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Abstract
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1. Introduction

Urquhart showed in [20] that the relevant logic R lacks the Craig interpo­
lation property, as formulated in terms of the usual implication connective 
→, and that the same holds for many of R’s most prominent neighbors.1 
Due to the breadth of Urquhart’s study and R’s status as the default rel­
evant logic, many logicians today remember these results by the slogan 
relevant logics don’t have interpolation. The purpose of this note is to 
show that this slogan is a misapprehension: We show that R possesses 
schematic extensions that satisfy both the variable sharing property, often 
taken to be the distinctive feature of relevant logics, as well as a strong 
form of interpolation with respect to Tarskian consequence.

To be sure, it has long been known that R has extensions that satisfy 
various interpolation properties, particularly when the language is enriched 
with constants t and f for truth and falsity; see, e.g., [20, p. 450], [16, The­
orem 4.9], and [11, Proposition 5.3]. However, the extensions considered in 
the aforementioned studies are dubiously relevant insofar as they lack the 
following variable sharing property (or VSP):

If ⊢ α→ β, then var(α) ∩ var(β) ̸= ∅. (VSP)

There is broad consensus in the literature that the VSP is at least a neces­
sary condition for a logic to count as relevant [18], and it has been shown 
that an extension L of R has the VSP if and only of L is contained in one of 
the logics C or M, which are respectively the logics of the crystal lattice C
and Belnap’s [2] model M (see [19]). In particular, C and M are themselves 
the only maximal schematic extensions of R with the VSP (see, again, [19]). 
Our main contribution is that C has the following Maehara interpolation 
property (or MIP), a strong form of interpolation for deducibility:

1We’ll use Calligraphic letters to denote logics, Boldface letters for particular al­
gebras, and Sans-serif letters for classes of algebras and some properties, such as the 
VSP.
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If var(Σ ∪ {α}) ∩ var(Γ) ̸= ∅ and Σ,Γ ⊢ α, there exists a 
formula δ such that var(δ) ⊆ var(Σ ∪ {α}) ∩ var(Γ) and both 
Γ ⊢ δ and Σ, δ ⊢ α.

(MIP)

This implies, in particular, that C has the well-known deductive interpo­
lation property, obtained by taking Σ = ∅ in the definition of the MIP. A 
discussion of known relations among various interpolation properties may 
be found in [15].

All the results here follow promptly from established methods. We offer 
no new technical innovations that deepen these methods, but rather aim to 
point out their application to this context, which has been the subject of 
misunderstanding. We hope here to clear up this misunderstanding, while 
also publicizing the utility of the technical tools we invoke here.

2. Algebraic preliminaries.

To make sense of our main theorem’s proof, we first give some background 
definitions. For further information on algebraic preliminaries, please con­
sult [12].

If K is any class of similar algebras, a span in K is a pair of embeddings 
⟨ϕB : A ↪→ B, ϕC : A ↪→ C⟩ between members of K. If K′ is a class of 
algebras in the same similarity type of K and K ⊆ K′, an amalgam in K′ of 
a span ⟨ϕB : A ↪→ B, ϕC : A ↪→ C⟩ is a pair ⟨ψB : B ↪→ D, ψC : C ↪→ D⟩ of 
embeddings in K′ such that ψBϕB = ψCϕC (see Figure 1, left). The class K
has the amalgamation property (or AP) if every span in K has an amalgam in 
K. On the other hand, a class K has the transferable injections property (or 
TIP) if whenever ⟨ϕB : A → B, ϕC : A ↪→ C⟩ is a pair of homomorphisms 
in K such that ϕC is an embedding, there exists an algebra D ∈ K and a 
pair of homomorphisms ⟨ψB : B ↪→ D, ψC : C → D⟩ such that ψB is an 
embedding and ψBϕB = ψCϕC (see Figure 1, right).

A class K of algebras has the congruence extension property (or CEP) 
if for any A,B ∈ K and any congruence Θ of A, if A is a subalgebra of 
B, then there exists a congruence Φ of B such that Φ ∩ A2 = Θ. An 
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B

A D

C
ϕC ψC

ϕB ψB

(AP)

B

A D

C
ϕC ψC

ϕB ψB

(TIP)

Figure 1: The commutative diagrams illustrating the AP (left) and the TIP 
(right).

algebra A is simple if its only congruences are the identity congruence 
∆A = {(x, x) | x ∈ A} and the full congruence ∇A = A×A.

An algebra A is called finitely subdirectly irreducible if the identity 
congruence of A is meet irreducible in the lattice of congruences of A, i.e., 
whenever ∆A = Θ ∩ Φ for congruences Θ and Φ of A, either ∆A = Θ
or ∆A = Φ. When V is a variety, we denote by VFSI the class of finitely 
subdirectly irreducible algebras in V.

It is well known that a variety V has the TIP if and only if it has both 
the CEP and the AP; see, e.g., [9]. Further, if L is an algebraizable logic 
and V is a variety comprising its equivalent algebraic semantics then, by 
[4, Theorem 2.2], L has the MIP if and only if V has the TIP.

For any class K of similar algebras, we write H(K) for the class of ho­
momorphic images of algebras in K, S(K) for the class of subalgebras of 
algebras in K, and PU(K) for the class of ultraproducts of members of K. 
Finally, the variety generated by a class K of similar algebras is denoted 
V(K).

3. The main argument.

We turn to the proof of our main theorem. We rely on the fact that R
(without constants) has as its equivalent algebraic semantics the variety R
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ab = f2 = ⊤

f

¬a = a2 = a b = b2 = ¬b

¬f = t

¬⊤ = ⊥

Figure 2: Labeled Hasse diagram for the relevant algebra C. Here we follow 
the standard convention that idempotent elements are denoted with filled 
in nodes, whereas non-idempotent elements are denoted with nodes that 
are not filled in.

of relevant algebras; see [6]. We consider, in particular, the crystal lattice 
C which is specified by the labeled Hasse diagram given in Figure 2. The 
variety generated by C is denoted by C, and the schematic extension of R
corresponding to this variety is denoted by C.2

Lemma 3.1. C has the congruence extension property.
Proof: By [9, Theorem 2.3], a congruence-distributive variety V has the 
CEP if and only if its class of finitely subdirectly irreducible members does.

Note that C is congruence distributive since relevant algebras have lat­
tice reducts. Moreover, by Jónsson’s Lemma (see, e.g., [12, Section 1.2.6]), 
CFSI ⊆ HSPU(C) = HS(C). It suffices to show that CFSI has the CEP. 
Direct computation shows that the proper subalgebras of C have universes

2An axiomatic presentation of C can be found in [3, p. 114].
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{a}, {b},
{⊤,⊥},
{⊥, a,⊤}, {⊥, b,⊤},
{⊥, t, f,⊤},
{⊥, t, a, f,⊤},  and {⊥, t, b, f,⊤}.

One may show that all of these are simple by direct computation. For 
example, suppose there were a non-trivial congruence Θ on {⊥, t, f,⊤}
other than the identity. Note that if ⟨f, t⟩ ∈ Θ, then Θ is the trivial 
congruence, as then ⟨f → t, f → f⟩ ∈ Θ (where x→ y = ¬(x · ¬y)) and so 
⟨⊥, t⟩ ∈ Θ. It follows that ⟨⊤, f⟩ ∈ Θ, so Θ is trivial. But every non-trivial 
congruence on {⊥, t, f,⊤} identifies t and f: For example, if ⟨⊤, t⟩ ∈ Θ
then ⟨⊤∧f,⊤∧t⟩ = ⟨f, t⟩ ∈ Θ. Thus {⊥, t, f,⊤} is simple. Let’s consider 
also {⊥, t, a, f,⊤}. If ⟨a, t⟩ ∈ Θ, then ⟨a → t, t → t⟩ = ⟨⊥, t⟩ ∈ Θ, and 
so Θ is trivial. Suppose that ⟨a,⊤⟩ ∈ Θ. Then ⟨f ∧ ⊤, f ∧ a⟩ = ⟨f, a⟩ ∈ Θ, 
and it follows that Θ is trivial. Similar computations may be performed in 
the remaining cases. □

For our main theorem, we need a suitable characterization of the AP, 
supplied in the next lemma. For this, we say that an algebra A is extensible
if whenever A1,A2 are non-trivial subalgebras of A and ϕ : A1 ↪→→ A2 is 
an isomorphism, there is an automorphism ϕ̂ : A ↪→→ A of A extending ϕ. 
Note that the lemma follows directly from [14, Corollary 3.16]. A different 
proof may be given by using [9, Corollary 3.5], and a third proof, using the 
results of [10, 11], is given in [17].
Lemma 3.2.  Let A be any finite simple algebra with the congruence ex­
tension property, and suppose that V = V(A) is congruence distributive. 
Then V has the amalgamation property if and only if A is extensible.
Theorem 3.3. The logic C has both the variable sharing property and the 
Maehara interpolation property.
Proof: We have already noted that C has the VSP, so it suffices to show 
that C has the TIP, which holds if and only if C has the both AP and the 
CEP. That C has the CEP follows from Lemma 3.1. It is enough that C has 
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the AP and, by Lemma 3.2, we need only show that C is extensible.
Let A and B be distinct, non-trivial isomorphic subalgebras of C. These 

are already listed in the proof of Lemma 3.1. Without loss of generality, 
we may take a ∈ A, b ∈ B, and further assume that the isomorphism 
ϕ : A ↪→→ B between them satisfies ϕ(a) = b. Any such isomorphism is 
extended by the automorphism ϕ̂ : C ↪→→ C defined by

ϕ̂(x) =

⎧⎪⎨⎪⎩
b x = a

a x = b

x otherwise.

Thus C is extensible, and the result follows. □

4. Closing Remarks

Two closing remarks are in order. Firstly, while we have seen that C has 
both the VSP and MIP, other ways of construing ‘relevance’ and ‘inter­
polation’ are, of course, possible. Rather than the VSP, one may take, 
for example, the Basic Relevance Property of Avron as in [1]. Instead of 
the MIP, one might take the Craig interpolation property formulated in 
terms of →.3 The combinations between various relevance and interpola­
tion properties are numerous. Rather than catalog all such interactions, 
we seek here only to show that relevance and interpolation are compati­
ble under some given readings. We hope that this note stimulates a fuller 
inquiry into how various relevance properties and interpolation properties 
interact.

Secondly, and in suggesting directions of the aforementioned inquiry, we 
note that the other maximal extension of R with the VSP does not have 
the MIP, since the variety M generated by Belnap’s model M does not have 
the CEP; see [5, p. 289]. Indeed, it follows from [13, Corollary 2.11] that 
M does not have the AP, and hence does not even validate the Robinson 
consistency theorem. However, this is not sufficient to determine whether 

3That C lacks Craig interpolation follows already from Urquhart’s result in [3, Sec. 
11.6], which uses C to provide the counterexample.
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this logic has the deductive interpolation property because, in the absence 
of the CEP, the DIP may not imply the AP. Even in contexts where the CEP 
holds, proving that the CEP holds may be a significant stumbling block in 
establishing the DIP [7, 8]. In contexts where the CEP fails, the study of the 
DIP remains a significant challenge. In particular, it remains open whether 
M has the DIP.
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