Bulletin of the Section of Logic
Volume 55/2 (2026), pp. 193-218 C|O PE

https://doi.org/10.18778,/0138-0680.2026.06

Member since 2018
JM13707

Motahareh Atabaki
Mahta Bedrood*

Fereshteh Forouzesh

A STUDY OF A SPECIAL SEMI MAXIMAL FILTER
IN BL-ALGEBRAS

Abstract

In this article, a specific type of semi maximal filters is introduced, which form a
lattice structure. These filters are called J- semi maximal and N J-semi maximal,
and their key properties in B L-algebras are analyzed. Additionally, these special
filters are compared with other defined filters, particularly semi maximal and
maximal filters. The purpose of this article is to provide a new analysis of filters
in BL-algebras.
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1. Introduction

H&jek introduced BL-algebras as an algebraic approach to studying many-
valued logic [5]. He gave an algebraic proof of the completeness theorem
for Basic Logic (BL), which is based on continuous triangular norms com-
monly applied in fuzzy logic. Filter theory plays a central role in the study
of these algebras, since different filters correspond to different sets of prov-
able formulas. Hajek introduced the concepts of filters and prime filters in
BL-algebras [5], and employed prime filters to prove the completeness of
BL. Expanding upon Héjek’s foundational contributions, Turunen system-
atically explored the structural characteristics of filters and prime filters
within BL-algebras [11, 12], thereby advancing the theoretical understand-
ing of their underlying algebraic framework. Building on these develop-
ments, M. Bedrood et al. introduced and investigated a specific subclass
of prime filters, termed J-prime filters, offering further insight into the
structural behavior of prime filters in BL-algebras [2]. BL-algebras offer a
rigorous algebraic framework for supporting logical operations within fuzzy
systems. This ensures that fuzzy reasoning is not only effective for man-
aging imprecise information but also grounded in a mathematically sound
structure, guaranteeing logical consistency and reliability.

Maximal filters in B L-algebras are particularly important in various fields
such as non-classical logic, lattice theory, and mathematical and practical
applications. These filters are key tools for analyzing complex algebraic
structures and understanding the logical relationships between elements.
With the development of new concepts like semi-maximal filters and their
types, researchers have gained a more precise understanding of how these
filters interact with the structures of BL-algebras.
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S. Motamed et al. introduced and studied radical filters based on maximal
filters [8]. A. Paad et al. defined and investigated semi maximal filters [9].
Based on these studies, A. Movahed et al. presented new results and an
equivalent definition for semi maximal filters, comparing them with other
types of filters [6].

In this paper, we investigate a distinguished subclass of generalized semi
maximal filters in BL- algebras, with an emphasis on their structural and
logical characteristics. Based on the concept of semi simple BL-algebras,
we concluded that every semi maximal filter is also an NJ-semi maximal
filter. Furthermore, every minimal prime filter is a J-semi maximal filter
in BL-algebras. Additionally, we proved that for any filter in a Hyperar-
chimedean BL-algebra, every proper filter of it is a J-semi maximal filter.
Finally, we introduced the concept of semi factors and provided a clear
framework for understanding this idea.

2. Preliminaries

We recollect some definitions and results which will be used in the sequel:

DEFINITION 2.1 ([5]). A BlL-algebra is an algebra (L,A,V,®,—,0,1) of
type (2,2,2,2,0,0) equipped with an order < satisfying the following:

(BL1) (L,A,V,0,1) is a bounded lattice,
(BLs) (L,®,1) is a commutative monoid,
(BL3) ® and — form an adjoint pair i.e., z < x — y if and only if

rOz <y, forall z,y,z € L,
(BLy) sAhy=20 (z —y), forall z,y € L,
(BLs) (t—=y)V(y—x)=1,forall z,y € L.

Throughout the paper, we denote L as a BL—algebra.

DEFINITION 2.2 ([10]). An element, if ¢ ® a = a and the collection of all
idempotent elements is displayed with B(L).
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Also if every element of L is an idempotent element, then BL-algebra
L is called a Boolean algebra.We say that a BL—algebra A is a BL—chain
if the underlying order < is total.

DEFINITION 2.3 ([13]). A filter is a non-empty subset F' of L satisfying the
following conditions:

(F1) fa€ F, be L and a < b, then b € F,

(F2) Ifa,be F,thena®be F.
We denote by F(L) the set of all filters of L. Also, it has also been proven
that (F'(L), A, V,{1}, L) is a complete Brouwerian lattice.
LEMMA 2.4 ([10]).

(1) Let X C L. Denote by (X] the filter generated by X. Then we have
(X]={a€L:210220...02, <a, n€N,zy1,29,...,2, € X}

In particular (a]) ={z € L :a" < z,n € N}.
(2) For F,G € F(L) and a,b€ L

« FAG=FnNG;

o FVG = (FUG]={z € Lla®b< x for somea € F andb € G};
o Ifa<b, then (b] C (al;

(a] v (b] = (a®b] = (a ND];

e (alN(b]=(aVb].

DEFINITION 2.5 ([13, 3]). Let F' be a filter of L.

o If F'# L, then F is called a proper filter of L.

e A proper filter F' of L is called prime filter if for all a,b € L,aVb € F,
satisfies a € F or b € F.

We denote by Spec(L) the set of all prime filters of a BL-algebra L.

e A filter P of L is called a minimal prime filter of L when:
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(1) P € Spec(L);
(2) If there exists Q € Spec(L) such that Q@ C P, then P = Q.

We denote by Min(L) the set of all minimal prime filters of L.

o A proper filter F of L is called maximal if and only if for each filter
J # F,if FF'C J, implies J = L.
We denote by Max(L) the set of all maximal filters of L.
The intersection of all maximal filters of L is called the radical of L
and it is denoted by Rad(L). The intersection of all maximal filters
of L which contain the filter F is called the radical of F' and it is
denoted by Rad(F).

Note: Prime filter P of L is called minimal prime filter over filter F, if
(1) F C P
(2) If there exists Q € Spec(L) such that F C Q C P, then P = Q.
We denote by Min(F) the set of all minimal prime filters over filter F.

COROLLARY 2.6 ([10]). Every prime filter of L is contained in a unique
maximal filter of L.

THEOREM 2.7 ([8]). A BL-algebra L is called semi simple if and only if
Rad(L) = {1}.

Remark 2.8 ([10]). For every F € F(L);
(1) F=n{P e Spec(L) | F C P}.
(2) N {P € Spec(L)} = {1}.

THEOREM 2.9 ([4]). Let P € spec(L). Then P € Min(L) if and only if
for each a € P, there exists r € L\ P such that rVa = 1.

DEFINITION 2.10 ([11]). Let X be a non-empty subset of L. Co— Annp(X)
is the Co- annihilator of X defined by:

Co—Annp(X)={a€LlaVe=1Vre X}

THEOREM 2.11 ([4]). Let P € Min(L) and F be finitely generated filter.
Then F C P if and only if Co — Annp(F) ¢ P.
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DEFINITION 2.12 ([10]). An element a € L is called archimedean if there is
n € N, such that a V (a™)* = 1.

THEOREM 2.13 ([10]). L is Hyperarchimedean if and only if Spec(L) =
Max(L).

THEOREM 2.14 ([5]). If a # 1, then there is a prime filter P of L such that
a¢ P.

COROLLARY 2.15. Let F be an filter of L and ¢ € L\ F. Then there
exists P € spec(L) such that F C P and a ¢ P.

THEOREM 2.16 ([10]). For any L, the following statements are equivalent:

(1) L is a BL-chain.

(2) Any proper filter of L is prime.

(3) {1} is a prime filter.

(4) Spec(L) is linearly ordered.
PROPOSITION 2.17 ([6]). Let F be a proper filter of L and P € Spec(L)
such that F' C P. Then there exists Q € Min(F) such that Q C P.

LeEmMMA 2.18 ([10]). The proper filter P is a prime filter if and only if
FNGCP,then FCP orGCP, forall F,G € F(L).

DEFINITION 2.19 ([8]). Let F be a proper filter of L. If Rad(F) = F, then
F is called a semi maximal filter of L.

THEOREM 2.20 ([8]). Ewery mazimal filter of L is a semi mazimal filter.

PROPOSITION 2.21 ([6]). Let F be a semi maximal filter of L and K a
subset of L such that K ¢ F. Then the set (F: K) ={z € L |xzVk¢€
F,Vk € K} is also a semi maximal filter.

Note: Let a € L and F be a filter of L . We put
o My=nN{M| M € Max(L), a € M}.

e M(a)={M| M € Maz(L), a € M}.

e P,=n{P| P e Min(L), a € P}.
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THEOREM 2.22 ([6]). A proper filter F' of L is a semi mazimal filter if and
only if for alla € F, M, C F.

THEOREM 2.23 ([6]). Let F be a proper filter of L. Then the following
statements are equivalent:

(1) F is a semi maximal filter in L.
(2) M(a) C M(b) and a € F, implies that b € F.
(8) M(a) = M(b) and a € F implies that b € F.

THEOREM 2.24 ([6]). If L is a semi simple BL — algera and a € L, then
M, C P,.

LEMMA 2.25 ([1]). Ifa € L, then P, = Co — Ann(Co — Ann(a)).

3. Semi maximal filters in BL-algebras

In this section, we introduce the notions of .J-semi maximal and N J-semi
maximal filters, exploring their defining properties and the conditions under
which various filters qualify as either J-semi maximal or N J-semi maximal.
The concept of J-semi maximal filters extends the idea of semi maximal
filters, broadening their applicability. Additionally, we present the notion
of semi factors and demonstrate that the set of semi factors of a filter forms
a lattice.

DEFINITION 3.1. Let F' and J be two filters of L. A filter F is called a
J-semi maximal filter if M,NJ C F for all a € F. Also, if J gZ F and F'is
a J-semi maximal filter, then F' is called an N.J-semi maximal filter, and
J is referred to as a semi factor of F'.

Clearly, if J C F', then F' is always a J-semi maximal filter. It follows
that every VJ-semi maximal filter is, by definition, a J-semi maximal filter.

Ezample 3.2. (1) Let L = {0,a,b,¢,d,1}. where 0 < a,b < ¢ < 1 and
0 <b<d< 1. Define ® and — as follows:
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The relationships between the members are depicted in Figure 1.

1

Figure 1: Relationships between the elements of L = {0, a,b, ¢, d, 1}.

Then (L,®,—,0,1) is a BL-algebra [10]. It has four filters:
Fy, = {1},FA = L,F, = {l,a,c},F3 = {1,d}. Obviously, Maz(L) =
{Fg,Fg} and M1 = FQ, Ma = FQ, Mb = L, Mc = FQ, Md = F3. Then
Fy, F5 and F3 are semi maximal filters.
It is easy to see that F5 is a F3—semi maximal filter and F3 Q F5, 50 Fy is
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a N F3—semi maximal filter and F3 is a semi factor of the filter F5. Also,
Fy is a Fy—semi maximal filter and Fy is a N Fy—semi maximal filter.

(2) Let L =ZU{—oc0}U{0,a,b,1}, where Z is the set of negative integer

numbers and —oc0o < --- < -2 < —1 <0 < a,b < 1. Operations ® and —
are defined as follows:

®| -0 - =3 =2 -1 0 a b 1
—00| —00 s+ —00 —00 —00 —00 —00 —00 —O0
-3 -~ =+ -6 -5 -4 -3 -3 -3 =3
-2 -~ -+ -5 -4 -3 -2 -2 -2 =2
-1 -~ - -4 -3 -2 -1 -1 -1 -1
0 -0 - =3 =2 -1 0 0 0 0
a | —oc0o - =3 -2 -1 0 a 0 a
b -0 - =3 =2 -1 0 0 b b
1 -0 - =3 =2 -1 0 a b 1
— | —o0 -3 -2 -1 a b 1
—00 1 1 1 1 1 1 1
-3 | —o0 1 1 1 1 1 1 1
2| -0 - -1 1 1 1 1 1 1
1| o - -1 1 1 1 1 1 1
0 -0 - =3 -2 -1 1 1 1 1
a -0 - =3 =2 =1 b 1 b 1
b —00 - -3 -2 -1 a a 1 1
1 -0 -+ =3 -2 -1 0 a b 1

The relationships between the members are depicted in Figure 2. Then
(L,A,V,®,—,—00,1) is a BL-algebra [7]. It has filters:

FO = {1}, Fl = L, F2 = {1,b,a,0}, F3 = {l,a}, F4 = {1,b} and F5 =
{-..,=3,-2,-1,0,a,b,1} \ {—o0o} are filters. Obviously, F» € Max(L)
and M, = F> Q Fs. Hence F3 is not a semi maximal filter.
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—0Q

Figure 2: Relationships between the elements of L = ZU{—o0c}U{0,a,b,1}.

It is easy to see that F5 is not Fs—semi maximal filter(because M, N
F5 ¢ F3). Also, consider F3 = {1,a} is not F,—semi maximal filter.

LEMMA 3.3. Ifa,be€ L, then the following sentences hold:

(1) a € My if and only if M, C My;

(2) Mo My = Mayi);

(3) If a < b, then M(a) C M(b) and My, C M,;
(4) M(a@b) =M,V M,.

Proor: (1) It is trivial.

(2) Let x € My N My, but x ¢ Mp). Then there exists M € Max(L)
such that ¢ M and a Vb € M, since M is prime filter, Hence a € M or
be M and we get x ¢ M, or x ¢ M, which is a contradiction. Therefore
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My N My € Mgypy. Now, suppose that © € My but @ & My N M.
Without loss of generality, suppose that x ¢ M,. So there exists M €
Maz(L) such that ¢ M and a € M. As a < a Vb, hence we conclude
that aVvb € M. Thus x ¢ M(qyp), which is a contradiction. Hence M,vs) C
M, N M,. Therefore Mgy, = My, N My.

(3) Suppose that M € M(a), hence M € Max(L) and a € M. As M is a
filter and a < b, hence b € M and we conclude that M € M (b). Tt follows
that

M(a) ={M € Maz(L)la€ M} C{M € Maz(L)|b € M} = M(b),
Also,
(UM € Max(L)[be M} C({M € Max(L)|a € M},
Thus M, C M,.

(4) Since (a ® b) < a,b, by part (3) we get Mo, My C Mqep). Thus we
conclude that M, V My C M,op)- Since a € M, and b € M, it follows
that a,b € M, V M. Thus (a ®b) € M, V M. Consequently, we obtain
M(a@b) C M,V My. Therefore M(a@b) =M,V My. O

ProOPOSITION 3.4. Let F,J and K be three filters of L.

(1) If F is a J-semi maximal filter of L and P € Min(F), then P is a
J-semi maximal filter of L.

(2) Let F and J be K-semi maximal filters of L. Then F'V J is a K-semi
maximal filter of L.

(3) Let {F;}icq be a non empty family of J-semi maximal filter. Then
/\ F; is a J-semi maximal filter.
i€Q

(4) Let F be a J-semi maximal filter and K C J. Then F is a K-semi
maximal filter.

(5) If J = L, then L-semi maximal filters and semi maximal filters are
the same.

(6) Every maximal filter is a J-semi maximal filter.
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(7) Every semi maximal filter is a J-semi maximal filter.
(8) If FF = {1} is a J-semi maximal filter, then J N Rad(L) = {1}.

(9) Let J # {1} and JNRad(L) = {1}. Then {1} is a N J-semi maximal
filter.

PrROOF: (1) Supposethat a € P. By Theorem 2.9, there exists r € L\ P
such that rvVa =1 € F. Since F is a J-semi maximal filter, so My, NJ C
F. Tt follows from Lemma 3.3 part(2) that M, N M, NJ C F C P. It
is clear that M, Q P and by Lemma 2.18 we conclude that M, N J C P.
Therefore, P is a J-semi maximal filter.

(2) Let x € FV J, hence a ®b < z, for some a € F and b € J. Since F
and J are K-semi maximal filters, so we get M, N K C F and M, N K C
J. Hence we have M, " K C FVJ and My, N K C FV J. we get
KN (MyVvM)=(M,NK)V(MyNnK)CFV.J. By Lemma 3.3 part (4)
We get KN Mep) € F'VJ. We have a © b < z, it follows from Lemma
3.3 part (3) that M, € M(,cp). Therefore M, N K C Mqepy NK C FV J,
hence we get M, N K C F'V J. Thus F' V J is a K-semi maximal filter.

(3) Suppose that a € /\ F;. Hence a € F;, for all i € Q. Since F;
1€Q
is a J-semi maximal filter, so M, N J C F;, for all i € Q. Obviously,
M,NnJ C /\ F;, for a € /\ F;. Therefore, /\ F; is a J-semi maximal
ieQ i€Q ieQ

filter.

(4) Assume that F' is a J-semi maximal filter. This means that for all
a € F,M,NnJ C F. By the given hypothesis, we have K C J. This implies
that M, " K C M, N J. Therefore, F' is a K-semi maximal filter.

(5) Let F be a L-semi maximal filter. Then M, N L C F, for all a € F.
Always, M, N L = M,, hence F' is a semi maximal filter.

(6) Suppose that M is a maximal filter of L. For all a € M,we have
M, C M. On the other hand, for all J € F(L), we always have M, N J C
M, C M, as the intersection of M, with any filter J is always contained
within M. Therefore, we can conclude that M is a J-semi maximal filter.
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(7) Let F be a semi maximal filter. Then M, C F, for all a € F. It is
clear that M, NJ C M,, for all J € F(L). Hence F is a J-semi maximal
filter.

(8) Suppose that F = {1} is a J-semi maximal filter. This means that
M;nJ C{1}. Since M; = Rad(L) so Rad(L) N J = {1}.

(9) By hypothesis, J N Rad(L) = {1}. Hence the filter {1} is a J-semi
maximal filter. Since J # {1}, so the {1} is a NJ-semi maximal filter. O
COROLLARY 3.5. Let J be a filter of L and ¥ = {F € F(L)| F is a J-semi
maximal filter}. Then

(1) (%,Q) is a poset.

(2) (2,V,A) is a lattice.

PROOF: By Proposition 3.4, parts (2) and (3), it is clear. O

In Example 3.2 part (1) for the filter J = Fj3, the set of all J-semi
maximal filter is 3 = {Fy, F1, Fy, F3} that forms a lattice.

ProrOSITION 3.6. Let P be a prime filter of L and J be a proper filter
of L. Then the following conditions are equivalent:

(1) P is a J-semi maximal filter.

(2) P is either a semi maximal filter or J C P.
PrROOF: (1) = (2) Suppose that J ¢ P, we prove that P is a semi
maximal filter. Since P is a J-semi maximal filter, so M, N J C P, for all

a € P. By Lemma 2.18, we deduce that M, C P, for all a € P. Therefore
P is a J-semi maximal filter.

(2) = (1) It is clear. O
COROLLARY 3.7. Let F and J be two filters of L.

(1) If F is a N J-semi maximal filter of L, then there exists P € Min(F)
such that P is a semi maximal filter of L.

(2) Every prime NJ-semi maximal filter is a semi maximal filter.
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(3) Let L be a BL-chain. Then every proper NJ-semi maximal filter is
a semi maximal filter.

ProoOF: (1) F is a NJ-semi maximal filter, hence J ¢ F and F is a
J-semi maximal filter. Since J ¢ F, so there exists x € J\ F. Obviously, if
we take K := (z] thus F is a K-semi maximal filter. Also, x ¢ F hence by
Corollary 2.15, we deduce that there exists @ € Spec(L) containing F' such
that « ¢ Q. It follows from Theorem 2.17 that there exists P € Min(F)
such that P C Q. Clearly, ¢ P, so K ¢ P. By Proposition 3.4 part(1)
and Proposition 3.6, therefore P is a semi maximal filter.

(2) By Proposition 3.6, it is clear.

(3) Suppose that F is proper J-semi maximal filter such that J ¢ F.
Hence M, NJ C F, for all a € F. Since L is a BL-chain, by Theorem
2.16, F is a prime filter. Also, by part(2) of this corollary, we conclude
that M, C F, for all a € F. Therefore F' is a semi maximal filter. O

Note: Let F' be a filter of L. We define:
Fs={beL| be M,, for someac F}.

LEMMA 3.8. Let F and J be filters of L. Then the following sentences
hold:

(1) Fs is a semi mazimal filter of L.

(2) FCF,.

(3) Fs=n{Q | F CQ and Q is a semi mazimal filter}.

(4) (FNJ)s=FsNJs.

(5) If F C J, then Fs C Js.

(6) If F is a semi maximal filter, then F = F.
Proor: (1) First, we prove that Fy is a filter. It is clear that 1 € Fj.
Suppose that b, c € F, hence b € M, for some a € F and ¢ € M, for some

t € F. By Lemma 3.3 part (1), we have M, C M, and M. C M;. Thus
MyV M. = Mye. € Mye¢. Since F is a filter, so a © t € F' and we deduce
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that b® c € Fs. Also, if b < c and b € Fy, then b € M,, for some a € F.
It follows from Lemma 3.3 that ¢ € M, for some a € F, that is, ¢ € F.
Hence Fy is a filter. Now, we show that F is a semi maximal filter. This is
proven by Theorem 2.23. Let M (a) C M(b) and a € F,. Then M, C M,
and there exists t € F such that a € M;. Hence by lemma 3.3 part (1),
M, C My and we get b € M,;. Therefore b € Fj.

(2) Suppose that a € F. Since a € M,, so we obtain a € Fj.

(3) Let K =n{ Q| F CQ and Q is a semi maximal filter }. Then by
parts (1) and (2) of this lemma, it is clear that K C F,. By contrary,
if Fy g K. Suppose that b € F; but b ¢ K. Hence there exists a semi
maximal filter @ such that FF C Q and b ¢ Q. According to Theorem
2.23 and using the equivalent definition so, there is not a € @ such that
My, C M,. We deduce that b ¢ M,, thus b ¢ F, which is a contradiction.

(4) Assume that b € (F N J)s, hence there exists ¢ € F N J such that
be M,. Sincea € Fand b e M,, sob € F,. Similarly, b € Js. Therefore
(FNJ)s C FsNJs. Now, suppose that b € FsNJ,. Then there exist a € F
and ¢ € J such that b € M, and b € M.. Obviously, aVc € FNJ and
be M,NM, = My.. We conclude that b € (FNJ); and FsNJs C (FNJ)s.

(5) Tt is clear.
(6) By part (3) of this lemma, the proof is evident. O

Ezample 3.9. Let Fy = {1, a, c} be the filter from Example 3.2 (1), it is easy
to clarify (F1)s = {1,a,c}. (Because F} is a semi maximal filter.) Also, for
the filter Fy = {1,b,a,0} in Example 3.2 (2), (F2)s = {1,b,a,0}. On the
other hand, F' C Fk.

PRrROPOSITION 3.10. Suppose that F and J are filters of L. The following
sentences are equivalent:

(1) Fis a J-semi maximal filter.

(2) F,NnJCF.

(3)

(4)

There exists a semi maximal filter K containing F'such that KNJ CF.
For each a € F and b € J if M, C M,, then b € F.
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Proor: (1) = (2) Let b € F;NJ. Then there exists a € F such that
b e M,, hence M, C M,. Since F is a J-semi maximal filter, so M,NJ C F.
We have be MyNnJ C M,NJ C F, thus b € F.

(2) = (3) Consider K := F.

(3) = (4) By hypothesis a € F and F C K, thus ¢ € K. Since K is
a semi maximal filter, so M, C K. We have b € J and b € M, hence
be My,nJ. Therefore be MyNnJ C M, NJ C KNJ CF. As a result
beF.

(4) = (1) We show that M, NJ C F, for all a € F. Assume that
be M,NJ, then M, C M, and b € J. By part (4), we conclude that
b € F. Therefore F' is a J-semi maximal filter. O

ProrosiTION 3.11. Let F,J € F(L). Then F' is a J-semi maximal filter
(N J-semi maximal filter) if and only if F N J is a J-semi maximal filter
(N J-semi maximal filter).

PrROOF: Let FFNJ be a J-semi maximal filter. By Proposition 3.10, we
have (FNJ)sNJ C FNJ. Now, by Lemma 3.8, we get

(FNJ)yNJ=F,NnJ,NJ=F,nJ (since J C Jy).

On the other hand, Fs,NJ = (FNJ)sNJ C FNJ C F. Therefore
by Proposition 3.10, F' is a J-semi maximal filter. Additionally, by the
hypothesis, FNJ ; J. This implies that J ¢ F' and we can conclude that
F is a NJ-semi maximal filter. The other side is clear (by Prposition 3.4).
Now, let F' be NJ—semi maximal filter. For a filter F' N J there exists a
filter J ¢ F N J such that F N J is a J-semi maximal filter. Thus F'N.J is
a N.J-semi maximal filter. Now, suppose that F' N J is N.J-semi maximal
filter. Then for a filter F' there exists a filter J ¢ F, and also we have F'
is J-semi maximal filter, hence we conclude that F' is a INJ-semi maximal
filter. O

PRrROPOSITION 3.12. A filter F' of L is a NJ-semi maximal filter if and
only if there exists b € L\ F such that ()N M, C F, for alla € F.

PRrROOF: Let F be a NJ-semi maximal filter. Then F is a J-semi maximal
filter, for some filter J of L such that J ¢ F. It is enough to take b € J\ F.
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Conversely, by hypothesis there exists b € L\ F, we take J = (b], it is clear
that F'is a J-semi maximal filter and J Q F'. Therefore F' is a NJ-semi
maximal filter. O

ProrosiTION 3.13. Let F, J, K and H be filters in L. Then the following
sentences hold:

(1) Fisa J-semimaximal filter if and only if F'is a (F'V.J)—semi maximal
filter.

(2) Let J be a semi maximal filter and F C J. Then F is a J-semi
maximal filter if and only if F' is a semi maximal filter.

(3) If F is a semi maximal filter, then J is a F'—semi maximal filter if
and only if F'NJ is a semi maximal filter.

(4) FnJis a J-semi maximal filter and is a F—semi maximal filter if
and only if F' is a J-semi maximal filter and J is a F'—semi maximal
filter.

(5) Let M be a maximal filter of L. Then F'N M is a semi maximal filter
if and only if F' is a semi maximal filter.

(6) If F C J and F is a J-semi maximal filter and J is a K-semi maximal
filter, then F' is a K-semi maximal filter.

(7) If F C Jand H C K and F is a J-semi maximal filter and H is a
K-semi maximal filter, then F'N H is a (J N K)—semi maximal filter.

(8) FsNJ is the smallest J-semi maximal filter containing F N J.
(9) JN Rad(L) is the smallest J-semi maximal filter.

(10) If F is a J-semi maximal filter and a K-semi maximal filter, then F'
is a (J V K)—semi maximal filter.

ProOF: (1) Let F be a J-semi maximal filter. By Lemma 3.8, we have
F C F; and implies that FxN(FV J) = (FsNF)V (FsNJ). Since F is
a J-semi maximal filter, so Fs, N J C F. Thus, we obtain Fs N (FV J) =
(FsNFE)V(FsNJ)C FVFE =F. It follows from Proposition 3.10, that F
is a (F'V J)—semi maximal filter. Conversely, it is obvious.
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(2) Assume that F' is a J-semi maximal filter, hence for all a € F, M, N
J C F. Since J is a semi maximal filter and a € F' C J, so we have
M, C J. We deduce that M, NJ = M, C F. So F is a semi maximal
filter. As every semi maximal filter is a J-semi maximal filter, conversely
is clear.

(3) First, we show that F'NJ is a semi maximal filter. Since J is a F'—semi
maximal filter, so by Proposition 3.11, we deduce that F'N J is a F—semi
maximal filter. By hypothesis, F' is a semi maximal filter and FF N J C F,
hence by part (2) of this proposition, we conclude that F N .J is a semi
maximal filter.

Conversely, it follows from Proposition 3.11 and part (2) of Proposition
3.13.

(4) By Proposition 3.11, it is clear.

(5) M is maximal filter and F is a semi maximal filter, hence M is a semi
maximal filter so F'N M is a semi maximal filter. Now suppose that F'N M
is a semi maximal filter. If F¥ C M, then F = FFN M is a semi maximal
filter. Assume that F ¢ M, since F N M is a semi maximal filter and M
is a semi maximal filter, so by this proposition part (3), we conclude that
F is a M —semi maximal filter. By part (1), we get F'is a (F'V M)—semi
maximal filter. Hence F' is a M —semi maximal filter. Therefore F is a
semi maximal filter.

(6) By hypothesis and Proposition 3.10, we have F;NJ C F and J;NK C
J. Also, Fs C Js. Hence we get Fx,NK =F,NJsNK CEF,NJCF. It
means that F' is a K-semi maximal filter.

(7) Tt follows from Proposition 3.10, that FsNJ C F and H,N K C H.
So, we have

(FNH);,N(JNK)=F,NnH,NJNK =(F,NJ)N(H,NK)C FNH.

(8) We know that, F' C Fs, s0 FNJ C FsNJ. Tt is clear that (Fy), = F,
hence (FsNJ)sNJ C FsNJ and we conclude that Fs N J is a J-semi
maximal filter. Now, suppose that there exists a filter K of L such that it
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is a J-semi maximal filter contains F' N J. Hence F;NJ = F,NJ,NJ =
(FNnJ)sNnJCK;NnJCK.

(9) Suppose that F is a J-semi maximal filter, thus JNRad(L) C JNF;CF.
(10) We have FsN(JVEK) = (F;NJ)V (F;NK) C F. Hence F is a
(J V K)—semi maximal filter. O

COROLLARY 3.14. Let J be a semi factor of a filter F. Then F V J is a
semi factor of F' containing F'.

PROOF: Since F' is a J-semi maximal filter, so by Proposition 3.13 part(1),
F is a (F V J)—semi maximal filter. Thus, F'V J is a semi factor of F.
Obviously, FF C F'V J. O

COROLLARY 3.15. Let F be a filter of L. Consider,

Q={JeF(L)|Jisasemi factor of F}.

(1) (Q, <) is a poset.
(2) (£2,V,A) is a lattice.

ProroSITION 3.16. Let F,J be filters and P, be prime filters of L.
Then

(1) If FN P is a J-semi maximal filter (N.J-semi maximal filter), then
either F is a J-semi maximal filter (N.J-semi maximal filter) or P.

(2) If PNQ is a NJ-semi maximal filter, then either P is a semi maximal
filter or Q.

ProoF: (1) Obviously, if F' C P, then F' is a J-semi maximal filter (N J-
semi maximal filter.) Assume that F ¢ P, hence there exists a € F'\ P
and for all b € P, we have a Vb € FN P. Since F'N P is a J-semi maximal
filter, so M(qvpy NJ € F'N P. On the other hand, M, N My NJ C P and
M, ¢ P. By Lemma 2.18, we conclude that M, NJ C P, for all b € P.
Thus, P is a J-semi maximal filter. Since FF'N P is a NJ-semi maximal
filter, so there is a filter J such that J ¢ FNP and (FNP);NJ C FNP.
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Hence (FsNJ)N Ps C P, by Lemma 2.18, we have F;sNJ C P or P; C P.
We consider two cases:

Case 1: If F;,NJ C P, then J C P. (Since F ¢ P, so Fs, ¢ P.) On
the other hand, J C P C P, hence JN Py, = J. Since F N P is J-semi
maximal filter, so FsNJ = F,NJNP; = (FNP)sNJ C FNP C F implies
that F' is a J-semi maximal filter. Now, we show that J ¢ F. We have
JCP,if JC F, then J C FN P, which is a contradiction. Therefore F' is
a N .J-semi maximal filter.

Case 2: If P, C P, then P, = P and P is a semi maximal filter. It follows
from Proposition 3.6, that P is a N.J-semi maximal filter.

(2) Tt follows from Proposition 3.6 and part (1). O

PROPOSITION 3.17. Let F' and J be filters of L such that F' is a J-semi
maximal filter. Then (F' : z) is a J-semi maximal filter of L, for all z € L\ F.

Proor: Following Proposition 3.10, assume that M, C M, and a € (F :
x) and b € J. Since F is a J-semi maximal filter and a V x € F, so we get
Mgvay N J € F. Also, b < bV and J is a filter, hence bV x € J. It is
clear that by Lemma 3.3 part (2), we have M,y NJ = My N M, NJ C
M,NMyNJ = Mye)NJ C Fand bV € Mgy, NJ. Thus, we conclude
that bV € Fand b€ (F : z). O

COROLLARY 3.18. Let F, J be filters of L such that F' be a J-semi maximal
filter and X be a subset of L such that X ¢ F. Then (F : X) = {a €
LlaVx € F, for all x € X} is a J-semi maximal filter.

In the following theorem, we explain that if J is not a semi maximal filter
and Rad(L) does not contain J, then there is always a non-trivial J-semi
maximal filter.

THEOREM 3.19. Let J be a filter of L such that J ¢ Rad(L) and it is not
a semi maximal filter. Then there exists a filter F' such that F ; J and is
a J-semi maximal filter but not a semi maximal filter.

PrOOF: Since J ¢ Rad(L), so there exists maximal filter M in L such
that J € M. Consider F := J N M, it is clear that FF & J. (If F' = J, then
JNM = J and J C M, which is a contradiction). M is a maximal filter,
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so it is a semi maximal filter. Also, it is a J-semi maximal filter and by
Proposition 3.11, JN M is a J-semi maximal filter. Therefore, F is a J-semi
maximal filter. We know that M is maximal and J is not a semi maximal
filter, so by Proposition 3.13, part (5) we conclude that F is not a semi
maximal filter. U

To summarize, if J ¢ Rad(L), then there are many J-semi maximal
filters in L. Consider a maximal filter K such that J ¢ K. It follows that
K is a semi maximal filter. Thus, for each k € K, My N J is a J-semi
maximal filter and, in fact, an N J-semi maximal filter.

However, if J C Rad(L), then only trivial J-semi maximal filters exist.
Specifically, if K is a non-trivial J-semi maximal filter, then J ¢ K, and for
alla € K, M,NJ C K. On the other hand, J = Rad(L)NJ C M,NJ C K,
which contradicts J ¢ K.

As a result, J ¢ Rad(L) if and only if there exists a non-trivial J-
semi maximal filter. Now, we are going to study J-semi maximal filters in
Hyperarchimedean and semi-simple BL—algebras and get some results.
Note: In Example 3.2(2), the Fy is not a J-semi maximal filter where
J ={1,b} (Since My NJ = Fs;NJ = {1,b} ¢ F5). Next, we characterize
BL—algebras in which the filter {1} is a J-semi maximal filter.

PROPOSITION 3.20. Let L be Hyperarchimedean and J € F(L). Then
every proper filter is a J-semi maximal filter.

PrROOF: Suppose that F' is a proper filter. for all a € F;

{P € Spec(L) | F C P} C{P € Spec(L) | a € P}
({P € Spec(L) | a € P} C({P € Spec(L) | F C P}.

By Theorem 2.13 and by Corollary 2.8,
M, =N{ P € Spec(L) | a€ P} C({ P € Spec(L) | FC P} =F.

We always have M,NJ C M,, for all a € F'. On the other hand, M,NJ C
M, C F for all a € F. Therefore, F' is a J-semi maximal filter. O

THEOREM 3.21. Let L be a semi-simple BL—algebra, X be a subset of L
and J be a filter of L.Then the following sentences hold:
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(1) The filter {1} is a J-semi mazimal filter. In particular, if J # {1} is
a filter, then the filter {1} is a N J-semi maximal filter.

(2) Co— Ann(X) is a J-semi mazximal filter.
(8) FEvery minimal prime filter of L is a J-semi maximal filter.

Proor: (1) Since L is semi-simple, so M; = Rad(L) = {1}. For each
filter J of L, we have M1NJ C {1}, hence the filter {1} is a J-semi maximal
filter.

(2) By part (1) of this proposition, filter {1} is a J-semi maximal filter.
Put F':= {1}. Now by Corollary 3.18, ({1} : X) is a J-semi maximal filter.
Obviously, ({1} : X) = Co — Ann(X). Thus Co — Ann(X) is a J-semi
maximal filter.

(3) In Proposition 3.4 (1), take F' = {1} and by part (1) of this propo-
sition, we conclude that every minimal prime filter is a J-semi maximal
filter. O

THEOREM 3.22. Let L be a semi-simple BL—algebra and F be a filter of
L such that Co— Ann(F) # {1}. Then there is a filter J of L such that F
is a NJ-semi mazximal filter of L.

PRrROOF: Since L is semi-simple, so Rad(L) = {1}. We first prove that
M,NCo— Ann(F) C Rad(L), for all a € F. Let b € M, N Co — Ann(F).
Then b € M, and bV a = 1. Hence M, C M,. We get b € M, =
My N My = My = My = Rad(L). Now, take J = Co — Ann(F).
Moreover, M, N Co — Ann(F) = Rad(L) = {1} C F, for all a« € F'. Thus
Fis a J-semi maximal filter.

Now, we show that J ¢ F. By contrary, suppose that Co—Ann(F) C F
and let 1 £ a € Co — Ann(F). Hence a € Fand aVt=1for allt € F.
Hence a Va = 1, as a result a = 1, which is a contradiction. Therefore F
is a NJ-semi maximal filter. O

COROLLARY 3.23. Let F,J € F(L). Then every filter F' of a semi-simple
BL—algebra L is a J-semi maximal filter or Co — Ann(F) = {1}.

PRrROOF: First, assume that Co — Ann(F) # {1}. By Proposition 3.22,
we conclude that there exists a filter J such that F' is a NJ-semi maximal
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filter. Now, suppose that F' is not a NJ-semi maximal filter in L. Again
by Proposition 3.22, we have L is not semi-simple or Co — Ann(F) = {1}.
By hypothesis L is semi-simple, hence Co — Ann(F) = {1}. O

4. Conclusions

The defined J-semi maximal filters exhibit a higher level of generality com-
pared to semi maximal filters. We have shown that every semi maximal
filter is a J-semi filter, and that every N .J-semi filter is also a J-semi filter.
Furthermore, it has been proven that every prime N.J-semi filter is a semi
maximal filter. We have established that the set of all J-semi filters forms a
lattice. A detailed investigation of these filters has been carried out within
various classes of BL-algebras. It has been proven that in any BL-chain,
each proper NJ-semi filter is a semi maximal filter. Moreover, it has been
demonstrated that if the intersection of two prime filters is an N.J-semi fil-
ter, then at least one of them must be a semi maximal filter. Additionally,
we have shown that a prime filter is a J-semi filter if and only if it is either
a semi maximal filter or contains the filter J. Finally, we concluded that
there exists a minimal prime filter above every N J-semi filter.

Next, we show a summary of the relationship between semi maximal filters
in a diagram.
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S:= Semi-Simple, Max:= Maximal filter, Min:= Minimal prime filter, T:=Trivial fil-
ter, J-semi:=J-semi maximal, NJ-semi:=J-semi maximal, semi:=semi maximal filter

Figure 3: The relationships between J-semi maximal filters and the other
filters in BL-algebras.

Acknowledgements. We sincerely thank the reviewers for their con-

structive comments.

References

[1] M. Bedrood, A. Borumand Saeid, A study of BL-algebras by co-zero divi-
sors, Journal of Algebraic Hyperstructures and Logical Algebras,

vol. 5(2) (2024), pp. 89-100.



A Special Semi Maximal Filter 217

2]

3]

[4]

[6]

[7]

M. Bedrood, A. Hassani Movahed, A. Borumand Saeid, On special classes
of prime filters in BL-algebras, Mathematica Slovaca, vol. 75(6) (2025),
pp- 1293-1304, DOI: https://doi.org/10.1515/ms-2025-0094.

L. C. Ciungu, Algebraic Models for Multiple-Valued Logics: State
and Convergences on Multiple-Valued Logics, Ph.D. thesis, Univer-
sity of Bucharest (2007).

F. Forouzesh, F. Sajadian, M. Bedrood, Inverse topology in BL-algebras,
Mathematical Researches, vol. 6(4) (2020), pp. 631-644, in Persian.

P. Hajek, Metamathematics of Fuzzy Logic, Kluwer Academic
Publishers, Dordrecht (1998), DOI: https://doi.org/10.1007/978-94-011-
5300-3.

A. Hassani Movahed, M. Bedrood, A. Borumand Saeid, Some results on
semi mazimal filters in BL-algebras, Journal of Mahani Mathematical
Research, vol. 13(4) (2024), pp. 131-141, DOI: https://doi.org/10.22103/
jmmr.2024.23561.1665.

A. Torgulescu, Algebras of Logic as BCK-algebras, Bucharest Uni-
versity of Economics, Bucharest (2008).

S. Motamed, L. Torkzadeh, A. Borumand Saeid, N. Mohtashamnia, Radi-
cal of filters in BL-algebras, Mathematical Logic Quarterly, vol. 57(2)
(2011), pp. 166-179, DOI: https://doi.org/10.1002/malq.201010003.

A. Paad, R. A. Borzooei, On semi mazimal filters in BL-algebras, Journal
of Algebraic Systems, vol. 6(2) (2019), pp. 101-116, DOI: https://doi.
org/10.22044 /jas.2018.6130.1305.

D. Piciu, Algebras of Fuzzy Logic, Editura Universitaria, Craiova
(2007).

E. Turunen, BL-algebras of basic fuzzy logic, Mathware and Soft Com-
puting, vol. 6 (1999), pp. 49-61.

E. Turunen, Mathematics Behind Fuzzy Logic, Physica-Verlag
(1999), DOI: https://doi.org/10.1007/978-3-7908-1875-9.

E. Turunen, Boolean deductive system of BL-algebras, Archive for
Mathematical Logic, vol. 40 (2001), pp. 467473, DOL https://doi.
org/10.1007/s001530100104.


https://doi.org/10.1515/ms-2025-0094
https://doi.org/10.1007/978-94-011-5300-3
https://doi.org/10.1007/978-94-011-5300-3
https://doi.org/10.22103/jmmr.2024.23561.1665
https://doi.org/10.22103/jmmr.2024.23561.1665
https://doi.org/10.1002/malq.201010003
https://doi.org/10.22044/jas.2018.6130.1305
https://doi.org/10.22044/jas.2018.6130.1305
https://doi.org/10.1007/978-3-7908-1875-9
https://doi.org/10.1007/s001530100104
https://doi.org/10.1007/s001530100104

218 Motahareh Atabaki, Mahta Bedrood, Fereshteh Forouzesh

Motahareh Atabaki

Department of Pure Mathematics and Calculations
Faculty of Mathematics

Higher Education Complex of Bam

Kerman, Iran

e-mail: atabaki.motahareh@gmail.com

Mahta Bedrood

University of Salerno

Department of Pure Mathematics

Via Giavanni Paolo 11 132 84084 Fisciano
Salerno, Italy

e-mail: mbedrood@unisa.it

Fereshteh Forouzesh

Department of Pure Mathematics and Calculations
Faculty of Mathematics

Higher Education Complex of Bam

Kerman, Iran

e-mail: frouzesh@bam.ac.ir

Funding information: No external funding was received for conducting this research.

Conflict of interests: The authors declare that they have no conflicts of interest
related to this work.

Ethical considerations: This research did not involve human or animal subjects, and
all general principles of research ethics were fully observed.

The percentage share of the author in the preparation of the work: Mota-
hareh Atabaki 30%, Mahta Bedrood 40%, Fereshteh Forouzesh 30%

Declaration regarding the use of GAI tools: No generative artificial intelligence
tools were used in the writing, analysis, or preparation of this manuscript.


atabaki.motahareh@gmail.com
mbedrood@unisa.it
frouzesh@bam.ac.ir



