I_1\times \dots \times I_n)^m=I_1\times \dots \times I_n$


$(I_1\times \dots \times I_n)^*=J_1\times \dots \times J_n$


$i$


\begin {equation*}J_i = \begin {cases} \{0_{R_i}\}&\text {if }I_i=R_i,\\ R_i&\text {if }I_i=\{0_{R_i}\}. \end {cases}\end {equation*}


$I_1\times \dots \times I_n\in Id(R)$


$k\in \mathbb {N}$


$((I_1\times \dots \times I_n)^*)^k=0_{Id(R)}=\{0_R\}=\{(0_{R_1},..., 0_{R_n})\}$


$I_1\times \dots \times I_n=R_1\times \dots \times R_n=R=1_{Id(R)}$


$\R (Id(R))=\{1_{Id(R)}\}$


$\relax \square $


$K$


$R:=K[[x]]/\langle x^2\rangle $


$K[[x]]$


$K$


$x^2$


$Id(R)=\{\{0_R\}:=\langle x^2\rangle /\langle x^2\rangle , a:=\langle x\rangle /\langle x^2\rangle , 1:=R\}$


$\odot $


$\rightarrow $


$0$


$a$


$1$


$\odot $


$a$


$0$


$0$


$0$


$a$


$0$


$0$


$a$


$0$


$a$


$1$


$\rightarrow $


$a$


$1$


$1$


$1$


$a$


$a$


$1$


$1$


$0$


$a$


$R$


$(a^2)^*=1$


$n\in \mathbb {N}$


$((a^2)^*)^n=1^n=1\not = 0$


$\R (Id(R))=\{1\}$


$Id(R)$


$F$


$L$


$x, y, z \in L$


$_1$


$x \in L$


$x \lor x^* \in F$


$_2$


$x \to (z^* \to y) \in F$


$y \to z \in F$


$x \to z \in F$


$_3$


$x \to (y \to z) \in F$


$x \to y \in F$


$x \to z \in F$


$_4$


$(x \to y) \to x \in F$


$x \in F$


$_5$


$x \in L$


$x \to x^2 \in F$


$_6$


$x \to y \in F$


$((y \to x) \to x) \to y \in F$


$_7$


$z^{**} \to (x \to y) \in F$


$z^{**} \to x \in F$


$z^{**} \to y \in F$


$_8$


$x \in L$


$x^{**} \to x \in F$


$_9$


$x, y \in L$


$(x \to y) \lor (y \to x) \in F$


$_{10}$


$x \in L$


$x \in F$


$x^* \in F$


$F$


$L$


$(F_1)$


$(F_2)$


$(F_3)$


$(F_4)$


$G$


$(F_5)$


$(F_6)$


$(F_7)$


$(F_8)$


$(F_9)$


$(F_{10})$


$L = \{0, a, b, n, c, d, 1\}$
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$0$


$a$


$b$
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$c$


$d$
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$0$


$0$
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$0$
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$0$


$0$


$b$


$b$


$b$


$b$
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$0$


$a$


$b$


$n$
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$n$
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$0$


$a$


$b$


$n$


$c$


$n$


$c$


$d$


$0$


$a$


$b$


$n$


$n$


$d$


$d$


$a$


$b$


$n$


$c$


$d$


$1$
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$a$


$b$


$n$


$c$


$d$


$1$


$1$


$1$


$1$


$1$


$1$


$1$


$1$


$a$


$b$


$1$


$b$


$1$


$1$


$1$


$1$


$b$


$a$


$a$


$1$


$1$


$1$


$1$


$1$
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$0$


$a$
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$1$


$1$


$1$


$1$
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$0$
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$b$


$d$
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$d$


$1$


$d$


$0$
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$b$


$c$


$c$


$1$


$1$


$a$


$b$


$n$


$c$


$d$


$1$


$L = \{0, a, b, 1\}$


$\odot $
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$0$


$a$


$b$


$1$


$\odot $


$a$


$b$


$a$


$a$


$a$


$b$


$a$


$b$


$b$


$a$


$b$


$\rightarrow $


$a$


$b$


$a$


$a$


$b$


$a$


$a$


$b$


$L = \{0, a, b, c, 1\}$


$\odot $


$\rightarrow $


$0$


$a$


$b$


$c$


$1$


$\odot $


$a$


$b$


$c$


$a$


$a$


$a$


$a$


$a$


$b$


$a$


$b$


$a$


$b$


$c$


$a$


$a$


$c$


$c$


$a$


$b$


$c$


$\rightarrow $


$a$


$b$


$c$


$a$


$b$


$c$


$c$


$c$


$b$


$b$


$a$


$b$


$c$


$L = \{0, a, b, p, n, c, d, 1\}$


$\odot $


$\rightarrow $


$0$


$a$


$b$


$p$


$n$


$c$


$d$


$1$


$\odot $


$a$


$b$


$p$


$n$


$c$


$d$


$a$


$a$


$a$


$a$


$a$


$a$


$a$


$b$


$b$


$b$


$b$


$b$


$b$


$b$


$p$


$a$


$b$


$p$


$p$


$p$


$p$


$p$


$n$


$a$


$b$


$p$


$n$


$n$


$n$


$n$


$c$


$a$


$b$


$p$


$n$


$c$


$n$


$c$


$d$


$a$


$b$


$p$


$n$


$n$


$d$


$d$


$a$


$b$


$p$


$n$


$c$


$d$


$\rightarrow $


$a$


$b$


$p$


$n$


$c$


$d$


$a$


$b$


$b$


$b$


$a$


$a$


$p$


$a$


$b$


$n$


$a$


$b$


$p$


$c$


$a$


$b$


$p$


$d$


$d$


$d$


$a$


$b$


$p$


$c$


$c$


$a$


$b$


$p$


$n$


$c$


$d$


$L = \{0, a, b, c, d, e, f, 1\}$


\begin {equation*}0 < a < b < c < d < e< f < 1.\end {equation*}


$x \wedge y = \min \{x,y\}$


$x \vee y = \max \{x,y\}$


$x,y \in L$


$\odot $


\begin {equation*}x \odot y := \min \{x,y\}, \text { } \text {for all } x,y \in L.\end {equation*}


$1$


$\rightarrow $


\begin {equation*}x \rightarrow y := \begin {cases} 1, & \text {if } x \leq y,\\ y, & \text {if } x > y. \end {cases}\end {equation*}


$(L, \wedge , \vee , \odot , \rightarrow , 0, 1)$


$[c)=\{1, c\}$


\begin {equation*}a\vee a^*=a\vee b=n\notin [c),\end {equation*}


$[c)$


$F=[b)=\{1, b\}$


\begin {equation*}a\to (a\to 0)=a\to a=1\in F,\qquad a\to a=1\in F,\end {equation*}


$a\to 0=a\notin F$


$F$


$F=[b)=\{1, b\}$


\begin {equation*}a\to a^2=a\to 0=a\notin F,\end {equation*}


$F$


$[b)=\{1, b\}$


$0\to a=1\in [b)$


\begin {equation*}((a\to 0)\to 0)\to a=(0\to 0)\to a=1\to a=a\notin [b),\end {equation*}


$F=[b)=\{1, b\}$


$F$


$a^{**} \to (a \to 0) = a^{**} \to a^* = a \to a = 1 \in F, a^{**} \to a = a \to a = 1 \in F$


$a^{**} \to 0 = a^{***} = a^* = a \not \in F$


$[c)=\{1, c\}$


$_8$


\begin {equation*}n^{**}\to n=0^*\to n=1\to n=n\notin [c).\end {equation*}


$[c)=\{1, c\}$


$[d)=\{1, d\}$


\begin {equation*}(a\to b)\vee (b\to a)=b\vee a=n\notin [c),[d),\end {equation*}


$L$


\begin {equation*}L=\{0,a,b,c,d, e, f,1\},\qquad 0<a<b<c<d<e<f<1,\end {equation*}


$[f)=\{1,f\}$


$[f)$


\begin {equation*}F:=[a)=\{x\in L\mid x\ge a\}=\{1,a,b,c,d, e, f\}.\end {equation*}


$F$


$_1$


$_{10}$


$_1$


$x\in L$


$L$


$x\vee x^*\in F$


$x\ge a$


$x^*\ge a$


$x^*=0$


$x>0$


$x\vee 0=x\in F$


$x\ge a$


$x=0$


$0^*=1\in F$


$F$


$_3$


$x\to (y\to z)\in F$


$x\to y\in F$


$x\to z\in F$


$x\to z=0$


$x\to (y\to z)\notin F$


$x\to y\notin F$


$x\to z=0$


$x>z$


$z=0$


$z=0$


$x\ne 0$


$y\ne 0$


$y\to z=y\to 0=0$


$x\to (y\to z)=x\to 0=0\notin F$


$y=0$


$x\to y=x\to 0=0\notin F$


$F$


$_4$


$(x\to y)\to x\in F$


$x=0$


$(0\to y)\to 0=1\to 0=0\notin F$


$x\ne 0$


$F$


$x\in F$


$F$


$_5$


$x^2=x\odot x=\min \{x,x\}=x$


$x$


$x\to x^2=x\to x=1\in F$


$F$


$_6$


$x\to y\in F$


$((y\to x)\to x)\to y\in F$


$0$


$y$


$0$


$(y\to x)\to x\neq 0$


$((0\to x)\to x)\to 0=(1\to x)\to 0=x\to 0=0$


$x\not =0$


$x\to y=x\to 0=0\in F$


$F$


$F$


$_7$


$F$


$_7$


$_8$


$F$


$_8$


$_9$


$x,y\in L$


$L$


$x\le y$


$y\le x$


$x\le y$


$x\to y=1\in F$


$y\to x=1\in F$


$(x\to y)\vee (y\to x)=1\in F$


$F$


$_{10}$


$x\in L$


$x\in F$


$x\ne 0$


$x^*=1\in F$


$x=0$


$F$


$F$


$F$


$[f)$


\begin {equation*}F:=[f)=\{1,f\}.\end {equation*}


$F$


$x\vee f=1$


$x\in L$


$x=1$


$F^*=\{1\}$


$F$


$F$


$_1$


$_2$


$_4$


$_6$


$_8$


$_{10}$


$x=a$


$a>0$


$a^*=a\to 0=0$


\begin {equation*}a\vee a^* = a\vee 0 = a \notin F.\end {equation*}


$_1$


$_2$


$x=a,\; y=0$


\begin {equation*}x\to y = a\to 0 = 0,\end {equation*}


\begin {equation*}(x\to y)\to x = 0\to a = 1\in F,\end {equation*}


\begin {equation*}x = a \notin F.\end {equation*}


$_4$


$x=0,\; y=a$


$x\to y = 0\to a = 1\in F$


\begin {equation*}y\to x = a\to 0 = 0,\qquad (y\to x)\to x = 0\to 0 = 1,\end {equation*}


\begin {equation*}((y\to x)\to x)\to y = 1\to a = a \notin F.\end {equation*}


$_6$


$x=a$


$a>0$


$a^*=0$


$a^{**}=0^*=0\to 0=1$


\begin {equation*}x^{**}\to x = 1\to a = a \notin F,\end {equation*}


$_8$


$a\notin F$


\begin {equation*}a^* = a\to 0 = 0 \notin F.\end {equation*}


$a$


$a^*$


$F$


$_{10}$


$F:=[b)=\{1, b\}$


$F^*=\{1\}$


$x\vee b=1$


$x=1$


$F$


$_3$


$_5$


$_{7}$


$F$


$a \to (a \to 0) \in F$


$a \to a \in F$


$a \to 0 \not \in F$


$x=a$


\begin {equation*}a\to a^2 = a\to 0 = a \notin F,\end {equation*}


$_5$


$F$


$F$


$a^{**} \to (a \to 0) = a^{**} \to a^* = a \to a = 1 \in F, a^{**} \to a = a \to a = 1 \in F$


$a^{**} \to 0 = a^{***} = a^* = a \not \in F$


$F:=[n)$


$F^*=\{1\}$


$x\vee n=1$


$x=1$


$F$


\begin {equation*}(a\to b)\vee (b\to a) = b\vee a = p \notin F,\end {equation*}


$_9$


$F$


$_1$


$_{10}$


$F=\{1,a\}$


$_1$


$_{10}$


$F^*=\{1,b\}\neq \{1\}$


$\B (L)$


$\spec (L)$
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However, the classical ring-theoretic perspective can sometimes obscure
the underlying order-theoretic relationships. We argue that the language of
residuated lattices theory can offer a clearer and more unified viewpoint. In
this lens, a simple module corresponds to a two-element chain, the simplest
non-trivial lattice. A semi-simple module then corresponds to a Boolean
algebra, which is a direct product of these simple chains. This approach
provides an intrinsic, order-based description of semi-simplicity and allows
us to leverage the powerful tools of residuated lattice theory to gain a deeper
understanding of these algebraic systems. This paper aims to develop this
perspective systematically.

The paper is organized as follows. In Section 2, we define simple and
essential filters and investigate their key properties. Sections 3 and 4 are
devoted to introducing independent families of filters and the socle of a
filter, complete with characterizations using the maximal spectrum. In
Section 5, we define semi-simple filters and residuated lattices, and several
characterizations for semi-simple filters and semi-simple residuated lattices
are provided. Using these characterizations, we establish a fundamental
logical characterization of semi-simplicity, proving that a residuated lattice
is semi-simple if and only if its frame of filters satisfies the law of excluded
middle which, in this setting, is equivalent to the logical principles of double
negation, material implication, and the contraposition law. A central result
we prove is that in finite residuated lattices, being semi-simple is equivalent
to being hyperarchimedean, underscoring the fundamental nature of semi-
simple structures. Also, a comparison between a ring’s semi-simplicity and
the semi-simplicity of the residuated lattice of its ideals are also established.

1. Preliminaries

In this section, we review some definitions and results which will be used
throughout this paper.

DEFINITION 1.1 ([19, 7,21, 9]). A residuated lattice is an algebra (L, A\, V, ®, —
,0,1) of type (2,2,2,2,0,0) satisfying the following axioms:

(RL1) (L,A,V,0,1) is a bounded lattice (whose partial order is denoted
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by <);
(RL2) (L,®,1) is a commutative monoid;
(RL3) For every z,y,2z € L, x ® z < y if and only if 2 < z — y (residua-
tion).
For z,y € L and n € N, we define:

r* =1 — 0,2 = (2*)*,2° := 1, and 2" == 2" O x.

An element z of a residuated lattice L is called complemented if there
is an element y € L such that x Ay =0 and x V y = 1, if such an element
y exists it is unique and it is called the complement of x. We denote the
complement of x by z’. The set of all complemented elements in L is
denoted by B(L) and is called the Boolean center of L.

In the following proposition, we collect some main and well-known prop-
erties of residuated lattices, and throughout the paper, we frequently use
them without referring.

PRrROPOSITION 1.2 ([19, 7, 21, 9]). Let L be a residuated lattice, z,y,z € L
and e, f € B(L). Then we have the following statements:

1. z<yifand only if x — y = 1;

2. If x <y, then y* < x*;

x ®y = 0if and only if x < y*. Also, x ® x* = 0;
zO(x—y)<yandy <z —y;

Ifzvy=1thenzAy=xz®yand 2" Vy™ =1 for each m,n € N;

SO A e

zV(yoz) > (xVy) OV, (zVy) =z Ay, andz O (yV z) =
(zOY)V(z0O2);

7.¢ =e*,enNe*=e@e =0, =¢e,e® f=eA feB(L), and for
eachn € N, e" =¢;

8. e@x = ez, eA(zOyY) = (eAz)O(eNy), and eV (zOY) = (eVz)®(eVy);
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9e 5z =¢€¢"Va,x > e=2"Ve,e® (e - x) = ez and
zO(x—e)=eAua;

10. If x vV a* =1, then = € B(L);
11. e <z ifand only if e » x =1 if and only if e* Vz = 1.

DEFINITION 1.3. A non-empty subset F' of a residuated lattice L is called
a filter of L if it satisfies the following:

(F1) fz,y € F,thenz ©y € F};
(F2) f t <y and z € F, then y € F.

DEFINITION 1.4. A non-empty subset F' of a residuated lattice L is called
a deductive system of L if it satisfies the following;:

(D1) 1€ F;
(D2) f z,2 -y € F, theny € F.

A non-empty subset F' of a residuated lattice L is a filter if and only if
it is a deductive system (see [19] for more details).

We denote by Filt(L) the set of all filters of L. A filter F' is called
proper if ' # L. Clearly, a filter F' of L is proper if and only if 0 € F,
equivalently, for each x € L, either x ¢ F or * ¢ F.

For a non-empty subset S of a residuated lattice L, we denote by [S) the
filter of L generated by S, defined as [S) := ({F € Filt(L) | S C F}. Also,
we denote by [x1,...,x,) the filter of L generated by the set {z1,...,z,}.
A filter F' of a residuated lattice L is called a finitely generated filter if
F = [z1,...,xy,) for some z1,...,z, € F and 1 < n, and a filter F of a
residuated lattice L is called a principal filter if F' = [z) for some x € F.

DEFINITION 1.5. A frame (or locale) § is a complete lattice (§, A, V) satis-
fying the infinite distributive law:

a \/ b; = \/(a/\bi)
1EA i€EA

for each a € § and every subset {b;};ca of .
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For any element a € §, the mapping b — a A b from § to § preserves
arbitrary join. This mapping therefore admits a right adjoint, denoted by
a— _ :§ — 5. Consequently, the following adjunction property holds:

aANb<c ifandonlyif b<a—c Va,b,ceg.
Using this implication, one defines the pseudo-complementation opera-
tion on § by setting a* := a — 0 for each a € §.

Ezample 1.6. 1t is well-known that for a residuated lattice L, the lattice
(Filt(L), ©) is complete. Actually, for a family {F;};ca of filters of L, we
have \;cp Fi = (;en Fi and oy Fi = [U;ep Fi). Tt is easily seen that the
infinite distributive law

FA(\ F)=\/(FAF)

€A €A

for each F' € Filt(L) and every subset {F;};ea of Filt(L) holds. Thus the
complete lattice (Filt(L),C) is a frame and for each F' € Filt(L), F* :=
F—{1}={zeL|Fnlz)={1}} (see [19, 21]).

DEFINITION 1.7. Let § be a frame. Then § is said to satisfy:
1. the law of excluded middle if xVx* = 1 holds for every element = € F;
2. double negation if x** = x holds for every element = € §;

3. material implication if x — y = x*Vy holds for every pair of elements
T,y €;

4. the contraposition law if x — y = y* — x* holds for every pair of
elements =,y € §.

ProposITION 1.8 ([19]). Let S be a non-empty subset of a residuated
lattice L, z,y € L, F,G € Filt(L), and {F;};ea C Filt(L). Then

1. [S)={z€Ll|s10 - Os, <z forsome n>1and si,..,s, €S};

2. [z) ={z € L | 2™ < z for some n > 1}. In particular, if e, f € B(L),
then [e) ={z € L | e < z}, and so [e) = [f) if and only if e = f;
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3. Viea Fi = [Ujep Fi) = {z € L | there are 51 € Fj,...,s, € Fj,
such that s; ® - - ® s, <z for some n >1and iy,..., i, € A};

4. )Vl =[xy =[roy), and ) N]y) = [z Vy);
5. FVG=[FUG)={z€L|a®b<zforsomeac F and b € G};

6. F* € Filt(L), and F* is the maximum filter of L with respect to the
property that F'N F* = {1}, that is, for G € Filt(L), F NG = {1} if
and only if G C F*;

7.F*={xeL|zvy=1foralyeF};

8. The lattice (Filt(L), C) is distributive;

9. (Vien Fi) = G =N;ea(Fi = G). In particular, (FVG)* = F*NG*;
10. If e € B(L), then [e)* = [e*).

Recall that a proper filter P € Filt(L) is called prime if for z,y € L,
x Vy € P implies either x € P or y € P. We denote by SpecF(L) the set
of all prime filters of L. An easy argument shows that a proper filter P is
prime if and only if for F,G € Filt(L) if F NG C P then we have either
F C PorGCP. Also, a proper filter M € Filt(L) is called mazimal if M
is not strictly contained in a proper filter of L. We denote by MaxF (L) the
set of all maximal filters of L. Clearly, every maximal filter of a residuated
lattice is prime. Also, every proper filter is contained in a maximal filter,
see [19, 9, 21] for more details.

THEOREM 1.9 ([19]). Let M be a proper filter of a residuated lattice L.
Then the following are equivalent:

1. M is a maximal filter of L;
2. For any x € L, x ¢ M if and only if (™)* € M for some n € N.

Recall that a residuated lattice L is called local if L has a unique max-
imal filter. Also, a residuated lattice L is called semi-local if L has only a
finite number of maximal filters.
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The intersection of all maximal filters of a residuated lattice L is called
the radical of L, and will be denoted by Rad(L).

THEOREM 1.10 ([19]). Let L be a residuated lattice. Then

Rad(L)={x € L|for any n€N, there is k, €N such that ((z")*)*» =0}.

Recall that a filter P is called minimal prime if P € SpecF(L) and,
if @ € SpecF(L) such that @ C P, then we have P = Q. We denote by
MinF(L) the set of all minimal prime filters of L.

THEOREM 1.11 ([19]). Let P be a prime filter of a residuated lattice L.
Then the following are equivalent:

1. P is a minimal prime filter of L;
2. For any x € P, there isy € L\ P such that zVy = 1.

Recall that a set X with a family I" of its subsets is called a topological
space, denoted by (X, I'), if ), X € I', the intersection of any finite number
of members of I" is in I'; and the arbitrary union of members of I" is in I
The members of I" are called open subsets of X, and the complement of an
open subset of X is said to be closed.

If Y is a subset of X, the smallest closed subset of X containing Y is
called the closure of Y and is denoted by Y, and the largest open subset
of X contained in Y is called the interior of Y and is denoted by Int(Y).

A point z of a topological space X is called an isolated point, if the set
{z} is open.

For every subset A of a residuated lattice L, we set U(A) := {P €
SpecF(L) | A € P}, and for each a € L, we set U(a) := U({a}). The
family {U(A)}acy, satisfies the axioms for open subsets for a topology over
SpecF(L). This topology is called the Stone topology. Since every maxi-
mal filter is prime, we can consider MaxF(L) as a subspace of SpecF(L).
For each A C L, we define Upsqy(A) := U(A) N MaxF(L). Then the fam-
ily {Unaz(A)}acr satisfies the axioms for open subsets for the subspace
topology over MaxF(L). For every subset A of a residuated lattice L,
we set V(A) := SpecF(L) \ U(A) and Viasaz(A) := MaxF(L) \ Upraz(A).
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Then the family {V(A)}acr satisfies the axioms for closed subsets for the
Stone topology over SpecF(L), and the family {Vas42(A)}acy satisfies the
axioms for closed sets for the subspace topology over MaxF(L), for more
information see [8].

PROPOSITION 1.12 ([19]). Let L be a residuated lattice, F' € Filt(L) and
a € L'\ F. Then we have the following statements:

1. There exists a prime filter P of L containing F' such that a & P;

2. F' is the intersection of all prime filters which contain F', that is,
F=V(F);
3. N SpecF(L) = N MinF(L) = {1}.

PRrROPOSITION 1.13 ([8]). Let L be a residuated lattice, F, G € Filt(L) and
x,y € L. Then the following statements hold:

1. F = L if and only if Vysa.(F) = 0 if and only if V(F) = 0;

2. V(F) CV(Q) if and only if U(G) C U(F) if and only if G C F. In
particular, V(F) = V(QG) if and only if U(F) = U(G) if and only if
F=aG,;

3. If G Q F, then VM,H(F) g V]V[aI(G) and UM(H;(G) g UMaz(F)
In particular, if Rad(L) = {1}, then V(F) = V(G) if and only if
Vraz (F) = Ve (G) if and only if F = G;

4. U(x)NU(y) =U(zVy) and Upraz () N Upaz(Y) = Untaz (T V y);
5 V() UV(y) =V(zVy) and Ve () U Virae (¥) = Viraz (T V y);

6. If { X% }rex is a family of subsets of L, then U(U,c x Xr) = Uper U(Xk)
and Unraz(Urex Xi) = Ukex Unaa(Xk);

7. If { X }rex is a family of subsets of L, then V(U ,cx Xi) = Npex V(Xk)
and Varaze (Urpex Xx) = Nier Vrae (Xk)-

An element = of a residuated lattice L is called archimedean if there

is » € N such that 2™ € B(L). Also, a residuated lattice L is called
hyperarchimedean if all its elements are archimedean.
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THEOREM 1.14 ([19]). For a residuated lattice L, the following are equiv-
alent:

1. L is hyperarchimedean;
2. SpecF(L) = MaxF(L);
3. SpecF(L) = MinF(L).

THEOREM 1.15 ([19]). If L is a hyperarchimedean residuated lattice, then
Rad(L) = {1}.

Recall that an element a in a Boolean algebra is called a co-atom if
a # 1 and if a < b, then we have either a = b or b = 1. Also, a Boolean
algebra is said to be co-atom-less, if it contains no co-atoms.

2. Simple and Essential Filters

We begin this section by recalling the definition of a simple filter in a
residuated lattice.

DEFINITION 2.1. A filter F' of a residuated lattice L is called simple, when-
ever ' # {1} and if G C F for some G € Filt(L), then we have either
G = {1} or G = F. We denote by SimF (L) the set of all simple filters of a
residuated lattice L.

Remark 2.2. Let F be a simple filter of a residuated lattice L. If 1 #£ x € F,
then since {1} # [x) C F, we have F' = [z). Hence, every simple filter is
principal and is generated by each z € F' with z # 1.

Remark 2.8. Let L be a non-trivial residuated lattice such that Filt(L) is
a finite set (e.g., finite residuated lattices). Then clearly every non-trivial
filter of L contains a simple filter. But in general this fact is not true.
For example, assume that L is a co-atom-less Boolean algebra (e.g., the
Boolean algebra of clopen subsets of the Cantor Set, the Boolean algebra
of Lindenbaum-Tarski Algebra of Propositional Logic, and the Boolean
algebra of measure algebra on [0,1]). Now, if F' is a non-trivial filter of L,
then F' # {1}. Hence, there exists 1 # a € F. Since a is not a co-atom,
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there exists b € L such that a < b < 1. Hence, we have {1} # [b) C [a) C F
by Proposition 1.8(2). Thus, F is not a simple filter of L, and so L has no
simple filters.

In Theorem 4.6, we provide some characterizations of residuated lattices
L such that every non-trivial filter of L contains a simple filter.

According to the definition of a simple filter, it appears that this concept
is dual to the notion of a maximal filter. In the following proposition, we
consider the relation between simple filters and maximal filters that are
generated by Boolean elements.

PROPOSITION 2.4. Let e € B(L) for a residuated lattice L. Then [e) is a
maximal filter of L if and only if [e*) is a simple filter of L.

PROOF: =). Let [e) be a maximal filter of L. If [e*) = {1}, then e* =1,
and so e = 0. Thus, [e) = L, which contradicts the maximality of [e). Now,
if {1} C F C [e*) for some filter F of L, then choose 1 # z € F. If z € [e),
then z € [e)N[e*) = [eVe*) = {1}, and so = 1, a contradiction. So z ¢ [e)
and hence [x) Z [e). Thus by Proposition 1.8(4) and the maximality of [e),
we have [e ©® ) = [e) V [z) = L. Hence by Proposition 1.8(1), there exists
n € N such that e@z™ = e" ®@ 2™ = (e®x)™ = 0. This shows that 2™ < e*,
and so e* € [z). Hence [e*) C [z). Now since [z) C F and F C [e*), we
have F' = [e*). Therefore, [e*) is a simple filter of L.

<). Let [e*) be a simple filter of L. If [e) = L, then by Proposition
1.8(1) there exists n € N such that e” = 0, and so e = 0. Thus e* = 1,
and so [e*) = {1}, which is impossible. Now, if [e) C F for some filter
F of L, then choose z € F \ [e). Since [z) N [e*) C [e*), we have either
[z) N [e™) = [e7) or [x) N[e") = {1}.

If [z) N [e*) = [e*), then [e*) C [x) C F. Thus e,e* € F. This shows
that 0 = e@e* € F, and so F = L, in this case. If [z) N [e*) = {1},
then [z Ve*) = [z) N [e*) = {1} by Proposition 1.8(5). This shows that
x V e* = 1. Hence by Proposition 1.2, we have

e=e@l=e@(zVe)=(e0r)V(eoe)=eoz <.

Thus e < z, and so = € [e), a contradiction. Therefore, [e) is a maximal
filter of L. g
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The following result establishes some properties of simple filters.

PROPOSITION 2.5. Let T be a simple filter of a residuated lattice L. Then
one of the following cases holds:

1. There exists € B(L) such that T = [z). In this case, [z*) is the
only maximal filter of L not containing T’;

2. For all x € T, we have [z*) = L. In this case, T is contained in all
maximal filters of L, that is, T C Rad(L).

PRrROOF: Let 1 # x € T be arbitrary. Since T is simple and {1} # [z) C F,
we have T' = [z). By Proposition 1.8(5), [x V *) = [z) N [x*) C T. Hence
one of the following cases happens:

Case 1. If [z Va*) = {1} for some 1 # z € T, then = V z* = 1,
and so z € B(L) by Proposition 1.2. Now, since T is a simple filter of
L, by Proposition 2.4, M := [z*) is a maximal filter of L. It is obvious
that T ¢ M. Now, if N is a maximal filter of L with M # N, then since
zVz*=1€ N, we have either t € N or z* € N. If z* € N, then M C N
and since M is maximal, we have M = N, a contradiction. Hence, for all
maximal filters N of L with N # M, we have x € N, and so T = [z) C N.
Therefore, in this case, [z*) is the only maximal filter of L not containing
T.

Case 2. If [x)N[z*) = [z Va*) =T = [z) for all 1 # z € T, then
[x) C [z*) for all 1 # = € T, and so by Proposition 1.8(2) for each x € T
there exists n, € N such that (z*)" < x. Hence (z*)"=™! =0 forallz € T,
and so for all 1 # = € T, we have [¢*) = L (note that clearly [1*) = L).
Now, if a € T, then for all n € N we have a™ € T. Hence [(a™)*) = L, and
so by Proposition 1.8(2) there exists k,, € N such that ((a™)*)¥» = 0. Thus
by Theorem 1.10, a € Rad(L), that is, a is contained in all maximal filters
of L. Hence, T is contained in all maximal filters of L in this case. O

As a direct consequence of Proposition 2.5, we have the following corol-
laries.

COROLLARY 2.6. Let T be a non-trivial filter of a residuated lattice L
with Rad(L) = {1}. Then T is simple if and only if there exists e € B(L)
such that T' = [e) and [e¢*) is a maximal filter of L.
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Proor: Since Rad(L) = {1} and T # {1}, we have T' Z Rad(L). Hence
by Proposition 2.5, if T" is a simple filter of L, then there exists e € B(L)
such that T = [e) and [e*) is the only maximal filter of L not containing
T. The converse is true by Proposition 2.4. O

COROLLARY 2.7. Let T be a simple filter of a residuated lattice L and
x €T. Then [z*) # L if and only if x € B(L) \ {1} and T = [z).

PROOF: =). By the proof of Proposition 2.5, if [2*) # L for some z € T,
then [z V z*) = {1}, z € B(L) and T = [z). In this case, if z = 1, then
x* = 0and so [z*) = L, a contradiction. Hence z € B(L)\ {1} and T’ = [z).

<). Let € B(L) \ {1} and T = [z). If [z*) = L, then by Proposition
1.8, there exists n € N such that (z*)"™ = 0. Now since x € B(L), we have
z* € B(L), and so z* = (*)™ = 0 by Proposition 1.2. Thus, z = z** =1,
which is impossible. Therefore, [x*) # L. O

Ezample 2.8. Let L = {0, a, b, ¢, 1} denote the residuated lattice with Hasse
diagram depicted in the following figure, and define the operations ® and
— given by the accompanying tables, see [13, Example 4.4]:

1 10 a b ¢ 1 - 10 a b ¢ 1
| 0 0 0 0 O o1 1 1 1 1
c al0 a 0 a a alb 1 b 1 1
VRN b0 0 b b b bla a 1 1 1
a b cl0 a b ¢ c cl0 a b 1 1
\0/ 110 a b ¢ 1 100 a b ¢ 1

The filter [¢) = {¢, 1} is simple, but ¢ is not a Boolean element of L, and
the filter [¢*) = [0) = L is not maximal in L. Also, the filters [a) and
[a*) = [b) are maximal filters of L. Hence, Proposition 2.4 dose not hold
in general, and the assumption Rad(L) = {1} in Corollary 2.6 cannot be
omitted. Also, note that in this example, the filter [¢) is simple, but it
is not prime or maximal filter, and the filter [a) is maximal (and so it is
prime), but it is not simple. Hence there are no general logical relationships
between prime and simple filters.

DEFINITION 2.9. For a filter F' of a residuated lattice L, we set
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Ep:={H € Filt(L) | H C F and for each G € Filt(L),
it HNG = {1}, then FNG = {1}}.

If H € Ep, we say that H is an essential filter in F'. In particular case,
if H € Er, we say that H is an essential filter in L.

Remark 2.10. Clearly, for each filter F' of a residuated lattice L, we have
F € Er. Hence Ep # () for each filter F of a residuated lattice L.

Remark 2.11. Let F,G,H € Filt(L) for a residuated lattice L such that
H C G C F. Then, clearly, if H € Er, we have H € Eg and G € Ep.
Also, note that if H € Eg and G € Ep, then H € Ef.

Ezample 2.12. Let L = {0,a,b, 1} denote a residuated lattice with Hasse
diagram depicted in the following figure, and define the operations ® and
— given by the accompanying tables:

) ©[0 a b 1 =10 a b 1
00 0 0 O 0|1 1 1 1

a/ \b al0 a 0 a alb 1 b 1
N b0 0 b b bla a 1 1
0 170 a b 1 110 a b ¢

The filter [a) = {a, 1} is not essential in L since [b)N[a) = {1} but [b)NL #
{1}. Nevertheless, it is a maximal (hence prime) and simple filter. Also,
the filter L is essential in L, but it is neither prime (and it is not maximal)
nor simple. Hence, there are no general logical relationships between prime
filters and essential filters. Also, there are no general logical relationships
between simple filters and essential filters

Ezample 2.13. In Example 2.8, the filter [c) is simple and essential, but it
is not prime.

Ezample 2.14. In any non-trivial local residuated lattice, since every
proper filter is contained in the unique maximal filter, we deduce that
the unique maximal filter is essential.

The following proposition is a direct consequence of the definition of
F*, Proposition 1.8, and Remark 2.10.
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PROPOSITION 2.15. Let F' be a filter of a residuated lattice L. Then the
following are equivalent:

1. F'is an essential filter in L;

2. F*={1}

3. Forxe L ifxvy=1forally € F, then x = 1;

4. For each 1 # x € L, there exists y € F' such that z VvV y = 1.

LEMMA 2.16. Let F,H € Filt(L) for a residuated lattice L such that
HCF. Then HV (H*NF) € Ep.

PRrROOF: Since H C F, we have HV(H*NF) C F. Now if (HV(H*NF))N
G = {1} for some G € Filt(L), then we have (HNG)V ((H*NF)NG) = {1}
by Proposition 1.8(8). Hence, we have HNG = {1} and (H*NF)NG = {1}.
From HNG = {1}, we conclude that G C H* by Proposition 1.8(6). Thus
from (H*NF)NG = {1}, we have FNG = {1}. Therefore, HV(H*NF) €
Er. U

Recall that a subset A of a topological space X is called nowhere dense
if its closure has empty interior.

The following theorem states a topological characterization for a filter
to be essential in a residuated lattice L with Rad(L) = {1}.

THEOREM 2.17. Let F be a filter of a residuated lattice L with Rad(L) =
{1}. Then F € Eyr, if and only if Varex(F) is a nowhere dense subset of
MaxF(L).

PROOF: =). Assume that F € Er. Since Intprar(Varez(F)) is an open
subset of MaxF(L), there exists G € Filt(L) such that Intyra:(Vases (F)) =
Uprraz(G). Assume that Uprer(G) # 0. Choose M € Upsar(G). Hence
G € M. Now if (| Vaaz(G) € M, then G C M, a contradiction. Hence,
N\ Varaz(G) € M. Choose z € ([ Varaz(G)) \ M, and hence x € N for all
N e V]Waa:(G)-

Now assume that y € F'. Then z Vy € N for all N € V.. (G). f N €
MaxF(L)\ Vasaz (G), then N € Uprar(G) = Intaras (Vasaz (F)) C Varaz (F),
hence FF C N, and so y € N. Thus x Vy € N. Therefore, x Vy € N for all
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N € MaxF(L), that is, x Vy € Rad(L) = {1}, and so x Vy = 1. From = ¢
M, we have z # 1. Thus, F' ¢ Er by Proposition 2.15, which contradicts
the assumption. Therefore, Intyrar(Varas(F)) = Upax(G) = 0, that is,
the closed subset Virq. (F) of MaxF (L) is nowhere dense in MaxF(L).
<). Assume that Visq.(F) is a nowhere dense subset of MaxF(L).
Hence Intprar(Varax(F)) = 0. Let 1 # x € L. Since Rad(L) = {1},
we have z ¢ Rad(L). Hence, Upjay(z) # 0. By assumption, Upaq(z) €
Vtaz(F), and s0 Upraz(2) N Uppax(F) # 0. Choose M € Upjgq(x) N
Uriaz(F). Then 2 ¢ M and F € M. Choose y € F\ M. If zVy =1,
then since M is prime, we have either x € M or y € M, which contradicts
x & M and y ¢ M. Hence, x Vy # 1. Therefor for each 1 # = € L, there
exists y € F such that z Vy # 1. Hence F' € Ep by Proposition 2.15. O

Remark 2.18. In Example 2.8, V. ([c)) = MaxF(L) is not a nowhere
dense subset of MaxF(L), but [¢) € Er. Hence the hypothesis Rad(L) =
{1} in Theorem 2.17 is necessary.

PROPOSITION 2.19. Let L be a residuated lattice and 2 C SpecF(L).
Then the closure of 2 in SpecF(L) is equal to V((2A). In particular, if
2A C MaxF (L), then the closure of 2 in MaxF(L) is equal to V(N 2) N
MaxF(L) = Vs (N 2).

ProOOF: Since A C V(N A) and V(N A) is a closed subset of SpecF(L),
we have 2 C V(N 2). Now, let € be a closed subset of SpecF(L) such
that A C €. From the definition, there exists F' € Filt(L) such that
¢ = V(F). Hence A C V(F), and so for each P € 2, we have FF C P.
Thus F C N, and so V(N 2A) C V(F) = € by Proposition 1.13(2). This
shows that V([ 2) is the smallest closed subset of SpecF(L) that contains
2. Therefore, 2l = V(N 2). The last part of the proposition follows from
the fact that if X is a topological space and Y is a subspace of X, then for
a subset A of Y the closure of A in Y is equal to the intersection of Y and
the closure of A in X, see [6, Proposition 2.1.1]. O

Recall that a subset Y of a topolgival space X is called dense, if Y = X.

COROLLARY 2.20. Let L be a residuated lattice and 24 C SpecF(L). Then
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2 is a dense subset of SpecF (L) if and only if (A = {1}.
PrOOF: By the definition and Propositions 1.12, 1.13, and 2.19, we have
2l is dense in SpecF(L) < 2A = SpecF(L)
& V(n 2A) = SpecF(L)

e V(W =V({1}
e (2 ={1} O

COROLLARY 2.21. Let L be a residuated lattice such that Rad(L) = {1}
and B C MaxF(L). Then B is a dense subset of MaxF(L) if and only if

B = {1}.

Proor: Since Rad(L) = {1}, for a filter F' of L we have Ve, (F) =
MaxF(L) if and only if Vs (F) = Vaar({1}) if and only if F' = {1}, see
Proposition 1.13(3). Hence by Proposition 2.19, we have

B is dense in MaxF(L) < The closure of B in MaxF(L) is equal to MaxF(L)
& V([)B) N MaxF(L) = MaxF(L)
& Viras((()B) = MaxF(L)
& Virae(()B) = Viarae ({13)
e (B ={1}. O

THEOREM 2.22. Let A be a non-empty family of filters of a residuated
lattice L such that 2L C SpecF(L) and ANEL = 0, that is, 2A is a non-empty
family of prime filters that are not essential in L. Then the following are
equivalent:

1. 2 is a dense subset of SpecF(L);
2. A filter F of L is essential in L if and only if I € P for each P € .

PROOF: 1 = 2). Let F be an essential filter in L. Since every filter in
2 is not essential in L, we have F' Z P for each P € 2 by Remark 2.11.
Conversely, assume that F' € P for each P € 2. Choose x € F*. Then by
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the definition, [x) N F = {1}. Hence, [z) N F' C P for each P € 2A. Now
since FF ¢ P for each P € 2, we have [x) C P for each P € 2, that is,
[) € N peg P- By assumption and Corollary 2.20, ((pcq P = {1}. Hence
x =1, and so F* = {1}. Thus F is an essential filter in L by Proposition
2.15.

2 = 1). For each P € A, P* # {1} by Proposition 2.15. Hence, we
can choose 1 # zp € P* for each P € 2. For each P € 2, if zp € P,
then zp = xp Vxp = 1, a contradiction. Hence, zp & P for each P € 2.
Consider the F := [{xp | P € 2}). For each P € U since zp ¢ P, we have
F ¢ P for each P € 2. Thus by assumption, the filter F' of L is essential,
that is, F* = {1} by Proposition 2.15. Now let z € (. Hence zVzp =1
for all P € . Thus [z) N F' = {1}, and so we must have [x) C F* = {1}.
This shows that © = 1, and hence (|2 = {1}. Therefore, 2 is a dense
subset of SpecF (L) by Corollary 2.20. O

PROPOSITION 2.23. Let P be a prime filter of a residuated lattice L. If P
is not essential in L, then it is a minimal prime filter of L.

PROOF: Assume that P is a prime filter of a residuated lattice L such that
it is not essential. By Proposition 2.15, P* £ {1}. Choose 1 # z € P*. If
x € P, then x = x Vx = 1, a contradiction. Hence, x ¢ P. Now assume
that @ C P for some @ € SpecF(L). If y € P, then x Vy = 1. Hence
xVy € Q. Since z ¢ P, we have x € @), and so y € P. Thus P C Q.
Therefore, P = Q and so P is a minimal prime filter of L. O

COROLLARY 2.24. Let P be a prime and finitely generated filter of a
residuated lattice L. Then P is not essential in L if and only of it is a
minimal prime filter of L.

ProOOF: =). It follows from Proposition 2.23.

<). Let P be a minimal prime and finitely generated filter of a residu-
ated lattice L. Hence, there exist x1, ..., 2, € P such that P = [z1, ..., 2y,).
By assumption and Theorem 1.11 for each ¢ € {1,...,n}, there exists
y; € L\ P such that ; Vy; = 1. Set y := y; V-V y,. Since P is a
prime filter, we have y € L\ P and z; Vy =1 for each ¢ € {1,...,n}. Now
if @ € P, then by Proposition 1.8 there exist my,...,m, € N such that
7" @ @z < a. By Proposition 1.2, we have x;"* Vy = 1 for each



On Semi-Simplicity Results in Residuated Lattices 19

i €{1,...,n}. Hence we have:
10---0l=>e"Vy) o 0@ Vy) <(@e---0zy)Vy<aVy.

Therefore, a Vy = 1 and so y € P*. Now since y € L\ P, we have y # 1,
and so P* # {1}. Thus, P is not essential in L by Proposition 2.15. O

THEOREM 2.25. Let F be a filter of a residuated lattice L such that each
minimal prime filter of L is finitely generated (e.g., finite residuated latices).
Then F' is an essential filter of L if and only if I € P for each minimal
prime filter P of L.

PROOF: By assumption, every minimal prime filter of L is finitely gener-
ated. Hence P ¢ E, for all minimal prime filters P of L by Corollary 2.24.
On the other hand, by Proposition 1.12, (\peyinp(z) £ = {1}. Hence the
result follows from Corollary 2.20 and Theorem 2.22. O

3. Independence of a family of filters

We begin this section with the definition of an independent family of filters.

DEFINITION 3.1. A non-empty family {F;};en of filters of a residuated
lattice L is called independent, whenever Fj N (\/, 4;cp F3) = {1} for each
jeA.

DEFINITION 3.2. Let F' € Filt(L) and {F;}ica be a non-empty family of
filters of a residuated lattice L. Then we say that F' is the direct sum
of the family {Fi}icn, denoted by F' = @, Fi, whenever {Fj};ca is an
independent family of filters of L and F = VieA F;. In this case, F; is
called a direct summand of F.

Remark 3.3. If § is an empty family of filters, then \/ § = {1}. Thus, any
family of filters containing exactly one element is independent. So each
filter is a direct summand of itself.

Ezample 3.4. Let e € B(L) for a residuated lattice L. Then by Proposition
1.8, since [e) N[e*) =[eVe*) ={1} and [e) V[e*) = [e@e*) = [0) = L, we
have L = [e) @ [e¥).
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The following proposition gives some useful characterizations for a two
elements family of filters to be independent.

PROPOSITION 3.5. Let F, G € Filt(L) for a residuated lattice L. Then the
following are equivalent:

1. {F,G} is an independent family of filters of L;
2. For f,f'€ Fand g,¢' € G,if fOog< f'©®g’, then f < f and g < ¢’;
3. For f,f'€e Fand g,¢' € G,if fOog= f'©g',then f= f andg=g'.

PROOF: 1 = 2). Assume that f © g < f' ® ¢ for some f, f' € F and
9,9 € G. Then from f © g < f' ® g, we deduce that f ® g < f’ and
fOg<g. Thusg< f— fand f < g— ¢g'. Hence, f — f',g = ¢ €
FNG={1}. Thus f > f'=1landg— ¢ =1,andso f < f and g < ¢'.
2 = 3). The proof is straightforward .
3=1). Assume z € FNG. Thensincez©1 =10z and z,1 € FNG,
we have z = 1, and so {F, G} is an independent family of filters of L. [

COROLLARY 3.6. Let F, F' G, G’ € Filt(L) for a residuated lattice L such
that FCF and GC G fFOG=F &G, then FF = F and G = G'.

Proor: Let a € F/ and b € G'. Then a ®b € F’' & G’, and hence
a®be F®G. Thus by Proposition 1.8(5), there exist f € F and g € G
such that f ® g < a®b. Now since a, f € F' and b,g € G', we have f < a
and g < b by Proposition 3.5. From f € F and g € G, we have a € F' and
b € G. Therefore, I C F and G’ C G, and so FF = F' and G = G'. O

PROPOSITION 3.7. Let F,G € Filt(L) for a residuated lattice L. Then
L = F @ G if and only if there exists e € B(L) such that F = [e) and
G = [e*). In particular, if e,g € B(L) and L = [e) @ [g), then g = e*.

PRrROOF: =).Since L = F®G, we have L = FVG and FNG = {1}. Thus,
there exist e € F and g € G such that e©@g = 0. FromeVg € FNG = {1},
we have e V g = 1. Hence by Proposition 1.2(5), e Ag = e ® g = 0. Hence
e € B(L) and e* = g.

Now since e € F and e* € G, we have [¢) C Fand [¢*) CG. If x € F
and y € G, then 0 = e® e* < 2 ® y. Hence by Proposition 3.5, we have
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e <z and e* <y. This shows that z € [¢) and y € [e*). Therefore, F' = [e)
and G = [e*).

<). The result now follows from Example 3.4.

The particular case follows immediately from above argument, and the
proof is complete. U

PRrROPOSITION 3.8. Let F,G € Filt(L) for a residuated lattice L such that
L =H ®G. Then F is maximal if and only if G is simple.

PROOF: By Proposition 3.7, there exists e € B(L) such that F' = [e) and
G = [e*). Hence the result follows from Proposition 2.4. O

PROPOSITION 3.9. Let {F;};ca be a non-empty family of filters of a resid-
uated lattice L. Then the following are equivalent:

1. {F;}ica is an independent family of filters of L;

2. Every finite subfamily {F};};cas of {F;}ica is an independent family
of filters of L;

3. If A and B are two non-empty subsets of A such that AN B = 0,
then (V;c4 Fi) N (VjeB Fy) = {1}

4. Let {F;}ien be a finite subfamily of {F;}ica and f;, f/ € F; for each
i€ N. If Oien fi < Oienr fl, then f; < fI for each i € A';

5. Let {F;}icas be a finite subfamily of {F;};ca and f;, f/ € F; for each
i€ N. If Oien fi = Oienr fl, then f; = f! for each i € A'.

PROOF: 1= 2). It is clear from the definition.

2 = 3). Let A and B be two non-empty subsets of A such that ANB = ().
Choose z € (V;c 4 Fi)N(V,ep Fj). Then by Proposition 1.8(3), there exist
finite sets A’ C Aand B’ C Bsuch that z € (V;c 4 Fi)N(Vcps F}). Hence,
€ \,;cx Fiand z € \/jeB’ F;. Thus, there exist a; € F; for each i € A’
and b; € F} for each j € B’ such that ®;caa; < z and @jepb; < x. For
eachi € A', a; V (®jepb;) € F; N (Vcp Fj). By assumption each i € A,
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we have F; N (V,cp: Fy) = {1}. Thus for each i € A', a; V (®jepbj) = 1.
Hence by Proposition 1.2, we have:

1= Oiearl = Oiear (@i V (Ojepb)))
< (Gieara;) V (©jeprby)
<z

Hence z = 1. Therefore, (V,c 4 Fi) N (V;ep Fj) = {1}

3 = 1). It is clear from the definition, when for each ¢ € A, we set
A:={itand B:={jeA|i+#j}.

2 & 4 < 5). It follows by using an inductive argument and Proposition
3.5. O

ProrosiTiON 3.10. Let T be a simple filter of a residuated lattice L.
Then we have the following:

1. There exists a prime filter P of L such that {T, P} is a family of
independent filters of L;

2. If Rad(L) = {1}, then T is a direct summand of L.

ProoF: 1). By Proposition 1.12, (pegpecr(r) £ = {1} Since T' # {1},
we have T' Z (\pcgpecr(r) - Hence, there exists P € SpecF(L) such that
T ¢ P. Thus TNP # T. From the fact that 7" is simple, we have
T N P ={1}. Therefore, {T, P} is a family of independent filters of L.

2). Since Rad(L) = {1} and T # {1}, we deduce that T' Z Rad(L).
Hence, there exists M € MaxF(L) such that T € M. Thus TNM # T.
From the fact that T is simple, we conclude that TN M CT and T Z M.
Hence, TNM = {1} and TV M = L, that is, L =T @® M. Therefore, T is
a direct summand of L. O

We end this section with two lemmas that will be used in the following
sections.

LeMMA 3.11. Let F,G,H € Filt(L) for a residuated lattice L such that
F CG. Then
GN(FVH)=FV(GNH).
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ProOF: Let z € GN(FV H). Then z € G and z € FV H. Hence,
there exist f € Fand h € H such that f©h < z. Thus h < f — =z.
Now since h < f — x and x < f — x, we have f — x € GN H. Hence
from f © (f — x) < x, we have x € F'V (G N H) by Proposition 1.8(5).
Therefore, GN (FV H) C FV (GnN H). Conversely, from F C G, we
have FF'vV (GN H) C G. Also, clearly FFV (GN H) C FV H. Hence,
Fv(GNH)CGN(FVH). Therefore GN(FVH)=FV(GNH). O

LEMMA 3.12. Let F € Filt(L) for a residuated lattice L such that for each
H € Filt(L) with H C F, there exists G € Filt(L) such that F = H @ G.
Then for each {1} # H € Filt(L) with H C F, there exists T € SimF(L)
such that T C H.

ProoOF: Let {1} # H € Filt(L) with H C F. Choose 1 # x € H and set
Y:={AeFilt(L) | A C [z)}. Since {1} € X, we have ¥ # (. Clearly
> is a partially ordered set by set inclusion and any chain of ¥ has an
upper bound in ¥ (clearly, the union of any chain in ¥ is an upper bound
for it). Thus, by Zorn’s lemma, ¥ has a maximal element, say B. Since
B C F, our assumption follows that F' = B @® B’ for some B’ € Filt(L). So
[)=[x)NF=[x)N(B®B')=BV(z)NB') by Lemma 3.11. Now, if
we show that [x) N B’ € SimF (L), we are done since [z) N B’ C [x) C H.

If [x) N B’ = {1}, then from [x) = BV ([z) N B’), we obtain B = [z),
a contradiction. Hence [z) N B’ # {1}. Now, let G C [z) N B’ for some
G € Filt(L). We have two cases:

Case 1. If G C B, then G C BN B’ = {1}, and so G = {1} in this
case.

Case 2. If G € B, then B C BV G C [z). By the maximality of B, we
must have BV G = [z). Choose a € [z)NB'. Since [z)NB’' C [z) = BVG,
there exist b € B and g € G such that b © g < a by Proposition 1.8. Hence
b<g—a. Froma<g—aandb<g— a, wehaveg — a € BN[z)NB' =
{1}. Thus ¢ - a = 1, and so g < a. Now since g € G, we have a € G.
Therefore, [z) N B’ C G, and so [z) N B’ = G in this case.

Therefore, [z) N B’ € SimF(L). O
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4. The Socle of a filter

In this section, the socle of a filter is introduced, and then we consider its
relation with essential filters.

DEFINITION 4.1. The socle of a filter F' of a residuated lattice L, denoted
by Soc(F'), is defined as the join \/{T | T € SimF(L), T C F'} if this set is
non-empty; otherwise, it is define to be {1}.

The next theorem states the relation between the socle of a filter and
essential filters.

THEOREM 4.2. Let F be a filter of a residuated lattice L. Then
Soc(F') = ﬂ Ep.

Proor: If {T € SimF(L) | T C F} =0, then Soc(F) = {1} and we have
Soc(F) C (N Er in this case.

Now assume that {T' € SimF(L) | T C F} # 0. If A€ {T € SimF(L) |
T C F} and B € Ep, by the definition of Ep, if AN B = {1}, then
ANF = {1}. Now since A C F, we have A = {1}, a contradiction. Hence
for each A € {T € SimF(L) | T C F} and B € Er, we have AN B # {1},
and since A is a simple filter of L, we have AN B = A. Thus, for each
A e {T € SimF(L) | T C F} and B € Ep, we have A C B. Hence,
Soc(F) C N Er.

Let H € Filt(L) such that H C (| Er. Now since F' € Er, we conclude
that H C F, hence that HV (H* N F) € Er by Lemma 2.16, and finally
that H C(Ep € HV (H*NF). Thus, by Lemma 3.11, we have

(VEr=(\Ern(HV(H*NF))=HV((Er)NH NF).

From HN((NEr)NH*NF) C HNH* = {1}, we have HN((( Er)N
H*NF)={1}. Hence

(VEr=Heo ((\Er)NnH*NF).

Thus the condition of Lemma 3.12 for the filter (| EF is satisfied. From
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Soc(F) C (N Er, we have [ Ep = Soc(F) @ ((( Er) N Soc(F)* N F).

Set A:= (N Er)NSoc(F)*NF. If A= {1}, then Soc(F) =) Er and
we are done. Now assume that A # {1}. Then by Lemma 3.12, there exists
T € SimF(L) such that T C A. Hence,

{1} # T € Soc(F) N (") Er) N Soc(F)* N F) = {1},

which is impossible. O

THEOREM 4.3. Let F be a filter of a residuated lattice L. Then we have
the following:

1. Soc(F) = FnSoc(L);
2. Soc(Soc(F)) = Soc(F).

PrOOF: 1).If Soc(L) = {1}, then we have nothing to prove, hence assume
that Soc(L) # {1}. Since Soc(F) C F and Soc(F) C Soc(L), we have
Soc(F) € F N Soc(L). Now let x € F N Soc(L). Hence x € Soc(L).
Then by Proposition 1.8(3), there exist T1, ..., T, € SimF(L) and elements
x1 € Th,...yxy € Ty, such that 1 ©® -+ ©® z, < 2. Now, define I := {i €
{1,...,n} | &V z; =1}. We consider the following cases:

Case 1. If I = (, then z V z; # 1 for all ¢ € {1,...,n}. Hence,
1#£aVa € FNT;, and so FNT; # {1}. From FNT; C T; and the
fact that T; is a simple filter, we have F N1T; = T;. Thus T; C F for
all i € {1,...,n}, that is, T; C Soc(F) for all i € {1,...,n}. Therefore,
x € Soc(F') in this case.

Case 2. If I = {1,...,n}, then z Vz; = 1 for all i € {1,...,n}. By
Proposition 1.2(6), we have

l=(xVz)O - O(xVa,) <zV(@ O Oxy).

Since 1 ® - ® z, < z, it follows that =V (1 ® -+ ©® &) = x. Therefore,
1 < z, which implies z = 1, and so x € Soc(F) in this case.

Case 3. If I # () and I # {1,...,n}. Set J :={1,...,n} \ I. Hence by
Proposition 1.2(6), we have:
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(©jer(xVx)) =(Oicr(z Vi) © (Ojes (2 V x5))
=@Vz) O - O(xzVay,)
<zV(@1 O Oxy) =

Hence
(@jes(@ V) <aV(z10- On) = 2. (*)

Now since x V x; # 1 for each j € J. Hence, 1 # z V x; € F N1}, and so
FNT; #{1} for each j € J. From FNT; C T; and the fact that T, is a
simple filter, we have F'NT; = T;. Thus T; C F for each j € J, that is,
xzVx; € Soc(F) for each j € J. Thus (®jecs(xzVz;)) € Soc(F). Therefore,
x € Soc(F') by (%) in this case.

2). By part (1), Since Soc(F') C Soc(L) we have

Soc(Soc(F)) = Soc(F) N Soc(L) = Soc(F).
t

THEOREM 4.4. Let M be a mazimal filter of a residuated lattice L with
Rad(L) = {1}. Then the following are equivalent:

1. M is an isolated point of MaxF(L);
2. There exists e € B(L) such that M = [e*);
8. M is a direct summand of L.

ProoOF: 1 = 2). Let M be an isolated point of MaxF(L). Hence there
exists a € L such that {M} = Unraz(a), that is, a € (Myrznemaxrr) V) \
M. Since a ¢ M, there exists n € N such that (a")* € M by Theorem
1.9. Set e := a". Hence, € € (Myrznemaxr(zy V) \ M and e* € M. Thus
evVe' € (yemaxr(r) IV = Rad(L) = {1}, that is, eve* = 1, and so e € B(L)
by Proposition 1.2(10). Now since e* € M, we have [¢*) C M. If z € M,
then z V e € Rad(L) = {1}. Hence z Ve = 1. Thus by Proposition 1.2,
we have e* — = e Vo =eVa = 1. Hence, e* < z, and so z € [e*).
Therefore, M = [e*).
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2 = 1). It is clear that if there exists e € B(L) such that M = [e*),
then we have {M} = Uprqz(e), and so M is an isolated point of MaxF(L).

2 = 3). If there exists e € B(L) such that M = [e*), then by Example
3.4, we have L = [e) @ [e*), and so M is a direct summand of L.

3 = 2). It follows from Proposition 3.7. O

THEOREM 4.5. Let L be a residuated lattice with Rad(L) = {1}. Then
Soc(L) = {a € L | Upnraz(a) is a finite set}.

Proor: If Soc(L) = {1}, then Soc(L) C {a € L | Uprqaz(a) is a finite set}.
Now, assume that Soc(L) # {1} and let 1 # a € Soc(L) = V pegimp(r) -
Then there exist T1,...,T,, € SimF(L) and a; € Th,..., a, € T}, such that
a1 -®a, < a. Hence, a € Ty V---VT, and so by Proposition 1.13(2), we
have Upraz(a) C Upraz(T1V---VT,). Also, by Proposition 1.13, Upsaq (Th V
o VT,) = Upax(Th) U+ - UUppar(Ty). From Proposition 2.5, Upsaz (T5)
is a finite set for each i, hence Upsq.(a) is a finite set, and finally that
Soc(L) C {a € L | Upraz(a) is a finite set}.

Conversely, for a € L, if Upaz(a) = 0, then [a) = {1} by Proposition
1.12(2), and so a € Soc(L). Now, assume that Upses(a) is a non-empty
and finite set for a € L, say Upqz(a) = {M1,...M,}. Hence for each
N € MaxF(L) \ Upraz(a), we have a € N. If n = 1, then M; is an isolated
point of MaxF(L), and so there exists e € B(L) such that M = [e) by
Theorem 4.4. Now since aVe € Rad(L) = {1}, we have aVe = 1. Thus by
Proposition 1.2, e* < a and hence a € [¢*). Form Proposition 2.4 and the
fact that [e) is a maximal filter, [¢*) is a simple filter and so a € Soc(L)
in this case. Now assume that 2 < n. Let j € {1,...,n} be fixed. Since
My, ..., M,, are maximal filters, there exists a; € M; \ M; for each i # j
and i € {1,..,n}. Set bj :==aVa; V---Va;V--Vay, where the hat
means that term is omitted. Clearly b; € (7, 2nemaxr(r) V) \ M, Hence
Untaz(bj) = {M;} for each j € {1,...,n}. Thus for each j € {1,...,n}, M;
is an isolated point of MaxF(L), and so there exists e; € B(L) such that
M; = [e;) by Theorem 4.4. Now since aVe; V- --Ve, € Rad(L) = {1}, we
have aVey V--- Ve, = 1. Thus by Proposition 1.2, (e; V---Ve,)* < a,
that is, (e ®---®@e) < aand hence a € [e])V---V]el). From Proposition
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2.4 and the fact that [e;) is a maximal filter, [e]) is a simple filter and so

a € Soc(L) in this case. O
THEOREM 4.6. Let L be a residuated lattice. Then the following are
equivalent:

1. Soc(L) € Er, that is, Soc(L) is an essential filter of L;
2. For each {1} # F € Filt(L), we have Soc(F) # {1};
3. Every non-trivial filter of L contains a simple filter;

4. The intersection of any non-empty subfamily of essential filters is an
essential filter, that is, the intersection of any non-empty subfamily
of Er, is a member of Ey .

PrROOF: 1= 2). By Theorem 4.3, Soc(F') = FNSoc(L). If Soc(F) = {1},
then F' N Soc(L) = {1}. Now by assumption since Soc(L) is an essential
filter of L, we have F = {1}.

2 = 3). Tt is clear by the definition of the socle of a filter.

3 = 1). If F is a non-trivial filter of L, then F' contains a simple filter
by our assumption. Hence, F' N Soc(L) # {1}, that is, (Soc(L))* = {1},
and so Soc(L) € Er, by Proposition 2.15.

1 = 4). Let Soc(L) € Er. If 2 is a non-empty subfamily of Ef, then
Soc(L) € 2. Thus, (A is an essential filter of L by Remark 2.11.

4 = 1). By Theorem 4.2, Soc(L) = () EL. Hence Soc(L) € Er, by our
assumption. O

Recall that a residuated lattice L is called Artinian, whenever every
decreasing chain of filters of L is stationary, see [1, 18].

COROLLARY 4.7. Soc(L) € Ep, for any non-trivial Artinian (e.g., finite
residuated lattice) residuated lattice L.

PROOF: It is clear that any non-trivial filter of a non-trivial Artinian
residuated lattice contains a simple filter. Hence the result follows from
Theorem 4.6. U

For a residuated lattice L, we set
My(L) :={M € MaxF(L) | M is an isolated point of MaxF(L)}.
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THEOREM 4.8. Let L be a residuated lattice with Rad(L) = {1}. Then
My(L) is a dense subset of MaxF (L) if and only if one of the (equivalent)
conditions of Theorem 4.6 holds.

PROOF: Assume that My(L) is a dense subset of MaxF(L), hence that
N Mo(L) = {1} by Corollary 2.21. If M € My(L), then there exists ey €
B(L) such that M = [e};) by Theorem 4.4. Now by Proposition 2.4, the
filter [epr) is simple. Hence if x € (Soc(L))*, then = V ey = 1 for each
M € My(L). Thus e}, < z for each M € My(L), that is, = € [e},) for each
M € My(L). Thus z € [\ Mo(L) = {1}. This shows that z = 1, and so
Soc(L) € Ey, by Proposition 2.15.

Conversely, assume that Soc(L) € Ep and z € [ My(L). Assume
that y € Soc(L). If Soc(L) = {1}, then 2 Vy = 1. Now assume that
Soc(L) # {1}. Then by Proposition 1.8 and Corollary 2.6, there there exist
€1,...,en € B(L) such that [e1),...,[en) € SImF(L) and e; ® --- © e, < y.
By Proposition 2.4 and Theorem 4.4 for each i, [e]) is a maximal filter
and is an isolated point of MaxF(L). Hence x € [e}), that is, e < z. So
xVe; =1 foreach i€ {1,...,n}. Hence by Proposition 1.2, we have
l=(xVe)®---O(@Va,) <zV(e1®--Qey) <z Vy,

and so x Vy = 1.
Therefore, z Vy = 1 for each y € Soc(L). Thus by our assumption and
Proposition 2.15, we have z = 1, and so [ My(L) = {1}. Therefore, My(L)
is a dense subset of MaxF(L) by Corollary 2.21.

O

THEOREM 4.9. Let L be a residuated lattice with Rad(L) = {1}. Then
Soc(L) is a principal filter of L if and only if Mo(L) is a finite subset of
MaxF(L).

PROOF: =). Assume that Soc(L) is a principal filter of L. Hence, there
exists a € L such that Soc(L) = [a). First assume that Soc(L) = {1}.
Now if M € My(L), then there exists ep; € B(L) such that M = [e},)
by Theorem 4.4. By Proposition 2.4, the filter [eps) is simple, and so
Soc(L) # {1} by the definition, a contradiction. Hence My(L) = @ in this
case. Now assume that Soc(L) # {1}. By Theorem 4.4 and our assumption,
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every member of My(L) is generated by a Boolean element, hence assume
that My = {[e;) }ien, where {e;};en € B(L). By the definition, Soc(L) =
Vresimr(r) T+ From Corollary 2.6 since a € Soc(L), there exist T4, ..., T, €
SimF(L) and f1,..., f» € B(L) such that T; = [f;) for each j € {1,...,n}
and f1 @ - ® f, < a. Hence for each i € A since [e;) is a maximal filter,
[ef) is a minimal filter, and so e} € Soc(L) for each i € A. Now assume
that ¢ € A, then ef € Soc(L) = [a). Thus there exists m € N such that
a™ < e;. Hence,

AN Afa=[0 - 0fh=(L00f)"<a™ <e
= fin Ao <€
e < (fin--ANf)"
=e < ffVv---Vfr
= [fi v Vi) Cle)
= [fH)N--nlfp) Cle).

Now since [e;) is maximal, it is prime, and so there exists j € {1,...,n}
such that [f}) C [e;). Now since [f;) is simple, by Proposition 2.4, [f})
is maximal. Also since [e;) is a maximal filter, we have [fF) = [e;). So
e; = f; by Proposition 1.8. This shows that Mo(L) = {[f{), ..., [f)}, and
so it is a finite subset of MaxF(L).

<). Assume that My(L) is a finite subset of MaxF(L). First assume
that Mo(L) = . If T € SimF(L), then by Corollary 2.6 there exists
e € B(L) such that T' = [e). By Proposition 2.4 and Theoerm 4.4, the filter
[e*) is an isolated point of MaxF(L), a contradiction. Hence SimF (L) = (),
and so Soc(L) = {1} is a principal filter of L in this case. Now assume
that My(L) # 0. Since Rad(L) = {1}, every simple filter of L is of the
form [e) for some e € B(L) such that [e*) € My(L) by Proposition 2.4
and Theorem 4.4. Hence there exists a one to one correspondence between
the sets SimF (L) and My(L) by Proposition 1.8(2). Now since My(L) is a
finite set, SimF(L) is also finite. Assume that SimF(L) = {[e1), ..., [en)}
Then

Soc(L)=[e1) V- --Vien) =[e1 0 Oep).
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Hence Soc(L) a principal filter of L. O

5. Semi-simple filters

In this section, we consider semi-simple filters of a residuated lattice. We
begin with the following definition.

DEFINITION 5.1. A filter F' of a residuated lattice L is called semi-simple,
if I'# {1} and F' = \/,;c, T; for some non-empty family {7;};ca of simple
filters.

In the next theorem, we state some equivalent conditions for a filter F’
of a residuated lattice L being semi-simple.

THEOREM 5.2. Let F be a filter of a residuated lattice L. Then the
following are equivalent:

1. F = \/;ca Ti for some non-empty family {T;}ien of simple filters,
that is, F' is semi-simple;

2. F'=@D,cqT; for some non-empty family {T}jeq of simple filters;

3. If H € Filt(L) and H C F, then there exists G € Filt(L) such that
F=H®G;

4. If HeFilt(L) and H C F, then F=H & (H*NF);
5. Ep = {F).

PrOOF: 1 = 2). Assume that F' = \/,., T; for some non-empty family
{Ti}iea of simple filters. Set ¥ := {K C A | Vcx Tk = Ppex Tr}-
Clearly ¥ is a partially ordered set by set inclusion, and for each i € A,
{i} € ¥, and so ¥ # 0. Let {T'y} be a chain in ¥. Set I' := |, I'q. For
Bel,ifx € Ta((Vjsraer Ta), then there exists ay, ..., € I' such that
z € Tg(\(Ta, V- --VT,,). Hence, there exists v such that 3, a1, ..., € T,
and so x € Tg( (T, V-V Ta,) € Ts(W(Vpraer, Ta) = {1}, and so
z = 1. Thus I' € 3. Hence, every chain in ¥ has an upper bound
in . Thus, by Zorn’s Lemma, ¥ has a maximal element, say €. Set
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G :=V,cqTu = @ocqTa- If F # G, then there exists i € A such that
T; € G. Since T; is simple and T; € G, we have T; (\(\/,cq Tu) = {1}. If
z €Ty, (NTiV (Va, 2acq Ta)) for some a, € Q, then z € T;V(V,, Lueq Ta)
and so there exist t € T; and [ € \/aﬁéaEQ T, such that t ® 1 < z, hence
t<l—z Fromt<l—xzandz <l — z, wehavel -z € T,, NT;. Now,
since T; and T, are two distinc simple filters, we have T,,, N'T; = {1}. This
shows that | — 2 =1, and so | < z. Thus z € To. N (V,, 2aen Ta) = {1}
Hence z = 1 and so QU {i} € X, a contradiction. Therefore G = F, and
so F'= @ ,cq Tj, where {T;}jco C SimF(L).

2 = 1). The proof is straightforward .

2=3).Let F = ®jeﬂ T; for some non-empty family {7} };cq of simple
filters. Choose H € Filt(L) with H C F. If H = F, then we have nothing
to prove. So assume that H # F. Set ¥ := {K C Q| HN (Ve Tx) =
{1}}. Clearly T is a partially ordered set by set inclusion and since H # F,
there exists j € Q such that T; € H, and so {j} € I, hence that ¥ # 0.

Let {I'a} be a chain in ¥. Set I':=J, T'a. If 2 € HN (V,cp T)), then
there exist ji,...,jn, € I' such that x € HN (T}, vV ---V T}, ). Hence there
exists j, € I' such that ji,...,j, € I';,, and so x € HN (Vjel‘j* T;) = {1}.
Thus = = 1, and hence every chain in ¥ has an upper bound in .. Thus, by
Zorn’s lemma, ¥ has a maximal element, say A. Now set G := \/ ., T,.
Hence H NG = {1}. By a similar argument in (1 = 2) F = HV G.
Therefore, F' = H & G, and we are done.

3 = 1). By Lemme 3.12, for each {1} # H € Filt(L) with H C F
there exists 7' € SimF(L) such that 7' C H. Set G := Vpegimp(r)rcr -
By assumption, F = G @ G’ for some G’ € Filt(L). If G' # {1}, then
by Lemma 3.12 there exists 7' € SimF (L) such that T C G. Hence T' C
GNG = {1}, and so T = {1}, a contradiction. Thus, G’ = {1}, and so
F =V resimpw)rer T-

3 = 5). By definition F' € Ep. Let H € Ep. By assumption then there
exists G € Filt(L) such that = H & G. Since H NG = {1}, we deduce
that F NG = {1}. From G C F, we have G = {1}, and so F = H. Hence
Er ={F}.

5=4). Let H € Filt(L) and H C F. By Lemma 2.16, HV (H*NF) €
Erp. So HV (H*NF) = F. Now since HN (H*NF) = {1}. we have
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F=H® (H*NF), and we are done.
4 = 3). The proof is straightforward. O

COROLLARY 5.3. Let F,G € Filt(L) such that G C F. Then if F is
semi-simple, then G is also semi-simple.

ProOOF: Assume that H € Filt(L) such that H € G. Then H C F.
Hence by Theorem 5.2, there exists H' € Filt(L) such that F = H @ H'.
Thus we have H C G € H® H = HV H’, and so by Lemma 3.11
G=GN(HVH)=HV(GNH'). Now since HN (GNH') = {1}, we
have G = H @& (G N H'). Therefore, G is semi-simple by Theorem 5.2. [
LEMMA 5.4. Lete,f € B(L). Thenle) = [f)={z € L | f<eVz} In
particular, [e) = [f) = [f)* — [e)*.

PrROOF: By definition we have
zele)=[f)ele)nlz)clf)eleve)Clf) e f<eva

Hence, [e) — [f) ={z € L | f < eV z}. Now, using Proposition 1.2, we
deduce
x€le) = [f)=f<evVz
=>1l=fvf <evaVvf"
=eVzVf=1
e <zV[f*
=z €[f*) =)

*

Sz elf) = o).

Hence, [e) = [f) C [f)* — [e)*. A symmetric argument yields the reverse
inclusion [e) — [f) 2 [f)* — [e)*. Therefore, we have [e) — [f) = [f)* —
[e)".

In the following theorem, we state some equivalent conditions for the
filter L of a residuated lattice L being semi-simple.

THEOREM 5.5. Let L be a non-trivial residuated lattice L. Then the
following are equivalent:
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. L = \,ca T for some non-empty family {T;}ien of simple filters,
that is, L is semi-simple as a filter of L;

L=@D,cqT; for some non-empty family {T;}jeq of simple filters;
If H € Filt(L), then there exists G € Filt(L) such that L =H & G;

The frame Filt(L) satisfies the law of excluded middle, equivalently,
for each H € Filt(L), we have L = H & H*;

Every filter of L is principal and generated by a Boolean element;
Ep ={L};

L=T1®---&T, for someT,..,T, € SimF(L);

L is hyperarchimedean and semi-local;

Rad(L) = {1} and L semi-local;

Every proper filter of L can be written uniquely, up to order, as a
finite intersection of distinct maximal filters;

The filter {1} can be written as a finite intersection of distinct maz-
imal filters;

FEvery non-trivial filter of L is semi-simple;
The frame Filt(L) satisfies satisfies double negation;
The frame Filt(L) satisfies satisfies material implication;

The frame Filt(L) satisfies satisfies the contraposition law.

PROOF:

By Theorem 5.2, we have 1 & 2 & 3 & 4 < 6.

5 < 6). It follows from Example 3.4 and Proposition 3.7.

2= 7). Assume that L = P, T} for some non-empty family {7}};eq
of simple filters. Since 0 € L, there exist ji,...,j, € {2 such that 0 € T}, V
-+VT;, , thatis, L =T, V---VTj, . Now since {7} }cq is an independent
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family of filters of L, {T},,...,T},} is also an independent family of filters
of L by Proposition 3.9. Hence L =1}, @ --- ®Tj,.

7= 2). It is clear.

3 = 8). Let P € SpecF(L). Choose M € MaxF(L) such that P C M.
By assumption, there exists G € Filt(L) such that L = M & G. Now if
P # M, then there exists t € M\ P. lf y € G, then zVy € M NG = {1},
and so xVy =1 € P. Since x ¢ P, we have y € P. Hence G C P.
From GNM = {1} and G C P C M, we have G = {1}. Thus L =
MV G = MV{l} = M, a contradiction. Hence, P = M, and so L is
hyperarchimedean by Theorem 1.14.

Now since (3 < 7), L=T1&---&T, for some T1,...,T;, € SimF(L). By
Theorem 1.15 since L is hyperarchimedean, we have Rad(L) = {1}, and so
by Corollary 2.6 there exist ey, ...,e, € B(L) such that T; = [e;) for each
i € {1,...,n}. Hence for each i € {1,...,n} we have

where the hat means that term is omitted. Set f; ;= €, ®--- 0O ---Oey,
for each i € {1,...,n}. Hence L = [e;) ® [f;) for each i € {1,...,n}. By
Propositions 3.7 and 3.8, [f;) is a maximal filter for each i € {1,...,n} and
fi = ef. We show that MaxF(L) = {[f1),...,[fn)}. By above argument,
{[f1)s s [fn)} € MaxF(L). Now let N € MaxF(L). For each i € {1,...,n},
we have [e;) N [f;) = {1} € N. Hence for each i € {1,...,n}, we have either
[e;) € N or [f;) C N. If there exists i € {1,...,n} such that [f;) C N, then
[f:) = N since [f;) is a maximal filter of L, and so N € {[f1), ..., [fn)}. Now
assume that for all i € {1,...,n}, [e;) C N, then L=1[e;)V---V[e,) C N.
Thus L = N, a contradiction. Therefore, MaxF(L) = {[f1),...,[fn)} and
so L is semi-local.

8 = 1). Assume that MaxF(L) = {My,..., M, }. Since L is hyper-
archimedean, we have Rad(L) = {1} by Theorem 1.15. Now if n = 1,
then MaxF(L) = {M;} and M; = Rad(L) = {1}, and so L is simple
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and we are done. Now assume that n > 2. For each i € {1,...,n} set
N;:=MnNn---N MZ N ---N M,, where the hat means that term is omit-
ted. Hence for each i € {1,...,n}, we have M; N N; = Rad(L) = {1} and
M;VN; = MV (My0---OM; 0= -0 M) = (), (M; VM) =, L = L.
Hence L = M; & N; for each i. Thus by Proposition 3.8, IV, is a simple filter
of L for each i € {1,...,n}. So for each ¢ € {1, ...,n} there exists e; € B(L)
such that N; = [e;) and M; = [ef). Since e} V --- Vel € (N, M; =
Rad(L) = {1}, we have ef V--- Vel =1. Set f:=¢€; ©® -+ ® ey, hence we
have:

f=fol=fo(EV Ve,
=(foe) V- V(foe)
<(e1 @)V -V (en @eh) = 0.

Hence f=e;®---®e, =0. Thus L = Ny V---V N,, and we are done.

8 = 9). It follows from Theorem 1.15.

9 = 8). Assume that MaxF(L) = {My,..., M,}. Hence Rad(L) =
Min---NM, = {1}. Now if P € SpecF(L), then MyN---NM, = {1} C P.
Hence, there exists ¢ € {1,...,n} such that M; C P. Since M; € MaxF(L),
we have M; = P. Thus, P € MaxF(L), and so SpecF(L) = MaxF(L).
Therefore, L is hyperarchimedean by Theorem 1.14.

8 = 10). Assume that L is hyperarchimedean and semi-local. By The-
orem 1.14, SpecF(L) = MaxF (L), and so by Proposition 1.12(2), every
proper filter of L can be written as a finite intersection of distinct maximal
filters. Now let PyN---N P, and Q1 N---NQ,, be two finite intersections
of distinct maximal filters that are equal to a proper filter F' of L. For each
i €{1,...,n}, since Q1 N---NQ C P;, there exists a unique j; € {1,...,m}
such that Q;, € P;. Now since P;, Q;, € MaxF(L), we have Q;, = P;. Sim-
ilarly, for each j € {1,...,m} since P, N---N P, C Q,, there exists a unique
ij € {1,...,n} such that P;, C Q;. Now since P;,,Q; € MaxF (L), we have
Q; = Pi,. Hence, there exists a one to one correspondence between two
sets {Py, ..., P} and {Q1, ..., @} and correspondence elements are equal.
Hence, every proper filter of L can be written uniquely, up to order, as a
finite intersection of distinct maximal filters.
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10 = 11). It is clear.

11 = 8). Assume that {1} = Py N---N P, be a finite intersection of
distinct maximal filters for the filter {1} of L. Now if P € SpecF(L), then
from Py N---N P, = {1} C P, there exists ¢ € {1,...,n} such that P, C P.
Now since P; € MaxF (L), we have P, = P. Hence MaxF(L) C SpecF (L) C
{P1,..., P,} € MaxF(L). This shows that MaxF (L) = SpecF(L) = {P1, ..., Pp}.
Hence L is hyperarchimedean and semi-local by Theorem 1.15.

1< 12). Tt is clear by Corollary 5.3.

5 =-13). Let F' € Filt(L). Then there exits e € B(L) such that F' = [e).
Now, by Proposition 1.8, we have

Hence, the frame Filt(L) satisfies satisfies double negation.
13 = 4). Let H € Filt(L). By assumption and Proposition 1.8, we
have:

HVH*=(HvH")™ = (H*NH*)" = (H NH)*={1}* = L.

Now since H N H* = {1}, we have H @ H* = L, and so the frame Filt(L)
satisfies the law of excluded middle.

5= 14). Let F € Filt(L). Then there exits e € B(L) such that F' = [e).
Now, by Proposition 1.8, we have

FVF =[e)V]e) =[e)V]e*) = [eme*) =[0) = L.

Hence, the frame Filt(L) satisfies satisfies material implication.
14 = 4). Let H € Filt(L). By assumption and Proposition 1.8, we
have:
HVH*=H*— H"=1L.

Now since H N H* = {1}, we have H @ H* = L, and so the frame Filt(L)
satisfies the law of excluded middle.

5 = 15). Let F,G € Filt(L). Then there exits e, f € B(L) such that
F =[e) and G = [f). Now, by Lemma 5.4, we have

FoG=l)=[f)=[f)"—=[e)=G" — F~
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Hence, the frame Filt(L) satisfies satisfies the the contraposition law.
15 = 13). Let F' € Filt(L). By assumption and Proposition 1.8, we
have
- F=F'—5F"=F'—F"=1L.

Hence, F** = F, and so the frame Filt(L) satisfies satisfies double negation.
O
Ezample 5.6. Consider the unit interval L := [0,1] with the usual order.
Define the operations as follows:
x Ay :=min{z,y},x Vy :=max{z,y},z Oy := max{0,z +y — 1},
and
x—y:=min{l,1—2x+y}.

Then (L,A,V,®,—,0,1) is a residuated lattice, called Lukasiewicz struc-
ture. An easy argument shows for any x € [0,1) there exists n € N such
that 2™ = 0. Hence Filt(L) = {{1}, L}, and so L is a simple (and so semi-
simple) residuated lattice. Thus, simple residuated lattices and semi-simple
residuated lattices are not finite in general.

In the following result, we show that in the finite case semi-simple resid-
uated lattices and hyperarchimedean residuated lattices are the same.

COROLLARY 5.7. Let L be a semi-local (e.g., finite residuated lattices)
residuated lattice. Then the following are equivalent:

1. L is semi-simple;
2. L is hyperarchimedean;
3. Rad(L) = {1}.

PrOOF: The corollary follows from Theorem 5.5. t

In the following example, we show that the condition “L is semi-local”
in Corollary 5.7 is necessary.
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Ezample 5.8. Let {0, 1} be the two-point Boolean algebra. Set A; := {0, 1}
for each ¢ € N and consider the infinite direct products of residuated lattices
Ajs, that is, the residuated lattice L = [, .y As. Then clearly Rad(L) =
{(1,1,...)} = {1.}, but L is not semi-local. Hence L is not semi-simple
by Theorem 5.5. Thus, Corollary 5.7 is not true in general without the
hypothesis that L is semi-local.

We end this section with a comparison between a ring’s semi-simplicity
and the semi-simplicity of the residuated lattice of its ideals.

In the literature, there are some equivalent definitions for semi-simple
rings, here we recall one of them. Recall that a commutative unitary ring
R is called semi-simple, whenever it is a direct product of finitely many
fields, see [22, Theorem 3.5.19].

For a commutative unitary ring R, it is known that the lattice of ideals
(Id(R),N,+,®,—,0 = {0},1 = R) is a residuated lattice and the order
relation is C, see [20]. Actually, for every I, .J € Id(R):

I+J:={i+jlicljeJ, I10J:={> ikl ix € I,jr € J},
k=1

and

I-J={xcA|x-ICJ}.

THEOREM 5.9. Let R be a semi-simple commutative unitary ring. Then
the residuated lattice (Id(R),N,+,®,—,0 ={0},1 = R) is semi-simple.
PROOF: Let R:= Ry x---x R, be a semi-simple ring, where R}s are fields.
It is well-known that Id(R) = {I; x --- x I, | I; € Id(R;) for each i =
{1,...,n}. Now since R; is a field, we have Id(R;) = {{Og,}, R;}. Hence,
(Id(R),N,+,®,—,0 = {0},1 = R) is a finite residuated lattice. Clearly,
foreach Iy x---x I, € Rand m € N, we have (I X+ -x I,)™ = I} X -+ - X I,
and (Iy x --- X I,)* = Jy X -+ X J,, where for each 4

J- o {ORi} lf Ii = Ri7
"Ry if I, = {Og, }.
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Hence for Iy x --- x I, € Id(R), if there is k € N such that ((I; x
X L))" = Oraery = {0k} = {(Om,,.-,0m,)}, then Iy x - x I, =
Ry x--- x R, = R = 11q(g). Thus, Rad(Id(R)) = {1;4r)} by Theorem
1.10. Therefore, the result follows from Corollary 5.7. U

The converse of Theorem 5.9 is not true in general.

Ezample 5.10. Let K be a field, and consider the ring R := K[[z]]/(z?), the
quotient of the power series ring K|[[z]] over the field K by the ideal gen-
erated by z%. An easy ring theory argument shows that Id(R) = {{Og} :=
(x2)/(z?),a := (z)/(2?),1 := R} is a residuated lattice with Hasse diagram
depicted in the following figure, and the operations ® and — given by the
accompanying tables:

1 ©]0 a 1 —-]0 a 1
\ 00 0 O o1 1 1
a al0 0 a ala 1 1
(‘) 110 a 1 10 a 1

Now since R is a local ring that is not a field, it is not a semi-simple ring,
but since (a?)* = 1, we have for each n € N, ((a?)*)" = 1" = 1 # 0,
and hence Rad(Id(R)) = {1}. Therefore, by Corollary 5.7, Id(R) is a
semi-simple residuated lattice.

6. A Comparative Study of Filter Notions

Let F be a filter of a residuated lattice L. For arbitrary elements z,y, z € L,
we recall the following standard list of filter conditions, which are widely
used in the algebraic study of substructural logics (see [4] for more infor-
mation):

(F1) For every x € L, we have z V z* € F}
(Fo) fx = (2* »y)€ Fandy - z € F, thenz — z € I}

(F3) fz—>(y—z2)e Fandax -y € F, then x — z € F}
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(Fy) If (x > y) > o € F, then x € F,

(F5) For every x € L, x — 2 € F;

(F¢) f e >y € F, then ((y > z) > z) >y € F;

(F7) If 2** - (¢ > y) € F and 2** — ¢ € F, then z** — y € F;
(Fg) For every x € L, we have z** — z € F holds;

(Fg) Forall z,y € L, (x —» y) V (y — x) € F}

(F10) For every x € L, at least one of x € F or z* € F is true.

Each of these properties characterizes a specific well-known class of
filters. The formal definitions are summarized as follows.

DEFINITION 6.1. A filter F' of L is said to be:
1. a Boolean filter if it satisfies (F});
2. an implicative deductive system if it satisfies (F3);
an implicative filter if it satisfies (F3);
a positive implicative filter if it satisfies (Fy);
a Heyting filter (also called a G-filter) if it satisfies (F5);
a fantastic filter if it satisfies (F);

an easy filter if it satisfies (F7);

® N o ok W

an involution filter or a reqular filter if it satisfies (Fg);
9. an MTL-filter if it satisfies (Fy);
10. an obstinate filter if it satisfies (Fyo).

By [17, Theorem 3.9], implicative deductive systems and Boolean filters
coincide; hence, we consider only Boolean filters in what follows. We now
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proceed to compare the key concepts of this paper with the notions listed
above. To this end, we begin with the following examples of residuated
lattices and subsequently provide a general comparison.

Ezample 6.2. Let L ={0,a,b,n,c,d, 1} denote the residuated lattice with
Hasse diagram depicted in the following figure, and define the operations
©® and — via the accompanying tables, see [14, Example, Page 190]:

1 10 a b n ¢ d 1
C/\d 0|0 0 0 0 O 0 O
al0 a 0 a a a a
\n/ b0 0 b b b b b
VAN n|0 a b n n n n
a b c|l0 a b n ¢ n c
NS dl0 a b n n d d
0 110 a b n ¢ d 1

- 10 a b n ¢ d 1

o1 1 1 1 1 1 1

alb 1 b 1 1 1 1

bla a« 1 1 1 1 1

n{0 a« b 1 1 1 1

c|l0 a b d 1 d 1

d|0 a b ¢ ¢ 1 1

110 a b n ¢ d 1

Ezample 6.3. Let L = {0,a,b,1} denote the residuated lattice with Hasse
diagram depicted in the following figure, and define the operations ® and
— via the accompanying tables, see [10, Example 3.3]:

1 ©|0 a b 1 —-[0 a b 1
| 0/0 0 0 0 01 1 1 1
b al0 0 a a ala 1 1 1
! b 10 a b b blo a 1 1
| 110 a b 1 110 a b 1
0
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Ezample 6.4. Let L = {0,a,b,¢,1} denote the residuated lattice with
Hasse diagram depicted in the following figure, and define the operations
©® and — via the accompanying tables, see [10, Example 3.22]:

1 ®l0 a b ¢ 1 — 10 a b ¢ 1
0/0 0O 0O 0 O o1 1 1 1 1
b/ \c a0 a a a a a [0 1 1 1 1
NS b0 a b a b b |0 ¢ 1 ¢ 1
a c |0 a a c¢ c c |0 b b 1 1
\ 110 a b ¢ 1 110 a b ¢ 1

0

Ezample 6.5. Let L = {0,a,b,p,n,c,d, 1} denote the residuated lattice
with Hasse diagram depicted in the following figure, and define the op-
erations ® and — via the accompanying tables, see [14, Example, Page
193]:

1
/\d 10 a b p n ¢ d 1
¢ 0[0 0 0 00O 0 0 0
\n/ a|l0 a 0 a a a a a
| b0 0O b b b b b b
P p|0 a b p p p p p
VAN n|0 a b p n n n n
a b c|0 a b p n ¢ n c
NS d|0 a b p n n d d
0 110 a b p n ¢ d 1
=10 a b p n ¢ d 1
0j1 1 1 1 1 1 1 1
a | 1 b 1 1 1 1 1
bla a 1 1 1 1 1 1
p |0 a b 1 1 1 1 1
n|0 a b p 1 1 1 1
c |0 a b p d 1 d 1
d|0 a b p ¢ ¢ 1 1
110 a b p n ¢ d 1
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Ezample 6.6. Let L ={0,a,b,c,d,e, f,1} be a chain with the usual total
order
D<a<b<ce<d<e< f<l.

The lattice operations are the minimum and maximum, i.e., x Ay =
min{z,y} and z V y = max{z,y} for all x,y € L.
We define the multiplication ® as the minimum:

x @y := min{z,y}, for all x,y € L.

This operation is clearly commutative, associative, and has 1 as identity
element.
The residuum (implication) — is defined by the Gédel implication:

1, ifz<
rT—=y:=< 7= Y
y, ifax>y.
An easy argument shows that (L, A, V,®, —, 0, 1) is a residuated lattice.
6.1. Simple or semi-simple filters need not satisfy the standard
properties

For each of the ten classical types, there exists a simple (and so a semi-
simple) filter that fails to be of that type.

1. Non-Boolean (and hence non-obstinate). In Example 6.2, the
simple (semi-simple) filter [¢) = {1, ¢} satisfies

aVa*=aVb=n¢lc),

so it is not Boolean. By [3, Theorem 3.12], since every obstinate filter
is Boolean, the filter [¢) is not obstinate either.

2. Non-implicative and non-positive implicative. In Example 6.3,
the unique simple (and so the unique semi-simple) filter is F' = [b) =
{1,b}. We have

a—(a—0)=a—a=1€F, a—a=1€eF,
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but @« - 0 =a ¢ F. Hence F is not implicative; since every positive
implicative filter is implicative, it is not positive implicative.

. Non-Heyting. Again in Example 6.3, for the simple (semi-simple)
filter F' = [b) = {1, b}, we get

a—=a>=a—0=a¢fF,
so F' is not Heyting.

. Non-fantastic. In Example 6.4, the filter [b) = {1,b} is simple, and
so it is semi-simple. We have 0 — a =1 € [b), but

((a—=0)—0)—=a=(0—0)—2a=1—=a=a¢|b),
so it is not fantastic.

. Non-easy. In Example 6.3, take F' = [b) = {1,b}. Then F is a
simple filter, and so it is a semi-simple filter. But it is not easy,
because a** — (a = 0) =a*™* - a*=a >a=1€ F,a*™ - a =
a—a=1€F buta™ -0=a""=a*"=a¢Pl.

. Non-involution. In Example 6.2, the simple (semi-simple) filter
[c) = {1, c} fails (Fg) since

n*—=n=0"—=n=1=n=n¢l).

. Non-MTL. In Example 6.2, the filters [¢) = {1,¢} and [d) = {1,d}
are simple, and so are semi-simple. However,

(a—=b)V(b—a)=bVa=n¢]c),[d),

so they are not MTL-filters.

A filter satisfying all classical properties but not simple
nor semi-simple

Let L be the finite Gédel chain of Example 6.6, i.e.,
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L={0,a,b,c,d,e, f,1}, O<a<b<e<d<e< f<1,

with the usual lattice operations and the Gdédel implication. In such a
chain, the only simple filter is [f) = {1, f}, and hence the only semi-simple
filter is also [f).

Now consider the filter

F:=[a)={x€L|x>a} ={1,a,b,c,d,e, f}.

We verify that F satisfies each of the conditions (F1)—(F1o).

(F1)

(F3)

(F7)
(Fs)

For every « € L, since L is a chain, z V * € F because either z > a
or z* > a (indeed, z* =0 for x > 0, s0 x V0 =z € F for > a; for
x=0,0*=1¢€F). Thus F is Boolean.

Suppose z — (y — 2z) € F and ¢ — y € F. We must show © — z €
F. Equivalently, if © — z = 0, then either x — (y — 2) ¢ F or x —
y¢ F. lfx — 2=0, then z > z and z = 0. Hence z =0 and « # 0.
Ify#0,theny > 2=y—>0=0,s0c = (y—>2)=x—>0=0¢ F;
ify=0,thenz >y=2—0=0¢ F. In either case, the premise
fails. Therefore F' is implicative.

Assume (x - y) 22z € F. fx =0, then (0 > y) 20=1—->0=
0 ¢ F, contradiction. Hence x # 0, and since F' contains all nonzero
elements, x € F'. Thus F' is positive implicative.

In a Gédel chain, 22 = x ® 2 = min{z,2} = z for all z. Hence

r—2=x—2x=1¢€F,so F is Heyting.

Suppose z — y € F. We need ((y — z) — z) — y € F. If this
element were 0, then its consequent y would be 0 and its antecedent
(y > 2) > 2 #0. But then (0 - 2) - 2) - 0=(1— z) —
0=2—=>0=0wouldimply z #0,s0z »y=a2—-0=0€ F, a
contradiction. Thus the element is in F'. So F' is fantastic.

That F satisfies F; follows from a simple computation.

A direct computation confirms that F' satisfies Fg.
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(Fg) For all x,y € L, since L is a chain, either z < y or y < z. If
x <y, then x - y =1 € F; otherwise, y - * = 1 € F. Hence
(x—=>y)V(y—2x)=1€F, so F is an MTL-filter.

(F10) For every « € L, either x € F (if x #0) or 2* =1 € F (if x = 0).
Thus F is obstinate.

Thus F is Boolean, implicative, positive implicative, Heyting, fantastic,
involutive, MTL, obstinate, and also an implicative deductive system and
an easy filter. However, F' is not simple and not semi-simple (because
the only semi-simple filter is [f)). This proves that none of the classical
properties implies simplicity or semi-simplicity.

6.3. Essential filters need not satisfy the classical properties

For each of the ten classical types, there exists an essential filter that fails
to be of that type.

1. Non-Boolean, non-implicative, non-positive implicative, non-
fantastic, non-involution, non-obstinate. In the Goédel chain of
Example 6.6, consider the filter

=) ={1f}

First note that F' is essential. Indeed, if z V f = 1 for some x € L,
we must have © = 1. Thus we get F* = {1}, and so F is essential by
Proposition 2.15.

We now verify that F fails each of the conditions (Fy), (F2), (F4),
(F@)7 (Fg), and (Flo).

e Non-Boolean: Take z = a. Since a > 0, we have a* = a —
0 = 0. Hence
aVa*=avV0=a¢F.
Thus (F) fails, and so (F3) fails.

e Non-positive implicative: Take x = a, y = 0. Then
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r—y=a—>0=0,

s0
(x—=y) 2x=0—a=1€F,

but
x=a¢F

Thus (Fy) fails.

e Non-fantastic: Take x =0, y =a. Thenax -y =0 — a =
1€ F. Now

y—r=a—0=0, (y—>z)>2x=0—-0=1,
and hence
((y—z)—2)—my=1—-a=a¢F.

So (Fg) fails.
e Non-involutive: Take x = a. Since a > 0, a* = 0, so a™* =
0* =0 — 0 = 1. Therefore

2 —sr=1—>a=a¢F,

so (Fg) fails.
o Non-obstinate: Clearly a ¢ F. Also,

a*=a—0=0¢F.
Thus neither a nor a* belongs to F, so (Fyg) fails.

2. Non-implicative, Non-Heyting, Non-easy.

In Example 6.3, consider the filter F' := [b) = {1,b}. We have F* =
{1} because if z Vb = 1, then necessarily z = 1, and hence it is
essential by Proposition 2.15.

We now verify that F fails each of the conditions (F3), (F5), and
(Fr).
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o Non-implicative: F is not an implicative filter since a — (a —
0) ¢ F,a—a€F,anda—0¢F.

e Non-Heyting: By taking x = a, we have
a—a*=a—0=a¢F,

so (F5) fails. Thus F' is not a Heyting filter.

o Non-easy: F is not easy, because a** — (a — 0) -
a* =a >a=1¢€¢ F,a** - a=a - a =1
a* =+0=a""=a"=agF.

3. Non-MTL. In Example 6.5, consider the filter F' := [n). We have
F* = {1} because if  V n = 1, then necessarily = 1. Hence F is
essential by Proposition 2.15. However,

(a—b)V((b—a)=bVa=p¢geF,
so (Fy) fails. Thus F' is not an MTL-filter.

These examples collectively show that an essential filter may fail any of
the conditions (F1)—(F10).

6.4. A classical filter need not be essential

In Example 2.12, one easily checks that the filter F' = {1,a} satisfies all
of (F1)—(F10), and hence it is Boolean, implicative, positive implicative,
Heyting, fantastic, easy, involutive, MTL, and obstinate, but by Proposi-
tion 2.15, it is not essential since F* = {1,b} # {1}.

Thus, none of the classical properties implies essentiality.

7. Conclusions

In this paper, we have considered a systematic theory of semi-simplicity in
residuated lattices by introducing and thoroughly investigating the notions
of simple filters, essential filters, the socle of a filter, independent families of
filters, and semi-simple filters. The central result that, for finite residuated
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lattices, semi-simplicity is equivalent to being hyperarchimedean reveals a
deep and natural connection between order-theoretic, algebraic, and topo-
logical aspects of these structures.

For future research, we propose:

1. Extend the Wedderburn—Artin-type structure theorem to infinite semi-
simple residuated lattices: characterise exactly when a (possibly infinite)
semi-simple residuated lattice can be decomposed as a direct product (or
subdirect product) of simple residuated lattices.

2. Study the socle Soc(L) in greater depth: determine when Soc(L) is
non-trivial, atomic, or coincides with the Boolean center B(L).

3. Develop a Krull-Gabriel dimension theory for residuated lattices us-
ing the length of chains of essential filters or the transcendence degree of
independent families of simple filters.

4. Investigate categorical aspects: define and study semi-simple objects
in the categories RL of residuated lattices, MTL, BL, MV, and Heyting
algebras, and characterize when these categories have enough projective or
injective objects in terms of semi-simplicity conditions.

5. Explore topological consequences: characterize compactness, Hausdorff-
ness, or sobriety of SpecF (L) and MaxF(L) in terms of semi-simplicity or
the existence of sufficiently many simple filters.

6. Apply the theory to algebraisable logics: determine which substructural
logics have algebraic semantics whose equivalent algebraic category is semi-
simple (e.g., classical logic, Lukasiewicz logic, Godel logic) and derive new
metalogical properties (standard completeness, strong completeness, finite
strong completeness) from the other way around.

7. Examine the behavior of semi-simplicity under common constructions
such as ordinal sums, and nucleus-based extensions of residuated lattices.

8. Since simple filters are upsets, the topological framework of [12] can be
naturally applied to further study semi-simple residuated lattices, which
offers a promising direction for future research.

We believe that pursuing these directions will not only enrich the struc-
ture theory of residuated lattices, but also provide new bridges between
universal algebra, non-classical logic, and lattice-based algebra.
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