Bulletin of the Section of Logic
Volume 54/3 (2025), pp. 407-446 C|O PE

https://doi.org/10.18778,/0138-0680.2025.14

Member since 2018
JM13707

Joao Rasga

Cristina Sernadas

FROM TRANSLATIONS TO NON-COLLAPSING
LOGIC COMBINATIONS

Abstract

Prawitz suggested expanding a natural deduction system for intuitionistic logic to
include rules for classical logic constructors, allowing both intuitionistic and clas-
sical elements to coexist without losing their inherent characteristics. Looking at
the added rules from the point of view of the Gédel-Gentzen translation, led us
to propose a general method for the coexistent combination of two logics when a
conservative translation exists from one logic (the source) to another (the host).
Then we prove that the combined logic is a conservative extension of the original
logics, thereby preserving the unique characteristics of each component logic. In
this way there is no collapse of one logic into the other in the combination. We
also demonstrate that a Gentzen calculus for the combined logic can be induced
from a Gentzen calculus for the host logic by considering the translation. This
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\begin {equation*}(\text {L}_{P_\It }) \quad \frac {\lnec ^\Sfour p^\Sfour ,\Gamma \to \Delta }{p^\It ,\Gamma \to \Delta } \qquad \qquad (\text {R}_{P_\It }) \quad \frac {\Gamma \to \Delta ,\lnec ^\Sfour p^\Sfour }{\Gamma \to \Delta ,p^\It }\end {equation*}
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\begin {equation*}(\text {L}_{\lposs ^\Sfour }) \quad \frac {\beta ,\lnec ^\Sfour \Gamma \to \lposs ^\Sfour \,\Delta }{\lposs ^\Sfour \beta ,\Omega ,\lnec ^\Sfour \Gamma \to \lposs ^\Sfour \, \Delta ,\Lambda } \qquad \qquad (\text {R}_{\lposs ^\Sfour }) \quad \frac {\Gamma \to \Delta ,\beta ,\lposs ^\Sfour \beta }{\Gamma \to \Delta ,\lposs ^\Sfour \beta }\end {equation*}
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\begin {equation*}(\text {Ax}) \quad p,\Gamma \to \Delta ,p \quad \quad (\text {Ax}_{{\sim }^{\J _3}}) \quad {\sim }^{\J _3} p,\Gamma \to \Delta ,{\sim }^{\J _3} p\end {equation*}


\begin {equation*}(\Ax _{\to {\sim }^{\J _3}}) \quad \Gamma \to \Delta , p,{\sim }^{\J _3} p\end {equation*}


\begin {equation*}(\text {L}_{{\lneg }^{\PL }}) \quad \frac {{\sim }^{\J _3}(({\sim }^{\J _3} \beta ) \limp ^{\J _3} \beta ),\Gamma \to \Delta }{{\lneg }^{\PL }\beta ,\Gamma \to \Delta } \qquad (\text {R}_{{\lneg }^{\PL }}) \quad \frac {\Gamma \to \Delta ,{\sim }^{\J _3}(({\sim }^{\J _3} \beta ) \limp ^{\J _3} \beta )}{\Gamma \to \Delta ,{\lneg }^{\PL }\beta }\end {equation*}


\begin {equation*}(\text {L}_{{\limp }^{\PL }}) \quad \! \!\!\frac {(({\sim }^{\J _3} \beta _1) \limp ^{\J _3} \beta _1) \limp ^{\J _3} \beta _2,\Gamma \to \Delta }{\beta _1{\limp }^{\PL } \beta _2,\Gamma \to \Delta }\end {equation*}


\begin {equation*}(\text {R}_{{\limp }^{\PL }}) \quad \!\!\!\frac {\Gamma \to \Delta ,(({\sim }^{\J _3} \beta _1) \limp ^{\J _3} \beta _1) \limp ^{\J _3} \beta _2}{\Gamma \to \Delta ,\beta _1{\limp }^{\PL } \beta _2}\end {equation*}


\begin {equation*}(\text {L}_{{\limp }^{\J _3}}) \quad \! \!\!\frac {\beta _2,\Gamma \to \Delta \quad \Gamma \to \Delta ,\beta _1}{\beta _1{\limp }^{\J _3} \beta _2,\Gamma \to \Delta } \quad \quad (\text {R}_{{\limp }^{\J _3}}) \quad \!\!\!\frac {\beta _1,\Gamma \to \Delta ,\beta _2}{\Gamma \to \Delta ,\beta _1{\limp }^{\J _3} \beta _2}\end {equation*}


\begin {equation*}(\text {L}_{{\lconj ^{\J _3}}}) \quad \! \!\!\frac {\beta _1,\beta _2,\Gamma \to \Delta }{\beta _1{\lconj ^{\J _3}} \beta _2,\Gamma \to \Delta } \quad \quad (\text {R}_{{\lconj ^{\J _3}}}) \quad \!\!\!\frac {\Gamma \to \Delta ,\beta _1 \quad \Gamma \to \Delta ,\beta _2}{\Gamma \to \Delta ,\beta _1{\lconj ^{\J _3}} \beta _2}\end {equation*}


\begin {equation*}(\text {L}_{{\ldisj ^{\J _3}}}) \quad \! \!\!\frac {\beta _1,\Gamma \to \Delta \quad \beta _2,\Gamma \to \Delta }{\beta _1{\ldisj ^{\J _3}} \beta _2,\Gamma \to \Delta } \quad \quad (\text {R}_{{\ldisj ^{\J _3}}}) \quad \!\!\!\frac {\Gamma \to \Delta ,\beta _1,\beta _2}{\Gamma \to \Delta ,\beta _1{\ldisj ^{\J _3}} \beta _2}\end {equation*}


\begin {equation*}(\text {L}_{{\sim }^{\J _3}{\sim }^{\J _3}}) \quad \! \!\!\frac {\beta ,\Gamma \to \Delta }{{\sim }^{\J _3}{\sim }^{\J _3} \beta ,\Gamma \to \Delta } \quad \quad (\text {R}_{{\sim }^{\J _3}{\sim }^{\J _3}}) \quad \!\!\!\frac {\Gamma \to \Delta ,\beta }{\Gamma \to \Delta ,{\sim }^{\J _3}{\sim }^{\J _3}\beta }\end {equation*}


\begin {equation*}(\text {L}_{{\sim }^{\J _3}{\limp }^{\J _3}}) \quad \!\!\!\frac {\beta _1,{\sim }^{\J _3} \beta _2,\Gamma \to \Delta }{ {\sim }^{\J _3}(\beta _1 {\limp }^{\J _3} \beta _2),\Gamma \to \Delta }\end {equation*}


\begin {equation*}(\text {R}_{{\sim }^{\J _3}{\limp }^{\J _3}}) \quad \!\!\!\frac {\Gamma \to \Delta ,\beta _1\quad \Gamma \to \Delta ,{\sim }^{\J _3}\beta _2}{\Gamma \to \Delta ,{\sim }^{\J _3}(\beta _1 {\limp }^{\J _3} \beta _2)}\end {equation*}


\begin {equation*}(\text {L}_{{\sim }^{\J _3}{\lconj }^{\J _3}}) \quad \! \!\!\frac {{\sim }^{\J _3}\beta _1,\Gamma \to \Delta \quad {\sim }^{\J _3}\beta _2,\Gamma \to \Delta }{{\sim }^{\J _3}(\beta _1 {\lconj }^{\J _3} \beta _2),\Gamma \to \Delta }\end {equation*}


\begin {equation*}(\text {R}_{{\sim }^{\J _3}{\lconj }^{\J _3}}) \quad \!\!\!\frac {\Gamma \to \Delta ,{\sim }^{\J _3}\beta _1,{\sim }^{\J _3} \beta _2}{\Gamma \to \Delta ,{\sim }^{\J _3}(\beta _1 {\lconj }^{\J _3} \beta _2)}\end {equation*}


\begin {equation*}(\text {L}_{{\sim }^{\J _3}{\ldisj }^{\J _3}}) \quad \! \!\!\frac {{\sim }^{\J _3}\beta _1,{\sim }^{\J _3} \beta _2,\Gamma \to \Delta }{{\sim }^{\J _3}(\beta _1 {\ldisj }^{\J _3} \beta _2),\Gamma \to \Delta }\end {equation*}


\begin {equation*}(\text {R}_{{\sim }^{\J _3}{\ldisj }^{\J _3}}) \quad \!\!\!\frac {\Gamma \to \Delta ,{\sim }^{\J _3}\beta _1\quad \Gamma \to \Delta ,{\sim }^{\J _3}\beta _2}{\Gamma \to \Delta ,{\sim }^{\J _3}(\beta _1 {\ldisj }^{\J _3} \beta _2)}\end {equation*}
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approach applies to semantics as well. We then establish a general sufficient
condition for ensuring that the combined logic is both sound and complete. We
apply these principles by combining classical and intuitionistic logics capitaliz-
ing on the Godel-Gentzen conservative translation, intuitionistic and S4 modal
logics relying on the Goédel-McKinsey-Tarski conservative translation, and clas-
sical and Jaskowski’s paraconsistent logics taking into account the existence of a
conservative translation.

Keywords: non-collapsing combination of logics, conservative translation, conser-
vativeness of the combination, Gentzen calculus.

2020 Mathematical Subject Classification: 03B22, 03B62, 03B20, 03B45, 03B53.

1. Introduction

The question of multiple logics coexisting has been addressed by numerous
scholars. For example, Quine argues in Chapter 6 of his work [27] that
there is no actual conflict between two logics, even when they contain
constructors with the same name but differing properties. According to
Quine, these constructors are essentially referring to different entities. This
viewpoint is also held by other academics, such as Dummett [11], who
argues that any apparent contradictions between the principles of different
logics stem from the distinct interpretations assigned to their constructors.

Several methods have been proposed for combining logics. The initial,
widely recognized method for combination is known as fusion. This ap-
proach integrates modal operators within the structure of classical propo-
sitional logic, as elaborated in the works of [33, 19]. Fibring represents a
broader strategy for merging logical systems by joining their language con-
structors and inferential rules, and by choosing a suitable class of models,
a process elaborated upon in [13]. Additionally, categorical approaches to
logic combination, such as institutions, 7w-institutions, and general systems,
have been discussed in a range of studies [16, 12, 22, 17, 35, 7].

Some of the combination mechanisms previously mentioned were unsuc-
cessful in achieving the intended coexistence of logics while preserving their
intrinsic properties. This issue was initially pointed out by Popper [25] and
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subsequently in [13], who observed that when the rules of classical and in-
tuitionistic logic are merged, intuitionistic logic is collapsed into classical
propositional logic. Various solutions have been proposed to address this
issue [5, 4, 26]. A broader approach to resolving the problems associated
with the collapsing of logics during fibring was developed in [32].

In [26] a novel proposal for the coexistence of intuitionistic and classi-
cal logic was introduced. A comprehensive examination of this proposal is
detailed in [23, 24] where a Gentzen calculus, under the name Ecumeni-
cal sequent calculus system, was given and a cut elimination theorem was
stated. Moreover, the semantics was provided and soundness and com-
pleteness were analyzed. The concept of coexistence was further expanded
to the coexistence of intuitionistic and S4 modal logics in [29]. This work
includes a proof that there is no collapse in the combination of these two
logics by showing the conservativeness of the combination.

Upon examining these works in detail, we recognized the significance of
the Gentzen-Godel translation and the Godel-McKinsey-Tarski translation
in shaping the logics that emerge from these combinations. Herein, we
generalize this approach and introduce a universal technique for combining
two logics linked by a conservative translation, ensuring that they coexist
in the combination without collapsing into one another.

We present a Gentzen calculus designed for the coexistent combination
of two distinct generic logics connected through a translation. This calcu-
lus encompasses the axioms and rules of the host logic, that is, the target
logic of the translation, and additionally introduces rules that delineate the
representation of the source logic’s constructors guided by this translation.
Subsequently, we introduce a semantics for this combination and demon-
strate that the resulting logic is a conservative extension of the individual
component logics. In this way both logics coexist in the combination with-
out collapsing. Then, we establish the soundness and completeness of the
combined logic under mild conditions thus showing that the calculus and
the proposed semantics are in concordance.

Throughout the paper we present various examples. Specifically, we ex-
plore the combination of classical and intuitionistic logics via the Gentzen-
Godel conservative translation, the merger of intuitionistic and S4 modal
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logics through the Goédel-McKinsey-Tarski conservative translation, and
the join of classical logic with Jaskowski’s paraconsistent logic.

The structure of the paper is organized as follows: Section 2 introduces
the concepts of signatures, languages, and the translation of symbols be-
tween different logical systems. It also presents the concept of algebras of
maps, accompanied by a variety of examples. Section 3 is dedicated to
defining the coexistent combination of logics through translations, specif-
ically within the framework of Gentzen calculi. This section begins with
a review of the fundamental concepts of sequent calculi before detailing
how the Gentzen calculus for a coexistent combined logic is formulated by
augmenting the host logic’s Gentzen calculus with additional rules that re-
flect the translation of the non common constructors of the source logic.
Throughout, we present several examples of such combined logics. Further
analysis of coexistence is conducted in Section 4. This section focuses on
conservative translations at the semantic level and provides multiple ex-
amples to illustrate this notion. Leveraging the conservative nature of the
translation, we demonstrate that the coexistent combined logic serves as
a conservative extension of the individual component logics leading to the
non-collapsing feature. Section 5 begins with a review of semantic concepts
pertinent to sequents. Subsequently, we establish the soundness and com-
pleteness of the logic resulting from the coexistent combination, assuming
mild conditions on the host logic. The paper culminates with a summary of
the principal results and provides an outlook on future research directions
that merit exploration.

2. Symbolic translations

The idea of translating one logic to another has some tradition in logic
(see [15, 21]). In some cases properties of the target logic can be transferred
into the source logic in the presence of a translation (see [10, 2, 30, 28]).
In this section we define translations at the level of symbols and then
formulas. We start by introducing the relevant syntactic aspects of a logic.
A signature for a logic L is a family Cr = {C , }neny wWhere each Cr,, is
the set of constructors of arity n. The language or set of formulas of a logic
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L with signature Cz denoted by F is inductively defined from {Cr ,, }pen+
over Cr ¢ and a denumerable set P of propositional symbols. In the sequel
we only present the non-empty sets of constructors of a signature. More-
over, we denote by C, U P, the enrichment of C with the propositional
symbols in P, as O-ary constructors.

Ezample 2.1. The intuitionistic (propositional) logic J has the following
sets of constructors Cjg = {1'}, Cyj1 = {~} and Cjo = {A), V), D'}, A

The translation of a constructor in the source logic can be a complex
expression involving several constructors in the target logic. In order to
present such complex expressions we need a richer language namely with
projections and aggregations besides composition. We now present such
operations in a general context.

A (n,i)-projection over a set A is a map

pr: A" — A

such that pl’(ai,...,a,) = a; for 1 <4 < n. Observe that p} is the identity
map over A. Moreover, given sets A, Bi,...,B, and maps f; : A —
Bi,..., fn: A— B,, the aggregation of fi,..., f, is the map

<f1,...,fn> IA—)Bl X oeee XBn
such that (f1, ..., fa)(@) = (f1(a),... fn(a)).

We may look at each constructor ¢ € C,, as the map
¢ Fp — Fr

with n arguments such that ¢*(¢1,...,¢0n) = c(¢1,-..,¢n) for n > 1 and
¢®* = ¢ when ¢ € Cr. Moreover, a propositional symbol p can be seen as
the map p® : — F with no arguments such that p®* = p. We denote by

Cin
the set {¢*:c € Cr,} and by P} the set {p*®:p € Pz}. So we define
A
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as the algebra of maps generated by C7, for n > 1 over C7 U P} closed
by composition, aggregation and projection.

Ezample 2.2. Consider Example 2.1. Observe that
Ao (=" 0pi,p3) € A
is such that A?* o (=7° 0 p2, p3) (1, v2) = (1) A @a. Moreover
Ao (=%, pl) € A
is such that A?* o (=1° p1)(¢) = (= @) A . A
A constructor translation from a logic £” to a logic £’ is a map
Fen_ypr 2 Cpn U Ppin — Aps
such that
o Tpiu_ypr is injective
o 7riu_ypr(c’) is a map with n arguments for every ¢’/ € Cpr
o 7Triu_yp(p”) is a map with no arguments for every p” € Ppr

o Trn_pi(c") =c* for every ¢ € Cring and for some ¢ € Crrg

o p' occurs in Teno oo (p”) and v (q") = [Fons o (p”)] for every
p",q" € Prv and for some p’,q" € Pr
where [Tzr_ (p”)]f;: is obtained from 7,/_ ./ (p"”) by replacing p’
by ¢'.
Ezxample 2.3. Consider Example 2.1 for the signature of logic J. Herein we

consider classical (propositional) logic CL endowed with the following sets
of constructors Ccp o = { L}, Cerq = {=} and Ccp o = {ACH Vv DCL)
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The constructor translation 7¢| _,j from CL to J is defined as follows:

JACHN Y
1% = 1

NG RN _Je

ACL Al®

vk %o A% <ﬁJ°,ﬁJ'>

SCL Ly o a®s <p% ﬁJ'>
As we shall see below this translation corresponds to the well known Gddel
translation (see [15]). A

A constructor translation induces a formula translation map
T 2 Fen — Fro
inductively defined as follows
o Toi_yp () =Tpin_p(c") for every ¢’ € Crig
o T (P7) = T (p7) for every p” € Pro

o s (0, n)) = Torae () (T (1), T (07)
for every ¢’ € Cri .
The next result follows immediately since 7z~ _, ¢/ is injective.
PROPOSITION 2.4. The map 7, _, .+ is injective.
We now present several running examples of translation maps.

Example 2.5. Consider Example 2.3 for the signature of logics CL and J
and for the constructor translation 7¢ _.j. The formula translation map
TcL—sy induced by 7cp_,j is inductively defined as follows:

o TeLi(ph) = =P

o TeLsy(Lh) =1
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o Tetsa (%) = e (e)
o et (o1 AN 92) = Teou(p1) A Tei—u(2)
o TeLsi(p1 VE @2) = 2 (F s (1)) A (H e (92))

o Teioa(1 D o) = Y (Tasa (1) A (e (92)).
Observe that 7¢ ) is the well known Gddel translation (see [15]). A

Alternatively we could have used the following constructor translation:

Pt e Y
RN ek
BRI _Je

ACL A°®

VL %o Al o (30, %)
SC ~Je

which induces the Gentzen translation (nowadays known as Gédel-Gentzen
translation see [14]).

Example 2.6. Consider Example 2.1 for the signature of J. Assume
that modal logic S4 is endowed with the following sets of constructors
Csqo = {J_S4}, Csq41 = {_‘54,|:|54,<>S4} and Csyqo = {/\54,\/54,354}. The
constructor translation denoted by 7)_,s4 is defined as follows:

pJ — |:|S4' ° pS4°
e 154°
) [S4t o -S4t
A AS4°
vl \/54°

5 |:|S4'ODS4‘

The formula translation 7)_,s4 induced by 7;_s4 is inductively defined as
follows:
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o Tinsa(p?) = O%p>

o Tissa(Lld) = 1%

(
(

o Tinsa(—r0) = 0541 sa(p)

o Tunsa(pr A ga) = Tissa(p1) A e (p2)
(

o Tinsa(or VDo) = Tissa(i1) Vo TcL—i(p2)

o Tinsa(pr D7 ) = 0% (1yms4(p1) D el i(2)).

This map is the well known Gddel-McKinsey-Tarski translation (see [31,
21]). A

Ezample 2.7. Suppose that classical logic CL and Jaskowski’s paraconsis-
tent logic J3 are endowed with the following sets of constructors CcL1 =
{=} and Ccro = {D}, and Oy, 1 = {~2} and Cj, o = {A2, V3, DI},
respectively. The constructor translation denoted by 7cL_.j, is defined as
follows:

Lo p

S ato e (o, pl)

J3®

S ¥ 0 (09 0 (~25° 0 p2, p2), p2).

The formula translation 7c| ), (see [9, 8, 10, 3]) induced by 7cL—j, is
inductively defined as follows:

o Tcloy, (pCh) = p’
CL .\ . Js(( Js Js
o Tel—s (TTp) = A~ (T, (9) D7 Tt a5 ()
o T, (P10 02) = (1o, (01)) D% ey, (91)) DY e o, (92).
A

3. Gentzen calculus for the combined logic

In this section we explain how to obtain a Gentzen calculus for the coexis-
tent combination of logics related by a symbolic translation. We start by
providing some relevant concepts related to Gentzen calculi (see [34]).
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A sequent over a logic L is a pair (I, A), denoted by I' = A, where I’
and A are finite multisets of formulas in Fz. A rule is a pair composed by
a finite set of sequents, the premises, and a sequent, the conclusion, that
we denote by

Fl — Al s Fn — An
r—A

An aziom is a rule without premises either of the form

p,I'—= Ap
called (Ax), or of the form
ci(p), I = A, ei(p)
called (Ax,,), or of the form
' — A p,ci(p)
called (Ax_,), or of the form
1. I'—= A

called (Ax,) where p € Pz, L € Cro and ¢; € Cr1. A left rule for a
constructor ¢ € Cr,, with n € N denoted by L. is a rule with conclusion of
the form

C(ﬁl?"'aﬂn)7r_>A

and a right rule for ¢ denoted by R, is a rule with conclusion of the form

I'= Aje(Br,---, Bn)-

Furthermore, a left rule for constructors ¢; € Cr1 and ¢ € Cp,, withn € N
denoted by L., . is a rule with conclusion of the form

01(0(617"'7671)),1—‘ — A

and a right rule for ¢; and ¢ denoted by R.,. is a rule with conclusion of
the form
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I'— Aacl(c(ﬂla"'aﬁn))

and we assume that there are no left and right rules for c;.

Moreover we say that rules for ¢ and ¢, c are strictly self-contained when-
ever their premises only contain formulas in {81, ..., 3,} besides T and A.

A Gentzen calculus G, for L is composed of a finite set of axioms and
a finite set of left and right rules such that (Ax.,) is present if and only
if (Ax_,) is present. When all the rules for the constructors are strictly
self-contained we say that G, is also strictly self-contained.

A derivation for ¥ — A in G, is a sequence ¥ — Ay ...V, = A, such
that U1 - Ajis¥ - Aandfor j=1,....n

o cither ¥; — A; is an instance of an axiom

e or ¥; — A; is the conclusion of an instance of a rule and the premises
appear from j + 1 to n.

When there is a derivation for ¥ — A in G, we may write
|—G£ ¥ — A.
We say that ¢ is a theorem in L, written

Fco

whenever Fg,. — ¢.

Let 7 be a constructor translation from Cy» U Prv — Apr. It is con-
venient for defining the coexistent combination that the constructors of
L"” and L' related by 7 have the same name in each of the component
logics. We say that ¢’ € Cprny, is T-identified with ¢ € Cr/,, whenever
#(c") = ¢*. Similarly for the propositional symbols. In this case we use
the same symbol for referring to both ¢ and ¢’ in each of the logics and
redefine 7 accordingly.

Ezample 3.1. Recall Example 2.5. Then taking into account 7¢c _j, we
assume that CL and J have the signatures and sets of propositional symbols
as follows:
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o P

e Ccro={Ll}, CcL1={"}and Cc s = {A, D, v}
. P

e Cjo={Ll},Cyy ={}and Oy = {A,D?,V'}

Moroever the constructor translation 7¢ . is now as follows:

[N o0 op®
R L*
- — -®
A A®

\/CL = —*oA®o <_|o7_‘->

O 1 —*oA®o(p?,—°)

A

We now discuss the renaming of the symbols for the coexistent combi-
nation of J and S4 induced by 7;_.s4.

Ezxample 3.2. Consider Example 2.6. Then taking into account 7)_,s4, we
suppose that J and S4 have the signatures and sets of propositional symbols
as follows:

. P

e Cjo={Ll},Cyy ={""}and Cj3 = {A, D, V}

o Psy

o Csqo={L}, Csqq = {—>%,0%, 0%} and Cs42 = {A, D% V}.

Moreoever, the constructor translation 7)_.g4 is redefined as follows:
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pJ s[4 OpS4°
1 - 1
o [s4t o -S4t
A A®
Voo \Yas
5 %4 o D54'

A

Finally, we discuss the renaming of the symbols for the coexistent com-
bination of CL and Jz induced by 7ci—J,.

Ezample 3.3. Consider Example 2.7. Then taking into account 7¢|_,j,, we
assume that CL and Js are defined over the following signatures and sets
of propositional symbols

e Pc| is a denumerable set P of propositional symbols
. CCLl = {ﬂCL} and CCL2 = {DCL}
. PJ3 is P
. CJ3 1= {NJB} and CJ32 = {/\JS, DJS,\/JS}.
Moreover, the constructor translation 7¢i—j, is redefined as follows:
p = p°
ﬁCL —> NJ3. (e} DJS. o <NJ3.’ p%>
O = DBTo (D80 (B opt,pl), p3).
We now define the logic
£// |_|7— [:/

resulting from the coexistent combination of £” and £’ induced by 7. We
start by defining the set of formulas of the coexistent combined logic. The
set of propositional symbols

P[:” Uy £
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is Pgs and the family Crrv g/ of constructors is such that
Crriu,ero=CrroUCrioU (P \ Prr)
and

Cervi.prn=CprnUCpy forne NT.

Example 3.4. Recall Example 3.1. Then the set of propositional symbols
Peru,
is Py and the family of constructors is
e Coru,yo={L}UPc
e Cou,u1=1{"}
e CcLu, g2 ={A, D,V DI VL A
Given a Gentzen calculus Gz for logic £', the Gentzen calculus
Geru, o

for the coezistent combination of £"” and L' induced by 7 is composed of
the rules of G,/ plus the following rules

7(p"), T = A ' — A 7(p")

L
(Lre) =TSR Reen) TR 7

for each p” € Pp» whenever Ppi # Pps, and the rules

7’\-(0//)(51,. . '7/8n)ar — A
C//(ﬂla s 7Bn);l—‘ — A

for each ¢’ € Cpriyy \ Cpr .
Note that we can instantiate B1, ..., 8y in the rules of Gz in Gz, 2/

with formulas of Fg»(,_,/. Observe that propositional symbols and con-
structors cannot be instantiated.

L= A7(") (B, - - - Bn)

(Lerr) I'— A "By, 0n)

(RC”)
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Ezample 3.5. Consider Examples 3.1 and 3.4 and the strictly self-contained
Gentzen calculus Gj (see [34]). The Gentzen calculus

GerLu,

for the coexistent combination of CL and J induced by 7¢|_,; is composed
of the following axioms

(Ax) p',T—p’ (Axy) LT =38

and the following rules

—=pl, T =8 I ———-p’
(LPCL) chp’Fi_)ﬁ (RPCL) 1—\_>pczj
-5 68,0 — L
RN = A Sk
Bi, B2, T = B F—=p TI'=pB
N AT = 53 R TS A 55
(Lya) “((—B1) A (—B2)), I — B (Ryet) ' = =((= 1) A (= B2))
v B1 VEE By, T — 3 v T — B; VL B,
~(B A (7 52)),T — B T — —(81 A (= 5s))
(bo) =5 S ,r 5 e
BlaF%ﬁ ﬁ27r_>ﬂ F_>ﬂ .
R RVEy gy Rv)) ropvig =12
B1 D3 B, T — By B2, — B b1, T — Ba
(E>) B 23 By, T = 3 R P55
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Ezample 3.6. Recall Example 3.5. The following sequence

1. —)(—\—\pJ) S p! R-a 2
2. 5 ~((~-p)A(-p) R-3
3. (mp)A(=p) =L LA4
4. --plopl - L L.5
5. —p) — —p? R- 6
6. p',—p’ = L L. 7
7.9 = p’ Ax

is a derivation for F¢cpy_j (—=—p?) D p’. The following sequence

L= (pl D' pd) 2 (pI D pd) Ry 2
2. pt D' py = pl D% R-a 3
3.m D'y = (i A(mp3)) R4
4. pIA(p)pi D'py = L Lah
5. p1,p3,pl D' py — L L., 6,7
6. p1,~p3,p1 D' p3 — M Ax
7. p3 1Py — L L. 8
8. p3,p1 — P Ax
is a derivation for ¢y (pf D7 p3) D! (p D p3). A

Example 3.7. Consider the strictly self-contained Gentzen calculus Gsg
(see [34]). Recall Example 3.2. The Gentzen calculus

Gy, s4
is composed of the following axioms:

(Ax) p> T — A p™* (Ax;) LT —=A
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and the following rules:

423

DS4pS4,F—>A F—)A, DS4pS4
(LPJ) pJ,F—>A (RPJ) 1—!_>A7p_j
(L ) DS4ﬁS4ﬂ,F*>A (R ) F%A,DS“ﬁS“ﬂ
7SI s A 7 T Ap
(Ln) 81,82, — A (R,) I'—>AB T'—=A/pS
MOBIABT = A " T — A B A B
(L J) DS4(ﬂ1 354 ﬂ?)aF*}A (R J) F*}A?DS‘l(ﬂl 354 52)
> B1 DI B2, T — A > I = A, B D!
(L ) ﬁlaF%A 627F_>A (R ) F_>A’ﬁl7ﬁ2
v 1V p2, I' = A YT A BV B,
I'—ApB 6,0 = A
b= ST oa R N
(L) = A, B B2, I = A (Ros) B1,I' = A, Ba
> p1 D% By, T — A . [ — A, B D% B,
(L) B,0%B8,T — A (Ros) 0D — 05 A, B

Os468,T — A

Q, 05T — 0S4 A, A, 0543
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w B, 0T — 05 A I — A, B,0%8
o) 55150, 0T 5 0 AL A Ros) TR 655 A
Ezample 3.8. Recall Example 3.7. Then the sequence

L = (=) 2! (=) Roy 2

2. > D) 2% (=>*p)))  Rps3

3. — (ﬁJ pJ) 5S4 (ﬁS4pJ) Ross 4

4. = pl = =54p? R_s: 5

5 p,-p) = L., 6

6. p DS4 —Shp) Los 7

7. =4 p) pt O =4 p) L_s: 8

8. p? DS4 —S4p) ) Rp, 9

9. J (054 =S4 ) _y [154pS* Lp, 10

10. DS4 S4 354 =S4 )y 054pS* Ry 11

11. DS4pS4’DS4 St ) _y 4 Lose 12

12, % O%4pS 094 =S4 ), pS%  Ax
is a derivation for Fj,_s4 (=7 p?) D7 (=54 p”). A

Example 3.9. Consider the strictly self-contained Gentzen calculus Gj,
(see [1]). Recall Example 3.3. The Gentzen calculus

GeLu, Js
is composed of the following axioms:
(Ax) p,T—=Ap  (Axus) ~2p,T = A~p

(AX—>~J3) F — Aap7 NJgp
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and the following rules:

NJB((NJsﬁ) DJ3 B),F — A R T — A7NJ3((NJ36) DJ3 B)
ﬁCLB’F%A ( ﬁCL) F—)A,ﬁCLﬂ

(L_\CL>

(Loa) ((~1281) DY 1) D¥2 B, T — A
ot 1D By, T — A

I — A, ((~81) D% 1) O 8,

(Roe) T — A, B0
Bo,I' = A T'— A B B1, I = A, Ba
(L) Ron) s~ 72—
B12% 3y, = A L' — A, 51D%5,
61)527F_>A ]-—‘_>A761 F_>A752

Cns) gmgr=a B “TF oA BAE

(LJ) 6171—‘_>A BQ)F%A ( J) F_>A7ﬁla62
v BV By, T — A VEUT = A BV,

BT — A I'— A B
(L~J3NJ3) NJ3NJ3ﬂ,F—)A (RNJ3NJ3) F%A,thhﬂ

(L ) Br,~2 85, T — A
NJS:)J3 NJ3(613J362),F N A

F—>A,ﬁ1 F—)A,NJe’ﬂQ
[ — A, ~J2(81D%6,)

(Rss5is)
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NJsﬂl,F%A NJSﬂQ,F—)A
~s (BN 62), T — A

(LNJ3 A3 )

r— A7 NJ3517 NJSﬁQ
[ — A, ~J3 (81N 8s)

(RNJ3 AJ3 )

~ By, ~ 3, T = A
~3(B1vI6y), T — A

(LNJ3 \VAE} )

I —» A7NJ351 F—>A,NJ3,82
L — A~ (V22 8,)

(Rssvss)

Example 3.10. Recall Example 3.9. The following sequence
— p Vs =ty Ry 2

— p,=p Roa 3

= p,~((~Bp) D% p) R 45

= p,~Pp Ax_,

CL e wo =

— D, NJsp AXH~J3

is a derivation for Fc .y, p vis Clp, A
The reader may wonder about the conservativity and the extensivity of
the coexistent combination. That is,

e is it the case that a theorem/validity in £’ is a theorem/validity in
£ L7
(extensivity for L)

e is it the case that a theorem/validity in £” Li; £’ is a theorem/validity
in L£'?
(conservativity for L)

The same questions can be asked with respect to £”.
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In this section we show that this is the case for theoremhood in £’. This
is expected because L£” L, L' is defined taking as host £'. With respect
to £” note that so far the translation does not impose any relationship
(semantic or deductive) between £” and L’. Therefore no properties of £”
are reflected in the combined logic. We address this problem in the next
section by considering richer translations.

We start by stating an important result on preservation of sequent
derivations from Gg to Ggry, 7. The result follows straightforwardly
since a derivation in G, is also a derivation in G,/ taking into ac-
count that the rules in Gz are in Gz, 2.

PROPOSITION 3.11. Let W' A" C Fg/ be such that Fq,, ¥ — A’. Then
|_GL”uT o v A

Extensivity for £’ is an immediate corollary of the previous proposition.
COROLLARY 3.12. Let 90, € Fr/ be such that F .. (pl. Then U, L’ (pl.

For addressing conservativity we need an auxiliary definition and some
auxiliary results. Given 7,~_, 0/, we inductively define the map

U Feno, oo — Fro
as follows
o 1,(") = 7(c") whenever ¢’ € CpirgU Prr
e 1u(cd") = ¢ whenever ¢ € CrroU Pp
o (" (P15 50n)) =7 (Tu(p1), - -, Tu(pn)) whenever ¢/ € Crry,
o (c (01, y0n)) = (Tu(w1), ..., Tu(pn)) whenever ¢’ € Cpry,.

The following result follows straightforwardly by induction.

PROPOSITION 3.13. The map 7, is injective. Moreover 7,(¢") = 7(¢")
and 7,(p’) = ¢’ for every ¢” € Frn and ¢’ € Fpi.

PRrROPOSITION 3.14. Let G,/ be a strictly self-contained Gentzen calculus.
Then tg,,, ., ¥ — A whenever FGon o u(P) — 7u(A) for every
WA C Froy o,
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Proor: Let ¥; — A;... ¥, — A, be a derivation for 7,(¥) — 7,(A) in
Ggor 1, . The proof follows by induction on n.

(Basis) n = 1. Then ¥y — A; is an axiom of G./. There are four cases to
consider.

(Ax) There are ¢1,p2 € Frry, ¢ such that 7,5(p1) = mu(p2) € (%) N
7u(A) is a propositional symbol. Therefore ¢ and @2 are propositional
symbols by definition of 7,. Moreover, by injectivity, ¢1 = w9 and 1 €
UNA. So¥ — Ais also (Ax).

(Axcr) There are @1, p2 € Frryy, o such that 7,(p1) = 7u(p2) = ¢1(p') €
75(¥) N 75 (A). Furthermore 7,(c} (p')) = ¢4 (p'). So by injectivity we have
o1 =2 =ci(p') € YNA. Thus ¥ — Ais (Axy).

(Ax_,) There are ¢1,p2 € Frvy, ¢ such that 75(p1) = p/, 7u(p2) =
ci(p') are in 75(A). So p1 = p’ and ¢y = ¢} (p’) are in A by injectivity of
7y. Thus ¥ — A is an instance of (Ax_,, ).

(Ax)) L € 7,(¥). Then there is ¢y € ¥ such that 7,(co) = L. On the
other hand 7,(L) = L. So, by injectivity of 7, ¢p is L. Hence ¥ — A is
an instance of (Ax, ).

(Step) Tu(¥) — 74(A) is the conclusion of a rule r’ in G2/ with premises in

i1,..., 0k € {2,...,n}. Assume without loss of generality that ' was ap-
plied to 7,(¢(p1, ..., ®n)) on the right hand side of the sequent. Thus the
conclusion of 7’ is a sequent of the form 7,(¥) — 7,(A7), 1L (c(@1, - - -, ©n))-

There are several cases to consider.
(1) Suppose that ¢ € Cprp. Then 7,5(c(@1, ..., 0n)) is c(tu(e1)s - - -, T (Pn))-

Therefore each premise W;; — A;; is of the form 7,(I';;) — 7,(A4;) since

r’ is strictly self-contained. So by the induction hypothesis
FGﬁ// Y Fij — A’L7

for j = 1,...,k. Hence we can apply r’ to conclude ¢, e v —

A_7C(<p1’ ctt wn).
(2) Assume that ¢ € Crrp \ Cpr . Then 1(c(p1, ..., 0n)) is

7(@)(uler), - - wlen))-
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Consider two cases.
(a) Rule 1’ is applied to the first constructor ¢’ of 7(¢). Thus each premise
Ui, — Ay, is of the form 7,(T';;) — 7u(4;;) since 7' is strictly self-
contained. Therefore by the induction hypothesis Fg o e iy = A,
for j = 1,...,k. Hence we can apply 7’ and obtain Fq_,, T
A=, 7(c)(p1,---,pn). So by using rule R, we conclude Fapny o ¥
A e(p1, - vy on).

(b) Rule ' is applied to the first two constructors c¢jc¢’ of 7(¢). Thus
each premise W;, — A;; is of the form 7,(I';;) — 7u(A,) since 77 is
strictly self-contained. Therefore by the induction hypothesis Fq,,

ur £’
Ty, — A, for j = 1,..., k. Hence we can apply r’ and obtain Fa,,
W' A #e)(p1, - on). S0 by rule R we conelude Fa,, ¥
A7 e(p1,. s n). -

Conservativity with respect to £’ of the coexistent combination is a
corollary of the next result taking into account Proposition 3.13.

ProposITION 3.15. Let WUA C Frrvy,y, g. Suppose that G/ is strictly
self-contained. Then

Fapny o ¥ — A ifandonly if kg, u(P) = Tu(A).

Proor: (—) Let ¥1 — A;...¥,, — A, be a derivation for ¥ — A in
G, . The proof follows by induction on n.

(Basis) n = 1. Then ¥; — A; is an axiom in Ggr (. o. There are sev-
eral cases to consider but they are shown in a similar way and so we just
prove (Ax). In this case there is p’ € Pz such that p’ € U3 N A;. Hence
p' € 1u(¥1) N7u(Ag) since 75(p") = p'. So 74(¥1) — 7u(A1) is an axiom
(Ax).

(Step) There are several cases to consider.

(1) Uy — Ay is the conclusion in Frr (g0 of a rule of Gz with premises
W, — Ay ..., — A . Observe that the main constructor of the prin-
cipal formula to which the rule is applied is in Cz.. By the induction
hypothesis Fq,, 7u(¥i;) = Tu(Ay;) for j = 1,...,m. Hence the thesis
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follows applying the same rule. In a similar way we can prove the case
when the rule involves two constructors.

(2) Uy — Ay, "(¢1,-..,¢n) is the conclusion in Fg g of the rule Rer
for some ¢’ € Criy \ Cprry. Then by the induction hypothesis

Fa, Tu(W1) = 7u(Ar), 1u(F (") (@15 - - -5 0n)).

Since by definition of 7,

() (1, on) = F()(Tule1), - -5 Tulen)) = Tu( (@15, on))
the thesis follows immediately.

(3) We omit the proof when the first sequent in the derivation is the con-
clusion of L or Lp,, or Rp,,, since it is similar to the one in (2).

(¢) Assume that g, 7u(¥) — 74(A). Then, by Proposition 3.11,
FGony. o 4 (V) — 14 (A). Thus, by Proposition 3.14, we conclude ¢ .,
U — A.

ur £’

The next result shows that the coexistent combination £” LI, £’ is con-
servative for £ whenever £’ has a strictly self-contained Gentzen calculus.
Hence L’ keeps its characteristics in the coexistent combination.

COROLLARY 3.16. Assume that £’ is endowed with a strictly self-contained
Gentzen calculus. Let ¢’ € Frr be such that bFgvy_ g . Then b o,

Example 3.17. The coexistent combination CL L. J of CL and J is a con-
servative extension of J by Corollaries 3.12 and 3.16 (Example 3.5). A

Ezxample 3.18. The coexistent combination J LS4 of J and S4 is a con-
servative extension of S4 by Corollaries 3.12 and 3.16 (Example 3.7). A

Ezample 3.19. The coexistent combination CLL, J3 of CL and J3 is a
conservative extension of J3 by Corollaries 3.12 and 3.16 (Example 3.9). A
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4. Conservativity and extensivity for £”

Now we want to address extensivity and conservativity of the coexistent
combination with respect to £”. We need to strengthen the notion of trans-
lation so that £” keeps its inherent characteristics in the combination. A
conservative translation should ensure that satisfaction of formulas is pre-
served and reflected. For this purpose a conservative translation includes
maps relating models and satisfaction of each logic.

We assume that a logic £ is endowed with a class M of models and a
satisfaction relation -, C My x F, stating the satisfaction of a formula
by a model.

A conservative translation from logic £ to logic L' is a triple

(7,7,7)

where 7 is a constructor translation, and 7: Mgr — Mg and 7 : Mg —
M i are maps such that

M" kg " whenever 7(M") bz 7(")

and
F(M') k2 @ implies M" Iz 7(¢"")

for every M" € My, M' € Mg and " € Fpo.

We now present several examples of conservative translations that we
use to define particular combinations.

The first example considers logics with a matrix semantics. A matriz
is a pair (A, D) where A is a non-empty set of truth values and D C A
is a non-empty set of distinguished values. A model for a logic £ with a
matrix semantics is a pair M = ((A4, D), V) where (4, D) is a matrix and
V : F, — A is a map assigning to each formula of £ a truth value. We say
that M satisfies o, written M Iz ¢ whenever V(p) € D.

Example 4.1. Recall the constructor translation 7¢i_j, from CL to Js
introduced in Example 2.7. The unique matrix for CL is

mcL = ({Ov l}v {1})
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The class of models Mc¢ for CL is composed by all pairs
(mee, V")
where V" : Foi. — {0,1} is a map such that
o V(=) =1-V"(4)

1 whenever V" (11) < V" (12)
0 otherwise.

The unique matrix for Jg is

1 1
my, = ({0, DX 1}, {5’ 1}).
The class of models M, for J3 (see [10]) is composed by all pairs
(szﬂ V/)
such that V' : F), — {0, 1,1} is a map such that

L V() = 1= V()

1 if V(1) < V' (1h2)
3 A (V/($) = Jand V' () = 0) or
.V Joqpy =42 :
(Y1 D7 4hy) (V'(¢1) = land V' (¢e) = %)
0 if V(1) =1and V'(1h5) = 0

V(11 A% ) = min{ V' (¢1), V' (¢2) }
V' (1 V52 ) = max{ V' (1), V' () }.

We define ¢y, : McL — My, as follows:

TeL—us (meL, V') = (my,, V')

where V'(p) = V" (p). Then for every ¢ € FcL
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(’ITLCL7 V“) |FC|_ %) if and only if (sz, V/) ”7‘13 TCL—>J3 ((p)

Intuitively the result holds since the restriction of the constructors of Js
to classical truth-values coincides with their classical constructor counter-
parts.

On the other hand, we define 7¢i—j, : My, — McL as follows:

7-CL—>J3 (mJga V/) = (mCLa V”)

where
Vi) = {1 if V/(p) € {3,1}
0 otherwise.
Then
(mcL, V") IFcL ¢ if and only if (my,, V') Ik, e, (@)
for every ¢ € F¢ as can be proved by induction on ¢. A

The next example states that the Gédel-McKinsey-Tarski translation
is conservative.

Ezxample 4.2. Recall the constructor translation 7)_,g4 from J to S4 in-
troduced in Example 2.6. Details of maps 7j_s4 and T,_s4 (although not
named in this way) are presented in [31]. These maps together with 7j_,s4
constitute a conservative translation from intuitionistic logic J to modal
logic S4 (see [31]). A

Ezxzample 4.3. Recall the constructor translation map 7c,_, from CL to J
introduced in Example 2.5. Let M. be the class composed of all pairs
with a Boolean algebra and a valuation over that algebra and M the
class composed of all pairs with a Heyting algebra and a valuation over
that algebra. Observe that Mc_ C M. Let Tc__.j be the map assigning
to each Boolean algebra and valuation the same pair and T¢ _,; the map
that associates to each Heyting algebra and valuation the Boolean alge-
bra of its regular elements and the restriction of the valuation to that set
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(presented in [18]). These maps together with 7c _,; constitute a con-
servative translation from propositional logic CL to intuitionistic logic J
(see [18]). A

Towards discussing conservativity and extensivity for £” we set the class
of models Mgy, ¢ of LU, L to be

My
Moreover, the satisfaction relation IFz» 2/ is defined by
M \vpiiy, o @ if and only if M’ kg 74(p)

for every ¢ € Frvyy_ rr.
We are ready to prove that the coexistent combination £” LI, £’ is con-
servative with respect to £” under a conservative translation.

PROPOSITION 4.4. Let (7,7,7) be a conservative translation and ¢ €
FEriv. Then Egprvyy, g " implies Epn ¢

PrOOF: Assume that F . U, £’ (,0”. Let M" € M. Then F(M”) IFp U, £/
. Thus 7(M") Ik 1u(¢”) by definition of Ikz»_p and so 7(M") Iz
7(¢") by Proposition 3.13. Hence M" IF ' since (7,7,T) is a conserva-
tive translation. O

Finally we prove that the coexistent combination £” LI, £ is extensive
with respect to L£”.

PROPOSITION 4.5. Let (7,7,7) be a conservative translation and ¢ €
Friv. Then Egv ¢ implies By @,

PROOF: Suppose that Fz» ¢” and let M’ € Mgy . Then M € Mg,
?(M’) S M[,// and ?(M’) |F£H g&”. Thus, M |F£/ T(QDH) since (’IA',’/'_",H_') is
a conservative translation. Hence M’ Iz 7,(¢”) by Proposition 3.13. So
M/ “_L"N U, L QON by deﬁnition Of ”_[:// U, L7+ |:|

Ezample 4.6. Recall that (fcL—J, TcL—J, TcL—J) IS a conservative transla-
tion from propositional logic CL to intuitionistic logic J (see Example 4.3).
So by Propositions 4.4 and 4.5 the coexistent combination CLLI,J is a
conservative extension of CL. A
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Ezample 4.7. Recall that (7)_sa4,7)—s4,TJ—s4) iS a conservative transla-
tion from intuitionistic logic J to modal logic S4 (see Example 4.2). Thus
by Propositions 4.4 and 4.5 the coexistent combination J LI S4 is a conser-
vative extension of J. A

Ezample 4.8. Recall that (fcL—u,, TcL— s, TCL—Js ) IS a conservative trans-
lation from propositional logic CL to Jaskowski’s paraconsistent logic J3
(see Example 4.1). Therefore by Propositions 4.4 and 4.5 the coexistent
combination of CL and J3 is a conservative extension of CL. A

From now on we only consider coexistent combinations induced by con-
servative translation in order to have conservativity and extensivity for
both components.

Collapsing Problem

We start by observing that in some previously proposed logical combina-
tion methods collapsing occurs. More precisely in the logic resulting from
the combination one of the components loses its properties and collapses
into the other. More technically this means that the combination is not
conservative. A well known example is the fibring combination of classical
and intuitionistic logics (see [13, 5]) that collapses into classical logic. For
instance the intuitionistic formula

J_J J-J_ J

is valid in the combination although it is not valid in intuitionistic logic.
In the case of the coexistent combination

CLU, J

of classical and intuitionistic logics this phenomenon does not occur because
this logic is a conservative extension of J and such a formula is not valid
in J.

This non collapsing feature of coexistent combination always holds in
the presence of a conservative translation.
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5. Soundness and completeness of the combination

In this section we prove that the coexistent combination £” LI, £ is sound
and complete under mild conditions. We start by introducing some auxil-
iary notions.

We say that an axiom is sound in a logic £ whenever it is valid and a
rule is sound in £ whenever for every model M € M, if M satisfies the
premises of the rule then M also satisfies the conclusion of the rule. Finally
we say that L is sound whenever

Feop implies Fcop
and it is complete whenever
Feop implies Feoop.

It is convenient to extend the satisfaction relation to sets of formulas in
a generic logic L as follows:
Mk, W

whenever M Ik, 1 for every ¢ € ¥ and M € M. Moreover, we extend the
semantic notions to sequents. We say that M satisfies the sequent ¥ — A,

written
MIF, ¥ — A

whenever M Ik, ¥ implies that there is A € A such that M I, . Fur-
thermore we say that ¥ — A is wvalid, written Fx ¥ — A, whenever
Mz U — A for every M € M.

We start by proving that the axioms and rules of G, o are sound
in £” U, £ under some conditions.

PROPOSITION 5.1. The axioms of Gz, are sound in £” L, £" when-
ever the axioms of G are sound in £’.
PrROOF: We have four cases to consider.

(Ax) and (Ax,, ) These cases follow immediately by definition of satisfaction
of a sequent.
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(AX_>C1) Let M’ € Mg n u, £’ and I' A C Fpn U, L7+ Suppose M-z U, L/
I'. Then M’ Itz 7,(T) by definition. Then either M’ k2 7,(8) for some
6 € Aor M kg my(p) or M -z 1u(e1(p)) since, by hypothesis, (Ax_.,)
is sound in £'. Hence, M’ Iz, pr 0 for some § € A or M' kg p p or
M kg, 2 ea(p)-

(Ax ) The proof of this case follows straightforwardly. O

PROPOSITION 5.2. The rules of Gz, p/ are sound in £” U, £" whenever
the rules of G,/ are sound in £'.

PrOOF: Let M’ € Mg, o and r be a rule of Gz, . There are
several cases to consider:

(1) r = =8 a2 B g 5 rule of Gpr. Assume that

T>A
M kv o T)— A
for 5 =1,...,n. Then
M Ik 10(Ty) — 1u(4))

for j = 1,...,n by definition of IFz»(;_g/. Thus, by soundness of r in £’
we have

M ko u(T) — 10 (A).
Therefore by definition of -z g

M’ I U, L I — A.

(2) ris (Lp,, ). Suppose that
M Wiy, o 7(p"),T — A.

Then
(*) M/ ”_L”u,- Yol Tu(p”),r — A.

Assume that
M/ |F£H U, L/ p” and M/ ‘FL”u, Yol I.
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Thus by definition of Iz g
M’ kg 1i(p")
and so by definition of 7,
M Iz mu(mu(”)).
Hence by definition of Iz, 2/
Mk, o ().
Therefore by (x) there is § € A such that
M ey, o 6.
(3) 7 is (Rev). Suppose that
M Wy, 00 T = AF() (B, -, )

and that
M ey, o T

There are two cases to consider. If there is § € A such that
M’ IFpn U, £’ 1
then the thesis follows. Otherwise

M/ “_E” U, L' %(C”)(ﬂh e 5n)

Then by definition of kg g
M H‘gl Tu( ( )(51,7ﬁn))
Observe that
Tu (%(C”)(ﬂh ey Bn)) = 71( )(TI_I(BI)a - Tl (Bn)) =Ty (Cl/(ﬂla e 7577,))
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by definition of 7, and so

M/ |FL"/ Tu(C//(Bla s aﬁn))

Therefore by definition of I-z,_ » we have that

M/ |F£H Uy L' C”(ﬂl, [N 7Bn)
We omit the proof of the other cases since they follow similarly. O

Finally we prove that the coexistent combined logic is sound under the
proviso that the host logic is endowed with a Gentzen calculus G,/ with
sound axioms and rules.

PROPOSITION 5.3. The logic £” U, £’ is sound whenever the axioms and
the rules of G,/ are sound in £'.

PrROOF: Observe that
(T) l_GL"u,- o U — A lmphes ':[:// U, £/ v - A

which can be proved by a straightfoward induction on the length of a
derivation for ¥ — A using Proposition 5.1 and Proposition 5.2.

Hence assuming Fﬁ// u, £ @ then FGL// U TP Thus, by (T), ':L// U, L=
@. Therefore, Friviy_ o . O

Completeness
We start by relating validity in £” L, £’ and in £'.

PROPOSITION 5.4. Let 7 be a constructor translation and ¢ € Fgry_pr.
Then Ezv ¢ if and only if Ezr 75(p).

PROOF: (—) Assume that Fzvy, o ¢ and let M’ € Mg, Then M’ €
M, o and so by hypothesis M’ Ik . Hence M’ Iz 7,5(p) by
definition of IFz,_ gr. Thus Fzr 74(p).

(«) Suppose that Fz 75(p). Let M' € Mgwy, . Then M' € Mg/ So
M’ H_L:/ Tu ((p) Therefore M’ H—L// U, £ P by definition of H_L:// Uy L' Hence
':L” U, L’ ®. |:|
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As a consequence it is immediate to conclude the semantic conservativ-
ity and extensivity of the coexistent combination with respect to £’.

PROPOSITION 5.5. Let 7 be a constructor translation and ¢’ € Fz,. Then
Ecru, oo ¢ if and only if Fzr ¢,

PRrROOF: The result follows by Proposition 5.4 and by Proposition 3.13. O

Our aim now is to show that the logic resulting from a coexistent com-
bination is complete when the host logic is complete and is endowed with
a strictly self-contained Gentzen calculus G,/. Taking into account Propo-
sition 3.15 it is immediate to see that there is a close relationship between
theoremhood in £” LI £ and theoremhood in £’ modulo 7.

PROPOSITION 5.6. Let ¢ € Frrviy_ o and assume L' is endowed with a
strictly self-contained Gentzen calculus. Then F,n g ¢ if and only if

Fer u(@).
We are ready to prove the completeness of £ LI, L.

PROPOSITION 5.7. Let ¢ € Friy,_r and assume that £’ is complete and
has a strictly self-contained Gentzen calculus. Then Fg»_r ¢ implies

l_l:/I [ L (‘0

PROOF: Suppose that Fzr o . Hence Fg 7(p) by Proposition 5.4.
Thus kg 7(p) by completeness of £’. Therefore by Proposition 5.6,
|—ly/ U, £ Y. O

We put the above results into work by concluding soundness and com-
pleteness of our running examples.

Ezample 5.8. The coexistent combination CL LI, J is sound and complete,
by Propositions 5.3 and 5.7, since J is sound and complete and its Gentzen
calculus Gj is strictly self-contained. A

Ezxample 5.9. The coexistent combination JLI; S4 is sound and complete,
by Propositions 5.3 and 5.7, since S4 is sound and complete and its Gentzen
calculus Ggg is strictly self-contained. A
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Ezample 5.10. The coexistent combination CLU, J3 is sound and com-
plete, by Propositions 5.3 and 5.7, since Js is sound and complete and its
Gentzen calculus Gj, is strictly self-contained. A

6. Concluding remarks

We presented a general technique to combine logics that are related by a
conservative translation in such a way that they coexist in the combination
without losing their properties. The translation plays an important role
in the definition of the Gentzen calculus of the combined logic. The Gentzen
calculus for the coexistent combination is an extension of the Gentzen calcu-
lus for the host logic (the target of the conservative translation) with rules
for the non common constructors of the source logic defined taking into
account the translation of those constructors. We also proposed a seman-
tics for the combined logic and proved soundness and completeness results.
Then we proved that the combined logic is a conservative extension of each
component confirming the envisaged coexistence of the given logics and so
the non-collapsing property. Throughout the paper we provide several il-
lustrations namely for the combination of classical and intuitionistic logics
based on the Gentzen-Godel conservative translation, for the combination
of intuitionistic and S4 modal logics based on Gédel-McKinsey-Tarski con-
servative translation and for the combination of classical and Jaskowski’s
paraconsistent logics based on a conservative translation.

In future work we intend to analyze the preservation of several other
proof-theoretic properties from the component logics to the coexistent com-
bined logic. For instance, it seems worthwhile to study under which condi-
tions cut elimination and Craig interpolation are preserved. Similarly we
are also interested in investigating preservation of decidability and compu-
tational complexity by this combination mechanism. Finally, we would like
to explore the coexistent combination of logics not addressed herein like for
instance linear logics, the family C,, of paraconsistent logics or the Sette
logic P! in [10], among others.

Another interesting research topic is to define non-collapsing combina-
tions of logics related by more complex forms of conservative translations
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like the ones in [6, 2].

Moreover we should address the relationship between translations and
the ecumenical perspective from our approach. In the specific case of clas-
sical and intuitionistic logics, this relationship was already discussed by
Peter Krauss, see [20]. We also intend to discuss the possibility of pure
systems for the cases analyzed in the paper.

Finally, we plan to address the “proof theory” of combined systems from
this generalized ecumenical perspective.

Acknowledgements. The authors are grateful to the referees for their
comments and remarks.
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