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Abstract

In this paper we consider the Intuitionistic Sentential Calculus with Identity
(ISCl). We study two main families of sequent calculi. The first one, called
G3isc), is based on a label-free multi-succedent sequent calculus that is sound
and complete w.r.t. Kripke models and the second, called L35¢, is based on
a multi-succedent labeled sequent calculus that is sound and complete w.r.t.
Beth models. Our goal is to investigate how the calculi, that capture distinct
semantics of the logic, relate to each other through proof translations. Proof
translations from G3g¢; to L3¢ provide new results about the soundness and
(cut-free) completeness of G3is¢; w.r.t. Beth models. Proof translations from
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$\ru {id}$


$h = n+1$


$\ru {r}$


$\df {seq}$


$\ru {r}$


$\ru {LorB}$


$\df {seq}$


$\seq { \SG , \lf {A or B:x} }{ \SD , \lf {C:y} }$


$\ru {LorB}$


$\df {seq1} = \seq { \SG , \lf {A:x a} }{ \SD , \lf {C:y a} }$


$\df {seq2} = \seq { \SG , \lf {B:x b} }{ \SD , \lf {C:y b} }$


$\df { a , b /subL } \SG \cup \SD $


$\df {PR1}$


$\df {PR2}$


$\HEIGHT {\df {PR1}}, \HEIGHT {\df {PR2}} \leqslant n$


$\df { a' /= b' }$


$\df { a' , b' /subL} \SG \cup \SD $


$\df { a' , b' /subL x y u a b c }$


$\PR _1$


$\PR _2$


$\lsub {a'/a}$


$\lsub {b'/b}$


$\df {PR1'}$


$\df {PR2'}$


$\seq { \SG , \lf {A:x a'} }{ \SD , \lf {C:y a'} }$


$\seq { \SG , \lf {B:x b'} }{ \SD , \lf {C:y b'} }$


$\df {PR1'}$


$\df {PR2'}$


$\lsub {u/c}$


$\df {PR1''}$


$\df {PR2''}$


$\seq { \SG \lsub {u/c}, \lf {A or B:x}\lsub {u/c}, \lf {A:x \lsub {u/c} a'} }{ \SD \lsub {u/c}, \lf {C:y \lsub {u/c} a'} }$


$\seq { \SG \lsub {u/c}, \lf {A or B:x}\lsub {u/c}, \lf {B:x \lsub {u/c} b'} }{ \SD \lsub {u/c}, \lf {C:y \lsub {u/c} b'} }$


$\seq { \SG \lsub {u/c}, \lf {A or B:x}\lsub {u/c} }{ \SD \lsub {u/c} }$


$\ru {LorB}$


$\ru {Rimp}$


$\ru {LorB}$


$\ru {r}$


$\ru {r}$


$n+1$


$\df {seq}\lsub {u/c}$


$\ru {r}$


$\relax \square $


$\df {L3ISCI}$


$\df {L3ISCI}$


$\df { |-hL3ISCI SG |- SD }$


$\df { |-hL3ISCI SG , SG' |- SD}$


$\df { |-hL3ISCI SG |- SD , SD'}$


$h$


$\PR $


$\seq {\SG }{\SD }$


$h=0$


$\seq {\SG }{\SD }$


$\seq {\SG ,\SG '}{\SD }$


$\seq {\SG }{\SD ,\SD '}$


$h=n+1$


$\ru {r}$


$\PR $


$\ru {r}$


$\ru {Rimp}$


$\ru {LorB}$


$\ru {r}$


$\ru {r}$


$\ru {r}$


$\SG \cup \SG ' \cup \SD \cup \SD '$


$\ru {r}$


$\relax \square $


$\df {|-hG3ISCI A}$


$\df {|-hL3ISCI A}$


$\df {G3ISCI}$


$\df {L3ISCI}$


$\relax \square $


$\df {G3ISCIK}$


$\df {G3ISCIK}$


$\df {ISCI}$


$\df {|-G3ISCIK A}$


$\df {|=K A}$


$\df S$


$\SET { \df {F1 , ... , Fn } }$


$\CONJ {\df S}$


$\DISJ {\df S}$


$\df { F1 and F2 and ... and Fn }$


$\df { F1 or F2 ... or Fn }$


$\CONJ {\emptyset } = \df {true}$


$\DISJ {\emptyset } = \df {false}$


$\seqdf { SG }{ SD }$


$\df {MO}$


$\df {wldm}$


$\df {MO}$


$\df {wldm ||- \CONJdf { SG }}$


$\df {wldm ||- \DISJdf { SD }}$


$\df {G3ISCIK}$


$\ru {id}$


$\ru {idp}$


$\ru {id==}$


$\inserttext $


$\inserttext $


$\inserttext $


$\df {wldm}$


$\df {wldm ||- \CONJdf { SG } and A}$


$\df {wldm ||- A}$


$\df {wldm ||- \DISJdf { SD } or A}$


$\ru {Lfalse}$


$\inserttext $


$\inserttext $


$\inserttext $


$\df {wldm}$


$\df {wldm /||- false}$


$\df {wldm ||- \CONJdf { SG } and false}$


$\df {wldm ||- \DISJdf { SD }}$


$\ru {Ror}$


$\inserttext $


$\inserttext $


$\inserttext $


$\df {wldm}$


$\df {wldm ||- \CONJdf { SG }}$


$\df {wldm ||- \DISJdf {SD} or A1 or A2}$


$\ru {LorK}$


$\inserttext $


$\inserttext $


$\inserttext $


$\inserttext $


$\df {wldm}$


$\df {wldm ||- \CONJdf { SG } and ( A or B )}$


$\df {wldm ||- A}$


$\df {wldm ||- \CONJdf { SG } and A}$


$\df {wldm ||- \CONJdf { SG } and A}$


$\df {wldm ||- \CONJdf { SD }}$


$\df {wldm ||- A or B}$


$\df {wldm ||- B }$


$\df {wldm ||- \CONJdf { SG } and B}$


$\df {wldm ||- \DISJdf { SD }}$


$\df {wldm ||- \DISJdf { SD }}$


$\ru {Rimp}$


$\inserttext $


$\inserttext $


$\inserttext $


$\df {wldm}$


$\df {wldm ||- \CONJdf { SG }}$


$\df {wldm ||- \DISJdf { SD }}$


$\df {wldm ||- \DISJdf { SD } or ( A imp B )}$


$\df {wldm ||- A imp B}$


$\df {wldn}$


$\df {wldm <S wldn}$


$\df {wldn ||- A}$


$\df {wldn ||- \CONJdf { SG }}$


$\df {wldn ||- \CONJdf { SG } and A}$


$\df {wldn ||- B}$


$\df {wldm ||- A imp B}$


$\df {wldm ||- \DISJdf { SD } or ( A imp B )}$


$\ru {L==refl}$


$\inserttext $


$\inserttext $


$\inserttext $


$\df {wldm}$


$\df { wldm ||- \CONJdf { SG } }$


$\ax {bmisci1}$


$\df { wldm ||- A == A }$


$\df { wldm ||- \DISJdf { SD } }$


$\ru {L==tpin}$


$\ru {L==prod}$


$\ru {L==spin}$


$\ru {L==prod}$


$\ru {L==prod}$


$\inserttext $


$\inserttext $


$\inserttext $


$\df {wldm}$


$\df { wldm ||- \CONJdf { SG } and A == B and C == D }$


$\df { wldm ||- A == B }$


$\df { wldm ||- C == D }$


$\df { wldm ||- A *G C == B *G D }$


$\ax {bmisci4}$


$\df { wldm ||- \DISJdf { SD } }$


$\ru {L==self}$


$\ru {L==prod}$


$\ru {L==rep}$


$\inserttext $


$\inserttext $


$\inserttext $


$\df {wldm}$


$\df { wldm ||- \CONJdf { SG } and A == B and D }$


$\df { wldm ||- \frep {D^A_B} }$


$\df { wldm ||- SD }$


$\relax \square $
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L3isc) to G35¢; are more difficult and require the definition of new calculi for ISCI
that provide intermediate steps in the translation process.

Keywords: non-Fregean sentential logic, sequent calculi, labeled calculi, nested
sequents, proof translations.

1. Introduction

In this work we consider an extension of intuitionistic logic (IL) that arises
from adding a non Fregean operator (=) called Suszko’s identity. The
resulting logic is known as the Intuitionistic Sentential Calculus (or Logic)
with Identity (ISCI). Suszko’s identity has first been investigated as an
extension of classical logic called SCI [1, 10].

The motivation behind SCI is related to the ontology of situations. In
classical logic, only two situations can exist, truth and falsity, that are
witnessed by any true or false proposition. According to [1], this is unfor-
tunate and could be improved with a new non Fregean operator, written ==,
that witnesses two identical situations. In SCl, one acknowledges the fact
that there could possibly be more than two situations. Under the usual
Fregean interpretation, two formulas are equivalent if they share the same
logical value. Under Suszko’s identity, two formulas with the same logical
value might be considered non-identical if they do not describe the same
situations, for instance, two formulas might be valid (and thus logically
equivalent) while not having the same sets of proofs. Deduction in SCI
has been thoroughly studied, resulting in a Hilbert style proof system [1],
various Gentzen sequent calculi [12, 19, 20] and dual tableaux [8, 14]. One
drawback of those systems is their lack of analyticity. In particular, they
do not enjoy the subformula property and could therefore not provide any
kind of decision procedures although SCl is known to be decidable [10]. An
alternative decision procedure for SCI based on labeled tableaux has been
recently proposed [9].

In the case of ISCI, we consider two main works. The first one is
[4], where a Kripke semantics for ISCI is introduced along with a related
(Kripke) sound and complete label-free single-succedent sequent calculus
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|_L3:SSCI A
] Th. 3.4
I_I_:‘;IKSCI A

-
FL3sq AM'_SNBO AMFNSBQ AMI—G3|SCI ATh'—g%':A
T Th. 8.2

Figure 1: Proof Translation Cycle.

called sG3,5¢;. The second one is [6], where a new TB semantics is in-
troduced along with two related (TB) sound and complete labeled sequent
calculi called L|1SCI and lescr Unlike the Kripke semantics, the TB semantics
does not rely on partially ordered sets, but on bounded distributive lattices.
Both semantics are proven sound and complete w.r.t. the Hilbert system of
axioms Hscy [2, 6]. The completeness of the Kripke semantics is achieved
by the construction of a canonical model built from (Lindenbaum’s idea
of) equivalence classes of formulas. On the contrary, the completeness of
the TB semantics relies on a canonical model built from (Beth’s idea of)
theories of formulas (TB standing as either “Topological Beth”, or “The-
ory Based”). The decidability results of ISCI have been settled, from the
labeled calculus L|25C|, for a fragment involving decreasing sentential substi-
tutions [6] and from sG3g¢, by counter-model construction, for a fragment
including only implication and sentential identity [18]. Let us note that the
BHK-interpretation (in terms of sets of proofs) for ISCI has been recently
described in [3] by introducing a new semantics that captures the notion
of identity within a constructive framework.

The main goal of the paper is to study proof translations between fami-
lies of labeled and label-free sequent calculi for ISCl. We focus on two main
families of sequent calculi: G3/g(,, arising from the sG3,g¢ calculus that is
sound and complete w.r.t. Kripke models, and L35, arising from the L,lSCI
and L|2SCI calculi proven sound and complete w.r.t. Beth models. Translat-
ing proofs from a labeled to a label-free calculus is usually a more difficult



324 Didier Galmiche, Brandon Hornbeck, Daniel Méry

problem than in the other direction. Therefore, our approach to translate
L3,s¢ into G3/g¢, consists in defining two new families of calculi, namely
SNis¢; and NS¢, as intermediate steps in the translation process.

All of our families of calculi come with two disjoint sets of rules for
sentential identities (denoted 1 and 2) and two disjoint sets of rules for dis-
junction and falsity (denoted K for Kripke and B for Beth). For simplicity
and technical consistency, all of our calculi deal with sequents that are sets
(and not multisets) of formulas, thus making the contraction rule implicit.
We also consider weakening as implicit in our calculi (as it can easily be
proven admissible).

The main results are depicted in Figure 1, with two translation cycles:
a first one for the Beth variants and a second one for the Kripke variants,
with a connection between both by showing that Beth proofs can always
be turned into Kripke proofs. We deduce that the K and B proof systems
are sound and cut-free complete w.r.t. the Kripke or TB semantics.

In Section 2 we recall the syntax of ISCl and the basics of its TB and
Kripke semantics.

In Section 3 we introduce the family L35¢, of labeled sequent calculi,
that subsumes the Ljs, and Li¢, calculi given in [6]. L3,g¢ uses sets of
integers as labels and implicitly captures the labeling algebra via set union.
Then we show that any Beth proof in L3FSCI can be translated into a Kripke
proof in L3|’§C|.

In Section 4 we define SNg¢, that is a family of labeled sequent calculi,
where labels are single letters and where the labeling algebra is captured
via explicit relational atoms. In addition to the family with Beth rules
for disjunction and falsity, we provide a stepwise and height-preserving
translation of L3¢ -proofs into SN ¢ -proofs. A complementary result is
a translation in the reverse direction. In Section 5 we define NSg, that is
a family of nested sequent calculi with both Beth and Kripke variants and
we show that SN -proofs can be translated into NS,g-proofs.

In Section 6, we extend the single-succedent calculus sG3s¢, [4] to a
multi-succedent calculus and also define a new Beth variant of the calculus
that is sound and complete w.r.t. the TB semantics of ISCI. This gives rise
to the family G35, of multi-succedent label-free sequent calculi.
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In Section 7 we show that NS¢ -proofs can be translated into G3,g-
proofs and then we deduce, from previous translations, that L3¢ -proofs
can be translated into G3¢¢ -proofs.

In Section 8 we show how G3g-proofs can be translated into L3,g¢ -
proofs. From this translation we deduce new results: G3[¢ (G3R¢) is
sound and complete w.r.t. the Kripke (TB) semantics and all of the L35,
calculi are cut-free complete.

In Section 9, we emphasize how proof translations can help us gain a
better understanding of how semantics reveals itself in a calculus and how
they allow us to transpose properties from one calculus to the other.

2. The Logic ISCl: Syntax and Semantics

DEFINITION 2.1.Let P = {p,q,...} be a countable set of propositional
letters. The formulas of ISCI, the set of which is denoted by F, are given
by the grammar:

Az=peP|L|ANA|AVA|ADA|ARA.

As usual, negation —A is defined as a shorthand A O 1 and T is then
defined as L D 1. We write F, for the restriction of F to sentential iden-
tities.

ISCI admits various semantics. We first recall the TB semantics intro-
duced in [6] as it is less widely known and more elaborated than the known
Kripke semantics [4].

DEFINITION 2.2. Let M be a set of elements, called worlds, such that
w,m € M and w # 7. A TB frame is a bounded distributive lattice F =
(M, <,U,w, M, 7) with w and 7 as least and greatest elements respectively.

DEFINITION 2.3. A TB pre-model is a triple M = (F, [-],IF), where F is a
TB frame, and [-] is a valuation function from M to p(P UF), such that
for all worlds m and n:

(M) [r] =P UFx,

(Mx) if m < n, then [m] C [n],
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(Mgy,) A=A € [m],

(My,) for all ® € {A,V,D,~}, if A= B € [m] and C~D € [m], then
A®@C~B®D € [m]!

The forcing relation IF is inductively defined as the smallest relation on
M x F such that:

e mlFpiff p € [m],

e mFA~BIiff Ax~B € [m],

e mik L iff # <m,

e mIFAABiff miFA and miF B,

e miFADBiffforalln € M, if nlF A, then m Un IF B,

e ml-A VB iff for some ny,ny € M such that ny; Mny < m, nyIFA and
HQH_B.

DEFINITION 2.4. A TB model is a TB pre-model satisfying the admissibility
and regularity conditions:

(My,) if mIFA~B, then mIFBDA,

(Mg) for all A € F, there exists an A-minimal world, i.e., there exists
ma € M such that ma IF A and for all n € M, if nlF A then ma < n.

As usual, a formula A is true (or satisfied) in a TB model M, written
MEA iff mIF A for all worlds m in M and wvalid, written EA, iff it is true
in all models.

The Kripke semantics of ISCI is built on the simple notion of Kripke
frame (more shortly, K frame) which is a partially ordered set of worlds
F = (M, £). Kripke models are obtained from Definition 2.3 by discarding
conditions (M) and (Mp) and replacing the forcing clause for the intu-
itionistic connectives with their standard interpretation. We write FK or
EB instead of E whenever confusion may arise.

ILet us note that (Mx,) if A~ B € [m] then A ~ =B € [m] can be derived from
(M%4)~
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3. The Labeled Sequent Calculi L3/,

Let us introduce the L3¢, family of labeled sequent calculi that subsumes
the ones in [6]. A label is either a (possibly empty) finite subset of N, or N
itself. We write L for the set of labels and L™ for the restriction of L to
labels of size n (sets of cardinal n). @ and N are called label units. We use
the (possibly subscripted or primed) letters a, b, ¢ to denote singletons and
save the letters x,y,z to denote arbitrary labels. Since all of the examples
in this paper use labels built from singletons {7 | 1 < ¢ < 9}, we use the
more concise notation 13 to unambiguously refer to the label {1,3} and
not to the singleton {13 }.

A label x is a sublabel of a label y if x C y. Labels are interpreted w.r.t.
a labeling algebra £ defined as the bounded lattice (L, C,u, #,n,N), where
join U and meet n are standard set union and intersection. We consider
that u binds stronger than n and we shall frequently write xy instead of
xuy (xx’ nyy’ should therefore be read as (xux’) n(yuy’)).

A labeled formula is a pair (C,z), written C:z, where C is a formula
and z is a label. A labeled sequent is a pair (T', A), written I' - A of sets of
formulas. T" and A are respectively called the antecedent and the succedent
of the sequent.

The proof rules of L3¢, are given in Figure 2. L3} and L33, are
respectively defined with the sets {LL, L2, L2 L3} and {LL,al2 L5 }
for sentential identity rules. For both sets of identity rules we have a K
(Kripke) and a B (Beth) version of the calculus depending on the rules for
disjunction and falsity. In the rule LY, (left replacement), D% denotes the
result of replacing some (possibly all) occurrences of A with B in D. Given
a set or multiset S of labeled formulas and a label x, the notation x € S
is a shorthand for (3(A:xy) € S). Therefore, the side conditions of the
rules Lo, L2, L2, and L, mean that the labels introduced in their premises
must already occur in the succedent of their conclusion. A sequent I' - A
is right connected if (VA:x € T')(x € A). A close inspection of the rules
shows that they preserve right connectedness upwards.

DEFINITION 3.1. Let C be a formula. An L35 -proof of C is a proof of
the sequent - C: () with the L3g rules.
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idp ida
I'p:xFA,p:xy I'NA~B:xF A, AxB:xy

B K

— L ——F L
I'l:xFA,C:xy + Il:xFA +
I'Ap:xap H A, C:xya; T, Ag:xas A, C:xyag
I'A1 VA :xH A, C:xy

T'VAr:xFA T Az:xHA « 'FAA:y,As:y
T,A1VAs:xkA Y O TFAAIVAs:y

INADB:xFA/A:xy II'B:xykFA T'A:ak A,B:xa
Ly(xye A) ——  R>
T ADB:xFA I'-A,ADB:x
F,A:X,B:XI—AL 'AA:y THAB:y
ILAAB:xFA CFAAAB:y "

ILAxA:0FA L INAx~B:x,BDOA:xFA

L
A = I'N'AxB:xFA

al.2,

I'N'AxB:xFAB:xy TTAxB:x,A:xyF A
I'N'Ax=B:xFA

L2 (xy € A)

INAx=B:x,CxD:y A CxB®D:xy A

L3 (xy € A)
I'NA=B:x,CxD:yFA

F,A®AQB®B:XFAL3*
NAxB:xFA ~ INAxB:x,D:yFA

F,AzB:x,D:y7D‘§:xyl—A

LL (xy € A)

Eigenvariable conditions: In R5 and LB, a, a1, as are fresh singletons and a; # az.

Figure 2: Rules for the L3¢, Family of Labeled Calculi.
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A label substitution is a total function o : L — L whose restriction
o* ¢ (LY ULY) — L differs from the identity only for a finite number
of elements in the domain and such that for all labels z ¢ (LY U L),
zo = [J{xo* | x € (L’ UL!) and x C z}. Label substitutions extend
to labeled formulas, multisets of labeled formulas and sequents as follows:
(A:x)o = A:xo,So={(A:x)o | A:x € S} and T+ A)o =To F Ac.
We write [x1/y1;...;Xn/¥n), where x; € L and y; € (L°UL?) for all 1 <
i < n, to denote the label substitution ¢ such that zo = x; if z = y; for
some i and zo = z otherwise. Hence, x/y means that x replaces y. For
instance, let o = [17/0;2/7], then since 347 = [J{0,{3},{4},{7}}, we
have (347)o = U{{1,7},{3},{4},{2}} = 12347. It is easy to check that
z[x/y] = (z —y)ux if y C z, and z[x/y] = z otherwise. Thus, (347)[0/7] =
{3,4,7} —{7}ub={3,4} =34

LEMMA 3.2. Lets=TF A. If L34 s then FL3g so.

ProOOF: By induction on the height of the proof (see Appendix C.2). O

The fact that only labels in L° UL! can be replaced is essential for
the soundness of Lemma 3.2. Indeed, consider the instance of id,, whose
conclusion is s = p:12 F p:123, we have FL3gq s but not FL3s. s[4/23]
=p:12Fp:14.

Let us now show that any L3|BSC|—proof translates to a L3|’§C|-pr00f by
erasing all of the singletons introduced by instances of LY and globally
renaming LT and L as L and LY.

DEFINITION 3.3. Let II be a proof of a sequent s in L3FSC|. By is de-
fined as the set {cj,...,cy } of all the fresh singletons introduced by an
instance of LY in II. Moreover, oy is defined as the erasing substitution
[@/cy;...;B/cy] that replaces all occurrences of ¢; in By with .

THEOREM 3.4. If II is a proof of a sequent s in L3FSC|, then llop is a
proof of soy in L3|KSC|.

Proor: By induction on the height of II. We only consider the cases L}
and L since they are the ones that differ in L3[,.
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Base case L} : Since II is of height 0, we have that By = ) and oy = 0.
Hence,

B K

_— 1 _ 1
', L:xFA,C:xy Lo ' L:xFA,C:xy +

Case LU: We start with a proof II:

I'VAp:ixap H A, C:xya; T, Ag:xag FA,C:xyag
T'A1 VAg:xH A C:xy

By induction hypothesis on II;,i € {1,2} we get:

Tomp,, Aj :xajor; F Aoy, Crxyajor,

Let o be the label substitution [#/a;0/as]. After applying o on ITioq,
using Lemma 3.2 we get new L3|KSC|—pr00fs and since a; and ap are
fresh in I' = A, we have om0 = o and xajom,0 = xom = X, which
allows us to apply an instance of LY as follows:

Tor, Aq :xajon F Aoqp, C:xyajorp  Torp, Ag i xagor B Aoy, C: xyasory L

Tom, A1 V Az :xoq b Aoy, C:xyoqn

The other cases are similar. O

4. From L35, to SN

We introduce the SNig, family of labeled calculi that extends the labeled
sequent calculus SN, for intuitionistic logic [13]. Labels in SN ¢, are not
sets or multisets but single atomic symbols over a predefined alphabet
which we take as the set of natural numbers in this paper. When we write
5 and 24 we actually mean the singleton {5} and the set {2,4} in L3¢,
In SNig;, 5 and 24 are the actual natural numbers five and twenty four.
To avoid confusion, we use the letters u, v, w to denote labels in SN g, and
keep x,y,z for labels in L35,
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. R
———idp(u~v)
R,I',p:uk A,p:v R,IA~B:ukF A, AxB:v

idas(u 5 V)

Li(u&v) — LK
R, T, L:ukA,C:v R, T, L:ukA

R,vCu, A umi HFACiuy R,vC ug,IAs:ua F A, C:u =
V(u~>v)
R,I'Ai VAs:ukF A C:v

R,IAi:uk A R,F,Azzu)—ALK R,I'FA/A;:u,A2:u

R,T,A1VAs:uk A V' R,TFAAVAs:u

R,I,ADB:ukFAA:v R,I,B:vkEA = R,uCv,[JA:vkE A B:v
Lo(u~v) Ro>
R, I ADB:uk A R,I'FA,ADB:u

RILA:wBiubA  RILEAAw RIEABu,
RT,AAB:uFA R,TFA,AAB:u "

R,IVAx=A:0F A R,[JAx=B:u,BDA:uk A
LL al.2,
R, THA R, Ax~B:ukF A

R, I Ax~B:uFA,B:v R,IAxB:u,A:vFA
R, T, Ax~B:uk A

Z(u~v)

R,IVAx~B:u,CxD:v,ARC~B®D:vF A
R, I Ax=B:u,Cx~D:vFA

L (u 5 v)

R,IAx~B:u,, AR AxB®B:ukF A 3

R,T,A~B:ukF A ~

R,F,AzB:u,D:v,Dg‘:vl—A

LL(u % v)

R,IA~B:u,D:vF A
Eigenvariable Conditions:
In R, v is fresh in T U A.

In LE, u; and uz are fresh in T U A.

Figure 3: Rules for the SN\, Family of Labeled Calculi.
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Labeled sequents in SN, have the form R,I' = A, where I', A are
sets of labeled formulas and R is the set of relational atoms, which are
expressions of the form u C v, where u,v are labels. The proof rules of
SN,s¢, are given in Figure 3. SNjsc,; and SN%, are respectively defined with
the sets { LL, L2, L3, L3 } and { L, al.Z, L% } for sentential identity rules.
For both sets of identity rules we a K (Kripke) and B (Beth) version of the
calculus depending on the rules for disjunction and falsity. An SN g¢-proof
of a formula C is a proof of the sequent + C: 0.

SN, is usually formulated with rules for the reflexivity and the transi-
tivity of C [13]. Such rules can be eliminated by introducing a reachability
predicate u ~» v that can be either defined as the reflexive and transitive
closure of T (denoted C*) in [7], i.e. u <% v iff (u C v) € C*, or equivalently
via the notion of directed path as in [11], defined as a chain wy C ... C wy
in R such that w; = u, w, = v, with the special case u ~> v if u = v.

Let us now explain how to translate L3,s.-proofs into SN g -proofs.
Any non-empty (finite) label x in L3,g¢, can be written as an ordered set
{k1 < k2 < ... < kp} of natural numbers. Let us write u(x) for the
singleton { k,, } containing the greatest element in x, with the special cases
w(0) = 0 and p(N) = co. The set R(x) of relational atoms associated with
a label x is defined as the set {k; C ki1 | 0 < i < n} where kg = 0. For
example, R({1,2,5,8}) ={0C 1,1 C 2,2C 5,5 C 8}. In order to save
space, let us write chains k1 T ko, ks C k3,...,k,_1 C k, more concisely
aslC2C...Ck—-1Ck.

Let S be set of labeled formulas (in L3¢, or SNig¢;). The set [S] is
defined as the restriction of S to the formulas whose labels are maximal
w.r.t. C (C) in L3igq (SNige))- A label x is mazimal in S if x € [S]. Given
asequent s = I'F A, a label x (or labeled formula A : x) is right mazimal in
s if x (or A:x) € [A]. Left maximality is defined similarly w.r.t. [T']. An
instance of a rule r is right (left) mazimal in a proof if all of its principal
formulas occurring in the succedent (antecedent) are right (left) maximal.
A proof is right (left) maximal if all of its rules are right (left) maximal.

DEFINITION 4.1. Let I' = A be a labeled sequent in L3jg¢,. Let Aq:xy, ...,
AL ixm and By :yy, ..., By :y, be enumerations of I' and A respectively.
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The translation LS(I' = A) is the SNg, sequent R',I" = A’ where I =
[Asip(x) [1<i<m}, A= {Byip(yy) | 1<j<n}and R = U{R() |
z is maximal in TU A }.

For instance, the translation of the sequent A:1,B:34F+ C:2345,D:18
in L3,g¢, is the sequent 0 C2C-3C4C 5,001 C8,A:1,B:4+-C:5,D:8
in SNg¢,, where the set of relational atoms is given by the two maximal
labels 2345 and 18.

DEFINITION 4.2. A proof Il in L3/, is standard if it does not contain any
occurrence of N and all instances of Ry and LY, introduce fresh labels that
are maximal in their premises (for instance, by setting a = {3k + 1} and
a; = {3k + i+ 1} for the smallest suitable k).

THEOREM 4.3. Any L3¢ -proof can be transformed into a right mazimal
standard proof.

PRrROOF: Any L35 -proof of formula C can be turned into a standard
proof by successive applications of Lemma 3.2 since no rule in L3g can
introduce N (which can therefore only be present in arbitrarily defined
sequents). Showing that a standard proof II can be turned into a right
maximal proof follows from a routine induction on the height of II. (]

THEOREM 4.4. Any right mazimal standard L35, -proof can be translated
into a (right maximal standard) SN,gc,-proof.

PRrOOF: By induction on the height of the proof in L3,s(, (see Appendix B).
O

Example 4.5. As an illustration of the translation, let us consider an
L3R ,-proof of the formula ((p Dr) A (qD1)) D ((pVaq) Dr).

dp

id i
Hl{ pDOr:l,gqDr:1,p:45Fr:145,p: 145 P qu:l,p:45,r:145|—r:145L
o)

pDr:1,qDr:1,p:45+Fr:145

dp

L>

id i
Ilo pDOr:1,qDr:1,q:46 - r:146,q:146 P pDOr:1,q:46,r:146 - r: 146
pDr:1,qDr:1,q:46 Fr:146
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II; Il B
v

L
pDr:l,qu:l,qu:4l—r:14R

I pDr:l,gDr:1+(pVvqg)Dr:1
(pDr)A(gDr):1F(pVvg) Dr:1
F{r2>r)A(@Dr)Dd((pVa)Dr):0

The translation of II in SNFSCI is given below.

idp idp
0C1c4cC 5, - r:5, 0cC1cC4c 5, T
LS(IT1) pDOr:1,gDr:1,p:5 p:5 qDr:1,p:5,r:5 :
L
0clc4cb5,pDr:l,gDr:1,p:5kr:5 >
idp idp
0cC1C4cC6, L r:6, 0cC1Cc4cCe6, L or:6
LS(I12) pDr:1,qD>r:1,q:6 q:6 pDOr:1,q:6,r:6 ’
L>

0clc4c6,pDr:1,qDr:1,q:6+F1r:6
LS(ITy) LS(II2)

0Oclc4,pDr:l,qDr:1,pVq:4tr:4

LS(II) 0cCc1l,pD>r:1,gDr:1,F(pVvq)Dr:1
0C1,(pD>r)A(gDr):1-(pVvqg)Dr:1

F({(>r)A(@>r)>((pVa)Dr):0
Since L35, does not contain any transitivity or reflexivity rules, the
completeness of SN, without such rules is a corollary of Theorem 4.4. An
important consequence of this result is that for all sequents s in a structural
free SN -proof II of a formula C, the set R of relational atoms describes

a tree structure such that if u — v € R, then the node corresponding to v
is an immediate successor of the node corresponding to u.

B
\

D

DEFINITION 4.6. A labeled tree sequent is a labeled sequent 7 = R, I' F A
such that R forms a (minimal) tree and all labels in TUA occur in R (unless
R is empty, in which case every labeled formula in I" U A must share the
same label). A labeled tree proof is a proof containing only labeled tree
sequents. A labeled tree proof has the fixed root property iff every labeled
sequent in the proof has the same root, in which case it is called standard

proof .
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Let us remark that Definition 4.1 maps L3,g¢-proofs to labeled tree
proofs in SNig¢, with the fixed root property (the root being 0) since @) C x
for any label x in L3¢,.

DEFINITION 4.7. Let R,I' F A be a labeled sequent in SN ¢¢|. Let A;:uy,
vy Apiuy and By:vy, ..., By:v, be enumerations of I' and A respec-
tively. Let R be set of relational atoms and u be a label occurring in R,
R(u) = {v|v#0and v < u}. The translation SL(T I A) is the L3g¢,
sequent IV = A" where I' = {A;j:R(x;) | 1 <i<m}, A" = {Bj:R(yj) |
1<j<n}

For instance, the sequent 0 C2C-3C-4C50C1C 8,A:1,B:4+
C:5,D:81in SNg(, translates into the sequent A:1,B:234 - C:2345,D:18
in L35
THEOREM 4.8. Any standard SNg¢,-proof can be translated into an L3 g¢-
proof.

PrOOF: A direct consequence of the translation cycle depicted in Figure 1
or more directly proven by induction on the height of the SN ¢ -proof. [

5. From SN, to NS,

We introduce the new (family of) nested sequent calculi NS, as extensions
of NS, the nested sequent calculus given for IL in [15].

DEFINITION 5.1. A nested sequent is inductively defined as follows:

1. if s =T F A is a sequent, where I, A sets of formulas, then s is a
nested sequent;

2. if sis a sequent and v, . .., v, are nested sequents then s, [v1], ..., []
is a nested sequent.

We use the letters v and A (possibly primed or subscripted) to denote
nested sequents and sets of nestings respectively. A nested sequent can
more conveniently be written as an expression I' = A, A, where all members
of A are expressions [IV - A’ A’]. As usual, we introduce the standard
notion of nested-holed contexts [15].
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—————Nidp N
S{I',pF A,p,A} S{I,Ax~BF A AxB,A}

K

B LL

—_NILB N

S{I, LF A,C,A} S{I, LF A, A}

S{TFAA[AFC] S{I'FAA, [Bl—C]}NLB
S{T,AVBF A,C,A} v

S{IAFAA} S{IBFAA}  S{I'FAABA}
NLE - ) NR
S{T,AVBF A, A} Y S{TFAAVBA}
S{T,ASBFA,A A} S{I',BFA,A} S{T'F A, A [A+B]}
N N

S{[,ADBF A,A} Z S{TFA,ADB,A}
S{T,A,BF A, A} S{THAA A} S{T+ABA}
NLA NRA
S{T,AABF A, A} S{T+A,AAB,A}

S{T'F A A I, AF AN}
1
S{I,AF A A, IV AL A}

S{DARAFAA}  S{I,BDAFAA}

L NaL2,
S{I'+ A, A} S{I,Ax~BF A,A}

S{PFABA} S{IAFAA}  S{ILA@C~B@DF A, A}
L

2, NL3Z,
S{I'A~BF A,A} T S{I'Ax=B,CxDF A,A}

S{IAQA~B®BF A,A} o S{I',D4 - A, A}
S{I,A~BF A,A} ¥ S{I,A~B,DF A,A}

Figure 4: Rules for the NS;g., Family of Nested Sequent Calculi.
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DEFINITION 5.2. A nested-holed context is a nested sequent that contains
a hole of the form {} in place of nestings. Such a context is denoted by
S{}. Given a nested-holed context and a nested sequent v, S{v} denotes
the nested sequent where the hole {} has been replaced with [v], assuming
that it is removed if v is empty and if S is empty then S{r} =v.

The translation is similar in principle to the one given for IL in [5] for
proofs with prefixes and more thoroughly studied in [11] in the context
of labeled systems with relational atoms. Given a fixed root labeled tree
sequent R,I" = A in SNig.,, the main idea is to use the tree structure
described by the relational atoms in R to determine the depth of the nested
sequents: if u C v € R then all of the formulas labeled with u should be
nested one level deeper than the ones labeled with v.

DEFINITION 5.3. Let 7 = R,I' A be a labeled tree sequent with
root u. Let wq,...,w, be all of the labels such that u C w; € R. S,
is the restriction of a set S of labeled formulas to the formulas labeled
with u, i.e. Sy = {A / A:u € S}. N(7) = Ny(7) is recursively de-
fined on the tree structure of R as follows: Ny (7) = I'y F A, A, with
Ay = [Ny, ()], -+, [Nw, (7)].

The rules of the nested sequent calculi NS,g, are given in Figure 4.
NSisc, and NS¥%, are defined as having the sets { NLL, NLZ, NL2 , NL3* }
and { NLL, NaLZ, NLL, } for sentential identity rules respectively. For both
sets we have two K (Kripke) and B (Beth) variants depending on the rules
for disjunction and falsity. Following the standard terminology for nested
systems, we distinguish creation rules that introduce new nestings in their
premises from upgrade rules that only move information between nestings
without creating new ones. For example, NR~ is a creation rule, while
lift is an upgrade rule. One noticeable difference between the Beth and
the Kripke variants of the rules is that the former gives rise to a nested-
like creation rule for left disjunction, while the latter only gives rise to a
sequent-like rule. We now state the following translation result.

THEOREM 5.4. Any standard SN gc,-proof can be translated into an NSg,-
proof.
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PrOOF: By induction on the height of the SNg¢,-proof IT (see Appendix A).
O

Example 5.5.
The translation of the proof given in Example 4.5 after the erasure of
the Beth labels 5 and 6 (to get an SN -proof) is given below:

Nidp Nidp
m) FlPDradrpkr,p] FlFPDrgaDr,p,ria]]
3 NL

FFpDr,gDr,ptr]]

D

Nidp,
NL5

Nidp
md FlEPDradrqkrq] FlFlPDraDr,qrk 1
3
FF[pDr,gqDr,qt 1]

FlFlpDr,gDr,pkr]] F[-[pDr,gDr,qkr1]

NLE
F- [pDr,qu,quHHlf

ift
FlpDrk[gDr,pVaklr]]

I3 lift
FlpDr,gqdrk[pVvagkltr]

FlpDr,gqdrk(pVvq) Dr]
Fl(pDr)A(@Dr) - (pVa) Dr]
F{(PDr)A(@Dr)D((pva) Dr)

A

D

6. The Label-Free Sequent Calculi G3g,

In this section we start from the single-succedent label-free sequent calculus
sG3,5¢ that deals with multisets and for which the weakening, contraction
and cut rules are proved admissible [4]. We first extend it to a multi-
succedent calculus. Then we devise new label-free disjunction and falsity
rules that are sound and complete w.r.t. the TB semantics of ISCI to
achieve Beth variants of the calculi. The G3,g¢, proof rules are given in
Figure 5, with sequents I' = A, where I' and A are sets of formulas. G3{s,
and G3%, are respectively defined with the sets { LL,L2,L2 L3} and
{LL,al2,, L% }) for sentential identity rules. For both sets of identity rules,
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we have a K version of the calculus if we consider the rules L and LY
respectively for falsity and disjunction. We also have a B (Beth) version of
the calculus if we consider the rules L} and LY respectively for falsity and
disjunction.

idp, id~
T,pFAp I'NA~BFA,AxB
LB LK
I,LFA,C * I,LFA +
DAFC T,BEC  T,AFA T,BEA_ THA AL A
ILAVBFA,C Y ILAVBE A YV OTEFA A VA,
[LASDBFA,A I,BFA [AFB
Lo —F R>
TLADBFA I'FA,ADB
[LA,BFA TFAA TFA,B
TLAABEA I'FAAAB "

DAzAFALI MAXB,BDAFA
A = ILAXBFA
RAz&CzD(A@CM%B@M%ALs
I'N'A=B,Cx~DFA

al.Z,

ILAx~BFA,B RA%HA%AH
ILA~BFA =

P A~XB,(A®A)~(B@B)FA | I A~B,D,D+ A
L3 e

[LA~BFA ¥  I,Ax~BDFA 7

Figure 5: Rules for the G35, Family of Sequent Calculi.

We note that in the rule LT, the presence of C on the right-hand side
prevents the succedent from being empty. In the rule LY, the context A
gets discarded, as in R~, from the conclusion to the premises. Moreover
one can observe also the rule LY, is not explicit in [4] but can be introduced
in some variants of the calculus. Here we propose to consider a similar rule
extended to multisets.

Example 6.1. A G3|15C|—pr00f that sentential identity is commutative is
given below:
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id~ ide
PR a,qq,
F oqr
(a~p)~(a=q),q~p  I7P

p~q,q~q,

F gq=p,q=
(a=p)=(q~aq) aEpasa

praa~aa~xp)~a~rabaxp
pzq,qzq%q%pL1~
prqkFq~p =

THEOREM 6.2. G3|15C|-p7"00fs translate into G3|25C|-proofs,

PrOOF: We show that the sentential identity rules of G3j¢, can simulate
those of G3s¢-.

Case L2:
TAXBBOAFAB TAXBBOAARA
[LA~B,BDOAFA -
al.Z,
IA~BFA
Case L3:
I A~B,C~D, N
A®C)~(A®C),(A®C)~(B®C),(A®C)~ (B® D)
I A~ RCzD4A®cqu®CMA®CV4B®®FALr ~
nAzRCzD4A®cqu®®FAL1 ~
IA~B,C~DFA =
Case L3':

IA~B,(A®A)~(A®A),(A®A)~(B®B)F A
DARB,(ARA)~(A®A) A |
L

[LA~BF A ~

O
THEOREM 6.3. G35, and G3%(, are cut-free complete.

PrOOF: The single-succedent sG3|1SCI is proven cut-free complete in [4],
which implies the result for (multi-succedent) G3{5¢,. As the translation
of Theorem 6.2 does not require the cut rule we conclude that G3|2SCI is
cut-free complete.
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An important result proven in [15] is that any basic nested calculus can
be sequentialized: if NS is a basic nested system which sequentialises to
a sequent system SC, then the sequent I' F A is provable in NS iff it is
provable in SC. The result is too technical to be described here in full
details but it relies on the fact that any proof in a basic nested system can
be turned into what we will call here a standard proof.

DEFINITION 7.1. The depth of an application of a rule in a derivation is
the depth of its principal formula. A sequential B* (nested block B™) in
a proof II is a maximal bottom-up sequence of applications of sequent-like
(nested-like) rules in a branch of II having the same depth d. The depth
of such a sequential (nested) block is defined by dp(B?®) = d (dp(B™) = d).

DEFINITION 7.2. A proof IT in a basic nested system NS is standard iff:
1. axioms are applied eagerly;

2. Il is end-active, i.e. all rules are applied only in the deepest nestings
of a sequent;

3. if a sequential block B® immediately follows a nested block B™ then
dp(B) = dp(B") + 1

4. if a nested block B™ immediately follows a sequential block B* then
dp(B") = dp(B*);

5. nested blocks have exactly one occurrence of a creation rule.

In order to be able to translate NS,gq-proofs to G3,g¢-proofs, all we

have to do is to show that NS,g., calculi are basic nested systems in the
sense of [15].

DEFINITION 7.3. A nested system NS is basic if it satisfies the following

conditions:

1. nested-like rules must have exactly one nesting in the premises or
conclusion;
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2. nested-like rules always move information deeper inside nestings;
3. upgrade rules must have exactly one principal and auxiliary formula;
4. upgrade rules move only one piece of information at a time.

THEOREM 7.4. Any standard NS g -proof can be translated into a G3g¢,-
proof.

PrROOF: Since the Kripke nested calculi NSFSCI only add sequent-like rules
to the basic nested system NS [15], they all qualify as basic nested sys-
tems. For the Beth nested calculi NS |, we observe that the new creation
rule NL{, satisfies the conditions of Definition 7.3. Therefore, the result
follows as an immediate consequence of Theorem 29 in [15]. g

From [15] we know that nested blocks in a standard proof IT of a formula
C should be thought of as macros turning nested sequents into sequents,
which actually means that we only need to replay in G3,g(,, bottom-up from
the end sequent - C, the same sequent-like rule application order encoded
in II, to obtain the corresponding G3,g¢-proof of C.

Ezample 7.5. Since the NS¢ -proof given in Example 5.5 is standard, one

can translate it into a G35 -proof using the same rule application order as
follows:

idp, idp, idp, idp,

pDr,gqDr,pkr,p qu,p,r}—rL pDOr,gqDr,qkr,q pDOr,qrkr

) o}
pDOr,gqDOr,pkr pDr,qu,ql—rLB

\%

pOr,q>r,pVqkr

pDr,gqDrk-(pVqg)Dr
(pDr)A(gDr)F(pVq) Dr a
F({(P2r)A(@dr)Dd((pva)Dr)

THEOREM 7.6. L3¢ -proofs can be translated into G3,g,-proofs
PrROOF: The result follows from Theorems 4.4, 5.4 and 7.4. O
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In this section we consider proof translations from the label-free G3g¢,
sequent calculi to the labeled sequent calculi L3 5. The main problem is
to turn label-free sequents into labeled sequents. Let I' = Cy,...,Cy, be a
sequence of m formulas. A label vector ¢ is a non-empty sequence of labels
C1,...,cy such that for any i such that 1 <i < n we have ¢; € L' and for
any i,j such that 1 <1i,j < n, if i # j then ¢; # ¢;.

In other words, a label vector is a non-empty finite sequence of pairwise
distinct singleton labels. We define ¢ as ¢y U ... U ¢, In particular, given
a strictly positive integer n, ' is defined as the sequence of singletons
{1},{2},...,{n} and 1 is the label {1,2,...,n}. As a special case we
set 0 = (. Finally, we define I':¢ as C;:dy,...,Cy:dy, where dj = ¢; if
i <n and d; = ¢, otherwise.

DEFINITION 8.1. Let I' = A be a G3/(, label-free sequent. Given a label
vector ¢ for I, the translation L of I' = A under ¢, written L(I' - A,¢)
is defined as the L3,5¢, labeled sequent I':¢’ - A: & In particular, L(I'
A) =L(I' - A1), where n = |T|.

THEOREM 8.2. G3g¢-proofs translate into L3 g¢ -proofs.

PrOOF: By induction on the height of G35 -proofs (see Appendices C
and C.1). O

Ezample 8.3. Let us translate the G3|15C|—proof given in Example 6.1 into
a right maximal L3|15C|—proof. The G3|15C|—proof starts with two axioms id..
Applying Definition 8.1 and the translation pattern for id~, we get the
following two L3|15C|—proofs:

HO{ id~(2 C 123)
11 prq:l,qxq:2,(q=p)~(qxq):3Fqrq:123

HO{ id~ (4 C 1234)
21 prq:l,gxq:2,(q=p)~(qx~q):3,qxp:4+q=p:1234

The next rule is L2, and the translation of its conclusion yields:

pP~q:l,q~q:2,(q=p)~(q~q):3Fqxp:123
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The restriction xy € [A] then leads to the replacement of 4 with 123 in
I19 since the active formula of L2, is q ~ p, which is labeled with 4 in 19,
while the succedent formula in the conclusion of L2, is labeled with 123:

Hl{ id~ (123 C 123)
2\ prq:l,q~q:2,(qrp)~(q~q):3,qrp:123+-qrp:123

We combine I1{ and I1} using LZ:

0 1
! { o 1 L2
p

~q:l,9~q:2,(q~p)~(q~q):3Fqrp:123

The next rule is Li. The conclusion translation isp~q:1,q~q:2Fq~p:12
Before translating L2, in G3]s¢, to L in L35, we need to replace 3 with 12
in IT* since the active formula of L2, is (q~p) ~ (q~q):3.
It [12/3]
%9 prq:l,qrq:2,(qrp)~(q~q):12+Fq~rp:12
prq:l,qxq:2Fqxp:12

.3

The next rule is LY. The conclusion translation yields: p~q:1+Fq~p:1
The restriction x € [A] for LY, leads to the replacement of 2 with 1 in IT2:

11%[1/2]
3 Jmalarca:1l o ~ 1
il p~q-17q~q-1FQ~p-1L1N
prq:lkq~p:1 =
The final result is given below:
id~ id~
prq:l,qxq:1, p~q:l,qrq:l,qxp:1l
= ~q:1 = ~p:l
(a~p)~(amq):1 ~ 179 (a~p)~(a~aq):l =P

p~q:l,qmq:1l,(qrp)~ (g~ q):1Fqrp:l
p~q:l,qxq:lFqxp:1

Ll

p~q:lkFq=p:1

THEOREM 8.4. G3K, (G3R,) is sound and complete w.r.t. Kripke (TB)
semantics.

PRroOF: For the soundness, we have G35, A =K A, that is proven in
Appendix D and 63, A = B A proven as follows: FG3%, A implies FL3%
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A by Theorem 8.2 and the implication FL3%, A =FB A is proven in [6].
The cut-free completeness of the single-succedent calculus sG3|§CI w.r.t. the
Kripke semantics is proven in [4]. Since sG3, A implies FG3li, A, we get
FK A =635, A. Now since FB A =13}, A is proven in [6], it follows
from the translation cycle in Figure 1 that FL3%, A implies -G35, A, hence
FB A = FG3gq A. O

COROLLARY 8.5. All of the L35, calculi are cut-free complete.

PROOF: Since the translation in Definition 8.1 does not require the cut
rule, the cut-free completeness of G3Js¢, and G3%, (see Theorem 6.3) entails
the cut-free completeness of both L3IISCI and L3|2SCI by Theorem 8.2. O

9. Conclusion and Perspectives

In this paper we studied how families of labeled and label-free sequent
calculi, that capture distinct semantics of the logic ISCI, relate to each other.
We considered a syntactical approach based on proof translations between
calculi rather than working directly within the semantics. Although the
long translation cycle depicted in Figure 1 might at first sight appear as an
unnecessary hassle, we now point out some of the merits of this approach.

Firstly, while most labeled calculi indeed reflect the main properties of a
given semantics in their labeling algebras, they do not necessarily fully and
faithfully capture all of such properties. For example, the family L3¢, of
labeled calculi was carefully crafted so that the Beth variants would differ
as little as possible from the Kripke variants while still enabling one of the
most important and interesting feature of the TB semantics: remaining
sound when the eigenvariable conditions are dropped to allow the reuse of
the singletons introduced by a previous instance of a LY or R rule with
the same principal formula. The soundness of the L3FSCI family without
the eigenvariable conditions comes from the regularity property of the TB
semantics (condition of Definition 2.3) although the minimality of (the
world realizing) a reused singleton (in a liberalized soundness proof as the
one given in [6]) cannot be syntactically witnessed inside the calculus (as
comparing labels via set inclusion alone is too weak). Let us recall that the
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Kripke variants L3:‘SCI are unsound without the eigenvariable conditions.
The TB semantics of ISCI and its associated Beth labeled calculi therefore
play a central role in the decidability arguments given in [6].

Secondly, we argue that proof translations can help us gain a better
understanding of how the semantics reveals itself in a calculus. Indeed, the
proof translation approach allows us to depart from the traditional way
of devising labeled proof systems, which consists in turning the forcing
clauses of the underlying semantics into logical proof rules while capturing
its properties inside a labeling algebra. For instance, to devise a Beth
SNs¢, labeled system, we would have introduced a syntactic operator “|”
to reflect the lattice meet of the TB semantics, which would have led to
extended relational atoms of the form (v | w)Ru. The rule for left and right
disjunction would have respectively taken the following forms:

R,v|w)RuA:v,B:wk A

R, I AVB:uk A
R,vlw)Ru,T'FA/A:v R,(vlw)Ru,I'A,B:w

R,(v|w)Ru,I' - A;AVB:u

v,w fresh

Proceeding by translation from L3FSCI enabled a simpler and more concise
account of the TB semantics in the SNFSCI calculi since they do not require
any of the extra machinery described previously (no special meet operator
“1”, no extended relational atoms). Guessing such calculi directly from
the semantics would not have been that obvious. Guessing the rules for
Beth disjunction and falsity in NS%CI and G3FSCI would have been even
more difficult. The shape of the rule NLY as depicted in Figure 4 and
the fact that it should behave as a creation rule in NS g¢ just like NR5
actually came from the translation described in Section 5 after noticing
the similarity of LY with R+ in SNlBscr In turn, the similarity of NLY with
NR- gave rise to the idea of a discarding context A from the conclusion
to the premises for the Beth disjunction rule LY in G3FSC|.

Thirdly, the translation approach makes it easier to transpose results
from one proof system to another one. For example, the decidability result
proven in [18] relies on the fact that the proof search space for a formula
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A in (single-succedent) sG3,¢¢, can be restricted to a bounded set of for-
mulas generated from A. Such a result can directly be exported to L35,
via the translation of Theorem 8.2. We argue that it is not the techni-
cal complexity (of the soundness proof) of a translation that matters, but
what we can learn from it and what we can do with it. Our translations
are all proven sound by standard inductive proofs that can convincingly be
checked or rebuilt by a human reader. For us, this is a feature. Moreover
our translations provide cut-free completeness for all the calculi in the pa-
per, knowing that cut-free completeness via cut-elimination involves much
harder proofs, with a significantly higher number of cases, thus making
them more error-prone.

Lastly, another benefit of proof translations is to give people proofs
in the formalism they understand better. For example, Theorem 3.4 is a
key contribution for labeled systems (but can be transposed to all of our
calculi). Since Beth proofs remain sound without the eigenvariable, Beth
calculi are better suited for giving decidability arguments as explained pre-
viously. With Kripke proofs, one would have to devise additional mech-
anisms to mitigate the introduction of fresh labels. On the other hand,
Kripke proofs are more easily understood because Kripke disjunction seem
more “natural” to grasp for most people. Well, use a Beth-like calculus
under the hood, then use our results to provide a Kripke proof.

In future works we expect to find direct translations from L35, and
SNig¢) to G3ig¢, without the intermediate step via proofs in NSg.. We
conjecture that the heavy machinery of end-active nested proofs described
in Section 6 can be mimicked in L3,g., and SN¢¢, by following a rule ap-
plication strategy that always expands formulas with labels that are max-
imal. Moreover we want to tackle the challenging problem of translating
multi-succedent G3g¢-proofs into single-succedent sG3,g-proofs. Achiev-
ing direct translations from multi-succedent to single-succedent calculi is a
notoriously difficult task. For propositional IL, although there are indirect
translations requiring intermediate steps (one in [16] involving nested se-
quents and a detour through bi-intuitionistic logic), the only actual direct
translation we are aware of is the one by proof reconstruction from the
connection method [17]. Unfortunately, such a method fails in our case as
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it very strongly depends on the subformula property to calculate atomic
paths, a property that current calculi for ISCI fail to enjoy.
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A. Appendix: From SN to NS,

THEOREM A.1. Any standard SNg,-proof can be translated into an NSg,-
proof.

PrOOF: By induction on the height of the SN ¢ -proof II mapping each
rule in IT to its corresponding rule in NS¢, (with possible additional steps
involving the rule lift) and stepwise translating each sequent in II into an
NS,s¢, nested sequent using Definition 5.3. To avoid confusion, we add a
superscript 7 to the objects I'; A, A described in Definition 5.3 when trans-
lating the i-th premiss of a rule and we keep the original non-superscripted
notation for the translation of its conclusion.

Base case id: This case subsumes the base cases id, and id~. We start
with an axiom

id(u & v)

R, T,A:uk AJA:v

If u = v then formulas have the same depth and we have an axiom in
NSs¢ directly. Otherwise, u 5 v derives from the transitive closure
of a chain wy C ... C w, with w; = u and w, = v. We then get an
axiom in NS¢ after n applications of the rule lift.

Base cases L} and LY : Similar to Base case id.

Case R+: We start with

R,uCv,'A:vE A B:v
R,T'FA/ADB:u

R>

The translation of the conclusion is a nested sequent of the form

S{Ty F Ay, Ay}. The translation of the premiss is a nested sequent

of the form S{I'} + AL AL} for which, by induction hypothesis, we

have a proof IT’. Since v is fresh and u C v € R, v represents a nesting

level one deep w.r.t. u. Therefore, by Definition 5.3, we have:
r,=r} A, =ALADB AL =A,,[A+B].

u
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We can then conclude with an instance of NR~ as follows:

—————————————————— (Al = Ay, [AFB])
S{rLF AL Ay, [AFB]}
N

u’

S{rl Al ADB, Ay}

————————————————— (Tu=TL, Ay=ALADB)
S{TuF AuAy}

D

Case L~: We start with

R,I,ADB:uFA/A:v Rul,B:vkA
R,IADB:ukF A

Lo(u % v)

The translation of the conclusion is a nested sequent S{I', F A, Ay}
The translations of the premises are nested sequents S{I'} = AL AL}
and S{I'2 + A2 A2} for which we have, by induction hypothesis,
proofs II;" and II,'.

Since u ~> v we know that v represents a deeper nesting level than u,
by Definition 5.3:

Fu:Flll,ADB Au:A}l:Aﬁ
az—al'—al  AFoATSR, omior,

After an application of NL~ and some applications of lift rule we can
conclude as follows:

S{Tu, ADBFALATVFAGA AN} S{TukF Ay ATV, BFE AV AV)}

S{Tu,ADBF AL ATV, ADBF A, AV)} ig
777777777777777777777777777777777 ift*
S{Tu,ADBF AL ATV F A AV)}

NL5



Appendix: From SNigcr to NSiser 353

Case L, Since there is no label modification in the sequents we have

R, T;A:u,B:uk A
R,T,AANB:uk A

La

S{Tw, A,BF Ay, Au}
S{Tw, AABF Ay, Ay}

Case R, Since there is no label modification in the sequents we have

R,THFAA:u R,THAB:u
R,IT'FA,AAB:u

S{TuF Au, A A} S{TuF Ay, B, Ay} N
S{Fu F Au, AN B, Au}

A

Case Ry Since there is no label modification in the sequents we have

R,I'FA/A:uB:u

Rv
R,I'FA,AVB:u

S{TuF Ay, A, B, Ay}
S{Tu - Au, AV B, Ay}

Case LY Since there is no label modification we have

R,T,A:uFA R,T',B:uk A
R,T,AVB:uk A
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S{Tw, AF Ay, Ay} S{Tu,BF Ay, Au}
S{Tw,AVBF Ay, Ay}

NLE

Case LY This case is similar to case R, but with two premises and two
fresh labels. We start with :

R,v C ug
T'A1 VAg:u,Ag:ug

R,I[JA1 VAs:ukF A C:v

R,vC u
I'NA1 VAs:u, A :ug
Ra

The translation of the conclusion is the following nested sequent
S{Ty F Ay, Au(Ty F Ay, Ay)}. The translation of the premises are
nested sequents S{I't - AL AL} and S{I'2 - A2, A2} for which, by
induction hypothesis, we have proofs IT} and IT}. Since u; and us are
fresh and v C u; € R and v C us € R, u; and uy both represent a
nesting level one deep w.r.t. v. Also, since u < v for the application
of the rule, v represents a nesting level deeper than u (they could be
equal).
Therefore, by Definition 5.3, we have:

I,=TLA VA, Ay=ALl=A2 Al=A,TLFAL AL(A; - C))

rz=r}
A2 =A,(T2FAZ A2([A2 - C]) Ay =AL=A2 A=Al C=AZC.

We can then conclude with an instance of NLY and possible multiple
lift rule application as follows:

,,,,, o R

S{TLF AL AL S{r3 F A2 A%)
S{OLF AL AT AL AL (A F O} S{TEF A2 AWTEF AL AZ(AFCD}
LV

S{TLF A2 A (T2,A1 VA F A?,,C,A?,)}lf
7777777777777777777777777777777 ift*

S{Tu bt A, Au(Tv F Ay, Av)}
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If u = v then there is no lift applied.

Case L., Since there is no label modification we have

Iy
RT,A~A:0F A
- 1L

R,TFA ~
1
I,/

S{FU,ANA = Ao,Ao} N i
S{To F Ag, Ao} ~

Case al.2, Since there is no label modification we have

R,INA~B:u,BxA:uk A
R, AxB:uk A -

S{Tuw,A~B,BxrAF Ay, Au} )
S{Tu,AxBF Ay, Ay} =

Case L2, This case is very similar to case L.

R,I'FAB:v Rul,A:vE A
R,IAxB:uk A

!

LZ(u 5 v)

355
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m,’ Iy’
S{ut Ay, Au(Ty F Ay, Ay, B)} - S{Tu b Au, Au(Dv, AF Ay, A}
NL2,
sghkAmmﬂyAszAWAﬁhf ~
7777777777777777777777777777 ift

S{Tw,AxBF Ay, Au(lv F Ay, AV)}

Case L2, This case is very similar to case L.

Ru,I''A~B:u,CxD:v,ARCxB®D:vF A
R, Ax=B:u,CxD:vFA

!

S{Tu,AxBF Ay, Au(lv,CxD,AQC~BRDF Ay,Av)}
S{T'y,A~B,C~DF Ay, Au(l'v,CxD,AQC~BR®DF Ay,Ay)}
S{T'y,A~B,C~D,AQC~BR®DF Ay, Au(Tv,CxDF Ay, Ayv)}

S{Iy,A=B,Cx~DF A, Au(Tv,C=DF Ay, Av)}

L (u B v)

lift
lift
NL3,

Since we work with sets of formulas, the duplication of formulas is
implicit in the rules.

Case L2, Similar to the previous case, and we do not need to manage the
labels.

”Ru,l“,A%E‘):u,A®A%B@E‘):uFAL3
R,I,A~B:uk A “

i}

S{Ty,AxB,AQA~B®BF Ay, Ay}
S{T'u,AxBF Ay, Ay}

NL3*

Case L, This case is very similar to the case of L.
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S{Tu, A= BF Ay, Au(Tv,D, D = Ay, Av)}

lift
S{Tu,Ax=B,DF Ay, Au(Tv,D,Di F Ay, Av)}

lift
S{I'y,Ax=B,C~D,Di F Ay, Au(Tv,CaDF Ay, Ay)}

S{Tu,A~B,DF Ay, Au(Tv,DF Ay, Av)}

NLL

Since we work with sets of formulas, the duplication of formulas is
implicit in the rules. 0

B. Appendix: From L3 to SN,

LeMMA B.1. Let s be a sequent in L3g¢, and let x and y be two labels in s
such that x Cy, then u(x) ~ u(y) in LS(s).

PrOOF: If y is maximal in s, then by Definition 4.1 we have a chain

0C ...C u(x) C ... C ply). Hence, u(x) < p(y). Otherwise, there is
some maximal z € s such that x C y C z and by Definition 4.1 we have a

chain 0C ... Cpu(x) T ... Cu(y) C ... C p(z). Hence, u(x) ~ u(y). O
THEOREM B.2. Any standard L3 g¢,-proof can be translated into an SNg,-
proof.

Proor: The proof is by induction on the height of the proof in L35,
with a case analysis on the last rule r applied in the L3¢, proof. We write

R and R; for the sets of relational atoms obtained from the translation of
the conclusion and of the i*" premiss of r respectively.

Base case id:
This case subsumes both id;, and idx. By Lemma B.1, since x C xy,
we have p(z) ~ pu(y). Hence,
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id ~ id
F,A:)(I—A,A:)(y1 R,LS(T), A: pu(x) F LS(A), A: p(xy)

Base case L7 :

Similar to the base case id.

1B o~ id
I, L:ixkAAixy © R,LS(T), L:p(x) F LS(A), A: pu(xy)

Base case Lf:

K
1

K

—— LXK L
I l:xkFA R,LS(T), A: u(x) F LS(A)

Case R+:

Since the L3,¢¢, proof is standard (Definition 4.2) , a must be a fresh
singleton {4} (with ¢ = 3k for some k) such that 7 is the greatest
natural number in the premiss. Therefore, p(a) = p(xa) = i. We
now show that Ry = R U{ u(x) T p(xa) }. Since x is right maximal,
by right connectedness we have that x is maximal in the whole con-
clusion, which by the freshness of a implies that xa is maximal in the
whole premiss. Therefore, Ry = R — R(x) UR(xa). Let us write a as
the ordered set {i; < ig < ... <, }. Then, xa = {i; <iy <...<
in < 1}. Thus, we get R(x) = {0 C 41,41 C do9,...,5p—1 C 4y } and
R(xa) = {0 C 41,41 T 42y..-,8n-1 C in,in C i}, where i, = u(x)
and i = p(xa). Hence, R = R U {u(x) C p(xa)} and we can con-
clude the translated proof LS(II;) obtained by induction hypothesis
with an instance of R in SNig¢, as follows:

I ) o S, A ) 1508, B ™
————————————————— , p(x xa), JAp(a ,B:p(xa
F,A:aI—A,ADB:xaR it /fs————A —————— l—‘—s——A ————————— )

R, LS(I : FL B:
I'FA,ADB:x ] - 1, ( )7 /J'(a) ( )7 H(Xa) Ro

R,LS(T") - LS(A),AD B: u(x)

Case L~:

Since no new label is created then both premises share the same label
relations (R1 = R = R). As x C xy, by application of Lemma B.1,
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we know that u(x) C p(xy). Therefore the following transformation

is valid.
Hl H2
IADB:xFAA:xy I'B:xyrFA
[LADB:xF A >
i
LS(I11) LS(T12)

R1,LS(T),ADB:pu(x) F LS(A),A:u(xy) Re2,LS(T),B:pu(xy) F LS(A)

R,LS(I),A D B:u(x) - LS(A) >
Case L:
Since no new label is created the translation is the following:
Hl LS(Hl)
INA:x,B:xFA R1,LS(T), A ,B: FLS(A
e o B (I), A pu(x), B pu(x) ( )L,\(Rl _R)
INAAB:xFA R,LS(T"), AAB:u(x)F LS(A)
Case Rx:
The translation is straightforward since we do not worry about the
labels.
II; Il

'HAA:x THAB:x
'EAAAB:x

R1,LS(T) F LS(A), A: pu(x) Ra,LS(T) F LS(A),B:u(x)
R,LS(T") - LS(A),AAB: u(x)

RA(R1 =Rz =R)

Case Ry:

Similar to case L.
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Hl LS(Hl)
'EAA:x,B:x R1,LS(T") F LS(A), A: pu(x),B: p(x)
—— X Ry~ Rv(R1 =TR)
'A,AVB:x R,LS(I") - LS(A), AV B: u(x)

Case LY:

uf) I,
IA:xFA T',B:xFA «
FTAVB:xk A v

LS(IL) LS(Il2)

R1,LS(T), A: pu(x) F LS(A)  Ra, LS(), B: pu(x) F LS(A)
R,LS(I), AV B:u(x) - LS(A)

LE(R; =Ra2 =R)

Case LU:

Similar to case R, except with two premises.

Since the L3¢, proof is standard (Definition 4.2), a; and a; must
be fresh singletons, respectively {4} and {j} (with ¢ = 3k + 1 and
j = 3k + 2 for some k), such that ¢ and j are the greatest natural
numbers in their respective premises. Therefore, u(a;) = p(xa;) =
p(xyar) = i and p(ag) = p(xas) = p(xaz) = i. We now show that
Ri1 = RU{puxy) C plxyar) } and Ry = RU{u(xy) C p(xyasz) }.
Since xy is right maximal, by right connectedness we have that xy is
maximal in the whole conclusion, which by the freshness of a; and as
implies that xya; and xya; are maximal in their respective premises.
Therefore, R = R—R(xy)UR(xya) and Ra = R—R(xy)UR(xyaz).
Let us write a; and ag as the ordered set {i1 < ia < ... < iy, }.
Then, xya; = {i1 <ia < ...<i, <i}and xyag ={i1 <ia <...<
in, < Jj}. Thus, we get R(xy) = {0 C i1,4 C ig,...,0n_1 C ipn } and
R(Xyal) = {0 C 1,01 C i,y tn_1 C tn,in C i}, where 7, = ,u(xy)
and i = p(xa) and R(xyaz) = {0 C 41,41 C @2,...,in—1 T fn,in C
j}, where i, = pu(xy) and j = p(xa). Hence, R1 = R U {u(xy) C
p(xyai) } and Ro = RU{ p(xy) T pu(xyas) }. Now since by applying
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Lemma B.1 we have u(x) C p(xy) we can consider the translated
proofs LS(II;) and LS(II;) obtained by induction hypothesis with an
instance of LY. in SN¢¢, as follows:
T,A;:xar F A, Cixyar

T',Ag:xas F A, C:xyas
TAVB:xFA,C:xy

B
\
l
LS(I1y)
s ) Roul) € pbeyar), LS, Ar s plxan) F LS(4), O ployan)
R1,LS(T), Ar: p(xar1) F LS(A), C: p(xyar)
LS(II2)
Ha ) Roploy) C plyan), LS(D), Ao : ploxaz) I LS(4), O: ulayaz)
Ra,LS(T"), Az : pu(xaz) F LS(A), C: u(xyaz)
II 11
3 4 LE
R,LS(T"), AV B:u(x) F LS(A),C: u(xyar)
Case LL:
Since () = 0 we have the following translation
o LS
ILA~A:0FA R1,LS(T), A~ A:0F LS(A)
~ z(Rl = R)
TFA R,LS(T') - LS(A)
Case al.2:

Since we do not change any label we have

INAx=B:x,BxA:xFA

al.2,
I'A=B:xFA

s

R1,LS(T"),A~B:u(x),Br A:pu(x) - LS(A)

R,LS(T),A =~ B:u(x) - LS(A)



362 Didier Galmiche, Brandon Hornbeck, Daniel Méry

Case L2:

Similar to case L.

. Ra,LS(T), )
A%B:'U,(X) = LS(A%B,LL(XY) A;BCM(X),A:,U,(X}/) = LS(A) : L2

R,LS(T'), A~ B:u(x) - LS(A) ~
with Rl = R2 =R.

Case L2:

Since x C xy and y C xy, by application of Lemma B.1 we have
p(x) C p(xy) and p(y) C p(xy), and we have the following translation

[LAxB:x,C~D:y,A9 C~B®D:xyF A .
INA=B:x,CxD:yFA =

{
LS(IIy)
R1,LS(T),A~B:u(x),C~D:u(x),A® CB®D:pu(xy) - LS(A) L3 (Ry = R)
R,LS(T"),A = B:u(x),CxD:pu(x) - LS(A)

Case L3':

Similar to the previous case.

INAx~B:x, AR AB®B:xFA

L
I''A~B:xFA -
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L3 (R1=TR)

R,LS(T"), A~ B:u(x) F LS(A)

Case L :

Since x C xy and y C xy, by application of Lemma B.1 we have
w(x) C p(xy) and p(y) C p(xy), and we have the following translation

C. Appendix: From G35, to L3,

In this appendix we give the full proof of Theorem 8.2 for the translation
of G3g¢j-proofs into L3g¢-proofs. In fact we show a more general result
that also includes the translation cases for the maximal variants of the
rules given in Figure 6. Such rules only introduce (in their premises) active
formulas whose label is right maximal and therefore help reduce the number
of choices for the labels to introduce in a bottom-up application of the rules.
An immediate corollary of such translations is that restricting the proof-
search process to the class of right maximality preserving proofs does not
change the set of provable formulas, i.e. replacing the original rules with
the right maximal ones still yields a calculus that is complete w.r.t. the
Kripke and TB semantics of ISCI.

THEOREM C.1. G3/g,-proofs translate into L3,g,-proofs.

Proor: By induction on the height of G3g--proofs. We start with a
G35 -proof II of a sequent I' = A. We transform II into a L35 -proof of
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T'VAj:xag A, Cixya; TI')Ag:xag A, C:xyag
T'A; VAs:xE A, Cixy

vLE (xy € [A,C:xy])

'HAA:xy I,B:xyFA L AT NAx~A:xFA 1
€ — VLY A
ILASB:xF A VLo Gy rra ViexelaD

INA=B:xFA,B:xy TTAxB:x,A:xyFA

Li(xy € [A
INA~B:xFA Iz (y € [AD)

I'NAx~B:x,CxD:y, AR CxB®D:xyz+ A
I'N'A=B:x,CxD:yFA

VL (xyz € [A])

F,A%B:X,D:y,D%:xyZFA
INA=B:x,D:yF A

vLL (xyz € [A])

Figure 6: Maximal Rules for L3 .

L(T - A,1n), where n = |T'|. For convenience, we write a; as a shorthand
for the singleton {n+1i}. In the base case, we give a direct translation
of the axioms of G3¢¢. In the inductive case, we suppose that II has
height h 4+ 1 and that it ends with a rule r of arity k. We first apply
the induction hypothesis to all of the G3 ¢ -subproofs II; (1 < j < k)
to get the corresponding L35 -proofs HJf. If necessary, we perform some
label substitutions oj in the subproofs II; using Lemma 3.2 to get the
new subproofs HJ/-O'J' and further extend them to new conclusions s; with
weakening steps r; when required. Finally, the resulting subproofs are
combined into a L3gc;-proof of L(I' = A, 1) that ends with the rule r.
The proof principle is depicted below:
H’10'1 Hi(Uk
M - I st b Ty

T > eE—

A I'in FA:n

Tk

sl

The soundness of label substitutions in L3 g¢ is proven in Lemma C.13.
The weakening admissibility property is proven in Lemma C.14. Given a
proof IT and a labeled sequent I' F A, we write II+T + A for the proof
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obtained from II by appending I" and A respectively to left-hand and right-
hand side of all of the sequents occurring in II.

Base case idp:

> idp

d
° F:l?,p:all—A:flal,p:ﬁaJ

—
IpEA,p

Base case id.:

F:K,A%B:al F A:naj, A~B:na;

i
I''A~BFA,AxB

Base case LT:

D,LFA -+ :w,Ll:a; - Afiag
Base case L7 :
7LB PSS LB
r,L-AC + U0, L:a; - Asfiag, Cifiag

Case L: We start with a proof II whose height is h + 1 and apply the
induction hypothesis on the subproof IT; which has height h to get IT}.
We then use Lemma 3.2 to replace ay with a;.

I Ny
[LABFA A F:;,A:al,B:agFA:ﬁalaQ
', AANBFA
H’l[al/ag]
e

F:K,A:al,B:al = A:naq

We finally conclude with an application of L, as follows:

. U B

F:K,A:al,B:al F A:na
F:H),A/\B:al = A:nag

A

Case Rn: We apply the induction hypothesis on the subproofs I1; and Il
to get I} and II5. Then we conclude with R, as depicted below:
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/ !
Ty Iy ,,,,,,1_{1,,,,,, ,,,,,EQ ,,,,,,
i‘]—iz‘fAi i“i}LiAi;]_D; I:n FA:i A F:n—>|—A:ﬁ,B:flR
~ A
TFAAAB " o FA:#,AAB:#

Case LY: We start with the following proof and apply the induction hy-
pothesis to the subproofs II; and I, to get IT} and IT):

[LAFA F’B'_ALK F:R,A:alkA:ﬁzﬂ F:?,B:a1FA:ﬁa1
[LAVBFA v

We use Lemma 3.2 to replace a; with @i in both II} and II}. Finally,
we conclude with L{:

IT} [0 /a1] 5[0 /a]
I:n,A:a+A:q I:n,B:ikA:i ,
7, AVB:iF A:q v

Case LY: We start with the following proof and apply the induction hy-
pothesis to the subproofs IT; and II, to get 1] and II5:

~
[LAFC F’B'_CLB F:n_>7A:a1|—C:ﬁa1 F:n_),B:all—C:ﬁal
ILAVBFA,C Y

We use Lemma 3.2 to replace a; with ajas in II; and with ajag
in II), to obtain the new proofs IT}[ajas/a1] and TI5[ajaz/a;]. We
then use weakening admissibility (Lemma C.14) on IT}[ajas/a;] and
IT}[aras/a;] to add A :fa; on the right-hand side of all the sequents
occurring in IT}[ajag/a1] and II5[ajas/a;]. Finally, since ap and ag
are fresh in the conclusion, we can conclude with LY:

I} [ara2/a1] + F A:nay I [a1a3/a1] + F A:hay

— - - — < >
I':n,A:ajas F A:na;,C:najas I':n',B:ajazF A:naj;,C:najag

F:n_>,A\/B:a1 F A:nap,C:nag

with na; € [A :na;C: ﬁal] .
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Remark C.2. The instance of LY preserves right connectedness and
nia; € [A:nag, C:niag] implies na; € A:tia;, C:fay.

Case Ry: This case is similar to Case Rn.

THA AL A F:r?FA:ﬁ,Alzﬁ,Ag:ﬁ
——— Ry ™~ =
I'AA; VA I'inFA:n,A; VAs:n

v

Case L~: We apply the induction hypothesis on the subproofs I1; and I,
to obtain the proofs IIj and II5.

I I
IASDBFA,A T,BFA

[LADBFA -

1T 1T,

F:E,ADB:al F A:nap, A:naj F:?,B:zﬂ F A:nag

We use Lemma 3.2 to replace a; with 1ia; in II5. Finally, since na;
is right maximal in the conclusion, we can apply L-.

1T 115 [fay /a4

F:r—f,ADB:al F A:naj, A:nag F:K,B:fla& = A:na;
F:E,ADB:al = A:naj

LD(ﬁal g A)

Remark C.3. The instance of Lo preserves right connectedness in
IT5[nay /a;1]. It also preserves right connectedness in I}, even in the
single-succedent restriction.

Case R+: We apply the induction hypothesis on the subproof IT; to obtain
the proof IIf and we use weakening admissibility (Lemma C.14) to
add A : 11 to the right-hand side of all of the sequents occurring in IT.
Since a; is fresh in the conclusion, we can apply R-.
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T,A-B F:F,A:alFA:ﬁ,B:ﬁal

71:{3 ~ = )
I'FAJADB I'inHA:n,ADB:n

Case LL: We get II} from II; by induction hypothesis and replace a;
with () ((Lemma 3.2).

I i T} [0/24]
DLAxAFA . o, A~A:ar k- A:fia T, A~ A:QF A
kA ~ r:n A1 =

Remark C.J. The instance of L., preserves right connectedness. The
active formula is left minimal.

Case vLL: We get I} from II; by induction hypothesis and replace a;
with 11 ((Lemma 3.2).

Remark C.5. The active formula is right maximal by definition. The

instance of vLL, preserves right connectedness. Thus, the active for-
mula is also left maximal.

Case L2,: We start with proof II and apply the induction hypothesis to
the subproofs II; and Il to get IT} and II5.

ILAx~BF A B RAz&AFAB
I''A~BFA =

F:f,ARﬁB:al F A:nap,B:na;

F:ﬁ,AzB:al,A:aQFA:ﬁalag
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Then we use Lemma 3.2 to replace ag with na; in II5 and conclude
with L2 as follows:

H/1 H/2 [flal /3.2}

F:K,ANB:al F A:naj, B:nag F:;,A%B:al,A:ﬁal F A:nag

= Li (na; € A)
I''n,AxB:a; - A:na;

Remark C.6. The instance of L2, preserves right connectedness in

II5[haq /ag]. It also preserves right connectedness in ITj, even in the

single-succedent restriction.

Case L3,: We start with the following proof:

Iy
I, A~B,C~D,(A®C)~(B@D)FA
Lz,
[LA~B,C~DF A ~

We apply the induction hypothesis to the subproof II; to get IIj.

I':n,AxB:a;,CrD:ay,(A®C)~ (B®D):a3z b A:najasas
Then we use Lemma 3.2 to replace ag with ajas.

IT [a1 22 /a3]

F:H,AzB:al,CzD:az,(A®C)z(B@D):alag F A:najas
F:E,A%B:al,C%D:ag!—A:ﬁalag

L3, (ajaz € A)

Remark C.7. The instance of L2, preserves right connectedness.

Case vL2,: We start with the following proof:

I
INA=B,CxD,(A®C)~(B®D)F A 5
L3
INA=B,Cx=DFA =

We apply the induction hypothesis to the subproof II; to get IT}.
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F:n_),AzB:al,CzD:ag,(AébC)z(B@D):ag, F A:najacag
Then we use Lemma 3.2 to replace ag with najas.

Hll [ﬁa1 a2 /a3]

I‘:n_),AzB:al,CzD:az,(A®C)z(B@D):ﬁalagFA:flalag
I':n,A~B:a;,C~D:asF A:fajas

VL3, (fajas € [A])

Remark C.8. The instance of vL3, preserves right connectedness.

Case L': The proof is similar to the one for L3,. We start with the proof:

II1
INNA~B,(A®RA)=(BB)FA .
IA~BFA =

We apply the induction hypothesis to the subproof II; to get IIj.

I':n,Ax~B:a;,(AQB)~ (A®B):ap F A:najay
Then we use Lemma 3.2 to replace as with a; and conclude as follows:

IT} [a1 /az]

F:n—>,AzB:a1I—A:f1a1

Case al.Z: We first apply the induction hypothesis to the subproof IT; to
get II}:

I'A~B,BDAFA 2 F:r_f,AzB:al,BDA:agFA:ﬁalag

aLZ
I''A=BFA

Then we use Lemma 3.2 to replace ay with a; and conclude as fol-
lows:
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Hll [al/ag]

F:ﬁ,AzB:aLBDA:alI—A:ﬁal
al.2,

F:K,AzB:al F A:na

Case L : We first apply the induction hypothesis to the subproof II; to
get I}:

~
F,A%B,D,D%FALY F:F,Aszal,D:ag,D]‘%:agI—C:ﬁa1a2a3
I''A~B,DFA ~

Then we use Lemma 3.2 to replace ag with ajas.

Hll [a1a2/a3]

— -
F:n,AzB:al,D:ag,Dgzalag F A:najag

= Li(a1a2 € A)
I'':n",AxB:aj,D:as - A:najas

Remark C.9. The instance of L, preserves right connectedness.

Case vLL: We first apply the induction hypothesis to the subproof II; to
get II}:

~
FvAzB’D’DgFALr F:H,Aszal,D:aQ,DgcagI—C:fla1a2a3
I''A~B,DFA ~

Then we use Lemma 3.2 to replace ag with najas.

Hll [ﬁa1 ag /a3]

— -~ -
F:n,AzB:al,D:ag,DgznalagFA:nalag

-~ vLL (najag € [A])
I''n,AxB:aj,D:as - A:najao

Remark C.10. The instance of VL, preserves right connectedness.
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C.1. Rule Variants that Fail and How to Fix Them

Let us consider the following increasing (Kripke-monotonic) and synchro-
nizing (same-label) variants of L2, and LL,:

INAx=B:x,CxD:y,ACxB®D:y+F A
INA=B:x,CxD:yFA

KLL (x Cy)

INAx=B:x,CxD:x,AQC~B®D:xFA

sL3,
I'N'A=B:x,CxD:xFA

F,AzB:X,D:y,DgsyI—A F,AQ:B:X,D:X,D%:X)—A

KLL(x C y)

sLy,
I'A=B:x,D:y+ A

I'A=B:x,D:xFA
We show that Theorem 8.2 extends to the variants discussed above only
in the presence of the following explicit left Kripke monotonicity rule:

A:x,A:yF A

Li(x C
T Axra kx&y)

An immediate consequence is that using the variants in place of the original
rules does not allow fully structural-free complete calculi. Let us also note

that Ly subsumes contraction, which corresponds to the special case when
X =Y.

Case kL3, (fails): We start with the following proof:

Iy
I''A=B,CxD,(A®C)~(B®D)F A 5
L
IMAx=B,CxDFA =

We apply the induction hypothesis to the subproof II; to get IT}.
I, A~B:a;,CaD:ay, (A®C)~ (B®D):ag - A:fiaagas

Then we use Lemma 3.2 to replace as and ag with ajas and since
a; C ajap we can apply an instance of kL2,.
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I} [a12a2/a2; a1a2 /a3]
I':n,AxB:a;,C~D:ajas (A®C)~ (B®D):ajas - A:fajag
kL2 (a1 C ajag)

F:F,AzB:a17CzD:a1a2I—A:ﬁalag

However, the conclusion in the labeled proof is not a translation of
the conclusion in the label-free proof because C=aD should be labeled
with ag.

With an explicit rule for left Kripke monotonicity, we can fix the
problem as follows:

1T} [a1a2 /a2; a1a2/a3]

F:F,AzB:al,CzD:mam(A®C)%(B@D):alag F A:fajas

= kL3, (a1 C ajag)
I''n,Ax~B:a;,CxD:ajas - A:najas

— Ly (a2 C aja2)
I''n,AxB:a;,CxD:as - A:najas

Remark C.11. The instances of Ly and kL2, preserve right connect-
edness.

Case sL3, (fails): We start with the following proof:

I'NA=B,CxD,(A®C)~(B®D)F A
INA~B,CxDFA

L3,

We apply the induction hypothesis to the subproof II; to get IT}.

I:n,AxB:a;,C~D:ag,(AQC)~ (B®D):a3 - A:fajasas
Then we use Lemma 3.2 to replace ag and ag with a;.

IT [a1 /a2; a1 /as]

F:r_f,AzB:al,CzD:al,(A®C)’z(B®D):a1I—A:ﬁa1a2
F:F,AzB:al,CzD:all—A:ﬁal

sL3,
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However, the conclusion in the labeled proof is not a translation of
the conclusion in the label-free proof because C=aD should be labeled
with ag.

With an explicit rule for left Kripke monotonicity, we can fix the
problem as follows:

I} [a1a2 /a2; a1a2 /a3]

I':n,Ax~B:ajas,CrD:ajay, (A®C)~ (B®D):ajap - A:fiajag L3
SLi~

F:ﬁ,AzB:alag,CzD:alag F A:najas
Lk (a2 C ajag)

F:r_f,AzB:alaz,CzD:aQI—A:ﬁalag

— Ly (a1 C ajaz)
I''n,AxB:a;,CxD:as - A:najas

Remark C.12. The instances of Ly and sL2, preserve right connected-
ness.

Case kLL, (fails): Similar to kL2,.

Case sL, (fails): Similar to sL2,.

C.2. Technical Height-Preserving Lemmas

Let us write IS instead of S to indicate provability in a proof-system S
but only for proofs with height less than some natural number n.

LEMMA C.13. Lets be a labeled sequent ' A, [u/c] be a label substitution
such that ¢ € L' or ¢ = (), and s[u/c|] be the sequent obtained from s by
simultaneously applying [u/c| to all of the labeled formulas occurring in s.
If PL3gy s then PL3,q s[u/cl.

PrOOF: By induction on the height A of the proof of I' H A. The base
case h = 0 is when s is the conclusion of an axiom.

Case id: This case subsumes both id, and idx~. Suppose that s is of the
form TV A:xF A A:y with x Cy. If ¢ € y then s[u/c] = s and the
result is immediate. Otherwise, ¢ C y and y = (y—c)uc. Since x C y,
y=(y —x)ux implies y = (y — (xuc))u(x —c)uc. Hence, y[u/c] =
(y—(xuc))u(x—c)uu. We then show that s[u/c] remains an axiom for
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A by showing that x[u/c] C y[u/c]. If ¢ € x then x[u/c] =x=x—c¢
and x—c C y[u/c]. If ¢ C x then x[u/c] = ((x—c)uc)[u/c] = (x—c)uu
and (x —c)uu C y[u/c].

Cases L and L% : Similar to Case id.

For the inductive case h = n+ 1, let r be the last rule applied (which has s
as a conclusion). If r requires the introduction of eigenvariables we proceed
as follows.

Case LY: Suppose that s is of the form '’ A VB:x F A, C:y and is ob-
tained by the rule LY, from the premises sy =I';A:xaF A, C:ya and
so =T,B:xbF A,C:yb, where a,b € I" U A, which have proofs IIy,
I3 such that A(I1;), h(Ilz) < n. We choose two labels a’ # b’ such
that a/, b’ € TTU A and a’,b’ € xyuabc. By induction hypothesis on
IT; and I with substitutions [a’/a] and [b’/b] we get proofs IIj and
I, of T)A:xa’ - A, C:ya’ and T, B:xb’ - A, C: yb’. Then, by induc-
tion hypothesis on IT} and II5, with substitution [u/c], we get proofs
117 and I} of I'[u/cl, A V B:x[u/c], A:x[u/cla’ F Alu/c],C:y[u/cla’
and I'[u/c], AVB:x[u/c], B:x[u/c]b’ F Afu/c], C: y[u/c]b’ from which
we infer the conclusion I'[u/c], AV B:x[u/c] - Alu/c] by the rule LY.

Case R5: Similar to Case LY.

If r does not require eigenvariables, we apply the induction hypothesis on
the premises of r since they have proofs of height strictly less than n + 1
and we conclude s[u/c] by reapplying r. O

Lemma C.14 shows that weakening is height-preserving admissible for
all calculi in the L3,c, family.

LemMmA C.14. Weakening is height-preserving eliminable in L3ig¢, that
is, if PL3sq I'H A, then PL3g I,TV F A and PL3g T'H A AL

PRrROOF: The proof is by induction on the height h of a proof Il of T' - A.
For h = 0, it is clear that if I' = A is an axiom, then so are I, IV - A and
kA A,
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For h = n + 1, let r be the last rule applied in II. If r is not R+ or LY, we
apply the induction hypothesis on the premises of r and conclude by reap-
plying r. Otherwise, we first use Lemma C.13 to replace the eigenvariables
in all of the premises of r with variables not occurring in TUTY UA U A’
and then apply the induction hypothesis to the modified premises before
concluding with a new instance of r. O

COROLLARY C.15. The proof translation given in Theorem 8.2 is height-
preserving. Hence, if FG35¢ A, then FPL3 A.

PROOF: Let us first observe that label substitution and weakening admis-
sibility are height-preserving. It then follows that the translation described
in Theorem 8.2 is also height-preserving since it is a one-to-one mapping
of each rule in G35, to the corresponding rule in L3 g, (]

D. Appendix: Kripke Soundness of G3[{,

THEOREM D.1. G3IKSCI is sound w.r.t. the Kripke semantics of 1SCl: if
FG35 A then EK A.

PrROOF: Let S be a finite set of formulas {Fy,...,F,}. We define A S
and \/ S as the formulas F; AFo A ... AF, and F; VFs...VF, with the
special cases A@ =T and \/ 0 = L.

We define the realizability of a sequent I' = A as the following property:
forall Kripke models M and all words m in M, if m - AT then mI-\/ A.
For all rules in G3:‘SC|, we show that if all premises are realizable, then so
is the conclusion.

Case id: This case subsumes both id;,, and idx.

Suppose we have T', A - A, A" and let m be a world in a Kripke model.
IfmlF AT AA, then mIFA. Hence mI-\ AV A.
——L
Case L : Suppose we have I', L - A * and let m be a world in a Kripke

model. Since mW¥ 1, we immediately have that m |- AT A L implies
m -\ A.
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'HAJAAg
Case Ry: We consider therule T - A, A; vV Ay Y and m a world in a Kripke
model such that mI- AT.
By assumption from the premiss we get mIF\/ AV A; V A,.

LAFA TBEA
Case LY: We consider the rule T,AvBFA Y and m a world in a
Kripke model such that mIF AT A (A Vv B).
If mIF A then mIF AT A A and by assumption from the first premiss
ml- A T'AA implies mlF A A. Otherwise, since ml-A VB, we necessarily
have mI-B and by assumption from the second premiss mI- AT AB
implies m I-\/ A. Hence, mI-\/ A.

I''AFB

Case R-: We consider the ruleTHA,ADB

model such that m - AT.

If miF\/ A then mIF\/ AV (ADB). Otherwise, we need to show

that mI- A D B. Suppose some arbitrary n such that m < n. If nl- A

then, since by Kripke monotonicity we also have nl- AT, it follows

that nlF AT A A. Hence, by assumption from the premiss, we have

nlk B. Hence, m IF A D B, which implies m IF\/ AV (A D B).

R
2 and m a world in a Kripke

T ARAFA
Case LL: We consider the rule T'+A L and m a world in a Kripke
model such that mIF AT.
By condition My, of Kripke models, we have m |- A ~ A. Hence, by
assumption from the premiss, we get m IF\/ A.

Case L2,: Similar to Case L2,.

Case al.2: Similar to Case L2,.

I,A~B,C~D,A®@C~BRDFA
Case L2: We consider the rule IA~B,CxDFA L~ and m
a world in a Kripke model such that mI-F ATAA~BAC=D.
Since mIF A~ B and mIF C~ D, we have mIF A ® C~ B ® D by
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condition M, of Kripke models. Therefore, by assumption from the
premiss, we get mIF\/ A.

Case L3': Similar to Case L3,

I A~B,D,DAF A
L
Case L : We consider the rule T,Ax~B,DFA = and m a world in a
Kripke model such that mIF AT AA~BAD.
By the replacement law, we have ml- D%. Hence, by assumption from
the premiss, we get mI- A.

The other cases are similar. O
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