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Abstract

We analyze the relationship between logics around intuitionistic logic and mini-
mal logic. We characterize the intersection of minimal logic and co-minimal logic
introduced by Vakarelov, and reformulate logics given in the previous studies
by Vakarelov, Bezhanishvili, Colacito, de Jongh, Vargas, and Niki in a uniform
language. We also compare the new logic with other known logics in terms of the
cardinalities of logics between them. Specifically, we apply Wronski’s algebraic
semantics, instead of neighborhood semantics used in the previous studies, to
show the existence of continua of logics between known logics and the new logic.
This result is an extension of the conventional results, and the proof is given in
a simpler way.
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$\langle |\mathfrak {A}|,1_{\mathfrak {A}},\land _{\mathfrak {A}},\lor _{\mathfrak {A}},\rightarrow _{\mathfrak {A}},\neg _{\mathfrak {A}}\rangle $


$\rightarrow _{\mathfrak {A}}$


$\neg _{\mathfrak {A}}$


$|\mathfrak {A}|$


\begin {equation*}a\rightarrow _{\mathfrak {A}} b\coloneq \max \{c \in |\mathfrak {A}| \mid a \land _{\mathfrak {A}} c \leq _{\mathfrak {A}} b\};\end {equation*}


\begin {equation*}(a\leftrightarrow _{\mathfrak {A}} b)\rightarrow _{\mathfrak {A}}(\neg _{\mathfrak {A}} a\leftrightarrow _{\mathfrak {A}}\neg _{\mathfrak {A}} b)=1_{\mathfrak {A}},\end {equation*}


$a\leftrightarrow _{\mathfrak {A}}b$


$(a\rightarrow _{\mathfrak {A}}b)\land _{\mathfrak {A}}(b\rightarrow _{\mathfrak {A}}a)$


$\mathsf {N}$


$\mathfrak {A}$


\begin {equation*}a\leq _{\mathfrak {A}}b\Longleftrightarrow a\rightarrow _{\mathfrak {A}}b=1_{\mathfrak {A}}.\end {equation*}


$(\mathsf {An})^E:\ (x\rightarrow \neg x)\rightarrow \neg x=1$


$(\mathsf {An}^-)^E:\ (x\rightarrow \neg x)\rightarrow (\neg y\rightarrow \neg x)=1$


$(\mathsf {Co})^E:\ (x\rightarrow y)\rightarrow (\neg y\rightarrow \neg x)=1$


$(\mathsf {NECQ})^E:\ (x\land \neg x)\rightarrow \neg y=1$


$(\mathsf {ECQ})^E:\ (x\land \neg x)\rightarrow y=1$


$(\mathsf {AVQ})^E:\ \neg \neg (\neg (x\rightarrow x)\rightarrow y)=1$


$(\mathsf {An\cap ECQ})^E:\ \neg \neg (x\rightarrow x)\lor (\neg (y\rightarrow y)\rightarrow z)=1$


$\mathsf {(CoECQ)}^E:\ \neg x\rightarrow \neg (y\land \neg y)=1$


$E$


$\Psi =\{\land ,\lor ,\rightarrow \}$


$\mathcal {P}$


$\mathsf {N}$


$\mathsf {N}$


$v$


$\mathcal {P}$


$|\mathfrak {A}|$


$\overline {v}$


$\mathfrak {A}$


$A$


$\overline {v}(A)\coloneq v(A)$


$A=\neg B$


$\overline {v}(\neg B)\coloneq \neg _{\mathfrak {A}}\overline {v}(B)$


$A=B\otimes C$


$\overline {v}(B\otimes C)\coloneq \overline {v}(B)\otimes _{\mathfrak {A}}\overline {v}(C)$


$\otimes \in \Psi $


$\overline {v}$


$v$


$\overline {v}$


$v$


$v$


$A$


$v(A)=1_{\mathfrak {A}}$


$A$


$v$


$A$


$v$


$v$


$\mathfrak {A}$


$A$


$\mathfrak {A}$


$\mathfrak {A}\models A$


$\mathcal {C}$


$\mathsf {N}$


$\mathfrak {A}\models A$


$\mathfrak {A}$


$\mathcal {C}$


$A$


$\mathcal {C}$


$\Delta $


$A$


$\mathcal {C}$


$\mathsf {N}$


$\mathsf {N}$


$\mathfrak {A}\in \mathcal {C}$


$v$


$\mathfrak {A}$


$A$


$v$


$B$


$v$


$B\in \Delta $


$A$


$\Delta $


$\mathcal {C}$


$\Delta \models _{\mathcal {C}} A$


$\Delta $


$\models _{\mathcal {C}}A$


$\mathsf {N}$


$\mathsf {ECQPC}$


$\mathcal {C}_\mathsf {ECQ}$


$\mathsf {N}$


$\mathsf {ECQ}$


$A$


$\mathsf {ECQPC}\vdash A\ \Leftrightarrow \ \models _{\mathcal {C}_\mathsf {ECQ}} A.$


$\relax \square $


$\mathsf {N}$


$L$


$\mathcal {C}_L$


$\mathsf {N}$


$L$


$A$


$L\vdash A\ \Leftrightarrow \ \models _{\mathcal {C}_L} A.$


$\top $


$p\rightarrow p$


$\relax \square $


$\mathsf {N}$


$\mathfrak {A}$


$\mathfrak {A}$


$|\mathfrak {A}|\smallsetminus \{1_{\mathfrak {A}}\}$


$\mathfrak {A}$


$\star _{\mathfrak {A}}$


$\Psi =\{\land , \lor , \rightarrow \}$


$\Psi $


$\Psi $


$\mathfrak {A}$


$\langle |\mathfrak {A}|,1_{\mathfrak {A}},0_{\mathfrak {A}},\langle \otimes _{\mathfrak {A}}\mid \otimes \in \Psi \rangle \rangle $


$\Psi $


$\mathfrak {B}$


$\Psi $


$\mathfrak {A}$


$\mathfrak {B}$


$\Psi $


$\mathfrak {A}$


$\Psi $


$\mathfrak {B}$


$\mathsf {N}$


$g$


$a\in dom(g)$


$g_a$


$g$


$a$


$\mathsf {N}$


$\mathfrak {A}$


$g$


$|\mathfrak {A}|$


$\mathcal {P}$


$A$


$\chi _A^g(\mathfrak {A})$


$\mathfrak {A}$


$g$


$A$


$\chi _{A}^g(\mathfrak {A}):=\bigwedge \{(g_a\otimes g_b)\rightarrow g_{a\otimes _{\mathfrak {A}} b}\mid \otimes \in \Psi ,a,b\in |\mathfrak {A}|\}\cup \{g_{a\otimes _{\mathfrak {A}} b}\rightarrow (g_a\otimes g_b)\mid \otimes \in \Psi ,a,b\in |\mathfrak {A}|\}\rightarrow (g_{\star _{\mathfrak {A}}}\lor A)$


$\chi _A^g(\mathfrak {A})$


$\theta (\chi _A^g(\mathfrak {A}))$


$\mathsf {N}$


$\mathfrak {A}$


$v$


$v(g_{\star _{\mathfrak {A}}})$


$\mathsf {N}$


$\mathsf {N}$


$A$


$A$


$\mathsf {N}$


$\mathsf {N}$


$\mathsf {N}$


$\mathfrak {A}=\langle |\mathfrak {A}|,1_{\mathfrak {A}},\land _{\mathfrak {A}},\lor _{\mathfrak {A}},\rightarrow _{\mathfrak {A}},\neg _{\mathfrak {A}}\rangle $


$0_{\mathfrak {A}}$


$\mathfrak {A}^H=\langle |\mathfrak {A}|,1_{\mathfrak {A}^H},0_{\mathfrak {A}^H},\land _{\mathfrak {A}^H},\lor _{\mathfrak {A}^H},\rightarrow _{\mathfrak {A}^H},\neg _{\mathfrak {A}^H}\rangle $


\begin {equation*}|\mathfrak {A}^H|\coloneq |\mathfrak {A}|,1_{\mathfrak {A}^H}\coloneq 1_{\mathfrak {A}},0_{\mathfrak {A}^H}\coloneq 0_{\mathfrak {A}},\land _{\mathfrak {A}^H}\coloneq \land _{\mathfrak {A}},\lor _{\mathfrak {A}^H}\coloneq \lor _{\mathfrak {A}},\rightarrow _{\mathfrak {A}^H}\coloneq \rightarrow _{\mathfrak {A}}, \text {and}\end {equation*}


\begin {equation*}\neg _{\mathfrak {A}^H}a\coloneq a\rightarrow _{\mathfrak {A}}0_{\mathfrak {A}}.\end {equation*}


$H$


$F$


$H$


$H$


$a,b\in F$


$a\land _H b\in F$


$a\in F$


$a\leq _H b$


$b\in F$


$a\in H$


$\{b\in H\mid a\leq b\}$


$a$


$a$


$\mathfrak {A}$


$F$


$|\mathfrak {A}|$


$F$


$\mathfrak {A}$


$F$


$1_{\mathfrak {A}}\in F$


$a\in F$


$a\rightarrow _{\mathfrak {A}} b\in F$


$b\in F$


$\mathfrak {A}$


$F$


$\mathfrak {A}$


$\sim _F$


$\mathfrak {A}$


\begin {align*}a\sim _F b:\Longleftrightarrow a\rightarrow _{\mathfrak {A}} b\in F \text { and } b\rightarrow _{\mathfrak {A}} a\in F \text { for any } a,b\in |\mathfrak {A}|.\end {align*}


$\sim _F$


$\mathfrak {A}$


$a\in |\mathfrak {A}|$


$\sim _F$


$[a]_F\coloneq \{b\in |\mathfrak {A}|\mid a\sim _Fb\}$


$\{[a]_F\mid a\in |\mathfrak {A}|\}$


$|\mathfrak {A}|/F$


$\mathfrak {A}/F=\langle |\mathfrak {A}|/F,1_{\mathfrak {A}/F},0_{\mathfrak {A}/F},\land _{\mathfrak {A}/F},\lor _{\mathfrak {A}/F},\rightarrow _{\mathfrak {A}/F},\neg _{\mathfrak {A}/F}\rangle $


$[a]_F,[b]_F\in |\mathfrak {A}|/F$


$1_{\mathfrak {A}/F}\coloneq [1_{\mathfrak {A}}]_F$


$0_{\mathfrak {A}/F}\coloneq [0_{\mathfrak {A}}]_F$


$[a]_F\land _{\mathfrak {A}/F}[b]_F\coloneq [a\land _{\mathfrak {A}}b]_F$


$[a]_F\lor _{\mathfrak {A}/F}[b]_F\coloneq [a\lor _{\mathfrak {A}}b]_F$


$[a]_F\rightarrow _{\mathfrak {A}/F}[b]_F\coloneq [a\rightarrow _{\mathfrak {A}}b]_F$


$\neg _{\mathfrak {A}/F}[a]_F\coloneq [\neg _{\mathfrak {A}}a]_F$


$\mathfrak {A}/F$


$\mathsf {N}$


$\mathfrak {A}$


$\mathfrak {B}$


$\mathsf {N}$


$F$


$\mathfrak {B}^H$


$\Psi $


$\mathfrak {A}^H$


$\mathfrak {B}^H/F$


$A$


$g:|\mathfrak {A}|\rightarrow \mathcal {P}$


$\mathfrak {B}\models \chi _A^g(\mathfrak {A})$


$\mathsf {N}$


$\mathfrak {C}$


$\mathfrak {D}$


$\mathfrak {D}\not \models \chi _A^g(\mathfrak {C})$


$g:|\mathfrak {C}|\rightarrow \mathcal {P}$


$A$


$v$


$v(\theta (\chi _A^g(\mathfrak {C})))\not \leq _{\mathfrak {D}}v(g_{\star _{\mathfrak {C}}}\lor A)$


$\theta (\chi _A^g(\mathfrak {C}))$


$\chi _A^g(\mathfrak {C})$


$\chi _{g{\star _{\mathfrak {C}}}}^g(\mathfrak {C})$


$g_{\star _{\mathfrak {C}}}$


$v(\theta (\chi _{g{\star _{\mathfrak {C}}}}^g(\mathfrak {C})))=v(\theta (\chi _A^g(\mathfrak {C})))$


$v(g_{\star _{\mathfrak {C}}})\leq _{\mathfrak {D}} v(g_{\star _{\mathfrak {C}}}\lor A)$


$v(\theta (\chi _{g{\star _{\mathfrak {C}}}}^g(\mathfrak {C})))\leq _{\mathfrak {D}}v(g_{\star _{\mathfrak {C}}})$


$v(\theta (\chi _A^g(\mathfrak {C})))\leq _{\mathfrak {D}}v(g_{\star _{\mathfrak {C}}}\lor A)$


$v(\theta (\chi ^g_{g_{\star _{\mathfrak {C}}}}(\mathfrak {C})))\not \leq _{\mathfrak {D}}v(g_{\star _{\mathfrak {C}}})$


$\mathfrak {D}\not \models \chi ^g_{g_{\star _{\mathfrak {C}}}}(\mathfrak {C})$


$G$


$\mathfrak {D}$


$v(\theta (\chi ^g_{g_{\star _{\mathfrak {C}}}}(\mathfrak {C})))$


$G$


\begin {equation}v(g_{\star _{\mathfrak {C}}})\not \in G;\tag {9}\label {equation9}\end {equation}


\begin {equation}[v(g_{c\otimes d})]_G=[v(g_c\otimes g_d)]_G\text { for any $c,d\in |\mathfrak {C}|$ and $\otimes \in \Psi $}.\tag {10}\label {equation10}\end {equation}


$v':\mathfrak {C}\rightarrow \mathfrak {D}/G$


$v'(c)\coloneq [v(g_c)]_G$


$c\in |\mathfrak {C}|$


$v'$


$\Psi $


$\Psi $


$v'$


$\land $


$c,d\in |\mathfrak {C}|$


\begin {align*}v'(c\land _{\mathfrak {C}}d)&=[v(g_{c\land _{\mathfrak {C}}d})]_G \\ &=[v(g_c\land g_d)]_G\\ &=[v(g_c)\land _{\mathfrak {D}}v(g_d)]_G\\ &=[v(g_c)]_G\land _{\mathfrak {D}/G}[v(g_b)]_G\\ &=v'(c)\land _{\mathfrak {D}/G}v'(d).\end {align*}


$\lor $


$\rightarrow $


$v'$


$v'(c)=v'(d)$


$[v(g_c)]_G=[v(g_d)]_G$


$c,d\in |\mathfrak {C}|$


\begin {align*}v(g_c)\leftrightarrow _{\mathfrak {D}} v(g_d)&=(v(g_c)\rightarrow _{\mathfrak {D}}v(g_d))\land _{\mathfrak {D}}(v(g_d)\rightarrow _{\mathfrak {D}}v(g_c))\\ &=v(g_c\rightarrow g_d)\land _{\mathfrak {D}}v(g_d\rightarrow g_c)\end {align*}


$[v(g_c)]_G=[v(g_d)]_G$


$v(g_c\rightarrow g_d)\land _{\mathfrak {D}}v(g_d\rightarrow g_c)\in G$


$v(g_{c\rightarrow _{\mathfrak {C}}d}),v(g_{d\rightarrow _{\mathfrak {C}}c})\in G$


$1_{\mathfrak {D}}\leftrightarrow _{\mathfrak {D}}v(g_{1_{\mathfrak {C}}})=v(g_c\rightarrow g_c)\leftrightarrow _{\mathfrak {D}} v(g_{c\rightarrow _{\mathfrak {C}}c})$


$v(g_c\rightarrow g_c)\leftrightarrow _{\mathfrak {D}} v(g_{c\rightarrow _{\mathfrak {C}}c})\in G$


$v(g_{1_{\mathfrak {C}}})\in G$


$c\not = d$


$c\rightarrow _{\mathfrak {C}}d\not =1_{\mathfrak {C}}$


$d\rightarrow _{\mathfrak {C}} c\not = 1_{\mathfrak {C}}$


$\mathfrak {C}$


$\star _{\mathfrak {C}}$


$c\rightarrow _{\mathfrak {C}}d\leq _{\mathfrak {C}}\star _{\mathfrak {C}}$


$d\rightarrow _{\mathfrak {C}}c\leq _{\mathfrak {C}}\star _{\mathfrak {C}}$


$c\rightarrow _{\mathfrak {C}}d\leq _{\mathfrak {C}}\star _{\mathfrak {C}}$


$v(g_{c\rightarrow _{\mathfrak {C}}d}\rightarrow g_{\star _{\mathfrak {C}}})\leftrightarrow _{\mathfrak {D}}v(g_{(c\rightarrow _{\mathfrak {C}}d)\rightarrow _{\mathfrak {C}}\star _{\mathfrak {C}}})=(v(g_{c\rightarrow _{\mathfrak {C}}d})\rightarrow _{\mathfrak {D}}v(g_{\star _{\mathfrak {C}}}))\leftrightarrow _{\mathfrak {D}}v(g_{1_{\mathfrak {C}}})$


$v(g_{c\rightarrow _{\mathfrak {C}}d}\rightarrow g_{\star _{\mathfrak {C}}})\leftrightarrow _{\mathfrak {D}}v(g_{(c\rightarrow _{\mathfrak {C}}d)\rightarrow _{\mathfrak {C}}\star _{\mathfrak {C}}}),v(g_{1_{\mathfrak {C}}}),v(g_{c\rightarrow _{\mathfrak {C}}d})\in G$


$v(g_{\star _{\mathfrak {C}}})\in G$


$d\rightarrow _{\mathfrak {C}}c\leq _{\mathfrak {C}}\star _{\mathfrak {C}}$


$c=d$


$v'$


$\mathfrak {C}$


$\mathfrak {D}$


$\mathsf {N}$


$\mathfrak {A}$


$\mathfrak {B}$


$F$


$\mathfrak {B}^H$


$\Psi $


$\mathfrak {A}^H$


$\mathfrak {B}^H/F$


$\mathfrak {B}^H\models \chi ^g_{\star _{\mathfrak {A}}}(\mathfrak {A})$


$g:|\mathfrak {A}|\rightarrow \mathcal {P}$


$\chi ^g_{\star _{\mathfrak {A}}}(\mathfrak {A})$


$\neg $


$\mathfrak {B}\models \chi ^g_{\star _{\mathfrak {A}}}(\mathfrak {A})$


$v$


$A$


$g:|\mathfrak {A}|\rightarrow \mathcal {P}$


$v(\theta (\chi _A^g(\mathfrak {A})))=v(\theta (\chi ^g_{\star _{\mathfrak {A}}}(\mathfrak {A})))\leq _{\mathfrak {B}}v(g_{\star _{\mathfrak {A}}})\leq _{\mathfrak {B}}v(g_{\star _{\mathfrak {A}}}\lor A)$


$\mathfrak {B}\models \chi _A^g(\mathfrak {A})$


$\relax \square $


$n$


$a_n,r_n$


$s_n$


\begin {equation*}a_n\coloneq \{i\mid i<n\},r_n\coloneq a_n\cup \{n+1\},s_n\coloneq r_n\cup \{n+3\}\end {equation*}


$\mathfrak {A}$


$\underline {\mathfrak {A}}$


$0_{\underline {\mathfrak {A}}}$


$\mathfrak {A}$


$\neg $


$\neg _{\underline {\mathfrak {A}}}a\coloneq a\rightarrow _{\underline {\mathfrak {A}}}0_{\underline {\mathfrak {A}}}$


$\underline {\mathfrak {A}}$


$\underline {\mathfrak {A}}$


$a\in |\underline {\mathfrak {A}}|$


$a\rightarrow _{\underline {\mathfrak {A}}}0_{\underline {\mathfrak {A}}}$


$0_{\underline {\mathfrak {A}}}\rightarrow _{\underline {\mathfrak {A}}}a$


$a=0_{\underline {\mathfrak {A}}}$


$1_{\underline {\mathfrak {A}}}$


$a\not =0_{\underline {\mathfrak {A}}}$


$c\not =0_{\underline {\mathfrak {A}}}$


$0_{\mathfrak {A}}\leq _{\underline {\mathfrak {A}}}a\land _{\underline {\mathfrak {A}}}c$


$a\land _{\underline {\mathfrak {A}}}c\not \leq 0_{\underline {\mathfrak {A}}}$


$a\rightarrow _{\underline {\mathfrak {A}}}0_{\underline {\mathfrak {A}}}=0_{\underline {\mathfrak {A}}}$


$0_{\underline {\mathfrak {A}}}\rightarrow _{\underline {\mathfrak {A}}} a=1_{\underline {\mathfrak {A}}}$


$\rightarrow $


$\relax \square $


$n$


$|\mathfrak {A}_n|=\{a_0,\ldots ,a_{n+8}\}\cup \linebreak \{r_0,\ldots ,r_{n+6}\}\cup \{s_0,s_{n+4},\mathbb {N}\}$


$x,y\in |\mathfrak {A}_n|, x\rightarrow _{\mathfrak {A}_n}y=\bigcup \{z\in |\mathfrak {A}_n|\mid x\cap z\subseteq y\},\neg _{\mathfrak {A}_n}x=x\rightarrow _{\mathfrak {A}_n}a_0$


$\mathfrak {A}_n$


$\lor $


$\land $


$\cup $


$\cap $


$n$


$\mathfrak {A}_n=\langle |\mathfrak {A}_n|,\mathbb {N},a_0,\cap ,\cup ,\rightarrow _{\mathfrak {A}_n},\neg _{\mathfrak {A}_n}\rangle $


$\underline {\mathfrak {A}_n}$


$a_{n+8}$


$n$


$\underline {\mathfrak {A}_0},\underline {\mathfrak {A}_1}$


$\underline {\mathfrak {A}_2}$


$\{\rightarrow \}$


$\mathfrak {A}_n$


$\mathfrak {A}_m$


$\leq _{\mathfrak {A}_n}$


$r_1, a_2, s_0$


$r_{n+5}, a_{n+6},s_{n+4}$


$r_{m+5}, a_{m+6},s_{m+4}$


$\{\rightarrow \}$


$n$


$m$


$n\not =m$


$\underline {\mathfrak {A}_n}$


$\{\rightarrow \}$


$\underline {\mathfrak {A}_m}/F$


$\underline {\mathfrak {A}_m}$


$F$


$\underline {\mathfrak {A}_m}$


$\mathsf {IPC}$


$\mathsf {AVQPC}$


$\mathsf {MPC_\neg }$


$\mathsf {ECQPC}$


$\mathsf {An\cap ECQPC}$


$\mathsf {An^-PC}$


$\mathsf {CoPC}$


$\mathsf {NECQPC}$


$\mathsf {NPC}$


$\mathsf {IPC}$


$\mathsf {ECQPC}$


$\mathsf {MPC}_\neg $


$\mathsf {An\cap ECQPC}$


$N^1(\underline {\mathfrak {A}_n})$


$\mathsf {ECQPC}$


$\underline {\mathfrak {A}_n}$


$n$


$I\subset \mathbb {N}$


$\mathcal {A}_n$


$L^1(I)$


$N^1(\underline {\mathfrak {A}_k})\models \mathcal {A}_l$


$k\not =l$


$\mathcal {A}_n \in L^1(I)$


$n\in I$


$N^1(\underline {\mathfrak {A}_n})\not \models \mathcal {A}_n$


$\mathsf {IPC}$


$\mathsf {ECQPC}$


$n$


\begin {align*}N^1(\underline {\mathfrak {A}_n})=\langle |N^1(\underline {\mathfrak {A}_n})|,1_{N^1(\underline {\mathfrak {A}_n})},\land _{N^1(\underline {\mathfrak {A}_n})},\lor _{N^1(\underline {\mathfrak {A}_n})},\rightarrow _{N^1(\underline {\mathfrak {A}_n})},\neg _{N^1(\underline {\mathfrak {A}_n})}\rangle \end {align*}


\begin {align*}|N^1(\underline {\mathfrak {A}_n})|&\coloneq |\underline {\mathfrak {A}_n}|,\\ 1_{N^1(\underline {\mathfrak {A}_n})}&\coloneq \mathbb {N},\\ \land _{N^1(\underline {\mathfrak {A}_n})}&\coloneq \land _{\underline {\mathfrak {A}_n}},\\ \lor _{N^1(\underline {\mathfrak {A}_n})}&\coloneq \lor _{\underline {\mathfrak {A}_n}},\\ \rightarrow _{N^1(\underline {\mathfrak {A}_n})}&\coloneq \rightarrow _{\underline {\mathfrak {A}_n}},\end {align*}


$\neg _{N^1(\underline {\mathfrak {A}_n})} a:= \begin {cases} a_{n+8}& \text { if }a=0_{\underline {\mathfrak {A}_n}};\\ 0_{\underline {\mathfrak {A}_n}}&\text { otherwise}, \end {cases}$


$a\in |N^1(\underline {\mathfrak {A}_n})|$


$N^1(\underline {\mathfrak {A}_n})$


$\mathsf {(N),(ECQ)}$


$\mathsf {(An\cap ECQ)}$


$\mathsf {(N)}$


$a,b\in |N^1(\underline {\mathfrak {A}_n})|$


$a\not = 0_{\underline {\mathfrak {A}_n}}$


$b\not =0_{\underline {\mathfrak {A}_n}}$


\begin {align*}(a\leftrightarrow _{N^1(\underline {\mathfrak {A}_n})} b)\rightarrow _{N^1(\underline {\mathfrak {A}_n})}&(\neg _{N^1(\underline {\mathfrak {A}_n})} a\leftrightarrow _{N^1(\underline {\mathfrak {A}_n})}\neg _{N^1(\underline {\mathfrak {A}_n})} b)\\ &=(a\leftrightarrow _{N^1(\underline {\mathfrak {A}_n})} b)\rightarrow _{N^1(\underline {\mathfrak {A}_n})}(0_{\underline {\mathfrak {A}_n}}\leftrightarrow _{N^1(\underline {\mathfrak {A}_n})}0_{\underline {\mathfrak {A}_n}})\\ &=(a\leftrightarrow _{N^1(\underline {\mathfrak {A}_n})}b)\rightarrow _{N^1(\underline {\mathfrak {A}_n})}\mathbb {N}\\ &=\mathbb {N}.\end {align*}


$\mathsf {(N)}$


$a\not =0_{\underline {\mathfrak {A}_n}}$


$b\not =0_{\underline {\mathfrak {A}_n}}$


$a=0_{\underline {\mathfrak {A}_n}}$


$b\not =0_{\underline {\mathfrak {A}_n}}$


\begin {align*}(0_{\underline {\mathfrak {A}_n}}\leftrightarrow _{N^1(\underline {\mathfrak {A}_n})}b)&\rightarrow _{N^1(\underline {\mathfrak {A}_n})}(\neg _{N^1(\underline {\mathfrak {A}_n})} 0_{\underline {\mathfrak {A}_n}}\leftrightarrow _{N^1(\underline {\mathfrak {A}_n})}\neg _{N^1(\underline {\mathfrak {A}_n})} b)\\ &=(0_{\underline {\mathfrak {A}_n}}\leftrightarrow _{N^1(\underline {\mathfrak {A}_n})}b)\rightarrow _{N^1(\underline {\mathfrak {A}_n})}(a_{n+8}\leftrightarrow _{N^1(\underline {\mathfrak {A}_n})}0_{\underline {\mathfrak {A}_n}})\\ &=0_{\underline {\mathfrak {A}_n}}\rightarrow _{N^1(\underline {\mathfrak {A}_n})}0_{\underline {\mathfrak {A}_n}}\\ &=\mathbb {N}.\end {align*}


$0_{\underline {\mathfrak {A}_n}}\leftrightarrow _{N^1(\underline {\mathfrak {A}_n})}b=0_{\underline {\mathfrak {A}_n}}$


$0_{\underline {\mathfrak {A}_n}}\leftrightarrow _{N^1(\underline {\mathfrak {A}_n})}b=(0_{\underline {\mathfrak {A}_n}}\rightarrow _{N^1(\underline {\mathfrak {A}_n})}b)\land _{N^1(\underline {\mathfrak {A}_n})}(b\rightarrow _{N^1(\underline {\mathfrak {A}_n})}0_{\underline {\mathfrak {A}_n}})$


$b\rightarrow _{N^1(\underline {\mathfrak {A}_n})}0_{\underline {\mathfrak {A}_n}}=0_{\underline {\mathfrak {A}_n}}$


$\mathsf {(N)}$


$a=0_{\underline {\mathfrak {A}_n}}$


$b\not =0_{\underline {\mathfrak {A}_n}}$


$\mathsf {(N)}$


$N^1(\underline {\mathfrak {A}_n})$


$\mathsf {(ECQ)}$


$a,b\in |N^1(\underline {\mathfrak {A}_n})|$


\begin {align*}(a\land _{N^1(\underline {\mathfrak {A}_n})}\neg _{N^1(\underline {\mathfrak {A}_n})} a)\rightarrow _{N^1(\underline {\mathfrak {A}_n})}b&=0_{\underline {\mathfrak {A}_n}}\rightarrow _{N^1(\underline {\mathfrak {A}_n})}b\\ &=\mathbb {N}.\end {align*}


$N^1(\underline {\mathfrak {A}_n})$


$\mathsf {(ECQ)}$


$(\mathsf {An\cap ECQ})$


$(\mathsf {ECQ})$


$I$


$g:|N^1(\underline {\mathfrak {A}_n})|\rightarrow \mathcal {P}$


$\mathcal {A}_n$


$\chi ^g_{(g_{0_{\underline {\mathfrak {A}_n}}}\rightarrow \neg g_{0_{\underline {\mathfrak {A}_n}}})\rightarrow \neg g_{0_{\underline {\mathfrak {A}_n}}}}(N^1(\underline {\mathfrak {A}_n}))$


$L^1(I)$


$\mathcal {A}_n$


$\mathsf {ECQPC}$


$n\in I$


$L^1(I)$


$\mathsf {N}$


$N^1(\underline {\mathfrak {A}_k})\models \mathcal {A}_l$


$k,l$


$k\not =l$


$N^1(\underline {\mathfrak {A}_l})^H=\underline {\mathfrak {A}_l}$


$\{\rightarrow \}$


$\underline {\mathfrak {A}_l}$


$\underline {\mathfrak {A}_k}/F$


$k$


$k\not =l$


$F$


$\underline {\mathfrak {A}_k}$


$\Psi $


$\underline {\mathfrak {A}_l}$


$\underline {\mathfrak {A}_k}/F$


$k$


$l$


$k\not =l$


$F$


$\underline {\mathfrak {A}_k}$


$k$


$l$


$k\not =l$


$N^1(\underline {\mathfrak {A}_k})\models \mathcal {A}_l$


\begin {align*}\mathcal {A}_n\in L^1(I)\Leftrightarrow n\in I.\end {align*}


$\Leftarrow $


$\Rightarrow $


$n\not \in I$


$\mathcal {A}_n\not \in L^1(I)$


$N^1(\underline {\mathfrak {A}_n})$


$\mathsf {(N)}$


$\mathsf {(ECQ)}$


$\mathcal {A}_m$


$m\not =n$


$N^1(\underline {\mathfrak {A}_n})\not \models \mathcal {A}_n$


$g^{-1}$


$g$


$g^{-1}:\{g_a\in \mathcal {P}\mid a\in |N^1(\underline {\mathfrak {A}_n})|\}\rightarrow |N^1(\underline {\mathfrak {A}_n})|$


$g^{-1}(g(a))=a$


$v$


$|N^1(\underline {\mathfrak {A}_n})|$


$g^{-1}$


$v(\theta (\chi _{(g_{0_{\underline {\mathfrak {A}_n}}}\rightarrow \neg g_{0_{\underline {\mathfrak {A}_n}}})\rightarrow \neg g_{0_{\underline {\mathfrak {A}_n}}}}^g(N^1(\underline {\mathfrak {A}_n}))))=\mathbb {N}$


$v(g_a\otimes g_b)=a\otimes _{N^1(\underline {\mathfrak {A}_n})} b=v(g_{a\otimes _{N^1(\underline {\mathfrak {A}_n})} b})$


$a,b\in |N^1(\underline {\mathfrak {A}_n})|$


$\otimes \in \Psi $


$v((g_{0_{\underline {\mathfrak {A}_n}}}\rightarrow \neg g_{0_{\underline {\mathfrak {A}_n}}})\rightarrow \neg g_{0_{\underline {\mathfrak {A}_n}}})\not =\mathbb {N}$


$v(((g_{0_{\underline {\mathfrak {A}_n}}}\rightarrow \neg g_{0_{\underline {\mathfrak {A}_n}}})\rightarrow \neg g_{0_{\underline {\mathfrak {A}_n}}})\lor g_{\star _{\mathfrak {A}}})=\star _{\mathfrak {A}}\not =\mathbb {N}$


$N^1(\underline {\mathfrak {A}_n})\not \models \chi ^g_{(g_{0_{\underline {\mathfrak {A}}_n}}\rightarrow \neg g_{0_{\underline {\mathfrak {A}_n}}})\rightarrow \neg g_{0_{\underline {\mathfrak {A}_n}}})}(N^1(\underline {\mathfrak {A}_n}))$


\begin {align*}v((g_{0_{\underline {\mathfrak {A}_n}}}&\rightarrow \neg g_{0_{\underline {\mathfrak {A}_n}}})\rightarrow \neg g_{0_{\underline {\mathfrak {A}_n}}})\\ &=(v(g_{0_{\underline {\mathfrak {A}_n}}})\rightarrow _{N^1(\underline {\mathfrak {A}_n})}\neg _{N^1(\underline {\mathfrak {A}_n})} v(g_{0_{\underline {\mathfrak {A}_n}}}))\rightarrow _{N^1(\underline {\mathfrak {A}_n})}\neg _{N^1(\underline {\mathfrak {A}_n})} v(g_{0_{\underline {\mathfrak {A}_n}}}))\\ &=(0_{\underline {\mathfrak {A}_n}}\rightarrow _{N^1(\underline {\mathfrak {A}_n})}a_{n+8})\rightarrow _{N^1(\underline {\mathfrak {A}_n})}a_{n+8}\\ &=\mathbb {N}\rightarrow _{N^1(\underline {\mathfrak {A}_n})}a_{n+8},\end {align*}


$v((g_{0_{\underline {\mathfrak {A}_n}}}\rightarrow \neg g_{0_{\underline {\mathfrak {A}_n}}})\rightarrow \neg g_{0_{\underline {\mathfrak {A}_n}}})\not =\mathbb {N}$


$N^1(\underline {\mathfrak {A}_n})\not \models \mathcal {A}_n$


$\mathcal {A}_n$


$L^1(I)$


$\mathsf {ECQPC}$


$\mathcal {A}_m$


$m\in I$


$L^1(I)\subseteq \{A\mid N^1(\underline {\mathfrak {A}_n})\models A\}$


$\mathcal {A}_n\not \in L^1(I)$


$L^1(I)\not = L^1(J)$


$I$


$J$


$I\not =J$


$\mathsf {IPC}\vdash (p\rightarrow \neg p)\rightarrow \neg p$


$\mathsf {IPC}$


$\mathcal {A}_n$


$n$


$\mathsf {IPC}\vdash \mathcal {A}_n$


$I$


$\mathsf {ECQPC}\subsetneq L^1(I) \subsetneq \mathsf {IPC}$


$I$


$\mathsf {IPC}$


$\mathsf {ECQPC}$


$L^5(I)$


$\mathcal {A}_n$


$\mathsf {An\cap ECQPC}$


$n\in I$


$\relax \square $


$\mathsf {IPC}$


$\mathsf {AVQPC}$


$\mathsf {ECQPC}$


$\mathsf {An\cap ECQPC}$


$n$


\begin {align*}N^2(\underline {\mathfrak {A}_n})=\langle |N^2(\underline {\mathfrak {A}_n})|,1_{N^2(\underline {\mathfrak {A}_n})},\land _{N^2(\underline {\mathfrak {A}_n})},\lor _{N^2(\underline {\mathfrak {A}_n})},\rightarrow _{N^2(\underline {\mathfrak {A}_n})},\neg _{N^2(\underline {\mathfrak {A}_n})}\rangle \end {align*}


$\neg _{N^2(\underline {\mathfrak {A}_n})}$


$\neg _{N^2(\underline {\mathfrak {A}_n})} a:= \mathbb {N}$


$a\in |N^2(\underline {\mathfrak {A}_n})|$


$N^2(\underline {\mathfrak {A}_n})$


$\mathsf {(N),(An),(AVQ)}$


$\mathsf {(An\cap ECQ)}$


$\mathsf {(N)}$


$a,b\in |N^2(\underline {\mathfrak {A}_n})|$


\begin {align*}(a\leftrightarrow _{N^2(\underline {\mathfrak {A}_n})} b)\rightarrow _{N^2(\underline {\mathfrak {A}_n})}&(\neg _{N^2(\underline {\mathfrak {A}_n})} a\leftrightarrow _{N^2(\underline {\mathfrak {A}_n})}\neg _{N^2(\underline {\mathfrak {A}_n})} b)\\ &=(a\leftrightarrow _{N^2(\underline {\mathfrak {A}_n})} b)\rightarrow _{N^2(\underline {\mathfrak {A}_n})}(\mathbb {N}\leftrightarrow _{N^2(\underline {\mathfrak {A}_n})}\mathbb {N})\\ &=(a\leftrightarrow _{N^2(\underline {\mathfrak {A}_n})}b)\rightarrow _{N^2(\underline {\mathfrak {A}_n})}\mathbb {N}\\ &=\mathbb {N}.\end {align*}


$N^2(\underline {\mathfrak {A}_n})$


$\mathsf {(N)}$


$(\mathsf {An})$


$a\in |N^2(\underline {\mathfrak {A}_n})|$


\begin {align*}(a\rightarrow _{N^2(\underline {\mathfrak {A}_n})}\neg _{N^2(\underline {\mathfrak {A}_n})} a)\rightarrow _{N^2(\underline {\mathfrak {A}_n})}\neg _{N^2(\underline {\mathfrak {A}_n})}a&=(a\rightarrow _{N^2(\underline {\mathfrak {A}_n})}\mathbb {N})\rightarrow _{N^2(\underline {\mathfrak {A}_n})}\mathbb {N}\\ &=\mathbb {N}.\end {align*}


$N^2(\underline {\mathfrak {A}_n})$


$\mathsf {(An)}$


$\mathsf {(AVQ)}$


$(\mathsf {An\cap ECQ})$


$(\mathsf {An})$


$n$


$\mathcal {B}_n\coloneq \chi ^g_{(g_{\mathbb {N}}\land \neg g_{\mathbb {N}})\rightarrow g_{0_{\underline {\mathfrak {A}_n}}}}(N^2(\underline {\mathfrak {A}_n}))$


$N^2(\underline {\mathfrak {A}_n})$


$\mathcal {B}_n$


$(\mathsf {ECQ})$


$N^1(\underline {\mathfrak {A}_n})$


$\mathcal {A}_n$


$\mathsf {(An)}$


$\relax \square $


$\mathsf {AVQPC}$


$\mathsf {MPC}_\neg $


$n$


\begin {align*}N^3(\underline {\mathfrak {A}_n})=\langle |N^3(\underline {\mathfrak {A}_n})|,1_{N^3(\underline {\mathfrak {A}_n})},\land _{N^3(\underline {\mathfrak {A}_n})},\lor _{N^3(\underline {\mathfrak {A}_n})},\rightarrow _{N^3(\underline {\mathfrak {A}_n})},\neg _{N^3(\underline {\mathfrak {A}_n})}\rangle \end {align*}


$\neg _{N^3(\underline {\mathfrak {A}_n})}$


$\neg _{N^3(\underline {\mathfrak {A}_n})} a:=a\rightarrow _{N^3(\underline {\mathfrak {A}_n})} a_0$


$a\in |N^3(\underline {\mathfrak {A}_n})|$


$N^3(\underline {\mathfrak {A}_n})$


$\mathsf {(N)\text { and }(An)}$


$\mathsf {(N)}$


$a,b\in |N^3(\underline {\mathfrak {A}_n})|$


$\mathsf {(N)}$


$N^3(\underline {\mathfrak {A}_n})$


$(a\rightarrow _{N^3(\underline {\mathfrak {A}_n})}b)\land _{N^3(\underline {\mathfrak {A}_n})}(b\rightarrow _{N^3(\underline {\mathfrak {A}_n})}a_0)\leq _{N^3(\underline {\mathfrak {A}_n})}a\rightarrow _{N^3(\underline {\mathfrak {A}_n})}a_0$


$(b\rightarrow _{N^3(\underline {\mathfrak {A}_n})}a)\land _{N^3(\underline {\mathfrak {A}_n})}(a\rightarrow _{N^3(\underline {\mathfrak {A}_n})}a_0)\leq _{N^3(\underline {\mathfrak {A}_n})}b\rightarrow _{N^3(\underline {\mathfrak {A}_n})}a_0$


$\mathsf {(An)}$


$a\in |N^3(\underline {\mathfrak {A}_n})|$


\begin {align*}(a\rightarrow _{N^3(\underline {\mathfrak {A}_n})}&\neg _{N^3(\underline {\mathfrak {A}_n})}a)\rightarrow _{N^3(\underline {\mathfrak {A}_n})}\neg _{N^3(\underline {\mathfrak {A}_n})}a\\ &=(a\rightarrow _{N^3(\underline {\mathfrak {A}_n})}(a\rightarrow _{N^3(\underline {\mathfrak {A}_n})}a_0))\rightarrow _{N^3(\underline {\mathfrak {A}_n})}(a\rightarrow _{N^3(\underline {\mathfrak {A}_n})}a_0)\\ &=(a\rightarrow _{N^3(\underline {\mathfrak {A}_n})}a_0)\rightarrow _{N^3(\underline {\mathfrak {A}_n})}(a\rightarrow _{N^3(\underline {\mathfrak {A}_n})}a_0)\\ &=\mathbb {N}.\end {align*}


$(\mathsf {An})$


$N^3(\underline {\mathfrak {A}_n})$


$n$


$\mathcal {D}_n\coloneq \chi ^g_{\neg \neg (\neg (g_{\mathbb {N}}\rightarrow g_{\mathbb {N}})\rightarrow g_{0_{\underline {\mathfrak {A}_n}}})}(N^3(\underline {\mathfrak {A}_n}))$


$N^3(\underline {\mathfrak {A}_n})$


$\mathcal {D}_n$


$(\mathsf {AVQ})$


$N^1(\underline {\mathfrak {A}_n})$


$\mathcal {A}_n$


$\mathsf {(An)}$


$\relax \square $


$\mathsf {An\cap ECQPC}$


$\mathsf {An^-PC}$


$n$


\begin {align*}N^6(\underline {\mathfrak {A}_n})=\langle |N^6(\underline {\mathfrak {A}_n})|,1_{N^6(\underline {\mathfrak {A}_n})},\land _{N^6(\underline {\mathfrak {A}_n})},\lor _{N^6(\underline {\mathfrak {A}_n})},\rightarrow _{N^6(\underline {\mathfrak {A}_n})},\neg _{N^6(\underline {\mathfrak {A}_n})}\rangle \end {align*}


$\neg _{N^4(\underline {\mathfrak {A}_n})}$


$\neg _{N^6(\underline {\mathfrak {A}_n})} a:=a_{n+8}$


$a\in |N^6(\underline {\mathfrak {A}_n})|$


$N^6(\underline {\mathfrak {A}_n})$


$(\mathsf {N})$


$(\mathsf {An^-})$


$n$


\begin {equation*}\mathcal {F}_n\coloneq \chi ^g_{\neg \neg (g_{0_{\underline {\mathfrak {A}_n}}}\rightarrow g_{0_{\underline {\mathfrak {A}_n}}})\lor (\neg (g_{\mathbb {N}}\rightarrow g_{\mathbb {N}})\rightarrow g_{0_{\underline {\mathfrak {A}_n}}} )}(N^6(\underline {\mathfrak {A}_n})).\end {equation*}


$N^6(\underline {\mathfrak {A}_n})$


$\mathcal {F}_n$


$(\mathsf {An\cap ECQ})$


$N^1(\underline {\mathfrak {A}_n})$


$\mathcal {A}_n$


$\mathsf {(An)}$


$\relax \square $


$\mathsf {An^-PC}$


$\mathsf {CoPC}$


$n$


\begin {align*}N^{7}(\underline {\mathfrak {A}_n})=\langle |N^{7}(\underline {\mathfrak {A}_n})|,1_{N^{7}(\underline {\mathfrak {A}_n})},\land _{N^{7}(\underline {\mathfrak {A}_n})},\lor _{N^{7}(\underline {\mathfrak {A}_n})},\rightarrow _{N^{7}(\underline {\mathfrak {A}_n})},\neg _{N^{7}(\underline {\mathfrak {A}_n})}\rangle \end {align*}


$\neg _{N^7(\underline {\mathfrak {A}_n})}$


$\neg _{N^{7}(\underline {\mathfrak {A}_n})} a:= \begin {cases} \mathbb {N}& \text { if }a=0_{\underline {\mathfrak {A}_n}};\\ a_0&\text { otherwise }, \end {cases}$


$a\in |N^{7}(\underline {\mathfrak {A}_n})|$


$N^7(\underline {\mathfrak {A}_n})$


$\mathsf {(Co)}$


$\mathsf {(N)}$


$\mathsf {(Co)}$


$a,b\in N^{7}(\underline {\mathfrak {A}_n})$


$a\not = 0_{\underline {\mathfrak {A}_n}}$


$b\not =0_{\underline {\mathfrak {A}_n}}$


\begin {align*}(a\rightarrow _{N^{7}(\underline {\mathfrak {A}_n})}b)\rightarrow _n(&\neg _{N^{7}(\underline {\mathfrak {A}_n})} b\rightarrow _{N^{7}(\underline {\mathfrak {A}_n})}\neg _{N^{7}(\underline {\mathfrak {A}_n})} a)\\ &=(a\rightarrow _{N^{7}(\underline {\mathfrak {A}_n})}b)\rightarrow _{N^{7}(\underline {\mathfrak {A}_n})}(a_0\rightarrow _{N^{7}(\underline {\mathfrak {A}_n})}a_0)\\ &=(a\rightarrow _{N^{7}(\underline {\mathfrak {A}_n})}b)\rightarrow _{N^{7}(\underline {\mathfrak {A}_n})}\mathbb {N}\\ &=\mathbb {N}.\end {align*}


$\mathsf {(Co)}$


$a\not =0_{\underline {\mathfrak {A}_n}}$


$b\not =0_{\underline {\mathfrak {A}_n}}$


$a\not = 0_{\underline {\mathfrak {A}_n}}$


$b=0_{\underline {\mathfrak {A}_n}}$


\begin {align*}(0_{\underline {\mathfrak {A}_n}}\rightarrow _{N^{7}(\underline {\mathfrak {A}_n})}b)\rightarrow _{N^{7}(\underline {\mathfrak {A}_n})}&(\neg _{N^{7}(\underline {\mathfrak {A}_n})}b\rightarrow _{N^{7}(\underline {\mathfrak {A}_n})}\neg _{N^{7}(\underline {\mathfrak {A}_n})}0_{\underline {\mathfrak {A}_n}})\\&=\mathbb {N}\rightarrow _{N^{7}(\underline {\mathfrak {A}_n})}(a_0\rightarrow _{N^{7}(\underline {\mathfrak {A}_n})}\mathbb {N})\\ &=\mathbb {N}.\end {align*}


$\mathsf {(Co)}$


$a\not =0_{\underline {\mathfrak {A}_n}}$


$b=0_{\underline {\mathfrak {A}_n}}$


$a\not = 0_{\underline {\mathfrak {A}_n}}$


$b\not =0_{\underline {\mathfrak {A}_n}}$


\begin {align*}(a\rightarrow _{N^{7}(\underline {\mathfrak {A}_n})}0_{\underline {\mathfrak {A}_n}})\rightarrow _{N^{7}(\underline {\mathfrak {A}_n})}&(\neg _{N^{7}(\underline {\mathfrak {A}_n})}0_{\underline {\mathfrak {A}_n}}\rightarrow _{N^{7}(\underline {\mathfrak {A}_n})}\neg _{N^{7}(\underline {\mathfrak {A}_n})} a)\\ &=(a\rightarrow _{N^{7}(\underline {\mathfrak {A}_n})}0_{\underline {\mathfrak {A}_n}})\rightarrow _{N^{7}(\underline {\mathfrak {A}_n})}(\mathbb {N}\rightarrow _{N^{7}(\underline {\mathfrak {A}_n})}a_0)\\ &=0_{\underline {\mathfrak {A}_n}}\rightarrow _{N^{7}(\underline {\mathfrak {A}_n})}a_0\\ &=\mathbb {N}.\end {align*}


$\mathsf {(Co)}$


$a\not =0_{\underline {\mathfrak {A}_n}}$


$b\not =0_{\underline {\mathfrak {A}_n}}$


$\mathsf {(Co)}$


$N^{7}(\underline {\mathfrak {A}_n})$


$\mathsf {N}$


$n$


$\mathcal {G}_n\coloneq \chi ^g_{(g_{a_0}\rightarrow \neg g_{a_0})\rightarrow (\neg g_{0_{\underline {\mathfrak {A}_n}}}\rightarrow \neg g_{a_0})}(N^{7}(\underline {\mathfrak {A}_n}))$


$N^{7}(\underline {\mathfrak {A}_n})$


$\mathcal {G}_n$


$(\mathsf {An}^-)$


$N^1(\underline {\mathfrak {A}_n})$


$\mathcal {A}_n$


$\mathsf {(An)}$


$\relax \square $


$\mathsf {CoPC}$


$\mathsf {NECQPC}$


$n$


\begin {align*}N^{8}(\underline {\mathfrak {A}_n})=\langle |N^{8}(\underline {\mathfrak {A}_n})|,1_{N^{8}(\underline {\mathfrak {A}_n})},\land _{N^{8}(\underline {\mathfrak {A}_n})},\lor _{N^{8}(\underline {\mathfrak {A}_n})},\rightarrow _{N^{8}(\underline {\mathfrak {A}_n})},\neg _{N^{8}(\underline {\mathfrak {A}_n})}\rangle \end {align*}


$\neg _{N^8(\underline {\mathfrak {A}_n})}$


$\neg _{N^{8}(\underline {\mathfrak {A}_n})} a:= \begin {cases} \mathbb {N}& \text { if }a=a_{n+8};\\ a_{n+8}&\text { otherwise }, \end {cases}$


$a\in |N^{8}(\underline {\mathfrak {A}_n})|$


$N^{8}(\underline {\mathfrak {A}_n})$


$\mathsf {(N)}$


$\mathsf {(NECQ)}$


$\mathsf {(N)}$


$a,b\in N^{8}(\underline {\mathfrak {A}_n})$


$a\not = a_{n+8}$


$b\not =a_{n+8}$


\begin {align*}(a\leftrightarrow _{N^{8}(\underline {\mathfrak {A}_n})}b)&\rightarrow _{N^{8}(\underline {\mathfrak {A}_n})}(\neg _{N^{8}(\underline {\mathfrak {A}_n})} a\leftrightarrow _{N^{8}(\underline {\mathfrak {A}_n})}\neg _{N^{8}(\underline {\mathfrak {A}_n})} b)\\&=(a\leftrightarrow _{N^{8}(\underline {\mathfrak {A}_n})}b)\rightarrow _{N^{8}(\underline {\mathfrak {A}_n})}(a_{n+8}\leftrightarrow _{N^{8}(\underline {\mathfrak {A}_n})}a_{n+8})\\ &=(a\leftrightarrow _{N^{8}(\underline {\mathfrak {A}_n})}b)\rightarrow _{N^{8}(\underline {\mathfrak {A}_n})}\mathbb {N}\\ &=\mathbb {N}.\end {align*}


$\mathsf {(N)}$


$a\not =a_{n+8}$


$b\not =a_{n+8}$


$a= a_{n+8}$


$b\not =a_{n+8}$


\begin {align*}(a_{n+8}\leftrightarrow _{N^{8}(\underline {\mathfrak {A}_n})} b)&\rightarrow _{N^{8}(\underline {\mathfrak {A}_n})}(\neg _{N^{8}(\underline {\mathfrak {A}_n})} a_{n+8}\leftrightarrow _{N^{8}(\underline {\mathfrak {A}_n})}\neg _{N^{8}(\underline {\mathfrak {A}_n})} b)\\ &=(a_{n+8}\leftrightarrow _{N^{8}(\underline {\mathfrak {A}_n})}b)\rightarrow _{N^{8}(\underline {\mathfrak {A}_n})}(\mathbb {N}\leftrightarrow _{N^{8}(\underline {\mathfrak {A}_n})}a_{n+8})\\ &=(a_{n+8}\leftrightarrow _{N^{8}(\underline {\mathfrak {A}_n})}b)\rightarrow _{N^{8}(\underline {\mathfrak {A}_n})}a_{n+8}\\ &=\mathbb {N}.\end {align*}


$\mathbb {N}\leftrightarrow _{N^{8}(\underline {\mathfrak {A}_n})}a_{n+8}=a_{n+8}$


$\mathbb {N}\leftrightarrow _{N^{8}(\underline {\mathfrak {A}_n})}a_{n+8}=(\mathbb {N}\rightarrow _{N^{8}(\underline {\mathfrak {A}_n})}a_{n+8})\land _{N^{8}(\underline {\mathfrak {A}_n})}(a_{n+8}\rightarrow _{N^{8}(\underline {\mathfrak {A}_n})}\mathbb {N})$


$\mathbb {N}\rightarrow _{N^{8}(\underline {\mathfrak {A}_n})}a_{n+8}=a_{n+8}$


$\mathsf {(N)}$


$a=a_{n+8}$


$b\not =a_{n+8}$


$\mathsf {(NECQ)}$


$a,b\in |N^{8}(\underline {\mathfrak {A}_n})|$


\begin {align*}(a\land _{N^{8}(\underline {\mathfrak {A}_n})}\neg _{N^{8}(\underline {\mathfrak {A}_n})} a)\rightarrow _{N^{8}(\underline {\mathfrak {A}_n})}\neg _{N^{8}(\underline {\mathfrak {A}_n})} b&=a_{n+8}\rightarrow _{N^{8}(\underline {\mathfrak {A}_n})}\neg _{N^{8}(\underline {\mathfrak {A}_n})} b\\ &=\mathbb {N}.\end {align*}


$\mathsf {(NECQ)}$


$N^{8}(\underline {\mathfrak {A}_n})$


$n$


$\mathcal {H}_n\coloneq \chi ^g_{(g_{a_{0}}\rightarrow g_{a_{n+8}})\rightarrow (\neg g_{a_{n+8}}\rightarrow \neg g_{a_{0}})}(N^{8}(\underline {\mathfrak {A}_n}))$


$N^{8}(\underline {\mathfrak {A}_n})$


$\mathcal {H}_n$


$(\mathsf {Co})$


$N^1(\underline {\mathfrak {A}_n})$


$\mathcal {A}_n$


$\mathsf {(An)}$


$\relax \square $


$\mathsf {NECQPC}$


$\mathsf {NPC}$


$n$


\begin {align*}N^{9}(\underline {\mathfrak {A}_n})=\langle |N^{9}(\underline {\mathfrak {A}_n})|,1_{N^{9}(\underline {\mathfrak {A}_n})},\land _{N^{9}(\underline {\mathfrak {A}_n})},\lor _{N^{9}(\underline {\mathfrak {A}_n})},\rightarrow _{N^{9}(\underline {\mathfrak {A}_n})},\neg _{N^{9}(\underline {\mathfrak {A}_n})}\rangle \end {align*}


$\neg _{N^9(\underline {\mathfrak {A}_n})}$


$\neg _{N^{9}(\underline {\mathfrak {A}_n})} a:= \begin {cases} \mathbb {N}& \text { if }a=\mathbb {N};\\ a_{n+8}&\text { otherwise }, \end {cases}$


$a\in |N^{9}(\underline {\mathfrak {A}_n})|$


$N^{9}(\underline {\mathfrak {A}_n})$


$\mathsf {(N)}$


$n$


$\mathcal {H}_n\coloneq \chi ^g_{(g_{\mathbb {N}}\land \neg g_{\mathbb {N}})\rightarrow \neg g_{a_{n+8}}}(N^{9}(\underline {\mathfrak {A}_n}))$


$N^{9}(\underline {\mathfrak {A}_n})$


$\mathcal {H}_n$


$(\mathsf {NECQ})$


$N^1(\underline {\mathfrak {A}_n})$


$\mathcal {A}_n$


$\mathsf {(An)}$


$\relax \square $


$\mathsf {An\cap ECQPC}$


$\mathsf {LN}$


$\mathsf {NPC}$


$\mathsf {LN}$


$\mathsf {N}$


$n$


$_n$


$n\geq 3$


$_n$


$_{n+1}$


$\mathsf {An^-PC}$


$\bot \rightarrow p$


$p\rightarrow \top $


$\neg p\rightarrow \neg \neg \top $


$\mathsf {CoPC}$


$\mathcal {L}_{\neg , \top , \bot }$


$^{-\top , \bot }$


$\neg p\rightarrow \neg \neg (q\rightarrow q)$


$\mathsf {CoPC}$


$\mathcal {L}_\neg $


$\bot \rightarrow p$


$p\rightarrow \top $


$\neg p\rightarrow \neg \neg \top $


$\neg \neg \top $


$\mathsf {CoPC}$


$\mathcal {L}_{\neg , \top , \bot }$


$^{-\top , \bot }$


$\neg p\rightarrow \neg \neg (q\rightarrow q)$


$\neg \neg (p\rightarrow p)$


$\mathsf {CoPC}$


$\mathcal {L}_\neg $


$(F,G)$


$(F,G)$


$\mathcal {F}$


$\mathsf {An^-PC}$


$(W,\leq ,F,G)$


$(W,\leq )$


$\leq $


$W$


$W$


$F,G$


$W$


$F$


$G$


$(F,G)$


$\mathcal {M}$


$(\mathcal {F}, \mathcal {V})$


$\mathcal {F}$


$(F,G)$


$\mathcal {V}$


$\mathcal {L}_{\neg , \top , \bot }$


$\mathcal {M},w\Vdash _{(F,G)}\top $


$w\in W$


$\mathcal {M},w\not \Vdash _{(F,G)}\bot $


$w\in W$


$\mathcal {M},w\Vdash _{(F,G)}p\Longleftrightarrow w\in \mathcal {V}(p)$


$\mathcal {M},w\Vdash _{(F,G)}A\land B\Longleftrightarrow \mathcal {M},w\Vdash _{(F,G)}A\text { and }\mathcal {M},w\Vdash _{(F,G)}B$


$\mathcal {M},w\Vdash _{(F,G)}A\lor B\Longleftrightarrow \mathcal {M},w\Vdash _{(F,G)}A\text { or }\mathcal {M},w\Vdash _{(F,G)}B$


$\mathcal {M},w\Vdash _{(F,G)}A\rightarrow B\Longleftrightarrow \forall v\geq w[\mathcal {M},v\Vdash _{(F,G)}A \Rightarrow \mathcal {M},v\Vdash _{(F,G)}B]$


$\mathcal {M},w\Vdash _{(F,G)}\neg A\Longleftrightarrow \forall v\geq w[\mathcal {M},v\Vdash _{(F,G)}A\Rightarrow v\in F]\text { and } w\in G$


$\mathcal {F}\models _{(F,G)}A$


$\mathcal {(F,V)},w\Vdash _{(F,G)}A$


$\mathcal {V}$


$w\in W$


$\mathcal {M}\models _{(F,G)}A$


$\mathcal {M},w\Vdash _{(F,G)}A$


$w\in W$


$\Gamma $


$\Gamma \models _{(F,G)}A$


$\mathcal {M},w\Vdash _{(F,G)}B$


$B\in \Gamma $


$\mathcal {M},w\Vdash _{(F,G)}A$


$\mathcal {M}$


$w\in W$


$W$


$\mathcal {M}$


$(F,G)$


$\Gamma \vdash _\textbf {SUBMIN} A \Longleftrightarrow \Gamma \models _{(F,G)}A$


$\Gamma \vdash _\textbf {MIN} A \Longleftrightarrow \Gamma \models _{(F,G)}A$


$(F,G)$


$G=W$


$\Gamma \vdash _\textbf {CO-MIN} A \Longleftrightarrow \Gamma \models _{(F,G)}A$


$(F,G)$


$F=\varnothing $


$\Gamma \vdash _\textbf {IPC} A \Longleftrightarrow \Gamma \models _{(F,G)}A$


$(F,G)$


$G=W$


$F=\varnothing $


$\top $


$\bot $


$(F,G)$


$\mathcal {L}_{\neg }$


$\Gamma \vdash _{\textbf {SUBMIN}^{-\top ,\bot }} A \Longleftrightarrow \Gamma \models _{(F,G)}A$


$\Gamma \vdash _{\textbf {MIN}^{-\top ,\bot }} A \Longleftrightarrow \Gamma \models _{(F,G)}A$


$(F,G)$


$G=W$


$\Gamma \vdash _{\textbf {CO-MIN}^{-\top ,\bot }} A \Longleftrightarrow \Gamma \models _{(F,G)}A$


$(F,G)$


$F=\varnothing $


$\Gamma \vdash _{\textbf {IPC}^{-\top ,\bot }} A \Longleftrightarrow \Gamma \models _{(F,G)}A$


$(F,G)$


$G=W$


$F=\varnothing $


$\top $


$\bot $


$A$


$\textbf {CO-MIN}\vdash A\ \Leftrightarrow \ \textbf {CO-MIN}^{-\top , \bot }\vdash A$


$\textbf {SUBMIN}^{-\top ,\bot }$


$\mathsf {An^-PC}$


$\textbf {MIN}^{-\top ,\bot }$


$\mathsf {MPC_\neg }$


$\mathsf {An\cap ECQPC}$


$\mathsf {AVQPC}$


$F$


$G$


$\mathsf {An\cap ECQ}$


$\mathsf {AVQ}$


$(F,G)$


$\top $


$\bot $


$F'$


$\coloneq \{w\in W\mid \forall v\geq w(v\not \in F)\}$


$\mathsf {An\cap ECQ}$


$(F,G)$


$F'\cup G=W$


$\mathsf {AVQ}$


$(F,G)$


$\forall u\geq w[u\not \in F'] \text { implies }w\in F$


$w\in W$


$G=W$


$\Vdash _{\mathsf {An\cap ECQ}}, \models _{\mathsf {An\cap ECQ}}, \Vdash _{\mathsf {AVQ}}$


$\models _{\mathsf {AVQ}}$


$\mathsf {An\cap ECQ}$


$\mathsf {AVQ}$


$(W,\leq ,F)$


$(W,\leq )$


$\leq $


$W$


$W$


$F$


$W$


$w\not \in F$


$v\in W$


$w\leq v$


$u\in W$


$v\leq u$


$u\not \in F$


$\mathsf {AVQ}$


$(W,\leq ,F,G)$


$G$


$W$


$F$


$\mathsf {AVQ}$


$(W,\leq ,F)$


$(W,\leq , F)$


$F$


$\mathsf {AVQ}$


$F$


$\mathsf {AVQ}$


$\mathsf {AVQ}$


$\mathsf {AVQ}$


$\mathsf {An \cap ECQPC}$


$\mathsf {An \cap ECQPC}$


$\mathsf {An\cap ECQPC}$


$\Gamma \vdash _{\mathsf {An\cap ECQPC}} A$


$\Gamma \models _{\mathsf {An\cap ECQ}}A$


$(\mathsf {An\cap ECQ})$


$(\mathcal {F,V})$


$w\in W$


$\mathcal {(F,V)},w\not \Vdash _\mathsf {An\cap ECQ}\neg \neg (p\rightarrow p)$


$\mathcal {(F,V)},v\Vdash _\mathsf {An\cap ECQ}\neg \neg (p\rightarrow p)\ \text { iff } v\in G$


$v\in W$


$\mathcal {(F,V)},u\not \Vdash _\mathsf {An\cap ECQ}\neg (q\rightarrow q)$


$u\geq w$


$w\Vdash _\mathsf {An\cap ECQ} \neg (q\rightarrow q)\rightarrow r$


$w\not \in G$


$w\in F'$


$u\not \in F$


$u\geq w$


$\mathcal {(F,V)},u\not \Vdash _\mathsf {An\cap ECQ}\neg (q\rightarrow q)$


$u\geq w$


$\relax \square $


$\Delta $


$A$


$A\not \in \Delta $


$\Delta \vdash _{\mathsf {An\cap ECQPC}}A\Rightarrow A\in \Delta $


$\Delta \vdash _{\mathsf {An\cap ECQPC}} A\lor B\Rightarrow \Delta \vdash _{\mathsf {An\cap ECQPC}} A\text { or }\Delta \vdash _{\mathsf {An\cap ECQPC}} B$


$\mathsf {An\cap ECQPC}$


$\Gamma \models _\mathsf {An\cap ECQ}A$


$\Gamma \vdash _\mathsf {An\cap ECQPC}A$


$\Gamma \not \vdash _\mathsf {An\cap ECQ} A$


$\Gamma _0\supset \Gamma $


$\Gamma _0\not \vdash _\mathsf {An\cap ECQ} A$


$\mathcal {M}=(W,\leq ,F,G, \mathcal {V})$


$\Gamma _0$


$F$


$G$


$F \coloneq \{\Delta \mid \neg B \in \Delta \text { for all } B\}$


$G \coloneq \{\Delta \mid \neg B \in \Delta \text { for some } B\}$


$F'\cup G=W$


$\Delta \not \in G$


$\neg B\not \in \Delta $


$B$


$\neg \neg (p\rightarrow p)\not \in \Delta $


$\mathsf {An\cap ECQPC}\vdash \neg \neg (p\rightarrow p)\lor (\neg (q\rightarrow q)\rightarrow C)$


$C$


$\neg (q\rightarrow q)\rightarrow C\in \Delta $


$\neg (q\rightarrow q)\not \in \Delta '$


$\Delta '\geq \Delta $


$\Delta '\not \in F$


$\Delta '\geq \Delta $


$\Delta \in F'$


$\relax \square $


$\mathsf {AVQPC}$


$\mathsf {AVQPC}$


$\mathsf {AVQPC}$


$\Gamma \vdash _{\mathsf {AVQPC}} A$


$\Gamma \models _{\mathsf {AVQPC}}A$


$(\mathsf {AVQPC})$


$(\mathcal {F,V})$


$w\in W$


$\mathcal {(F,V)},u\Vdash _\mathsf {AVQ}\neg (\neg (p\rightarrow p)\rightarrow q)$


$u\geq w$


$u\in F$


$\mathcal {(F,V)},v\Vdash _\mathsf {AVQ}\neg (p\rightarrow p)\rightarrow q$


$v\in F$


$v\geq u$


$\mathcal {(F,V)},v\Vdash _\mathsf {AVQ}\neg (p\rightarrow p)\rightarrow q$


$v\in F$


$\mathcal {(F,V)},v'\Vdash _\mathsf {AVQ}\neg (p\rightarrow p)$


$\mathcal {(F,V)},v'\not \Vdash _\mathsf {AVQ}q$


$v'\geq v\geq u$


$\mathsf {AVQ}$


$u\in F$


$\relax \square $


$\mathsf {MPC_\neg }\vdash \neg A\leftrightarrow (A\rightarrow \neg (p\rightarrow p))$


$\mathsf {MPC_\neg }\vdash \neg A\rightarrow (A\rightarrow \neg (p\rightarrow p))$


$(\mathsf {NECQ})$


$\mathsf {(NECQ)}$


$\mathsf {MPC_\neg }\vdash ((A\rightarrow \neg (p\rightarrow p))\land A)\rightarrow (A\rightarrow \neg A)$


$\mathsf {MPC_\neg }\vdash (A\rightarrow \neg (p\rightarrow p))\rightarrow (A\rightarrow \neg A)$


$\mathsf {(An)}$


$\mathsf {MPC_\neg }\vdash (A\rightarrow \neg A)\rightarrow \neg A$


$\mathsf {MPC_\neg }\vdash (A\rightarrow \neg (p\rightarrow p))\rightarrow \neg A$


$\relax \square $


$\mathsf {AVQPC}$


$\Gamma \!\models _\mathsf {AVQ}\!A$


$\Gamma \!\vdash _\mathsf {AVQPC}~\!\!\!A$


$\Gamma \not \vdash _\mathsf {AVQ} A$


$\Gamma _0\supset \Gamma $


$\Gamma _0\not \vdash _\mathsf {AVQ} A$


$\mathcal {M}=(W,\leq ,F,G, \mathcal {V})$


$\Gamma _0$


$F$


$G$


$F \coloneq \{\Delta \mid \neg B \in \Delta \text { for all } B\}$


$G \coloneq \{\Delta \mid \neg B\in \Delta \text { for some } B\}$


$\forall \Delta '\geq \Delta [\Delta '\not \in F'] \text { implies }\Delta \in F$


$\Delta \in W$


$G=W$


$\Delta \in W$


$\Delta '\not \in F'$


$\Delta '\geq \Delta \cdots (\star )$


$\Delta \in F$


$\Delta \not \in F$


$\neg B\not \in \Delta $


$B$


$\mathsf {(Co)}$


$\mathsf {AVQPC}\vdash (B\rightarrow (p\rightarrow p))\rightarrow (\neg (p\rightarrow p)\rightarrow \neg B)$


$\neg (p\rightarrow p)\not \in \Delta $


$C_0,C_1, C_2\ldots $


$\mathsf {(AVQ)}$


$\mathsf {AVQPC}\vdash ((\neg (p\rightarrow p)\rightarrow C_0)\rightarrow \neg (p\rightarrow p))\rightarrow \neg (p\rightarrow p)$


$(\neg (p\rightarrow p)\rightarrow C_0)\rightarrow \neg (p\rightarrow p)\not \in \Delta $


$\Delta ^0\supseteq \Delta $


$\neg (p\rightarrow p)\rightarrow C_0\in \Delta ^0$


$\neg (p\rightarrow p)\not \in \Delta ^0$


$\Delta ^0\subseteq \Delta ^1\subseteq \Delta ^2\subseteq \ldots $


$\bigcup _{i\in \omega }\Delta ^i$


$\neg (p\rightarrow p)\not \in \Delta '$


$\Delta '\geq \bigcup _{i\in \omega }\Delta ^i$


$\Delta '\not \in F$


$\cup _{i\in \omega }\Delta ^i\in F'$


$(\star )$


$\Delta \in F$


$\relax \square $

https://doi.org/10.18778/0138-0680.2025.06
https://publicationethics.org/
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1. Introduction

In this paper, we explore the relation between known and new logics with
a focus on subminimal logics, which were introduced by [13, 12]. Since
we have two backgrounds, we will first describe the backgrounds and then
clarify the aims of the paper.

1.1. Vakarelov’s logics and Minimal logic

Intuitionistic logic contains ex contradictione quodlibet (ECQ for short),
which is the inference rule deriving any conclusion B from A and —A.
Minimal logic, which is introduced by [6], is the logic excluding ECQ from
Intuitionistic logic. When we treat classical, intuitionistic and minimal log-
ics, negation is usually defined by making use of the absurdity constant and
implication, i.e., =A = A — 1. We call this kind of negation intuitionistic
negation by following the terminology used by [13, 12]. Using intuitionistic
negation, minimal logic is the weakest logic with respect to the strength of
negation, on the assumption that the implication is at least intuitionistic.

However, there is another way to treat negation in classical/intuitio-
nistic/minimal logics. That is, to take negation as a primitive logical
connective with one argument. We call this kind of negation subminimal
negation by following the terminology used in [13] again. In [13], submini-
mal negation was introduced to analyze strong negation in a more general
framework. By using subminimal negation, we can analyze properties of
negation in a more detailed way than intuitionistic negation, and we can
define logics weaker than minimal logic, which we shall call subminimal
logics.

In this paper, we are interested in two systems introduced in [13]. One
is the L-free fragment of SUBMIN (Definition 6.1), which is one of the
subminimal logics. The other is co-minimal logic (CO-MIN for short)
(Definition 2.7), which has ECQ. The positive fragment of CO-MIN coin-
cides with that of intuitionistic logic, but CO-MIN is neither weaker nor
stronger than minimal logic. Moreover, CO-MIN is stronger than SUB-
MIN. The relationship between the four systems discussed by Vakarelov
can be summarized as follows.
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[Intuitionistic logicJ

Minimal logic

Figure 1: Main systems discussed by Vakarelov

Note here that the systems above the lines are strictly stronger than
the lower systems.

1.2. Subminimal logics

Let us now move on to the second background. In [3, 4], several subminimal
logics that are closely related to SUBMIN were introduced. By using sub-
minimal negation instead of intuitionistic negation, we can treat negation
separately from implication and absurdity. Then, the following properties
of negation do not hold automatically.

(Co) (A — B) — (=B — —A) (Contraposition);
(NECQ) (A A—-A) — —B (Negative Ex Contradiction Quodibet);
(N) (A + B) = (=A + —B) (Congruence).

Hence we can obtain systems by adding these as axioms to the positive
fragment of intuitionistic logic with subminimal negation and the following
hierarchy.
Furthermore, [3] established the soundness and completeness theorems for
the newly introduced subminimal logics using neighborhood semantics.
The relationship between logics has been analyzed by measuring of the
cardinality of logics between them. In [17], the existence of a continuum of
logics between classical and intuitionistic logics is proved, by using algebraic
semantics. As a related result, [9] showed the existence of a continuum of
logics between some intutitionistic modal logics. Another result that is
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[Intuitionistic 10gic}

Minimal logic

Figure 2: Systems discussed by Colacito, Bezhanishvili and de Jongh

directly related to the above systems can be found in [1] in which the
existence of continua of logics between the systems included in the above
figure is established.

Although SUBMIN was mentioned in [3] its relationship to the logics
introduced in [13] was not clarified. It was Niki who revealed, in [8], the
relations between SUBMIN and subminimal logics included in Figure 2.
As a result, the systems are related as summarized in the following figure.
Note that Niki refers to the L-free system SUBMIN (SUBMIN™ for
short) as An~PC.

1.3. The aims of the paper

Building on the two backgrounds, we have two aims for this paper. First,
we investigate the systems introduced by Vakarelov in some further detail.
More specifically, we observe that there is a simpler characterization of
CO-MIN and introduce the intersection of CO-MIN and minimal logic.
Second, we establish some new results concerning the existence of continua
of logics between systems that are not discussed so far in the literature.
The results are established by making use of the techniques introduced in
[15], and this strategy has the advantage of simplifying the proofs for the
previous results established in [1].
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[Intuitionistic 10gic}

Minimal logic

(SUBMIN or An—PC]

Figure 3: Systems discussed by Colacito, Bezhanishvili and de Jongh, after
Niki’s clarification

The remainder of this paper is structured as follows. In Section 2, we
introduce proof systems for subsystems of intuitionistic logic and establish
some results related to the first aim. In Section 3 we define algebraic
semantics for the systems defined in Section 2, as a preparation for the
main result. In Section 4, we show the existence of continua of logics
between the logics discussed in this paper, and this will be related to the
second aim. In Section 5, we conclude the paper by summarizing the main
findings of the paper and pointing out some directions for further research.
In the appendix, we prove the soundness and completeness theorems for
the main logics of this paper using the Kripke semantics introduced by
Vakarelov in [13].

2. Proof system

We shall use the language £, consisting of denumerable propositional vari-
ables, A, V, — and —. The set of propositional variables is denoted by P. We
define formulas of £, as follows: A:=p|—-A| (AANA)| (AVA) | (A — A),
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and employ the abbreviation A <+ B := (A — B) A (B — A). The formula
Alp1/Bu,...,pn/By] is obtained by replacing all occurrences of p; in A
with B; for each i = 1,...,n and leaving all other variables fixed. We call
this operation substitution.

DEFINITION 2.1 (NPC [3]). We define the Hilbert system NPC by adding a
negative axioms to the positive axiom and rules of intuitionistic/minimal
logic.
Axioms

* AxL: p = (g = p);

e Ax2: (p—=(g—r) = ((p—=a) = (=)

e Ax3: p— (pVq);

o Ax4d: g — (pVq);

e ABi(p—=r) = [lg—=r) = ((pVa =)

o Ax6: (pAq) = p; AXT: (pAg) — g

e A8:p— (¢ — (PN

e (N): (p+rq) = (—p > —q).
Inference rules

e (MP): If A and A — B, then B;

e (Sub): If A, then A[p1/Bj,...,pn/By], where p1,...,p, are proposi-
tional variables in A and By, ..., B, are formulas.

For a formula A, a sequence Ay, ..., A, isa proof of Ain NPC, if A; satisfies
one of the following for any 1 <i < n:
1. A; is an axiom;
2. A; is the result of applying (MP) to formulas A; and Ay for some
k<1
3. A; is the result of applying (Sub) to a formula A; for some j < 4
4. A, = A.

NPC I A denotes that there is a proof of A in NPC. Unless there is a risk
of misunderstanding, the set {A | NPCF A} is also denoted by NPC.
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For a set of formulas I', a formula A, a sequence Aq,...,A, is a de-
duction of A from T" in NPC, if A; satisfies one of the following for any
1< <n:

1. A; isin NPC or in T}

2. A; is the result of applying (MP) to formulas A; and Ay for some

g,k <1

3. A, =A.

I Fnpe A denotes there is a deduction of A from I' in NPC.

In considering deductions with hypothesis, (Sub) is not allowed.
If (Sub) were allowed, p F ¢ would be derived for any p and g.
We consider the following axioms related to negation.

DEFINITION 2.2 (Additional Axioms).

e (An): (p— —p) — —p;
e (An7): (p— —p) = (g — —p);
(Co): (p—¢q) = (mg — —p);
e (NECQ): (pA—-p) = —g;
(ECQ): (pA—p) = g;
(AVQ) : == (=(p = p) — q);
(AnN ECQ) —=(p=p)V(=(qg—q) —r);
(

CoECQ) : —p — —(g A —q).
By adding the above axioms, we obtain the following Hilbert systems.

o NECQPC is the Hilbert system adding (NECQ) to NPC. NECQ is an
abbreviation of negative ex contradiction quodibet.

e CoPC is the Hilbert system adding (Co) to NPC (in this case, (N) is
redundant [3]). Co is an abbreviation of contraposition.

e An~PC is the Hilbert system adding (An~) to NPC.

o CoECQPC is the Hilbert system adding (CoECQ) to NPC. CoECQ is
an abbreviation of contraposition of ex contradiction quodibet.
e An N ECQPC is the Hilbert system adding (An N ECQ) to An~PC.
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e MPC, is the Hilbert system adding (An) to NPC. An is an abbrevia-
tion for absorption of negation.

o ECQPC is the Hilbert system adding (ECQ) to NPC. ECQ is an
abbreviation of ex contradiction quodibet.

¢ AVQPC is the Hilbert system adding (AVQ) and (An) to NPC. AVQ
is an abbreviation of avoidability of quodibet.

o IPC is the Hilbert system adding (ECQ) and (An) to NPC. (In this
case, (N) is redundant, see Lemma 2.5.)

Note that the system AVQPC was introduced in [14].! For each Hilbert
system, the deducibility relation “I" = A” is defined as in the NPC case.

In [3, 8] the systems NeF, CoPC,An~PC and MPC_, are defined in the
language with T. The systems NECQPC, CoPC, An~PC and MPC_, we de-
fined above are the T-free fragments of them, respectively. This can be
proved in the same way as CO-MIN and CO-MIN~ "+ in Appendix.

Unless there is a risk of misinterpretation, for any Hilbert system H
above, we denote the set {4 | HF A} by H in the same way as NPC.

For each Hilbert system H defined above, the set {A | H+ A} can be
summed up in one concept. Because we use it later, we define it as follows.

DEFINITION 2.3. A super-N-logic (sN-logic, for short) in the language £,
is any set L of L£_-formulas satisfying the conditions:

« NPCC L;

e [ is closed under modus ponens;

o L is closed under substitution.

As mentioned, for each Hilbert system H defined above, the set {A |
HF A} is an sN-logic.
LEMMA 2.4 (Deduction theorem). Let I' U {A, B} be a set of formulas.
The following holds:

FU{A}FNpcB & I'Fnpc A — B.

I This formulation was given by [7].
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To prove Deduction theorem, we need only Axl and Ax2 and the fact
that (MP) is the unique inference rule in deductions. So, it holds for all
Hilbert systems defined above.

We will use Deduction theorem without a mentioning in what follows.

LEMMA 2.5. Let IPC”™N) be the Hilbert system removing (N) from IPC.
IPC~ ™M (N).

ProOF:  We can show IPC”MN F (=pAg A (p < q)) = (pA—p) as follows:
We can prove —p,q and p <> ¢ from —=p A g A (p <> q) by using Ax6,7.
Since we can show p from ¢ and p + ¢ by (MP), we can show p A —p from
—pAgqA (p< q) by Ax8. Then we have the following:

LIPC™ E (=pAgA(pq) = (pA-p)

2. IPC M - (spAgA (p+ q)) = —q ((ECQ) and 1)

3. IPC M - (=p A (p ) = (¢ — —q) (From 2)

4. 1PC N (=p A (p+ q)) = ¢ ((An) and 3)

5. 1PC M - (p o q) = (-p — —q) (From 4)

6. IPCN F (p 5 q) = (g — —p) (The same way as 1-5)

7. IPC N E (p s q) = (—p & —q) (Ax8,5 and 6). O
LEMMA 2.6. NPC C NECQPC C CoPC C An~PC C MPC...

PROOF: By combining the results of [3, Page 12] and [8, Page 970], we
have NPC C NeFPC C CoPC C An~PC C MPC_,. In their proofs, the axiom
for T is not used. Since NPC,NECQPC, CoPC,An~PC, MPC_, are T-free
fragment of them. O

Hereinafter Lemma 2.6 is used without reference.

We shall show that co-minimal logic (CO-MIN for short (cf. [13])) is
a conservative extension of ECQPC.

To define CO-MIN, we shall use the language £- 1 | consisting of
L., T, L. We define formulas of £, 1, as follows: A:==p| T | L]|-A4|
(ANA)| (AVA)| (A= A).
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DEFINITION 2.7 (cf. [13]). CO-MIN is the Hilbert system obtained by
adding the axioms L — p,p — T, =-p = ==T and =T — p to CoPC in
LoT1.

We define CO-MIN~ "1 as the Hilbert system adding the axioms
—p — —=(¢ — ¢) and —~(p — p) = ¢ to CoPC in L_.

The following lemma shows that CO-MIN is a conservative extension
for CO-MIN— T+,

LEMMA 2.8. Given a formula A in the language of L,

CO-MINF+ A < CO-MIN~ "t 4.

PROOF: See Appendix. O
Next, we show the equivalence between CO-MIN~ T+ and ECQPC.
LEMMA 2.9. ECQPC contains An—PC.

PrOOF: Tt suffices to show that ECQPCF (p — —p) — (—qg — —p).

We can show ECQPCF ((p — —p) A —q) — (q <> p) as follows:

We can show p — —p and —¢q from (p — —p) A =g by Ax6,7. Assume ¢,
then we can show p from —¢ by (ECQ). Assume p, then we can show —p
from p — —p, and so ¢ by (ECQ) again.

Then we have the following:

1. ECQPCHF ((p = ) A—q) = (¢ & p)

2. ECQPCHF ((p — —p) A —q) = (—g — —p) ((N) and 1)

3. ECQPCF (p — —p) = (=g — —p) (From 2). 0
LEMMA 2.10. ECQPC is equivalent to CO-MIN~ "+,

PROOF: Since p — p is derivable, =(p — p) — ¢ is equivalent to the
instance ((p — p) A =(p = p)) = ¢ of ECQ. Then it suffices to show that
ECQPCF —p — —=(q — q).
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1. ECQPCF —~(q — q) = =—=(q — q)

2. ECQPCF (=(¢ = q) = ==(¢—q)) = (=p = (¢ = q)) (An7)

3. ECQPCF —p — =~(q — q) (1 and 2).
For the other direction, it suffices to show CO-MIN~ "1 | (pA—p)—q.

1.CO-MIN™ "+ (pA—=p) = (p & (p—p))

2. CO-MIN~ "+ (pA=p) = (=p = =(p —p)) ((N) and 1)

3. CO-MIN~ " (p A =p) = =(p = p) (From 2)

4. CO-MIN™ " —(p = p) = ¢ (Ax of cO-MIN~ 1)
5.CO-MIN~ "+ (pA—p) = ¢ (3 and 4). 0

In order to show An N ECQPC is the intersection of ECQPC and MPC_,
we show the following lemma.

LEMMA 2.11. The Hilbert system An—PC" consisting of An~PC plus the
aziom ——(p — p) is equivalent to MPC_,.

PrOOF: An~PCT F (p — —p) — —p can be shown as follows.
L. AnPC  (p = —p) = (——=(p = p) = —p) (An7)
2. AnPCt I —-=(p—p) = ((p = —p) = —-p) (From 1)
3.;AnPCT (p—-p) = -p (2 and Ax of An_PC+).

For the converse, it suffices to show MPC_ + ——(p — p), since MPC_ +
(An7).

1. MPC_ F =(p = p) = =~ (p = p) (NECQ)

2.MPC_F (=(p—p) > =(p—=p) > —@—p)  (An)

3. MPC. F ==(p — p) (land 2). O
LEMMA 2.12. AnNECQPC is the intersection of ECQPC and MPC_,.
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ProoF: By Lemma 2.9, to prove An N ECQPC C ECQPC and
AnNECQPC C MPC_, it suffices to show that ECQPC F —=(p — p) V
(=(¢ = q) = r) and MPC_, + —==(p — p) V (=(¢ = ¢) — r), but it is
immediate from Lemma 2.10 and Lemma 2.11.

For the other direction, note that ECQPC = CO-MIN~ ! and
MPC_ = An— PC+, so An~PC is contained in the intersection of ECQPC and
MPC_. Suppose that A is in the intersection of ECQPC and MPC_,. Since
MPC_ - A, An~PCF B — A, where B is a conjunction of substitution
instances of == (p — p). Since ECQPC - A, An"PC - C — A, where
C' is a conjunction of substitution instances of —(¢ — ¢) — r. By Ax5,
An~PCF (BVv C) — A. Since BV C is equivalent to a conjunction of
instances of An N ECQ, we obtain An N ECQPCFH A. O

It will be seen below that SUBMIN can be further formalized differ-
ently.

LEMMA 2.13. CoECQPC is equivalent to An—PC.
Proor: We show that CoECQPCF (p — —p) — (—g — —p).
We can infer CoOECQPCF (p — —p) = ((p A —p) <> p) by using Ax6,7.

1. COECQPCH (p — —p) = ((p A —p) <+ p)

2. CoECQPCF (p = —p) = (=(p A —p) + —p) ((N) and 1)
3. CoECQPCF —(p A —p) = ((p = —p) = —p) (From 2)
4. COECQPCF —g — —(p A —p) ((CoECQ))
5. COECQPCF —¢ — ((p = —p) — —p) (3 and 4)
6. CoECQPCH+ (p — —p) — (—g — —p) (From 5)

For the other direction, we show that An"PCF —p — =(q A ~q).
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1. An"PCF ¢ — =(g A —q) (Ax7 and (Co))
2. AnTPCH (g A —q) = ¢ (AXT)

3. An"PCF (g A —q) = —(qgA—q) (

4. An"PCFE ((gA—=q) = (g A=q)) = (=p = —(gA—q)) ((An7))

5. An"PCHF —p — =(g A —q) (3and 4) g

The results concerning the relations between the systems so far can be
summarized as follows.

IPC
(Intuitionistic logic)

AVQPC

ECQPC MPC.,
( )

Co-minimal logic (Minimal logic)

An N ECQPC

(SUBMIN™T* or An—PC or CoECQPC]

See the Appendix for SUBMIN™ "' The systems other than

An N ECQPC were defined using different languages and the relations were
already known. The relation of An N ECQPC to other systems is a new
result of this paper, but at this point, it is not yet clear whether it can be
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separated from other systems. In Section 4, using algebraic semantics, we
separate An N ECQPC from the others. Before presenting the main results,
we will first prepare some tools that we will use in the proofs of the main
results.

3. Algebraic semantics

We now turn to introduce algebraic semantics for logics in the previous
section.

DEFINITION 3.1 (N-algebra (cf. [3])). Let (||, Aq, Vo) be a lattice with
the greatest element 1g. The order <g in the lattice is defined by

a<gb:sangb=a

for any a,b € |2|. The N-algebra (|2, 1o, Ag(, Var, —>a1, 7o) is given by
defining a binary operator —¢ and an unary operator —g over |2l| as follows:

a =g b=max{c € |A| | a Ay c <g b};

((l S b) —9 (—@a St ﬁmb) = ].Q[,

where a <»o b is an abbreviation of (@ —y b) Ay (b =9 a).

For any N-algebra 2, the following holds in the same manner as Heyting
algebras:
a<gq b= a—9b=1g.

This relation will be used without notice in what follows.
We now define the following algebraic conditions that correspond to the
axioms.

DEFINITION 3.2 (Additional conditions for negation). The following con-
ditions corresponding to the additional inference rules in Definition 2.2 are
defined as follows:

1. (An)?: (z = —2) = 2 =1;
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Y (2= —2) = (my = —2) =1;
Co)P: (
NECQ)? : (z A—zx) = —y =1;
D (e Az) sy =1;

(An~

(

(
(ECQ)F :
(

(

(

x—=y)— (~y — —x) =1

)
AVQ)P i ——(—(x =) = y) =1;
AnNECQ)®: ——(z =)V (~(y = y) = 2) = 1;
CoECQ)” : —2 — =(y A—y) = 1.

® N> oW

These conditions are also denoted without E unless there is a risk of
misunderstanding.

In what follows, we fix ¥ = {A,V,—}. Recall that P is the set of
propositional variables.

DEFINITION 3.3 (Valuation of N-algebra). For any N-algebra and any map
v from P to |2, the valuation T in 2 is defined as follows:

1. If A is a propositional variable, then 7(A4) = v(A);
2. If A =-B, then 7(—B) = —90(B);
3. f A=B®C, then 5(B® C) =1(B) ®y 7(C), for ® € ¥.

Since v is uniquely determined for any v, by this definition the valuation v
is also written as v unless there is a risk of misunderstanding.

For given a valuation v and any formula A, if v(A) = 1y, then we say
that A is true in v. If A is true in v for any valuation v in 2, then we
say that A is true in 2, which is denoted by 20 = A. For a class C of
N-algebras, if % = A for any 2 in C, then we say that A is true in C. For
any set A of formulas, any formula A and any class C of N-algebras, if,
for any N-algebra 2l € C and valuation v in 2, A is true in v whenever B
is true in v for any B € A, then we say A is true under A in C which is
denoted by A ¢ A. If A is empty, it is denoted by ¢ A.

We can prove the completeness theorem for the logics defined above and
these N-algebras. In particular, here we show the completeness theorem
regarding ECQPC.
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THEOREM 3.4. Let Cecq be the class of N-algebras that validate ECQ. For
any formula A, the following holds:

ECQPCH A & |y, A.

PrOOF: With regard to the forward implication, it can be proved by
induction on the length of the deduction. For the other direction, it can
be proved in the same manner as Heyting algebras (cf. [2, page 195]). O

Thus, completeness theorems can be proved in the same manner for the
remaining logics. In more general, we can show the following.

THEOREM 3.5 (Completeness theorem). For sN-logic L, let Cr, be the class
of N-algebras in which all theorems of L are true. For any formula A, the
following holds:

L-FA & ):CL A.

PrROOF: We can show this theorem in the same way as [3, page 51] by
replacing T with p — p. O

4. The existence of continua of logics between pairs
of logics below intuitionistic logic

In this section, we show the main theorem: there are continua of logics
between logics introduced in Section 2. In order to show it, we introduce
the following definitions and lemmas. Most of them are introduced by [15].
The Heyting algebras are defined as usual.

4.1. Preliminaries

DEFINITION 4.1 (Second greatest element (cf. [15])). Given a N-algebra
A, we say that A has the second greatest element if the greatest element
exists in |2A| \ {1a}. We write the second greatest element in 2 as *g if it
exists.

The role of the second greatest element will be explained when we in-
troduce Yankov formulas.
Recall that ¥ = {A,V, —}.
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DEFINITION 4.2 (PU-reduct, ¥-embedding (cf. [15])). For any Heyting
algebra 2A, we define the following:

1. The algebra (|2, 1y, Og, (®e | ® € ¥)) is the W-reduct.

2. For a Heyting algebra B, a U-embedding from 2 to B is an embedding
from the W-reduct of A to the WU-reduct of B .

The following is a generalization of Yankov formulas (cf. [16]).

DEFINITION 4.3 (Yankov formula of N-algebra). In what follows, for any
function g and a € dom(g), g, denotes the value of g at a. For any finite
N-algebra 20 with the second greatest element, any injection g from |2
to P, and any formula A, the Yankov formula x% (2l) with 2, g and A is
defined as follows:

X4 = A{(9a ® 9b) = Gawab | ® € ¥, a,b € |A[} U{gagab = (90 © gb) |
® €U, a,b €A} = (gug V A).

The antecedent of x% () is denoted by 0(x% (2)).

Yankov formula will be used when we separate logics and make continua
of logics. For any finite N-algebra 2 with the second greatest element, the
antecedent of Yankov formula asserts that algebraic operators except for
negation are rewritten by corresponding logical connectives. The succedent
of Yankov formula is defined by using the second greatest element. In
a valuation v making the antecedent of Yankov formula true, v(gyy) is
interpreted as the second greatest element in the model. If we choose N-
algebra appropriately, the succedent of Yankov formula is interpreted as the
second greatest element, then the N-algebra refutes the Yankov formula.

The difference from the conventional definition of the Yankov formula
is in the succedent of the formula: We added the formula A. In order to
separate logics, we take an instance of the axioms concerning negation as
A in the proof of the main theorem.

In the following, we will prove some lemmata to prove the main theorem.

An N-algebra with the minimum element can be reformed into a Heyting
algebra by modifying the negation.
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DEFINITION 4.4 (Heyting algebraization of N-algebra). For any N-algebra
A = (||, Lo, Aar, Var, =9, 7o) with the minimum element Og, the Heyting
algebra AT = (|A|, Lon, Ogurr, Aguar, Vo, —gui, mgur ) is defined as follows:

|Q[H| = |Q[|, lom == 1o, Ogm = Og, Agua = Ag(, Vguu = Vg, —rga =—>g(, and

TYHA = A Ogy.

DEFINITION 4.5 (Filter). For any lattice H, a filter F' of H is a nonempty
subset of H satisfying the following 1 and 2:
1. If a,b € F, then a Ay b € F;

2. Ifae Fand a <y b, thenb € F.

Given a € H, the filter {b € H | a < b} is the smallest filter containing
a. We refer to this as the filter generated by a.
PROPOSITION 4.6. For any Heyting algebra 2 and any subset F of |2|, F
is a filter of 21 if and only if F' satisfies both of the following 1 and 2:

1. 1y € F

2. fae Fanda —9 b€ F, thenbe F.

DEFINITION 4.7 (Quotient algebra of Heyting algebra). For any Heyting
algebra 2 and any filter F' of 2, the binary relation ~p over 2 is defined
as follows:

a~pbi<>a—9b€Fandb—9ackF forany a,b € |2|.

It is easy to show that this binary relation ~pg is a congruence relation
over 2. We define the congruence class of a € || with respect to ~p by
[a]p == {b € || | a ~F b}. The set of congruence classes {[a]r | a € ||} is
denoted by |2A|/F.

The quotient algebra
Ql/F = <|91|/FV7 191/]:‘, Om/F, /\Ql/Fa VQ[/F, —A/F» _'Ql/F> is defined as follows:
for any [a]p, [b]F € ||/ F

L 1y = [LalF;

2. OQ[/F = [OQ(}F;
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. [CL}F Nt/ F [bF = [a/\glb]p;

3 ]

4. [a]lr Vayr [b]F = [a Va b]F;
5. [alr —ayr [blF = [a = b]F;
6

. —\Ql/F[a]F = [—\gla]p.

It is easy to show that 2/F is a Heyting algebra.

The following is a generalization of Lemma 2 in [15] to Yankov formula
of N-algebra.

LEMMA 4.8. Let A and B be finite N-algebras with the second greatest
elements such that, for each filter F of B, there is no V-embedding from
AT to BH/F. Then, for any formula A and any injection g : |A| — P,
B = x4 () holds.

PROOF: Recall that any Heyting algebra is an N-algebra. We first show
the statement for finite Heyting algebras € and © with the second greatest
elements.

To show the contraposition, assume © F x¥%(€) for some g : |€] — P
and a formula A. Then there is a valuation v such that v(6(x%(€))) £o
V(gue V A), where 6(x%(€)) is the antecedent of x¥(€). Consider an-
other Yankov formula x§.,(€) for a propositional variable g,,. Since
v(0(XGse (€))) = v(0(x%(€))) and v(gse) <o V(gue V A), v(0(Xgre (€))) <o
v(gxe ) implies a contradiction, namely v(0(x% (€))) <o v(gse V A). There-
fore 1)(0()(5;*Lr (€))) £o v(g«,) and so ® = XGre (€) holds.

Take the filter G of © generated by v(@(xg*t (¢))). From the construc-
tion of GG, we have the following:

V(gsxe) € G; (9)
[v(geoa)la = [v(ge ® ga)la for any ¢,d € |€] and ® € V. (10)

Let v' : € = ©/G be the map defined by v'(¢) == [v(g.)]¢ for any ¢ € |€].
We prove v is a U-embedding.
We see that each operators in W is preserved by v’. For A, we have the
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following equation for each ¢, d € |€].

V(e Ae d) = [U(genea)la
= [U(gc A gd)]
= [v(gc) Ao v(9d)]a
= [v(gc)]e Aoy [vign)la
='(c) Aoy v'(d).

The cases V and — can be shown in the same manner.

We can see that v’ is an injection as follows.

Assume v'(¢) = v'(d). Then [v(g:)]¢ = [v(g94)]c holds, and so for any
¢, d €€,

v(ge) <o v(9a) = (v(ge) —o v(9a)) Ao (v(94) =0 v(ge))
= v(g9c = 9d) No (94 — gc)

By [v(9c)]e = [v(ga)]a, we have v(g. — ga) Ao v(ga — g.) € G, and so
V(Geosed)s V(gd—see) € G from (10).

Furthermore, the equation lp <o v(g1,) = v(ge = gc) <o V(gesec)
holds. Since we have v(g. — ¢c) <o V(gemsec) € G, we obtain that
U(gle‘) €q.

If we assume ¢ # d, then ¢ —¢ d # 1¢ or d —¢ ¢ # 1¢ hold. Since € has
the second greatest element x¢, we have ¢ —¢ d <¢ *¢ or d —¢ ¢ <g *¢.
We assume ¢ —¢ d <¢ *¢. Then the equation v(ge—yed — Gre) <o
V(G(esed)sene) = (V(Ggesed) =D V(gxe)) <o (g1, ) holds.

Since we have v(gcﬁq‘d - g*q‘) <D U(.g(cﬁcd)ﬁc:*c)’ ’U(gle‘)fv(gcﬁcd) €
G, we obtain v(g,, ) € G. But this contradicts (9). If d =¢ ¢ <¢ *¢ we can
derive a contradiction in the same manner. Therefore we obtain ¢ = d, and
v’ is an embedding. This completes a proof of the statements for Heyting
algebras ¢ and ©.

Next we show the statement for any finite N-algebra 21 and B with the
second greatest elements. Assume that, for each filter F' of B | there is no
U-embedding from 2 to B /F. Then, from the above argument, B =
X414 (%) holds for any injection g : || — P. Since x{, () does not contain
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the negation —, it implies B = xZ, (&). Then, for any valuation v, any
formula A and any g : || — P, we have v(8(x%(2))) = v(0(x7, (A))) <=
V(Gun) < V(gug V A), and so B = x5 (). O

DEFINITION 4.9. For any natural number n, subsets of natural numbers
an, Ty and s, are defined as follows:

an ={ili<n},rn, =a,U{n+1},s, =r,U{n+3}

LEMMA 4.10. For any Heyting algebras A, let 2 be the algebra obtained
by adding a new minimum element Oy to & and changing the definition of
negation — into —ga = a —>g Ogy. Then A is a Heyting algebra.

ProOOF: It is immediate that 2 is a lattice by the definition. For any
a € |2, a —y Oy and Oy —o a exist as follows. If a = Oy, then both of
them are equal to 1g. If a # Og, then ¢ # Oy implies Oy <o a Ag ¢ and so
a Ng ¢ £ Oy. Therefore, a —g Oy = Ogy. The equation Oy —go @ = 1y is
immediate from the definition of —. O

In order to distinct logics, we construct countably many algebras in the
following.

For any natural number n, let us put |, = {ao,...,an+s} U
{Tﬂa cee 7rn+6} U {807Sn+4aN} and for any r,y € ‘mn‘vx — A, Y = U{Z €
20, | Nz Cy}, g,z =2 —q, o

The set 2, forms a Heyting algebra by taking algebraic operations V
and A as set operations U and N.

LEMMA 4.11 (cf. Lemma 5.7 in [15]). For any natural number n, 2, =
(12,1, N, ag, N, U, =g, , 71, ) @8 a Heyting algebra.

Hence 2, is a Heyting algebra with the second greatest element s
for any natural number n by Lemma 4.11.
g, 2y and 2, are represented with Hasse diagrams as in Figure 4.



304 Kaito Ichikura

Figure 4: Heyting algebras 2,20, and 24

Consider an {—} embedding from 2, to A,,. Since it preserves the
order <g , T1,a2,50 must be mapped into themselves respectively, and
Tnt5s Ant6s Sn+a Must be mapped into 7,15, Gm+6, Sm+a, via {—}-embed-
ding. This is the key point of the lemma below.

LEMMA 4.12 (cf. [15]). For any natural numbers n and m, the following
statement holds: Ifn # m, then U, cannot be {—}-embedded into a quotient
algebra Up, [ F of Us, for any filter F of App,.
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4.2. Main Results

The main results of this paper are summarized as the following theorem.

THEOREM 4.13. There exist continua of logics in each line in the figure
below.

(ii)

(ii)

(iv) (v)

An N ECQPC
(vi)

NECQPC
(iv)

Hereafter, when the number in the above figure is used as anything
other than a subscript, it is used to indicate a proof of the existence of
continua of logics between the two logics.

LEMMA 4.14. There is a continuum of logics between IPC and ECQPC.
The same holds between MPC_, and An N ECQPC.

PrROOF: We prove this lemma as follows.

Step 1. We construct countably many models N*(2,,) of ECQPC based on
A, in Lemma 4.11.
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Step 2. For each natural number n and each set I C N of natural numbers,
we define Yankov formula A,, and logic L(I).

Step 3. We show N'() = A if k # L.
Step 4. We show A,, € L'(I) iff n € I by proving N*(2,) [~ A,.

Step 5. We show that there is continuum of logics between IPC and ECQPC.
Step 1. For any natural number n, the algebra
N (@) = (IN (@) ] I 2, AN (@00 VN (@00)0 N1 (@2)0 7N (2)
is defined as follows:
[N ()| = (A,
1N1(%) =N,
ANY(@,) = A
\/Nl(%) = \/J7
TIN(2,) T U
and

An4-8 ifa= Og[n;
TNY(R,)0 = {OZ(+ otherwise. for any a € [N1(2,)].

We show that N'(2,,) validates the conditions (N), (ECQ) and (An N ECQ).
For (N), let a,b € [N'(y,)]. If a # Og,, and b # Oy, , then
(@ o ni@,) ) 2ai@) (vt e SNt @, "V @y)b)
= (e oy b) 2vi@,) On v, O
= (CL HNI(%) b) %Nl(%) N
=N.
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Hence (N) holds for a # Oy, and b # Og,. If @ = Og(, and b # Og,,, then

(O, N1, 0) =) (v, O, €281 @,) 7N @) D)

= (0g, N1, b) 2 ni@y) (@nts < niay,) 02,)
= Oz, =@ N1(2n) O2t,
=N.

The equality Og(, <>n1(2,) b = Og, follows from

OQ{ O NL(L,) b= (O% —NL(L,) b)/\Nl(Q[”)(b —N1(A,) 0%) and b —NL(,)
Og, = Og,,. Hence (N) holds for a = Og,, and b # Oy,,. The remaining case

can be proven in the same manner. So (N) holds in N* (2,).
For (ECQ), let a,b € [N'(2,)|. Then

(@ AN1(2,) TN (@) @) =N (,) b= 02, N1,
—N.

So N1(2,) validates (ECQ).
It is immediate that (An N ECQ) follows from (ECQ).

Step 2. Take a nonempty proper subset I of natural numbers and an
injection g : [IN'(%,)| — P, and let A, be x{, g, ) g0g (Nl(an))
2A Ay E—

Let L'(I) be the logic adding axioms A4,, into ECQPC forn € I Note that
LY(I) is a sN-logic.

Step 3. We show that N'(2x) = A; for natural numbers k,l with &k # [.
Note that N1(2;)" = 2;. There is no {—}-embedding from A; to Ay /F
for any natural number k with k # [ and any filter /" of 2, by Lemma 4.12,
and so there is no U-embedding 2; to 2 /F for any natural number & and
[ with k # [ and any filter F' of 2(;. Therefore for any natural number k
and | with k # I, N*(2) = A; holds from Lemma 4.8.

Step 4. We can also prove the following.
A, e LNI) e nel
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Since < is obvious, we show =. We assume n ¢ I and show that A, ¢
LY(I). Since N'(2,) validates (N), (ECQ) and A,, for each m # n, it

is enough to show N'(2,,) = A,.. Let g~' be the inverse map of g, i.e.,
g ' {g. € P|ae|NEL)|} - |N' ()| such that g~'(g(a)) = a.
Take a valuation v into |N!(2,)| which is an extension of g=!. Then

u (Nl(in)))) = N since v(g, ® gp) = a@N1(A,) b=
v(ga®N1;)b) for any a,b € [N*(2,)| and any ® € ¥. On the other hand,
v((9oa,, = 790, ) = 7904, ) # N and so v(((goa, — 7904, ) = "Y0a,) V
Gxo) = *o # N. Therefore, N*(2,) b ng"gn aﬂgo\h)ﬂﬂgoh)(‘]\fl(%))'
Then

g
v(6
( (X(Qo —7goy, )0y,

v((9oa,, —* "90s, ) = 790a,, )
= (U(go\h) NL(A,) _‘Nl(%)v(goh)) TTNL(2A,) ﬁNl(&)U(QO\Lﬂ))
= (02, = N1(2a) @nt8) N1 (2a) Unts
=N —=nN1@1,) ants,

and s0 v((goy, —* 7Yoa, ) = “G04, ) # N. Therefore N'(2,) = A, from
the construction of A,,. Since L'(I) is the minimum logic containing each
axioms of ECQPC and A,, for m € I, we have L'(I) C {A | N'(,) | A}.
Thus we obtain A,, ¢ L'(I). This is the end of Step 4.

Step 5. By the result of Step 4, it follows that L!(I) # L*(J) for any
nonempty proper subsets I and J of natural numbers with I # J.

Since IPC + (p — —p) — —p, IPC proves succedent of A,, for any natural
number n, and so IPCH A,,.

Then, for any nonempty proper subset I of natural numbers, ECQPC C
LY(I) € IPC hold. Since the choice of I is continuum, there is continuum
of logics between IPC and ECQPC. We can show (v) by letting L5(I) be
the logic adding axioms A4,, into An N ECQPC for n € I in the same manner
as (i). O

LEMMA 4.15. There is a continuum of logics between IPC and AVQPC.
The same holds between ECQPC and An N ECQPC.
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ProOF: For any natural number n, the algebra

N2(2y) = (IN?(2n)] In2(2,)s AN2(21,) ) VN2(2,) — N2 (21,)> TN (21,))

is defined in the same way as Lemma 4.14 except for negation. —nz(g,,) is
defined as follows: o

“n2(21,)0 = N for any a € INZ(2,,)].

First, we see that N?(2,) validates the conditions (N), (An), (AVQ) and
(An NECQ).
For (N), take any a,b € |[N?(2,)|. Then

(@ N2 0) = N2@0) (TN (@)@ N2 @) V22 )
= (CL HNQ(%) b) —>N2(&) (N HNZ(&) N)
= (a (—)Nz(%) b) %Nz(glin) N
=N.
So N%(2,,) validates (N).

For (An), let a € [N?(2,,)|. Then

(a —>N2(%) ﬁNz(%)a) —)Nz(%) —|N2(%)a = (a %Nz(%) N) —)Nz(%) N
=N.

So N2%(2,) validates (An). The case (AVQ) can be shown in the same way.

It is immediate that (An N ECQ) holds from (An).

For any natural number n, we define B,, = ngN/\_‘gN)A)gOmn (N2(2,,)).

Using N2(2l,,), B, and (ECQ) instead of N*(2,,), A, and (An), respectively,

we can show (ii) and (iv) in the same manner as (i). O

We can show the remining cases in the same way as Lemma 4.14.
LEMMA 4.16. There is a continuum of logics between AVQPC and MPC_.

PrOOF: For any natural number n, the algebra

N3 (2n) = (IN* ()], Lns 2,y AN5 2> VN3 (21)5 —F N3(20,)0 N3 (21y))
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is defined in the same way as Lemma 4.14 except for negation. —ys(g,) is
defined as follows: o

TN3(,) @ = A P N3(R1,) 40 for any a € |N3(%)|

First, we see that N3(2,) validates conditions (N) and (An).
For (N), take any a,b € |[N3(2,)|. It is immediate that (N) holds in
N3(2,) in view of the following.

((Zi*)]\m(%) b) /\NS(%) (b — N3 () ao) SN?’(QIJ) a = N3(2,) @0,
(b — N3 (2U,) a) /\Ns(%) (a — N3 () ao) SNs(%) b —N3(2,) @0-
For (An), take any a € |[N3(2(,,)|. Then

(a —)Ns(%)ﬁNz(%)a) _>N3(%) ﬁNs(%)a
= (a = N3, (@ = N3(21,) @0)) N3, (@ N3 (,) Qo)
= (a, _>N3(%) ao) %Na(%) (a —>N3(%) ao)
=N.

Hence (An) hold in N3(2L,,).

For any natural number n, we define
D, = X‘Zﬁ(ﬂ(gN%gN)ﬁgOmJ) (N3(2,,)). Using N3(2,,), Dy, and (AVQ) instead
of N*(2,), A, and (An), respectively, we can show (iii) in the same way
as (i). O
LEMMA 4.17. There is a continuum of logics between An N ECQPC and
An~PC.

PrOOF: For any natural number n, the algebra

NO(@n) = (IN°(n)]s Lvo(@tn)s ANO()s VNS ()s — N () "N ()
is defined in the same way as Lemma 4.14 except for negation. —ya(g,,) is
defined as follows:

ING(21,)0 = Gy for any a € [NO(2L,)].

We can show N°(2,) validates (N) and (An™) in the same way as (ii).

For any natural number n, we define
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Fo=x" (N (24))-

Xﬂﬁ(go‘hﬂgo%)V(ﬁ(gN%gN)%gogJ)

Using N(2,,), 7, and (AnNECQ) instead of N*(2,), A, and (An) re-
spectively, we can show (vi) in the same manner as (i). O

LEMMA 4.18. There is a continuum of logics between An~PC and CoPC.

PRrROOF: For any natural number n, the algebra
NT(2n) = (INT(2n)], In7(2,)5 ANT (@) VNT(@0)s > NT(20)s TN7 ()

is defined in the same way as Lemma 4.14 except for negation. —n7(g,) 18
defined as follows: o

N ifa=0
SNT(R,)0 = { RO for any a € |[N7(2,)|.
— ap otherwise ,

First, we see that N7(2,,) validates conditions (Co) and (N).
We see that (Co). Let a,b € N7(,). If a # Oy, and b # Oy, , then

(a *>N7(Q(7n) b) —n (—|N7(%)b 4)N7(%) ﬂ]\n(%)a)
= ((L _>N7(Ql7n) b) _>N7(%) (ao _>N7(%) ao)
= (a _>N7(%) b) _>N7(%) N
=N.

Hence (Co) holds for a # Oy, and b # Og,. If a # Og, and b = Og,,, then

An)

(O, = N7(2t,) 0) = N7 (20 (TN7(20) 0 = N7 (20,) N7 () O2t,)
=N —)N7(%) (CLO *>N7(%) N)
—N.

Hence (Co) holds for a # Oy, and b= Og,. If a # Og,, and b # Og,,, then
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(@ = n7(2t,) O2,) = N7(2) (ON7(20) 02, N7 (2,) TN7(2,)@)

= (a _>N7(%) OQ[ ) _>N7( ) (N _>N7(an) ao)
= OQ[J _>N7(%) ap
=N.

Hence (Co) holds for a # Oy, and b # Og,. The remaining case can be

proven in the same manner. So (Co) holds in N7(2L,). The cases (N) can
be shown in the same manner.
For any natural number n, we define

Gn = X?gaoaﬁgao)a(ﬂgom —hgaO)(Z\ﬂ(Ql ). Using N7( n), Gn and (An)

instead of N'(2l,,), A, and (An) respectively, we can show (vii) in the same
manner as (i). O

LEMMA 4.19. There is a continuum of logics between CoPC and NECQPC.

PrOOF: For any natural number n, the algebra

NE¥(2) = ([N ()], Lvs(2,)s ANS (@) VNS @) s = N5 (@) N5 (24))

is defined in the same way as Lemma 4.14 except for negation. —ys(g,,) is
defined as follows:

N if a = anys;
TNS(2L,)0 = T for any a € [N8(2y)].
= an+sg Otherwise , -

First, we see that N®(2,) validates the conditions (N) and (NECQ).
For (N), let a,b € N®(2,,). If @ # ay4s and b # an+s, then

(@ < nsa,) b) =ns,) (Ns@,)e < Ns@,) TNs@,)b)
= (a ©rns(,) b) s, (Ants <2 Ns(a,) Gnts)
= (Cl HNS(%) b) —)NS(%) N
=N.

sHence (N) holds for a # an1s and b # apts. If a = apys and b # a4,
then
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(@n+s N3 (@) b) N3 (TNS @) Tnt8 N8 (2,) TN (20)D)
= (ants N5, 0) 7as@,) (N ons@,) anis)
= (an+s € Ns,) b) P NsL,) Ants
=N. o o
The equality N <> ys(a(,) Gnts = anig follows from N < ysa, ) Gnys =
(N %NB(%) an+8) /\JTS(%) (an+g %Ns(%) N) and N —)NS(QQ) Ap48 =
ants. Hence (N) holds for a = a,ys and b # an4s. The remaining case

can be proven in the same manner.

For (NECQ), let a,b € |[N¥(2L,)|, then
(@ ANs@2L,) TNS(2,)0) P NERL,) TNE,)D = Gngs P Ns@,) TNE@L)D
—N.

Hence (NECQ) holds in N8(2,,).
For any natural number n, we define
H, = ngaoﬂgawg)—%ﬁga +8_hgao)(Ng(an)) Using N¥(2l,,), H,, and (Co)

instead of N'(2,), A, and (An) respectively, we can show (viii) in the
same manner as (i). O

LEMMA 4.20. There is a continuum of logics between NECQPC and NPC.

ProoF: For any natural number n, the algebra

N2(2n) = (IN? ()|, Lo (2,) s AN () VN (20)5 —> NO(2,)» "N (31,))

is defined in the same way as Lemma 4.14 except for negation. —yo(g,,) is
defined as follows: o

N if a = N;
TINO(,) A { . 7 forany a € [N(2,)|.
— an+s Otherwise , -

As in the case of (viii), we can show that Ng(an) validates (N).
For any natural number n, we define H,, X(g (N9 (2L,,))-
INATGN) > Ga,, | g BadLs

Using N%(2,,), H, and (NECQ) instead of Nl(an) A, and (An) respec-

tively, we can show (ix) in the same manner as (i). O
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Lemma 4.19 and Lemma 4.20 are already proved in [1, Proposition 3.5]
using neighborhood semantics.

5. Concluding remarks

5.1. Summary of the main results

In [13], it was clear that SUBMIN is a subsystem of both co-minimal
logic and minimal logic, but it was not clear if SUBMIN is the strongest
logic among the systems that are contained in both co-minimal logic and
minimal logic. We identified that SUBMIN is not the strongest logic, but
An N ECQPC is the strongest logic. Moreover, we presented new formal-
izations of co-minimal logic and SUBMIN that clarify their relationships
with ECQ. Furthermore, we applied the method used in [15] and simplified
the proofs of the results offered in [1] and obtained new results that are
not included in [1]. Figure 5 summarizes the main results of this paper.
Note here that there exist continua of logics in each line in the figure above,
as we proved in Theorem 4.13.

5.2. Future Directions

There is still much work to be done in this area of research. Some directions
that seem to be worth exploring are described here.

ECQ and substructural logics For proof systems, this paper focused
on Hilbert systems. But we can also define sequent calcului for these logics
(cf. [8, 3, 11]). Then, given the deep connections between substructural
logics and algebraic semantics, it will be interesting to explore the sub-
structural versions of LN, which is a sequent calculus version of NPC, and
its extensions. Note that the existence of continua of logics between pairs
of substructural logics is explored in [10]. Therefore, it would be interest-
ing to examine whether the method used in this paper can be applied to
substructural versions of LN and related systems.
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IPC
(Intuitionistic logic)

AVQPC

ECQPC MPC_,
( )

Co-minimal logic (Minimal logic)

An N ECQPC

(SUBMIN or An—PC]

Figure 5: Summary of the results presented in the paper

Another method We used algebraic semantics for showing the existence
of continua of logics between pairs of logics related to intuitionistic logic
and minimal logic. It is known that there is a duality (“Priestley duality”)
between the class of Priestley spaces and the class of bounded distributive
lattices. Since N-algebras are distributive lattices, we might be able to
use topological semantics to obtain yet another proof for the existence of
continua of logics.?

2This idea was pointed out by Prof. Hanamantagouda P. Sankappanavar after the
presentation based on an earlier draft of this paper at Non-Classical Logics: Theory
and Applications 2024. 1 would like to thank Prof. Sankappanavar for this interesting
comment.
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No gap between logics This paper focused on the existence of continua
of logics between logics related to intuitionistic logic and minimal logic.
However, there are pairs of intermediate logics where no logic exists between
the pair, as shown in [5]. More specifically, if we consider the family of
extensions of intuitionistic logic, known as the n-valued Godel logic G,
then for n > 3, no logic exists between G,, and G, 11. In view of this result,
it will be interesting to see if extensions of the logics we considered in this
paper will have similar results.

First-order logics We discussed only propositional logics in this paper,
but of course it will be interesting to consider first-order logics. If we add
universal and existential quantifiers to these logics with the usual axioms
and rules, without the additional axioms such as the constant domain ax-
iom, then we can show immediately the existence of continua of logics
between first-order expansions of logics discussed in this paper by consid-
ering propositional logics to be predicate logics with only zero argument
predicate symbols. However, other cases remain to be explored in further
detail.

Appendix: Kripke semantics for logics above An~PC

DEFINITION 6.1. We define the following Hilbert systems:

« SUBMIN is the Hilbert system obtained by adding axioms 1 — p,
p— T and =p = == T to CoPCin L 1 |.

o SUBMIN~ "1 as the Hilbert system adding axioms —p — ——(q —
q) to CoPCin L_,.

o MIN is the Hilbert system obtained by adding axioms | — p,p — T,
-p = =T and == T to CoPCin £ 7 ;.

e MIN~ T+ as the Hilbert system adding axioms —p — —=—(q¢ — q)
and —=—(p — p) to CoPCin L.

Kripke semantics for the logic SUBMIN ((F, G)-semantics for short)
was introduced in [13].
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DEFINITION 6.2 (cf. [13]). An (F,G)-frame F for An~PC is a quadruple
(W, <, F,G) satisfying the following:
o (W, <) is a quasi-order, i.e., < is a reflexive and transitive relation on

W (we call an element of W a world);
e F. G are upward closed subsets of W such that F'is a subset of G.

An (F,G)-model M is a pair (F, V) satistying the following:
o Fisan (F,G)-frame;
e V is a mapping assigning an upward closed set of worlds to each
propositional variable.

A valuation of formulas in £ 1 | is inductively defined as follows:

e M,wlkpg) T for all w € W

e M,wlf(pg) L forall we W;

o« M,w |F(F7(;) p <<= wE V(p);

o« M,w “_(RG) ANB <= M,w ”‘(Rg) A and M, w H_(F,G) B;

e Mw ”_(F,G) AV B <= M,w ||_(F7G) A or M,w ”_(F,G) B;

. M,’LU ”_(F,G) A— B+ VYv> ’U)[M,U H_(F,G) A= M,’U ”_(F,G) B];

e Mwlkpg ~A =Y > wM,vlkpe A=ve Fland w e G.
F Ewra) A denotes that (F,V),w lkpg) A for all V and w € W.
M Era) A denotes that M, w IF(p ) A for all w € W. For any set

of formulas I, T' =) A denotes M, w IF(p ) B for any B € T implies
M, w IFpq)y A, for any M and w € W, where W is the set of worlds of
M.

By imposing conditions on (F, G)-frame, the soundness and complete-
ness theorems holds with some already defined logics.

Fact 6.3 (cf. [13]).

1. T FSUBMIN AT ':(RG) A.
2. ' Fvan A <= T E(pg) A for the class of (F,G)-semantics with

G=W.
3. 'Fco-min A <= T |=(p) A for the class of (F, G)-semantics with
F=g.

4. T Frpc A <= T [(pg) A for the class of (F,G)-semantics with
G =W and F = @, where IPC is intuitionistic logic.
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By excluding the conditions on T and L, (F, G)-semantics for formulas
in £_, can be given. Then we can show the soundness and completeness in
the same way.

Fact 6.4.

1. T l_SUBMIN—T.L A=T ’:(F,G) A.
2. T'Fyn-7.0 A <= T [=(p,g) A for the class of (F, G)-semantics with

G=W.
3. I'Feomin-T+ A <= T E(rq) A for the class of (F, G)-semantics
with F' = @.

4. T'Fpo-7.0 A <=T [E(pq) A for the class of (F, G)-semantics with
G=W and F = 0@.

Hence, for T and L free formula A, CO-MIN + A < CO-MIN~ "+
A is immediate from the above facts. The same argument holds for the re-
maining cases. Furthermore, SUBMIN " is equivalent to An~PC, and
MIN~ " is equivalent to MPC_, (cf. [8]).

The soundness and completeness theorems can be shown for
An N ECQPC and AVQPC by adding similar conditions for F' and G.

DEFINITION 6.5 (An N ECQ-frame and AVQ-frame). For an (F,G)-frame
without T and L, F’ denotes := {w € W | Vo > w(v € F)}. We define the
following conditions:

o AnNECQ-frames are (F, G)-frames with F/ UG = W.
o AVQ-frames are (F, G)-frames such that Vu > w[u ¢ F'] implies w €
F for all w € W and G = W hold.

We write IFannecq,; Fannecq, Favq and Eavq for validity with respect
to the classes of An N ECQ-frames and AVQ-frames.

DEFINITION 6.6 (cf. [14]). A sub-normal Kripke frame is a tuple
(W, <, F) satisfying the following:
o (W, <) is a quasi-order, i.e., < is a reflexive and transitive relation on
W (we call an element of W a world);
e Fis an upward closed subset of W such that for every w ¢ F', there
is v € W such that w < v and for every w € W, if v < u, then u ¢ F.
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For any AVQ-frame (W, <, F, @), G is uniquely determined only by W
and F, and so the AVQ-frame can be rewritten as (W, <, F'). In [14], sub-
normal Kripke frame (W, <, F') was introduced. Because the condition for
F in AVQ-frane is the contraposition of the condition for F' in sub-normal
Kripke frame, AVQ-frame is sub-normal frame, and vice versa. Because our
definition of AVQ-frame is more convenient for the proof for soundness, we
use the definition of AVQ-frame.

We show the soundness and completeness of An N ECQPC for the class
of An N ECQPC-frames.

THEOREM 6.7 (Soundness of AnNECQPC). If T' Fannecqrc A4, then
I' Eannecq A.

PRrROOF: We show this statement by induction on the length of the deduc-
tion. Here we show only the cases for the negative axiom (An N ECQ), since
the remaining case can be proven in the same manner as [8]. Let (F,V)
and w € W be arbitrary.

Suppose (F,V),w Fannecq = (p — p). First, we observe that
(F,V),v lFannecq ——(p — p) iff v € G for any v € W. We show
(F,V),u fannecq (¢ — q) for every w > w , which implies w IFannecq
=(¢g—¢q) = r. Sincew € G, w € F" and so u ¢ F for every u > w. By the
definition of the valuation, (F, V), u lfannecq —(¢ — ¢) for every u > w. O

In what follows, we call a set of formulas A saturated if the following
conditions hold,
e There is a formula A such that A ¢ A (nontriviality);

o« A }_AnﬁECQPC A= Ac A;

e AFannecqpc AV B = A Fannecqrc A or A Fannecqpe B.

THEOREM 6.8 (Completeness of AnNECQPC). If T’ =annecq A, then
I' FannEcare A.

Proor: Given I' Fannecq 4, we construct a saturated set I'g D I' such
that To Zannecq A. Then the canonical model M = (W, <, F, G, V) with
respect to Iy is defined standardly. For F and G, we define F' := {A |
-B € Aforall Bland G := {A | =B € A for some B}. It is sufficient
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to show F' UG = W, since the remaining case can be proven in the
same way as [8].

Suppose A ¢ G, and so =B ¢ A for any B. Hence -—(p — p) € A.
By AnNECQPC + —=(p — p) V (-(¢g — ¢q) — C) for any formula C,
=(¢ = ¢q) — C € A. By nontriviality of saturated set, (¢ — ¢q) ¢ A’ for
any A’ > A, and so we obtain A’ € F for any A’ > A, andso A € F'. 0O

We next show the soundness and completeness of AVQPC for the class
of AVQPC-frames.

THEOREM 6.9 (Soundness of AVQPC) IfF |_AVQPC A, then I’ ):AVQPC A.

PrROOF: We show this statement by induction on the length of the deduc-
tion. Here we show only the cases for the negative axiom (AVQPC), since
the remaining case can be proven in the same manner as [8]. Let (F, V)
and w € W be arbitrary.

Suppose (F,V),u lFavq —(=(p = p) — ¢q) for u > w. We want to show
u € F. By assumption, (F,V),v lFavq ~(p — p) — ¢ implies v € F for
any v > u. If (F,V),v lFavq ~(p — p) — ¢, then v € F. Otherwise,
(F, V), 0" lkavq —(p — p) and (F, V), v’ Favq ¢ for some v/ > v > u. By
the definition of AVQ-frame, u € F'. O

For the completeness, we need the following lemma.
LEMMA 6.10. MPC.F -4+ (A— —(p—=p)).

Proor: MPC_+ -4 — (A — —(p — p)) is immediate from (NECQ).

For the other direction, by (NECQ), MPC_ F (A = —(p = p)) N A) —
(A — —A), and so MPC_ F (A — =(p — p)) = (A — —A). By (An),
MPC_ F (A — —A) — —A, and so MPC_ F (A — —=(p — p)) — —A. O

THEOREM 6.11 (Completeness of AVQPC). IfT'l=avq A, then I'avqec A.

ProOOF: Given I t/ayq A, we construct a saturated set I'g D I' such that
Ty /avq A. Then the canonical model M = (W, <, F,G,V) with respect
to T'g is defined standardly. For F and G, we define F' := {A | =B €
A for all B} and G .= {A | =B € A for some B}. It is sufficient to show
VA" > A[A" ¢ F'] implies A € F for all A € W, since the remaining case
can be proven in the same manner as [8], and G = W is obvious: Take
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any A € W and suppose A’ ¢ F' for any A’ > A---(x). We want to
show A € F. Suppose A ¢ F, and so =B ¢ A for some B. By (Co),
AVQPCF (B = (p — p)) = (=(p = p) — —B). Hence -(p — p) € A.
Let Cy,C1,C5 ... be an enumeration of all formulas. By (AVQ) and the
previous lemma, AVQPC F ((—=(p — p) — Cy) — —(p = p)) = —~(p — p),
and so (=(p = p) = Cy) — —(p — p) € A. Hence, there is a saturated
A% D A such that —(p — p) — Cy € A® and =(p — p) € A°. By repeating
this operation, we can take a sequence of saturated set A° C Al C A% C

. and a saturated set |J,c, A’. By the nontriviality of saturated set,
(p — p) & A for any A" > J,., A%, and so A’ € F and Uje , A* € F'.
But this contradicts (%), and so A € F. O
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