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Abstract

The Nonassociative Lambek Calculus (NL) represents a logic devoid of the struc-
tural rules of exchange, weakening, and contraction, and it does not presume the
associativity of its connectives. Its finitary consequence relation is decidable in
polynomial time. However, the addition of classical connectives conjunction and
disjunction (FNL) makes the consequence relation undecidable. Interestingly, if
these connectives are distributive, the consequence relation is decidable in expo-
nential time. This paper provides the proof, that we can merge classical logic
with NL (i.e. BFNL) and intuitionistic logic with NL (i.e. HFNL), and still
consequence relations are decidable in exponential time.
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$\otimes $


$\multimap $


$\multimapinv $


$\mathbf {G} = (G, \otimes , \multimap , \multimapinv , \leq )$


$(G, \otimes )$


$(G, \leq )$


$a \otimes b \leq c \text { iff } b \leq a \multimap c \text { iff } a \leq c \multimapinv b$


$a, b, c \in G$


$\mathbf {G}$


$\top $


   ⊥ 


$\bot $


$(G, \otimes , \multimap , \multimapinv , \leq )$


$1 \in G$


\begin {equation*}1 \otimes a = a = a \otimes 1\end {equation*}


$a \in G$


$(G, \otimes , \multimap , \multimapinv , 1, \leq )$


$\top , \bot $


$(G, \otimes , \multimap , \multimapinv , 1, \leq )$


$(G, \vee , \wedge , \top , \bot , \leq )$


$(G, \otimes , \multimap , \multimapinv , \vee , \wedge , 1, \top , \bot , \leq )$


$\otimes $


$\mathcal {L}_2$


$\mathcal {L}_1$


$\mathcal {L}_1$


$\mathcal {L}_1$


$(G, \otimes , \multimap , \multimapinv , 1, \leq )$


$(G, \vee , \wedge , \neg , \bot ,\top , \leq )$


$(G, \otimes , \multimap , \multimapinv , \vee , \wedge , \neg , 1, \top ,\linebreak \bot , \leq )$


$(G, \otimes , \multimap , \multimapinv , 1, \leq )$


$(G, \vee , \wedge , \rightarrow , \bot , \top , \leq )$


$(G, \otimes , \multimap , \multimapinv , \vee , \wedge , \rightarrow , 1, \top ,\linebreak \bot , \leq )$


$\otimes , \multimap , \multimapinv , \vee , \wedge $


   ¬ 


$\neg $


$1, \top , \bot $


$\otimes $


$\wedge $


$\epsilon $


$\delta $


$\epsilon $


$\delta $


$\epsilon $


$\Gamma [\_]$


$\Delta $


$\_$


$\Gamma [\Delta ]$


   Γ 


$\Gamma $


   𝐴 


$A$


$\Gamma $


$A$


$\Gamma \Rightarrow A$


$\begin {array}{clcl} \text {(id)} & A \Rightarrow A & \text {(cut)} & \dfrac {\Gamma \Rightarrow A \quad \Delta [A] \Rightarrow C}{\Delta [\Gamma ] \Rightarrow C} \end {array}$


$\begin {array}{clcl} (\otimes \Rightarrow ) & \dfrac {\Gamma [(A, B)] \Rightarrow C}{\Gamma [A \otimes B] \Rightarrow C} & (\Rightarrow \otimes ) & \dfrac {\Gamma \Rightarrow A \quad \Delta \Rightarrow B}{\Gamma , \Delta \Rightarrow A \otimes B} \end {array}$


$\begin {array}{clcl} (\multimap \Rightarrow )& \dfrac {\Gamma [B] \Rightarrow C \quad \Theta \Rightarrow A}{\Gamma [(\Theta , A \multimap B)] \Rightarrow C} & (\Rightarrow \multimap ) & \dfrac {A, \Gamma \Rightarrow B}{\Gamma \Rightarrow A \multimap B} \end {array}$


$\begin {array}{clcl} (\multimapinv \Rightarrow ) & \dfrac {\Gamma [A] \Rightarrow C \quad \Theta \Rightarrow B}{\Gamma [(A \multimapinv B, \Theta )] \Rightarrow C} & (\Rightarrow \multimapinv ) & \dfrac {\Gamma , B \Rightarrow A}{\Gamma \Rightarrow A \multimapinv B} \end {array}$


$\begin {array}{clcl} (\wedge \Rightarrow ) & \dfrac {\Gamma [(A; B)] \Rightarrow C}{\Gamma [A \wedge B] \Rightarrow C} & (\Rightarrow \wedge ) & \dfrac {\Gamma \Rightarrow A \quad \Gamma \Rightarrow B}{\Gamma \Rightarrow A \wedge B} \end {array}$


$\begin {array}{clcl} (\vee \Rightarrow ) & \dfrac {\Gamma [A] \Rightarrow C \quad \Gamma [B] \Rightarrow C}{\Gamma [A \vee B] \Rightarrow C} & (\Rightarrow \vee ) & \dfrac {\Gamma \Rightarrow A}{\Gamma \Rightarrow A \vee B}\quad \dfrac {\Gamma \Rightarrow B}{\Gamma \Rightarrow A \vee B} \end {array}$


$\begin {array}{clcl} (\top \Rightarrow ) & \dfrac {\Gamma [\Delta ] \Rightarrow C}{\Gamma [(\top ; \Delta )] \Rightarrow C} \, \dfrac {\Gamma [\Delta ] \Rightarrow C}{\Gamma [(\Delta ; \top )] \Rightarrow C} & \qquad (\Rightarrow \top ) & \Gamma \Rightarrow \top \end {array}$


$\begin {array}{clcl} (\bot \Rightarrow ) & \Gamma [\bot ] \Rightarrow C \end {array}$


$\begin {array}{clcl} \text {($\wedge $-ass)} & \dfrac {\Gamma [\Delta _1 ; (\Delta _2 ; \Delta _3)] \Rightarrow C}{\overline {\Gamma [(\Delta _1 ; \Delta _2) ; \Delta _3] \Rightarrow C}} & \text {($\wedge $-ex)} & \dfrac {\Gamma [\Delta ; \Theta ] \Rightarrow C}{\Gamma [ \Theta ; \Delta ] \Rightarrow C} \end {array}$


$\begin {array}{clcl} \text {($\wedge $-weak)} & \dfrac {\Gamma [\Delta ] \Rightarrow C}{\Gamma [\Delta ; \Theta ] \Rightarrow C} & \text {($\wedge $-cont)} & \dfrac {\Gamma [\Delta ; \Delta ] \Rightarrow C}{\Gamma [\Delta ] \Rightarrow C} \end {array}$


$\begin {array}{clcl} (1\Rightarrow ) & \dfrac {\Gamma [\Delta ] \Rightarrow C}{\Gamma [(1, \Delta )] \Rightarrow C} \quad \dfrac {\Gamma [\Delta ] \Rightarrow C}{\Gamma [(\Delta , 1)] \Rightarrow C} & \qquad (\Rightarrow 1) & \epsilon \Rightarrow 1 \end {array}$


$\begin {array}{clcl} (\neg \Rightarrow ) & A \wedge \neg A \Rightarrow \bot & (\Rightarrow \neg ) & \top \Rightarrow A \vee \neg A \end {array}$


$\mu $


$\mathbf {B}$


\begin {gather*}\mu (\epsilon ) = 1\\ \mu (\delta ) = \top \\ \mu ((\Gamma , \Delta )) = \mu (\Gamma ) \otimes \mu (\Delta )\\ \mu ((\Gamma ; \Delta )) = \mu (\Gamma ) \wedge \mu (\Delta )\end {gather*}


$\Gamma \Rightarrow A$


$\mathbf {B}$


$\mu $


$\mu (\Gamma ) \leq \mu (A)$


$\otimes , \multimap , \multimapinv , \vee , \wedge , \to $


$1, \top , \bot $


$(\neg \Rightarrow )$


$(\Rightarrow \neg )$


$\begin {array}{clcl} (\to \Rightarrow )& \dfrac {\Gamma [B] \Rightarrow C \quad \Theta \Rightarrow A}{\Gamma [(\Theta ; A \to B)] \Rightarrow C} & (\Rightarrow \to ) & \dfrac {\Gamma ; A \Rightarrow B}{\Gamma \Rightarrow A \to B} \end {array}$


$f: U \mapsto Y$


$U \subseteq X$


$X$


$Y$


$f: X \to Y$


$U = X$


$f(x) = \infty $


$f$


   𝑥 


$x$


$I, J, K$


\begin {equation*}(U, \{f^{n_i}_i\}_{i \in I}, \{a_j\}_{j \in J}, \{R^{m_k}_k\}_{k \in K})\end {equation*}


$\{a_j\}_{j \in J} \subseteq U$


$f^{n_i}_i: U^{n_i} \to U$


$i \in I$


$R^{m_k}_k \subseteq U^{m_k}$


$k \in K$


$I, J, K$


\begin {equation*}(U, \{f^{n_i}_i\}_{i \in I}, \{a_j\}_{j \in J}, \{R^{m_k}_k\}_{k \in K})\end {equation*}


\begin {equation*}(U', \{f'^{n_i}_i\}_{i \in I}, \{a'_j\}_{j \in J}, \{R'^{m_k}_k\}_{k \in K})\end {equation*}


$\iota : U \to U'$


   𝜄 


$\iota $


$j \in J$


$\iota (a_j) = a'_j$


$i \in I$


$x_1, x_2, \dots , x_{n_i} \in U$


$f^{n_i}_i (x_1, x_2, \dots , x_{n_i}) \neq \infty $


$\iota (f^{n_i}_i (x_1, x_2, \dots , x_{n_i}) = f'^{n_i}_i (\iota (x_1), \iota (x_2), \dots , \iota (x_{n_i}))$


$k \in K$


$(\iota (x_1), \iota (x_2), \dots , \iota (x_{m_k})) \in (R'^{m_k}_k) \iff $


$(x_1, x_2, \dots , x_{m_k}) \in R^{m_k}_k$


$x_1, x_2, \dots , x_{m_k} \in U$


$\mathbf {A}$


$\mathbf {B}$


$\mathbf {A}$


$\mathbf {B}$


$\mathbf {A}$


$\mathbf {B}$


$\mathbf {A}$


$\mathbf {B}$


$A \subseteq B$


$\mathbf {A}$


$\mathbf {B}$


$\mathcal {K}$


$\mathcal {K}^P$


$\mathcal {K}$


$\mathbf {L} = (L, \vee , \wedge , \top , \bot , \leq )$


$\mathbf {L}$


$\mathbf {L'}$


$\mathbf {L}$


$\mathbf {L'}$


$\mathbf {L}$


$(L, \vee , \wedge , \top , \bot , \leq )$


$(L, \leq )$


$\top $


$\bot $


$\leq $


$\vee , \wedge $


$\leq $


$a \vee b \neq \infty $


$a \vee b$


$\{a, b\}$


$\leq $


$a \wedge b \neq \infty $


$a \wedge b$


$\{a, b\}$


$\leq $


$\mathbf {B} = (B, \otimes , \multimap , \multimapinv , \vee , \wedge , \neg , 1, \top , \bot , \leq )$


$\mathbf {B}$


$\mathbf {B}$


$a \in B$


$\neg a \neq \infty $


$\neg a \in B$


$a \vee \neg a = \top $


$a \wedge \neg a = \bot $


$(B, \otimes , \multimap , \multimapinv , \vee , \wedge , \top , \bot , \leq )$


$(P, \leq )$


$A \subseteq P$


$A$


$a \in A$


$b \in P$


$a \leq b$


$b \in A$


$A$


$a \in A$


$b \in P$


$b \leq a$


$b \in A$


$(P, \leq )$


$a \in P$


\begin {equation*}[a) = \{b \in P: a \leq b\} \qquad (a] = \{b \in P: b \leq a\}\end {equation*}


$[a)$


$(a]$


$(L, \vee , \wedge )$


$F \subseteq L$


   𝐹 


$F$


$\textimplies {a \leq b \land a \in F}{b \in F}$


$\textimplies {a \in F \land b \in F}{a \wedge b \in F}$


$F$


$F \neq L$


$F$


$\textimplies {a \vee b \in F}{a \in F \lor b \in F}$


$(L, \vee , \wedge )$


$F$


\begin {equation*}F_a = \left \{y \in L: \exists _{x \in F} x \wedge a \leq y\right \}\end {equation*}


$F_a$


$\neg a \in F \text { iff } a \notin F$


$\textimplies {a \in F \land b \in F}{a \wedge b \in F \lor a \wedge b = \infty }$


$a, b \in B$


$(B, \vee , \wedge , \neg , \top , \bot )$


$F \subseteq B$


$F$


$a \in F$


$\neg a \in F$


$a \in B$


$F$


$a \vee \neg a = \top \in F$


$a \in B$


$a \in F$


$\neg a \in F$


$a \in B$


$a \vee b \in F$


$a \notin F$


$b \notin F$


$\neg a \in F$


$\neg b \in F$


$\neg a \wedge \neg b \in F$


$\neg (a \vee b) \in F$


$(a \vee b) \wedge \neg (a \vee b) = \bot \in F$


   ^^03 


$\relax \square $


$(L, \vee , \wedge )$


$F \subseteq L$


$b \in L$


$b \notin F$


$P \subseteq L$


$F \subseteq P$


$b \notin P$


$F$


$b \in L$


$b \notin F$


$F$


   𝑏 


$b$


$\mathcal {E}$


$L$


$F$


$b$


$F \in \mathcal {E}$


$C \subseteq \mathcal {E}$


$\mathcal {E}$


$F \subseteq \bigcup C$


$b \notin \bigcup C$


$\bigcup C$


$c, d \in \bigcup C$


$c \in G$


$d \in G'$


$G, G' \in C$


   𝐶 


$C$


$G \subseteq G'$


$G' \subseteq G$


   𝑐 


$c$


$d$


   𝐺 


$G$


$G'$


$c \wedge d \in G$


$c \wedge d \in G'$


$c \wedge d \in \bigcup C$


$\bigcup C$


$\bigcup C$


$P \in \mathcal {E}$


$\mathcal {E}$


   𝑃 


$P$


$c, d \notin P$


$c \vee d \in P$


$c \notin P$


$P \subseteq P_c$


$P$


$\mathcal {E}$


$P_c \notin \mathcal {E}$


$F \subseteq P_c$


$b \in P_c$


$d \notin P$


$b \in P_d$


$P_c, P_d$


$x, y \in P$


$x \wedge c \leq b$


$y \wedge d \leq b$


$x \wedge y \wedge c \leq b$


$x \wedge y \wedge d \leq b$


$(x \wedge y \wedge c) \vee (x \wedge y \wedge d) \leq b$


$x \wedge y \wedge (c \vee d) \leq b$


$x, y, c \vee d \in P$


$b \in P$


$c, d \notin P$


$c \vee d \in P$


$b \in P$


$P$


$\relax \square $


$(L, \vee , \wedge )$


$a, b \in L$


$a \not \leq b$


$F \subseteq L$


$a \in F$


$b \notin F$


$[a)$


$b \notin [a)$


$P$


$a \in P$


$b \notin P$


$\relax \square $


$\mathbf {B}$


$F, G$


$\mathbf {B}$


$H$


$\mathbf {B}$


$\{ x \otimes y: x \in F \land y \in G \} \subseteq H$


$F'$


$G'$


$F \subseteq F'$


$G \subseteq G'$


$\{ x \otimes y: x \in F' \land y \in G \} \subseteq H$


$\{ x \otimes y: x \in F \land y \in G' \} \subseteq H$


$F, G$


$H$


$\{ x \otimes y: x \in F \land y \in G \} \subseteq H$


$F'$


$F \subseteq F'$


$\{ x \otimes y: x \in F' \land y \in G \} \subseteq H$


$\mathcal {E}$


$Q$


$\mathbf {B}$


$\{ x \otimes y: x \in Q \land y \in G \} \subseteq H$


$F \in \mathcal {E}$


$\mathcal {E}$


$\bot = \bot \otimes 1 \in H$


$\bigcup C \in \mathcal {E}$


$C \subseteq \mathcal {E}$


$a \in \bigcup C$


$Q \in C$


$a \in Q$


$\{ x \otimes y: x \in Q \land y \in G \} \subseteq H$


$y \in G$


$a \otimes y \in H$


$\bigcup C \in \mathcal {E}$


$P \in \mathcal {E}$


$\mathcal {E}$


$P$


$a \vee b \in P$


$a, b \notin P$


$P_a, P_b$


$P \subset P_a$


$P \subset P_b$


$P$


$P_a, P_b \notin \mathcal {E}$


$\{ x \otimes y: x \in P_a \land y \in G \} \not \subseteq H$


$\{ x \otimes y: x \in P_b \land y \in G \} \not \subseteq H$


$x, y \in P$


$z_1, z_2 \in G$


$(x \wedge a) \otimes z_1 \notin H$


$(y \wedge b) \otimes z_2 \notin H$


$x, y, a \vee b \in P$


$x \wedge y \wedge (a \vee b) \in P$


$(x \wedge y \wedge (a \vee b)) \otimes (z_1 \wedge z_2) \in H$


\begin {multline*}(x \wedge y \wedge (a \vee b)) \otimes (z_1 \wedge z_2) = ((x \wedge y \wedge a) \vee (x \wedge y \wedge b)) \otimes (z_1 \wedge z_2) =\\ = (x \wedge y \wedge a) \otimes (z_1 \wedge z_2) \vee (x \wedge y \wedge b) \otimes (z_1 \wedge z_2)\end {multline*}


$H$


$(x \wedge y \wedge a) \otimes (z_1 \wedge z_2) \in H$


$(x \wedge y \wedge b) \otimes (z_1 \wedge z_2) \in H$


$H$


$(x \wedge a) \otimes z_1 \in H$


$(y \wedge b) \otimes z_2 \in H$


$a \in P$


$b \in P$


$F' = P$


$G'$


$G \subseteq G'$


$\{ x \otimes y: x \in F \land y \in G' \} \subseteq H$


$\relax \square $


$\mathfrak {F} = (P, I, R)$


$\mathfrak {F}$


$I \subset P$


$R$


$P$


$\forall _{x, x', y, z \in P} \big ( \textimplies {R(x, y, z) \land x' = x}{R(x',y,z)}\big )$


$\forall _{x, y, y', z \in P} \big ( \textimplies {R(x, y, z) \land y' = y}{R(x,y',z)}\big )$


$\forall _{x, y, z, z' \in P} \big ( \textimplies {R(x, y, z) \land z = z'}{R(x,y,z')}\big )$


$\forall _{x \in P}\exists _{y, z \in I} \big ( R(x,y,x) \land R(z,x,x) \big )$


$\forall _{x, z \in P}\forall _{y \in I} \big ( \textimplies {R(x,y,z) \lor R(y,x,z)}{x = z} \big )$


$\mathbf {B} = (B, \otimes , \multimap , \multimapinv , \vee , \wedge , \neg , 1, \top , \bot , \leq )$


$\mathfrak {F}_\mathbf {B} = (\mathscr {F}(B), \mathscr {I}_\mathbf {B}, \mathscr {R}_\mathbf {B})$


$\mathscr {F}(B)$


$\mathbf {B}$


$\mathscr {I}_\mathbf {B}$


\begin {align*}\mathscr {R}_\mathbf {B}(F,G,H) \iff & \left ( \forall _{a,b \in B} \textimplies {a \in F \land b \in G}{ a \otimes b \in H \vee a \otimes b = \infty } \right )\\ \land &\left (\forall _{a, b \in B} \textimplies {a \in F \land a \multimap b \in G \land a \multimap b \neq \infty }{ b \in H} \right )\\ \land &\left (\forall _{a, b \in B} \textimplies {b \multimapinv a \in F \land a \in G \land a \multimapinv b \neq \infty }{ b \in H} \right ).\end {align*}


$\mathbf {B}$


$F \in \mathscr {F}(B)$


$P, Q \in \mathscr {F}(B)$


$\mathscr {R}_\mathbf {B}(F,P,F)$


$\mathscr {R}_\mathbf {B}(Q,F,F)$


$1 \in P, 1 \in Q$


$F \in \mathscr {F}(L)$


$P$


$1 \in P$


$\mathscr {R}_\mathbf {L}(F,P,F)$


$\mathscr {R}_\mathbf {L}(Q,F,F)$


$\mathcal {E}$


$\mathbf {L}$


$G \in \mathcal {E}$


$1 \in G$


$f \otimes g \in F$


$f \in F$


$g \in G$


$\mathcal {E}$


$[1) \in \mathcal {E}$


$\bigcup C$


$C \subseteq \mathcal {E}$


$\bigcup C \in \mathcal {E}$


$1 \in \bigcup C$


$f \in F$


$g \in \bigcup C$


$g \in G$


$G \in C$


$f \otimes g \in F$


$P \in \mathcal {E}$


$\mathcal {E}$


$P$


$a \vee b \in P$


$a, b \notin P$


$P_a$


$P_b$


$P \subset P_a$


$P \subset P_b$


$P$


$\mathcal {E}$


$P_a, P_b \notin \mathcal {E}$


$1 \in P_a, P_b$


$f_a \in F$


$x \in P$


$f_a \otimes (x \wedge a) \notin F$


$f_b \in F$


$y \in P$


$f_b \otimes (y \wedge b) \notin F$


$f_a, f_b \in F$


$f_a \wedge f_b \in F$


$a \vee b \in P$


$(x \wedge y) \wedge (a \vee b) = (x \wedge y \wedge a) \vee (x \wedge y \wedge b) \in P$


$(f_a \wedge f_b) \otimes [(x \wedge a) \vee (y \wedge b)] \in F$


\begin {equation*}(f_a \wedge f_b) \otimes [(x \wedge a) \vee (y \wedge b)] = ((f_a \wedge f_b) \otimes (x \wedge a)) \vee ((f_a \wedge f_b) \otimes (y \wedge b))\end {equation*}


$F$


$(f_a \wedge f_b) \otimes (x \wedge a) \in F$


$(f_a \wedge f_b) \otimes (y \wedge b) \in F$


$(f_a \wedge f_b) \otimes (x \wedge a) \in F$


$f_a \otimes (x \wedge a) \in F$


$\otimes $


$(f_a \wedge f_b) \otimes (y \wedge b) \in F$


$f_b \otimes (y \wedge b) \in F$


$a \in P$


$b \in P$


$\mathscr {R}_\mathbf {L}(F,P,F)$


$\relax \square $


$\mathbf {B}$


$\mathfrak {F}_\mathbf {B} = (\mathscr {F}(B), \subseteq , \mathscr {R}_\mathbf {B})$


$F, G, H \in \mathscr {F}(B)$


$\textimplies {a \in F \land b \in G}{ a \otimes b \in H}$


$a, b \in B$


$\textimplies {a \in F \land a \multimap b \in G}{b \in H}$


$a, b \in B$


$\textimplies {b \multimapinv a \in F \land a \in G }{b \in H}$


$a, b \in B$


$a \in F$


$a \multimap b \in G$


$\mathscr {R}_\mathbf {B}(F,G,H)$


$a \otimes (a \multimap b) \in H$


$b \in H$


$a \otimes (a \multimap b) \leq b$


$a \in F$


$b \in G$


$b \leq a \multimap (a \otimes b)$


$a \multimap (a \otimes b) \in G$


$a \otimes b \in H$


$\relax \square $


$\mathbf {B}$


$F, G$


$\mathbf {L}$


$\mathbf {H}$


$\mathbf {H}$


$\{ x \otimes y: x \in F \land y \in G \} \subseteq H$


$F'$


$G'$


$F \subseteq F'$


$G \subseteq G'$


$\mathscr {R}_\mathbf {L}(F',G',H)$


$F'$


$\{ x \otimes y: x \in F' \land y \in G \} \subseteq H$


$G'$


$\{ x \otimes y: x \in F' \land y \in G' \} \subseteq H$


$\mathscr {R}_\mathbf {L}(F',G',H)$


$\relax \square $


$\mathfrak {F} = (P, I, R)$


$X, Y \subseteq P$


\begin {gather*}X \ocirc Y = \left \{ z \in P : \exists _{x, y \in P} x \in X \land y \in Y \land R(x, y, z) \right \}\\ X \omultimap Y = \left \{ y \in P: \forall _{x, z \in P} \textimplies {R(x, y, z) \land x \in X }{z \in Y}\right \}\\ Y \omultimapinv X = \left \{ x \in P: \forall _{y, z \in P}\textimplies { R(x, y, z) \land y \in X}{z \in Y} \right \}\end {gather*}


$\mathbf {B}_{\mathfrak {F}} = (\powerset {P}, \ocirc , \omultimap , \omultimapinv , \cup , \cap , {}^c, I, P, \emptyset , \subseteq )$


$X^c = \powerset {P} \setminus X$


$X \in \powerset {P}$


$\mathfrak {F}$


$\mathbf {B}$


$\mathfrak {F}_\mathbf {B} = (\mathscr {F}(B), \subseteq , \mathscr {R}_\mathbf {B})$


$a, b \in B$


$H \in \mathscr {F}(B)$


$a \otimes b \in H$


$F, G \in \mathscr {F}(B)$


$a \in F$


$b \in G$


$\mathscr {R}_\mathbf {B}(F,G,H)$


$G \in \mathscr {F}(B)$


$a \multimap b \not \in G$


$F, H \in \mathscr {F}(B)$


$a \in F$


$b \not \in H$


$\mathscr {R}_\mathbf {B}(F,G,H)$


$F \in \mathscr {F}(B)$


$b \multimapinv a \not \in F$


$G, H \in \mathscr {F}(B)$


$a \in G$


$b \not \in H$


$\mathscr {R}_\mathbf {B}(F,G,H)$


$a \otimes b \in H$


$x \otimes y \in H$


$a \leq x$


$b \leq y$


$\{ x \otimes y: x \in [a) \land y \in [b)\} \subseteq H$


$F, G$


$\mathscr {R}_\mathbf {B}(F,G,H)$


$G$


$a \multimap b \notin G$


$aG = \{ a \otimes x : x \in G\}$


$aG$


$Q = \{x \in L: \exists _{y \in aG} y \leq x \}$


$x, y \in Q$


$x', y' \in G$


$a \otimes x' \leq x$


$a \otimes y' \leq y$


$x', y' \in G$


$x' \wedge y' \in G$


$a \otimes (x' \wedge y') \in aG$


\begin {equation*}a \otimes (x' \wedge y') \leq (a \otimes x') \wedge (a \otimes y') \leq x \wedge y\end {equation*}


$x \wedge y \in Q$


$b \notin Q$


$b \in Q$


$x \in G$


$a \otimes x \leq b$


$x \leq a \multimap b$


$a \multimap b \in G$


$Q$


$b \notin Q$


$H$


$Q \subseteq H$


$b \notin H$


$\{ x \otimes y : x \in [a) \land y \in G\} \subseteq H$


$F$


$\mathscr {R}_\mathbf {L}(F, G, H)$


$\relax \square $


$\mathbf {B}$


$a, b \in L$


$a \not \leq b$


$F \subseteq B$


$a \in F$


$b \notin F$


$\mathbf {B'}$


$\iota $


$\mathbf {B}$


$\mathbf {B'}$


$F \subseteq B'$


$a \in F$


$b \notin F$


$\iota ^{-1}(F)$


$\mathbf {B}$


$a \in \iota ^{-1}(F)$


$b \notin \iota ^{-1}(F)$


$\relax \square $


$\mathbf {B} = (B, \otimes , \multimap , \multimapinv , \vee , \wedge , \neg , 1, \top , \bot , \leq )$


$\mathbf {B}_{\mathfrak {F}_\mathbf {B}}$


$\iota (a) = \{ F \in \mathcal {F}_B : a \in F \}$


$a \in B$


$\iota $


$a \leq b$


$H \in \iota (a)$


$b \in H$


$H \in \iota (b)$


$\iota (a) \subseteq \iota (b)$


$a \not \leq b$


$H$


$a \in H$


$b \notin H$


$\iota (a) \not \subseteq \iota (b)$


$a \leq b$


$\iota (a) \subseteq \iota (b)$


$\iota $


$\iota (\bot ) = \emptyset $


$\top $


$\iota (\top ) = \mathscr {F}(B)$


$a, b \in B$


$a \otimes b \neq \infty $


\begin {equation*}\iota (a) \ocirc \iota (b) = \left \{ H \in \mathscr {F}(B) :\!\!\!\!\!\! \exists _{F, G \in \mathscr {F}(B)}\!\!\!\!\!\! F \in \iota (a) \land G \in \iota (b) \land \mathscr {R}_\mathbf {B}(F, G, H) \right \}.\end {equation*}


$\iota (a \otimes b) \subseteq \iota (a) \ocirc \iota (b)$


$H \in \iota (a \otimes b)$


$a \otimes b \in H$


$F, G \in \mathscr {F}(L)$


$a \in F$


$F \in \iota (a)$


$b \in G$


$G \in \iota (b)$


$\mathscr {R}_\mathbf {B}(F,G,H)$


$\iota (a) \ocirc \iota (b) \subseteq \iota (a \otimes b)$


$H \in \iota (a) \ocirc \iota (b)$


$F \in \iota (a)$


$G \in \iota (b)$


$\mathscr {R}_\mathbf {B}(F,G,H)$


$a \in F$


$b \in G$


$a \otimes b \in H$


$\mathscr {R}_\mathbf {B}$


$H \in \iota (a \otimes b)$


$a \multimap b$


$a \multimapinv b$


$a \vee b \neq \infty $


$\iota (a \vee b) \subseteq \iota (a) \cup \iota (b)$


$H \in \iota (a \vee b)$


$a \vee b \in H$


$H$


$a \in H$


$b \in H$


$H \in \iota (a)$


$H \in \iota (b)$


$a \in H$


$b \in H$


$a \vee b \in H$


$\iota (a) \cup \iota (b) \subseteq \iota (a \vee b)$


$a \wedge b \neq \infty $


$H \in \iota (a \wedge b)$


$a \in H$


$b \in H$


$H \in \iota (a)$


$H \in \iota (b)$


$H \in \iota (a)$


$H \in \iota (a)$


$a \wedge b \in H$


$H \in \iota (a \wedge b)$


$\relax \square $


$\mathbf {B} = (B, \otimes , \multimap , \multimapinv , \vee , \wedge , \neg , 1, \top , \bot , \leq )$


$\neg a \neq \infty $


$\neg a \in B$


$a \vee \neg a = \top $


$a \wedge \neg a = \bot $


$1 \otimes a = a = a \otimes 1$


$a \in B$


$\mathbf {B}$


$\mathcal {F}$


$\mathbf {B}$


$\mathcal {I} \subseteq \mathcal {F}$


$1 \in F$


$F \in \mathcal {I}$


$\forall _{a, b \in L} \Big ( \textimplies {a \not \leq b}{\exists _{F \in \mathcal {F}} a \in F \land b \not \in F} \Big )$


$\otimes $


$\forall _{H \in \mathcal {F}}\forall _{a,b \in L} \Big ( \textimplies {a \otimes b\! \in \! H}{ \!\!\!\!\!\exists _{F,G \in \mathcal {F}}\!\!\!\!\! a\! \in \! F \land b\! \in \! G \land \mathscr {R}_\mathbf {L}(F,G,H)} \Big )$


$\multimap $


$\forall _{G\! \in \! \mathcal {F}}\forall _{a,b \in L} \Big ( \textimplies {a \multimap b \neq \infty \land a \multimap b \not \in G}{}\Big .$


$\Big .\textimplies {}{\exists _{F,H \in \mathcal {F}} a \in F \land b \not \in H \land \mathscr {R}_\mathbf {L}(F,G,H)}\Big )$


$\multimapinv $


$\forall _{F \in \mathcal {F}}\forall _{a,b \in L} \Big (\textimplies {a \multimapinv b \neq \infty \land a \multimapinv b \not \in F}{}\Big .$


$\Big .\textimplies {}{\exists _{G,H \in \mathcal {F}} a \in G \land b \not \in H \land \mathscr {R}_\mathbf {L}(F,G,H)}\Big )$


$\forall _{F \in \mathcal {F}} \exists _{G_1, G_2 \in \mathcal {I}} \Big ( \mathscr {R}_\mathbf {L}(F,G_1,F) \land \mathscr {R}_\mathbf {L}(G_2, F, F) \Big )$


$\mathbf {B} = (B, \otimes , \multimap , \multimapinv , \vee , \wedge , \neg , 1, \top , \bot , \leq )$


$\mathbf {A} = (A, \ocirc , \omultimap , \omultimapinv , \ovee , \owedge , \oneg , \oi , \otop , \obot , \oleq )$


$\iota $


$\mathbf {B}$


$\mathbf {A}$


$\mathcal {F}$


$\mathbf {B}$


$\otimes $


$\multimap $


$\multimapinv $


\begin {equation*}\mathcal {F} = \{\iota ^{-1}(F): F\text { is a prime filter of }\mathbf {A}\}\end {equation*}


$F$


$\mathbf {A}$


$F_\iota = \iota ^{-1}(F)$


$\otimes $


$\multimap $


$\multimapinv $


$\mathcal {I} \subseteq \mathcal {F}$


\begin {equation*}\mathcal {I} = \{F \in \mathcal {F}: 1 \in F \}\end {equation*}


$F_\iota \in \mathcal {F}$


$G$


$\mathbf {A}$


$1 \in G$


$\mathscr {R}_\mathbf {A}(F,G,F)$


$G_\iota \in \mathcal {I}$


$\mathscr {R}_\mathbf {B}(F_\iota , G_\iota , F_\iota )$


$H$


$H_\iota \in \mathcal {I}$


$\mathscr {R}_\mathbf {B}(H_\iota , F_\iota , F_\iota )$


$\mathbf {B}$


$\mathbf {A}$


$\mathbf {B}$


$\mathbf {A}$


$\mathfrak {F} = (\mathcal {F}, \mathcal {I}, \mathscr {R}_\mathbf {B})$


$F, H \in \mathcal {F}$


$G \in \mathcal {I}$


$\mathscr {R}_\mathbf {B}(F, G, H)$


$a \in F$


$1 \in G$


$a \otimes 1 \in H$


$F \subseteq H$


$a \in H$


$a \notin F$


$\neg a \in F$


$\mathbf {A} = (\powerset {\mathcal {F}}, \otimes , \multimap , \multimapinv , \cup , \cap , \mathcal {I}, \mathcal {F}, \emptyset , \subseteq )$


$\mathfrak {F}$


$\iota $


$a \in L$


$\iota (a) = \{ F \in \mathcal {F}: a \in F \}$


$\iota $


$a, b \in L$


$a \leq b$


$\iota (a) \subseteq \iota (b)$


$a \not \leq b$


$F \in \mathcal {F}$


$a \in F$


$b \not \in F$


$\iota (a) \not \subseteq \iota (b)$


$a \leq b$


$\iota (a) \subseteq \iota (b)$


$\iota $


$\iota $


$\otimes , \multimap , \multimapinv , \vee , \wedge , \top , \bot $


$\iota (1) = \mathcal {I}$


$\mathcal {I} \subseteq \iota (1)$


$1$


   ℐ 


$\mathcal {I}$


$F \in \iota (1)$


$G \in \mathcal {I}$


$\mathscr {R}_\mathbf {B}(F,G,F)$


$1 \in F$


$G \subseteq F$


$a \in F$


$a \notin G$


$\neg a \in G$


$\neg a \in F$


$G = F$


$F \in \mathcal {I}$


$a \in B$


$\iota (\neg a) = \{ F \in \mathcal {F}: \neg a \in F\} = \{ F \in \mathcal {F}: a \not \in F \}$


$\{ F \in \mathcal {F}: a \not \in F \} = \{ F \in \mathcal {F}: a \in F\}^c$


$\relax \square $


$\mathbf {B} = (B, \otimes , \multimap , \multimapinv , \vee , \wedge , \neg , 1, \top , \bot , \leq )$


$\mathbf {B}$


$|B|$


$\mathbf {B}$


$\mathbf {B}$


$\mathbf {B}$


$\mathbf {B}$


$\leq $


$\top , \bot $


$\leq $


$1 \otimes a = a$


$a \otimes 1 = a$


$a \in L$


$\neg a \neq \infty $


$\neg a \in B$


$a \vee \neg a = \top $


$a \wedge \neg a = \bot $


$a \in B$


$\mathcal {F}_n$


$\mathcal {F}_0$


$\mathbf {B}$


$S \subseteq B$


$\mathcal {O}(2^{2|B|})$


$i = 0$


$\mathcal {I}_i = \{ F \in \mathcal {F}_i: 1 \in F \}$


$F \in \mathcal {F}_i$


$\otimes $


$\multimap $


$\multimapinv $


$F$


$F$


$\mathcal {F}_{i+1}$


$\mathcal {F}_{i+1} = \emptyset $


$\mathcal {F}_i = \mathcal {F}_{i+1}$


$i+1$


$F$


$\mathcal {O}(2^{3|B|})$


$\mathcal {F}_i$


$\mathcal {O}(2^{|B|})$


$i$


$2^{|B|}$


$\mathcal {O}(2^{5|B|})$


$\mathcal {O}(|B|^2 2^{|B|})$


$\relax \square $


$\Gamma \Rightarrow C$


$G \Rightarrow C$


$G$


$\Gamma $


$\otimes $


$\wedge $


$\epsilon $


$\delta $


$\top $


$G \Rightarrow A$


$G \Rightarrow A$


$s(p) = 1$


$s(1) = 1$


$s(\top ) = 1$


$s(\bot ) = 1$


$s(A \otimes B) = s(A) + s(B) + 1$


$s(A \multimap B) = s(A) + s(B) + 1$


$s(A \multimapinv B) = s(A) + s(B) + 1$


$s(A \wedge B) = s(A) + s(B) + 1$


$s(A \vee B) = s(A) + s(B) + 1$


$s(\neg A) = s(A) + 1$


$s(A \to B) = s(A) + s(B) + 1$


$s(G \Rightarrow A) = s(G) + s(A)$


$\mathbf {A}$


$\mu $


   ℒ 


$\mathcal {L}$


$\mathbf {A}$


$\mu $


$\mu (\top ) = \top $


$\mu (\bot ) = \bot $


$\mu (1) = 1$


$\mu (D \otimes E) \neq \infty $


$\mu (D) \neq \infty , \mu (E) \neq \infty $


$\mu (D \otimes E) = \mu (D) \otimes \mu (E)$


$\mu (D \multimap E)\! \neq \! \infty $


$\mu (D)\! \neq \! \infty , \mu (E)\! \neq \! \infty $


$\mu (D \multimap E)\! =\! \mu (D) \multimap \mu (E)$


$\mu (D \multimapinv E)\! \neq \! \infty $


$\mu (D)\! \neq \! \infty , \mu (E)\! \neq \! \infty $


$\mu (D \multimapinv E)\! =\! \mu (D) \multimapinv \mu (E)$


$\mu (D \wedge E) \neq \infty $


$\mu (D) \neq \infty , \mu (E) \neq \infty $


$\mu (D \wedge E) = \mu (D) \wedge \mu (E)$


$\mu (D \vee E) \neq \infty $


$\mu (D) \neq \infty , \mu (E) \neq \infty $


$\mu (D \vee E) = \mu (D) \vee \mu (E)$


$\mu (\neg D) \neq \infty $


$\mu (D) \neq \infty $


$\mu (\neg D) = \neg \mu (D)$


$G \Rightarrow C$


$\mu $


$G \Rightarrow C$


$\mu $


$\mu (G) \neq \infty $


$\mu (C) \neq \infty $


$\mu (G) \leq \mu (C)$


$\mathcal {K}$


$\Phi = \{G_1 \Rightarrow C_1, G_2 \Rightarrow C_2, \dots , G_k \Rightarrow C_k\}$


$G \Rightarrow C$


$n := 2(s(G_1 \Rightarrow C_1) + s(G_2 \Rightarrow C_2) + \dots + s(G_k \Rightarrow C_k) + s(G \Rightarrow C)) + 4.$


$\Phi $


$G \Rightarrow C$


$\mathbf {A} \in \mathcal {K}^P$


$|A| \leq n$


$\mu $


$\Phi $


$\mathbf {A}$


$\mu $


$\mu (G)$


$\mu (C)$


$G \Rightarrow C$


$\mathbf {A}$


$\mu $


$\mathbf {A} \in \mathcal {K}^P$


$|A| \leq n$


$\mu $


$\Phi $


$\mathbf {A}$


$\mu $


$\mu (G)$


$\mu (C)$


$G \Rightarrow C$


$\mu (G) \not \leq \mu (C)$


$\mathbf {A}' \in \mathcal {K}$


$\iota $


$\mathbf {A}$


$\mathbf {A}'$


$\iota (\mu (G_i)) \oleq \iota (\mu (C_i))$


$i = 1, \dots , k$


$\iota (\mu (G)) \onleq \iota (\mu (C))$


$\mathbf {A}'$


$\mu ' = \iota \circ \mu $


$\Phi $


$G \Rightarrow C$


$\mathbf {A'}$


$\Phi $


$G \Rightarrow C$


$G \Rightarrow C$


$\mathbf {A}' \in \mathcal {K}$


$\mu '$


$\Phi $


$\mu '$


$\mathbf {A} \in \mathcal {K}^P$


$T$


$1, \top , \bot $


$G_1, C_1, \dots , G_k, C_k, G, C$


$A = \{ \mu '(D) : D \in T \} \cup \{ \oneg \mu '(D) : D \in T\}$


$D \in T$


$D = E \otimes F$


$\mu '(E) \otimes \mu '(F) := \mu '(E \otimes F)$


$D \in T$


$D = E \multimap F$


$\mu '(E) \multimap \mu '(F) := \mu '(E \multimap F)$


$D \in T$


$D = E \multimapinv F$


$\mu '(E) \multimapinv \mu '(F) := \mu '(E \multimapinv F)$


$D \in T$


$D = E \vee F$


$\mu '(E) \vee \mu '(F) := \mu '(E \vee F)$


$D \in T$


$D = E \wedge F$


$\mu '(E) \wedge \mu '(F) := \mu '(E \wedge F)$


$1 \otimes a := a$


$a \otimes 1 := a$


$\neg a := \oneg a$


$a \vee \neg a := \top $


$a \wedge \neg a := \bot $


$a \in A$


$\leq = {\oleq } \cap A^2$


$|A| \leq n$


$\mathbf {A} \in \mathcal {K}^P$


$\mu = \mu '_{|T}$


$\mu $


$\mu (G_i) \leq \mu (C_i)$


$i = 1, \dots , k$


$\mu (G) \not \leq \mu (C)$


$\mu (G)$


$\mu (C)$


$\Phi \vdash G \Rightarrow C$


$G \Rightarrow C$


$\mathbf {A} \in \mathcal {K}^P$


$\mu $


$|A| \leq n$


$\Phi $


$\mathbf {A}$


$\mu $


$\mu (G)$


$\mu (C)$


   𝑛 


$n$


$\mathcal {O}(n^2)$


$\mathcal {O}(n)$


$\mathcal {O}(n)$


$\infty $


$\mathcal {O}(2^{Ln^3})$


$L$


$\mathcal {O}(2^{Ln^3}2^{5n})$


$\mathbf {A}$


$\mathcal {O}(|A|^n)$


$\Phi $


$G \Rightarrow C$


$\mathcal {O}(n)$


$\Phi $


$G \Rightarrow C$


$\mathbf {A}$


$\mathcal {O}(2^{n^3})$


$\mathcal {O}(2^{Ln^3}2^{5n}2^{n^3}) = \mathcal {O}(2^{(L+1)n^3+5n})$


$\relax \square $


$\mathbf {H} = (H, \otimes , \multimap , \multimapinv , \vee , \wedge , \to , 1, \top , \bot , \leq )$


$\mathbf {H}$


$\mathbf {H}$


$(H, \otimes , \multimap , \multimapinv , \vee , \wedge , 1, \top , \bot , \leq )$


$\mathbf {H} = (H, \otimes , \multimap , \multimapinv , \vee , \wedge , \to , 1, \top , \bot , \leq )$


$F \subseteq H$


$F$


$\textimplies {a \to b \neq \infty \land a \in F \land a \to b \in F}{b \in F}$


$\mathfrak {F} = (P, I, R)$


$X, Y \subseteq P$


\begin {gather*}X \ocirc Y = \left \{ z \in P : \exists _{x, y \in P} x \in X \land y \in Y \land R(x, y, z) \right \}\\ X \omultimap Y = \left \{ y \in P: \forall _{x, z \in P} \textimplies {R(x, y, z) \land x \in X }{z \in Y}\right \}\\ Y \omultimapinv X = \left \{ x \in P: \forall _{y, z \in P}\textimplies { R(x, y, z) \land y \in X}{z \in Y} \right \}\\ X \to ' Y = \bigcup \{Z \in \powerset {P} : X \cap Z \subseteq Y\}\end {gather*}


$\mathbf {H}_{\mathfrak {F}} = (\powerset {P}, \ocirc , \omultimap , \omultimapinv , \cup , \cap , \to ', I, P, \emptyset , \subseteq )$


$\mathbf {H} = (H, \otimes , \multimap , \multimapinv , \vee , \wedge , \to , 1, \top , \bot , \leq )$


$1 \otimes a = a = a \otimes 1$


$a \in H$


$\mathbf {H}$


$\mathcal {F}$


$\mathbf {H}$


$\otimes $


$\multimap $


$\multimapinv $


$\mathcal {I} \subseteq \mathcal {F}$


$1 \in F$


$F \in \mathcal {I}$


$\forall _{a, b \in H}\textimplies {a \to b \neq \infty }{b \leq a \to b}$


$\forall _{F \in \mathcal {F}}\forall _{a, b \in H}\Big (\textimplies {a \to b \neq \infty \land a \not \in F \land a \to b \not \in F}{}\Big .$


$\textimplies {}{\Big .\exists _{F' \in \mathcal {F}} \big (F \subseteq F' \land a \in F' \land a \to b \not \in F'\big )\Big )}$


$\mathbf {H} = (H, \otimes , \multimap , \multimapinv , \vee , \wedge , \to , \top , \bot , \leq )$


$\mathbf {A} = (A, \ocirc , \omultimap , \omultimapinv , \ovee , \owedge , \oto , \otop , \obot , \oleq )$


$\iota $


$\mathbf {H}$


$\mathbf {A}$


$\mathcal {F}$


$\mathbf {H}$


$\otimes $


$\multimap $


$\multimapinv $


\begin {equation*}\mathcal {F} = \{\iota ^{-1}(F): F\text { is a prime filter of }\mathbf {A}\}\end {equation*}


$a, b \in H$


$a \to b \neq \infty $


$a, a \to b \notin F_\iota $


$F$


$\mathbf {A}$


$\iota (a), \iota (a \to b) \notin F$


$\iota (a \to b) = \iota (a) \oto \iota (b)$


$F_{\iota (a)}$


$\iota (a) \in F_{\iota (a)}$


$\iota (a) \oto \iota (b) \in F_{\iota (a)}$


$x \in F$


$\iota (a) \wedge x \oleq \iota (a) \oto \iota (b)$


$\iota (a) \wedge \iota (a) \wedge x \oleq \iota (b)$


$\iota (a) \wedge \iota (a) \wedge x = \iota (a) \wedge x$


$\iota (a) \wedge x \oleq \iota (b)$


$x \oleq \iota (a) \oto \iota (b)$


$\iota (a) \oto \iota (b) \in F$


$\iota (a) \oto \iota (b) \notin F_{\iota (a)}$


$F'$


$\mathbf {A}$


$F_{\iota (a)} \subseteq F'$


$\iota (a) \oto \iota (b) \notin F'$


$\mathbf {H}$


$\mathbf {A}$


$\iota $


$\mathbf {H}$


$\mathbf {A}$


$\mathfrak {F} = (\mathcal {F}, \subseteq , \mathscr {R}_\mathbf {H})$


$\mathbf {A} = (\powerset {\mathcal {F}}, \otimes , \multimap , \multimapinv , \cup , \cap , \oto , \mathcal {F}, \emptyset , \subseteq )$


$\mathfrak {F}$


$\iota $


$a \in H$


$\iota (a) = \{ F \in \mathcal {F}: a \in F \}$


$\iota $


$\mathcal {F}$


$\otimes $


$\multimap $


$\multimapinv $


$\iota (a \to b) = \iota (a) \oto \iota (b)$


$a, b \in H$


$a \to b \neq \infty $


\begin {equation*}\iota (a) \oto \iota (b) = \bigcup \{ X \in \mathcal {F}: \iota (a) \cap X \subseteq \iota (b) \}\end {equation*}


$\iota (a \to b) = \iota (a) \to \iota (b)$


$F \in \iota (a) \cap \iota (a \to b)$


$a \in F$


$a \to b \in F$


$b \in F$


$F \in \iota (b)$


$\iota (a \to b) \subseteq \iota (a) \oto \iota (b)$


$\{X_i\}_{i \in I}$


$X_i = \bigcap \{ \iota (c_{i,j}): j \in J_i\}$


$\iota (a) \cap X_i \subseteq \iota (b)$


$\{c_{i,j}\}_{j \in J_i}$


$i \in I$


$F \in \mathcal {F}$


$a \in F$


$\{c_{i,j}\}_{j \in J_i} \subseteq F$


$b \in F$


$F \in \iota (a)$


$F \in X$


$F \in X_i$


$a \in F$


$b \in F$


$F \in \iota (b)$


$b \leq a \to b$


$a \to b \in F$


$F \in \iota (a \to b)$


$a \notin F$


$a \to b \notin F$


$F' \in \mathcal {F}$


$F \subseteq F'$


$a \in F'$


$a \to b \notin F'$


$b \notin F'$


$\{c_{i,j}\}_{j \in J_i} \subseteq F \subseteq F'$


$b \notin F'$


$a \to b \in F$


$X = \bigcup \{X_i: i \in I\}$


$\iota (a) \cap X = \bigcup \{ \iota (a) \cap X_i : i \in I \} \subseteq \iota (b)$


$i \in I$


$X_i \subseteq \iota (a \to b)$


$X \subseteq \iota (a \to b)$


$\iota (a) \to \iota (b) \subseteq \iota (a \to b)$


$\relax \square $


$\mathbf {H} = (H, \otimes , \multimap , \multimapinv , \vee , \wedge , \to , 1, \top , \bot , \leq )$


$\mathbf {H}$


$|H|$


$\leq $


$\top , \bot $


$\leq $


$1 \otimes a = a$


$a \otimes 1 = a$


$a \in L$


$\mathcal {F}_n$


$\mathcal {F}_0$


$\mathbf {B}$


$S \subseteq B$


$\mathcal {O}(2^{2|H|})$


$i = 0$


$\mathcal {I}_i = \{ F \in \mathcal {F}_i: 1 \in F \}$


$F \in \mathcal {F}_i$


$\otimes $


$\multimap $


$\multimapinv $


$F$


$F$


$\mathcal {F}_{i+1}$


$\mathcal {F}_{i+1} = \emptyset $


$\mathcal {F}_i = \mathcal {F}_{i+1}$


$i+1$


$F$


$\mathcal {O}(2^{3|H|})$


$\mathcal {F}_i$


$\mathcal {O}(2^{|H|})$


$i$


$2^{|H|}$


$\mathcal {O}(2^{5|H|})$


$\mathcal {O}(|H|^2 2^{|H|})$


$\mathcal {O}(2^{5|H|})$


$\relax \square $


$\to $
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https://publicationethics.org/
http://orcid.org/0000-0002-8086-3150
https://creativecommons.org/licenses/by-nc-nd/4.0/deed.en

578 Pawel Placzek

1. Introduction and preliminaries

Lambek Calculus L was introduced by Lambek [5] under the name Syntac-
tic Calculus. L is a propositional logic with three connectives ® (product),
\ and / (residuations of product). Lambek [6] introduced the nonassocia-
tive version of this logic, nowadays called Nonassociative Lambek Calculus
(NL). From a logical perspective, NL can be seen as the pure logic of resid-
uation, and L as its stronger version for associative product. For both L
and NL, Lambek provided a sequent system and proved cut elimination
[5, 6].

The product for both L and NL derives from conjunction after dropping
the structural rules of exchange, weakening, and contraction in terms of
sequent systems. NL additionally does not require being an associative
operator in terms of algebra. In effect, we obtain a pure operation joining
two formulas. This operation may be seen as a binary modality.

DEFINITION 1.1. Let G = (G, ®, \, /, <) be a structure such that (G, ®) is
a groupoid, (G, <) is a poset, and the following holds:

(RES) a@b<ciff b<a\ciff a <c¢/b

for all a,b,c € G. Then G is called a residuated groupoid.

By groupoid we mean a set closed under a binary operation without
any specific properties required. The residuated groupoids are models of
NL. The residuated groupoids where the product is associative are called
residuated semigroups and are models of L.

The most popular extensions of L and NL are: adding the (multiplica-
tive) constant 1 or adding conjunction and disjunction. The constant 1 in
algebras is a unit for the product. The conjunction and disjunction replace
the partial order with the lattice structure and lattice order. We can also
add the boundaries, i.e., T and L, as respectively, the greatest and lowest
elements. In this paper we use the same symbol for both syntactic and
semantic purposes and the exact meaning is clear from the context.

DEFINITION 1.2. Let (G, ®, )\, /, <) be a residuated groupoid and let 1 € G
be an element such that:
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I1®a=a=a®1

for all @ € G. Then (G,®,\,/,1,<) is a unital residuated groupoid. 1 is
said to be a unit.

The unital residuated groupoids are models for NL with constant 1 and
unital residuated semigroups are models for L. with constant 1.

Lambek Calculus with additive connectives (conjunction and disjunc-
tion) is called Full Lambek Calculus and denoted FL. Some authors also
require the presence of 1 (multiplicative constant) and T, L (additive con-
stants). In this paper, we follow this convention, so FL admits all these
constants. Analogously, FNL is an extension of NL with additive connec-
tives and all constants.

DEFINITION 1.3. Let (G, ®,\,/,1,<) be a unital residuated groupoid and
(G,V,A, T, 1,<) be a bounded lattice. Then, (G,®,\,/,V,A,1,T, L, <)
is a restduated lattice.

The residuated lattices are models for FNL. Residuated lattices where
® is associative are models for FL.

Pentus [7] proves that pure® L is NP-complete and Buszkowski [1] proves
that its finitary consequence relation is undecidable. A similar situation
applies if we add the constant 1. FL is a strongly conservative extension?
of L, so its finitary consequence relation is also undecidable. The same
applies to all strongly conservative extensions of L. In this paper, we focus
on extensions of NL because of that.

Buszkowski [1] proves that the finitary consequence relation for NL is
in PTIME. The same applies if we admit the constant 1. Unfortunately,
FNL has an undecidable consequence relation [3].

The lattices in the algebras of FNL are not necessarily distributive. If we
consider logic with such an axiom for additive connectives, we talk about
Distributive Full Nonassociative Lambek Calculus and denote it DFNL.
The models for this logic are residuated distributive lattices.

1By pure we mean the logic without nonlogical axioms (assumptions).

2 A logic L2, extending L1, is a (resp. strongly) conservative extension of L1, if both
logics have the same theorems (resp. the same consequence relation) in language of L.
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The finitary consequence relation of DFNL is EXPTIMFE-complete if we
do not admit the constant 1 and is in EXPTIMFE if we admit the constant,
which was proved in [9].> The lower bound of complexity of the consequence
relation for DFNL with constant 1 remains an open problem.

The other interesting extensions of FNL are BFNL and HFNL, i.e.,
Boolean FNL and Heyting FNL. These logics may be seen as extensions of
NL with Boolean and Heyting algebras or as extensions of classical logic
and intuitionistic logic with NL. Such logics have been studied by Galatos
and Jipsen [4], Buszkowski [2], and others.

DEFINITION 1.4. Let (G, ®,\,/,1, <) be a unital residuated groupoid and
(G,V,A\,—, L, T,<) be a Boolean algebra. Then, (G,®,\,/,V,A, -, 1,T,
1,<) is a residuated Boolean algebra.

DEFINITION 1.5. Let (G, ®,\,/,1, <) be a unital residuated groupoid and
(G,V,N,—, L, T,<) be a Heyting algebra. Then, (G,®,\,/,V,A,—,1, T,
1,<) is a residuated Heyting algebra.

In this paper, we provide the proof of the upper bound of the complex-
ity of the consequence relations for BENL and HFNL, extending the results
of [9], using the same methods. We also use the results from [10], where
distributive lattices, Heyting algebras, and Boolean algebras are consid-
ered. The differences between [9, 10] and this paper lay in the details. An
experienced reader can easily deduce the results of this paper by reading
cited papers, but some changes are subtle, e.g. in some places we do not
use families of upsets, but the whole powerset, because we have negation
here. Moreover, the results in [9, 10] are described in only algebraic terms
and use first-order formulas. Here, we use syntactic notion more directly,
still using algebraic methods in proofs.

We show the full proof only for the version with the constant 1 be-
cause the proofs for logics without that constant can be easily obtained by
omitting some parts.

Since HFNL and BFNL without 1 are strongly conservative extensions

3Shkatov and Van Alten [9] show that the satisfiability problem of quantifier-free
first-order formulas in the language of bounded distributive residuated lattices is EXP-
TIME-complete.
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of DFNL,* we know their finitary consequence relations are EXPTIME-
hard and, in effect, are EXPTIME-complete. The lower bound for HFNL
and BFNL with 1 is still an open problem.

In the second section, we provide the sequent systems for BFNL and
HFNL. These systems come from [4], where the authors prove the cut-
elimination theorem. In the third section, we study partial structures con-
nected with models of BFNL. We prove important theorems that allow us
to check whether a given partial structure is a partial residuated algebra. In
the fourth section, we use these theorems to prove FEXPTIME complexity
of the consequence relation for BFNL.

This paper is an extension of the conference paper [8]. The novelty
is the last section (fifth), where we add the detailed instructions how to
modify definitions, theorems and proofs to obtain the result for HFNL,
since it is analogous.

2. Sequent systems

The language of BFNL is defined as follows. We admit a countable set of
variables, which we denote by small Latin letters. The formulas are con-
structed from this set of variables by five binary connectives (®,\, /,V,A),
one unary connective (—) and three constants (1, T, L).

Usual notion of sequents using sequeces of formulas is not applicable in
nonassociative framework. The comma in sequences is a concatenation op-
eration which is associative. We need to change the structure to something
more flexible. Moreover, we need to have two types of commas: one for ®
and one for A with different properites.

We define bunches. The bunches are elements of free biunital bi-
groupoid, i.e. the algebra with two binary operations with a unit for both
of them, generated from the set of all formulas. We denote first operator by
comma and the second one by semicolon. The unit for comma is denoted
€ and unit for semicolon is 4.

4See Remark 5 in [2].
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One may think of bunches as of binary trees in which leaves are formulas
or € or § and every node besides leaves is labeled by comma or semicolon.

The bunch € is called an empty bunch. All the other bunches are
nonempty. We reserve Latin capital letters for formulas and Greek cap-
ital letters for bunches. A context is a bunch with an anonymous variable.
Contexts are denoted by I'[_], and when we perform the substitution of A
in place of _, we represent it as I'[A].

A sequent is a pair I', A, where I is a bunch and A is a formula. We
write [' = A for the sequent.

The axioms and the rules for BEFNL are as follows:

(d) AmA () =4 BMA=C

Al =C
I'[(4,B)=C '=A A=B
©=) Taen=sc ©9 Tasaes
I'B]l=C ©0=A4 AT =08
=) Team=c ©V rsas
I'A]=C ©=28B I''B=A
V=) Tiars, @)] =¢c ) t=a/B
I'[(4;B)] = '=A I'=sB
(n=) F[AAB]=>C S ey vy
rAl=C T[B=C =4 I'= B
V=) —Tave=c Y T=4vB TS4vB
rAl=C  TjAl=C
=) qra=cmam=c G0 T
(L=) T[L]=C
I[A1; (Ag; Az)] = C ra;e)=C
M) N anagmy e ™ Tea=c
r[A] = C I[A;A] = C
(A-weak) TA 6] = C (A-cont) TS C
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TA] = C Al = C

=) faajsc Tansc

(=1) e=1

(=) AN-A=1 (=) T=Av-4A

We shortly describe the semantics of BENL. The models for BNFL are
residuated Boolean algebras. The valuation is a homomorphism p from
the free algebra of formulas to a residuated Boolean algebra B extended to
bunches inductively as follows:

p(e) =1

p(é) =T
p((T,A)) = p(T) @ u(A)
n((T;4)) = w(T) A p(A)

The sequent I' = A is said to be true in B under the valuation p if p(T") <
p(A).

The language of HFNL is defined as follows. We admit a countable
set of variables, which we denote by small Latin letters. The formu-
las are constructed from this set of variables by six binary connectives
(®,\,/,V,A,—) and three constants (1, T, L).

We define bunches and sequents analogously. The axioms and the rules
of the sequent system for HFNL are similar. We replace the negation
axioms (- =) and (= —) with the following rules:

'Bjl=C 6=4 (=) A= B
r(e;A— B)|=C I'=A—-B

The models for HFNL are residuated Hayting algebras. We define val-
uation analogously.

(==)

3. Partial residuated Boolean algebras

In this section we provide the notion of partial structures and we prove
some properties. The most important result here is Theorem 3.19 which
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helps in identifying partial residuated Boolean algebras in exponential time
in the next section.

3.1. Partial structures

DEFINITION 3.1. A function f: U — Y, where U C X, is called a partial
function from X to Y (we write f : X = Y). If U = X, then the function
is said to be total.

We write f(x) = oo, if the function f on the argument x is undefined.

DEFINITION 3.2. Let I, J, K be finite indexing sets. We say
(U A" YierAastjer AR Yrek)

is a partial structure, if {a;}je; C U and f" : U™ — U is a partial
function for all 4 € I and RZ”“ C U™k for all kK € K. If all operations are
total, then we say the structure is total.

DEFINITION 3.3. Let I, J, K be finite indexing sets. Let
(U A" Yier{ajbjer, AR Frex)
be a partial structure and
(v, {fi/ni}iela {ag‘}jeh {R;ka Yrer)

be a total structure. Let ¢« : U — U’ be an injection. We say ¢ is an
embedding, if:

(i) for all j € J we have i(a;) = aj,

(ii) for all i € I and all z1,x2,...,2,, € U, if f"(z1,22,...,2p,) # 00,
then o( 1" (z1,22, ..., 2n,) = £ (L(z1), L(z2), . . ., t(Tn,)),

(iii) for all k € K we have (i(z1),t(22),...,t(zm,)) € (R™*) <=
(T1,%2, ..., Tm,) € R for all 1, 29,...,2p, €U.

If A is a partial structure, B is a total structure and there exists an
embedding from A to B, then we say A is embeddable into B. If A is
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embeddable into B and A C B, then we say A is a partial substructure of
B. Let K be a class of structures. By K we denote the class of all partial
substructures of structures of K.

DEFINITION 3.4.Let L = (L,V,A, T, 1,<) be a partial structure. We
say L is a partial lattice, if there exists a total lattice L’ such that L is
embeddable into it. If L’ is distributive, then L is a partial distributive
lattice.

One shows that a partial structure (L, V, A, T, L, <) is a partial bounded

lattice, if (L, <) is a poset, T and L are bounds of < and V, A are compatible
with <, i.e. if a Vb # oo, then a Vb is the supremum of {a, b} with respect
to < and if a A b # oo, then a A b is the infimum of {a, b} with respect to
<. See [9].
DEFINITION 3.5. Let B = (B, ®,\,/,V,A,~,1, T, L, <) be a partial struc-
ture. We say B is a partial residuated Boolean algebra, if there exists a total
residuated Boolean algebra such that B is embeddable into it and for all
a € B we have —a # 00, 7a € B, aV —a =T and a A —-a = L. One notices
that (B,®,\,/,V,A, T, L,<) is a partial bounded distributive residuated
lattice.

3.2. Filters

Let (P, <) be a poset and let A C P. We say A is an upset, if for all a € A
and all b € P such that a < b we have b € A. Analogously, A is a downset,
if for all a € A and b € P such that b < a we have b € A.

For every poset (P, <) and every element a € P we define:

[a)={be P:a<b} (a] ={beP:b<a}

One notices [a) is an upset and (a] is a downset.

DEFINITION 3.6. Let (L,V,A) be a lattice and let ' C L. We say F is a
filter, if the following conditions hold:

(F1) ifa<band a € F, thenb e F
(F2) ifac Fandbe F,thenaAbe F
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We say F'is proper, if F' # L. The filter F' is prime, if it is proper and:
(F3) ifavbe F,thena€ Forbe F

Let (L, V, A) be a lattice and F be a filter. We use the following notion:

Fa—{yEL: 3 x/\a<y}
zEF

One proves Iy is a filter.
If we consider filters on residuated Boolean algebras, then (F3) is re-
placed with the following condition:

(FB) ~a € Fiffa ¢ F

Considering filters on partial residuated Boolean algebras, we must
change definition. We replace (F2) with the following condition:

(F2) fae Fandbe F,thenaAbe ForaAb=o0

for all a,b € B.
The following properties of filters are useful and may be easily proved.

LeEmMA 3.7. Let (B,V,A,—, T,1) be a Boolean algebra and let F C B be
a proper filter. The filter F' is prime if, and only if, a € F' or —~a € F for
all a € B.

This lemma remains true for residuated Boolean algebras.

ProOOF: Let F' be a prime filter. Then aV —a = T € F for all a € B,
so the condition of lemma holds. Now let @ € F or —a € F for all a €
B. Let aVb € F and suppose a ¢ F and b ¢ F. Then —a € F and
b € F, by assumption. By (F2), ma A —=b € F. So, —=(a V b) € F. Hence,
(aVb)A—(aVb)=_L¢€F, by (F2). This is impossible. O

LEMMA 3.8. Let (L,V,A) be a distributive lattice and let F' C L be a filter
and b € L be such that b ¢ F. There exists a prime filter P C L such that
FCPandbé¢P.

PROOF: Let F be a filter, b € L and b ¢ F. We construct a prime filter
as an extension of F', but we need to avoid adding b.
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Let £ be a family of filters of L containing F' and not containing b. The
family is nonempty, since F' € £. Let C' C £ be any nonempty chain in €.
Then F CJC and b ¢ |JC. We show | JC is a filter. Let ¢,d € |JC, then
c€ G and d € G’ for some G,G’ € C. Since C is a chain, then G C G’ or
G’ C @G, so both ¢ and d are elements of G or G’. Then, by (F2), cAd € G
orcAd € G',socAhd e JC. So|JC satisfies (F2). (F1) is obvious. Hence,
JC is a filter.

By Kuratowski—Zorn’s lemma, there exists P € £, which is a maximal
element of £. We need to show P is prime. Let ¢,d ¢ P and ¢V d € P.
Since ¢ ¢ P, then P C P,, and, since P is a maximal element of £, P, ¢ £.
Clearly, F' C P., so b € P.. Analogously, since d ¢ P, then b € P,.

By definition of P., P, for some x,y € P we have zAc < band yAd < b.
Hence, zAyAc<band zAyAd<bandso (zxAyAc)V(xAyAd) <b. By
distributivity, z Ay A (¢ V d) < b. Since z,y,c¢V d € P, then b € P. Thus,
if ¢,d ¢ P, when ¢V d € P, then b € P, which is impossible by definition
of P. O

COROLLARY 3.9. Let (L, V,A) be a distributive lattice and let a,b € L be
such that a £ b. There exists a prime filter F' C L such that a € F and
b¢ F.

PrROOF: The set [a) is a filter such that b ¢ [a). Then, by Theorem 3.8,
there exists a prime filter P such that a € P and b ¢ P. O

LEMMA 3.10. Let B be a total residuated Boolean algebra and let F,G
be proper filters of B and H be a prime filter of B such that {x ® y :
x € Fandy € G} C H. Then, there exist prime filters F' and G’ such
that F C F'  and G C G and {r®y : z € F' andy € G} C H and
{r@y:z€ Fandye G'} C H.

PRrROOF: Let F,G be proper filters and H be a prime filter such that
{r®y:2x € Fandy € G} C H. We show there exists a prime filter F’
such that F C F' and {t®y:z € F andy € G} C H.

Let £ be the family of filters @ of B such that {t®y:x € Q and y €
G} C H. This family is nonempty, since F' € £. Clearly, all filters in £
are proper; otherwise L = 1 ® 1 € H, which is impossible. We show that
JC € & for every nonempty chain C C £. Now, let a € |JC. Then, for
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some @ € C wehavea € Qand {z®y:2 € Q and y € G} C H. Hence,
for some y € G, we have a®y € H. So, |JC € €.

By Kuratowski—Zorn’s lemma, there exists P € £, which is a maximal
element of £. We show P is a prime filter. Let a V b € P and suppose
a,b ¢ P. We consider P,, P,. Clearly, P C P, and P C P,. So, since P is
a maximal element, P,, P, ¢ £. So {z®y: 2 € P, andy € G} € H and
{rey:zePandyec G} Z H.

So, for some z,y € P and some 21,22 € G we have (x Aa)® 21 ¢ H
and (yAb) ® zo ¢ H. Since x,y,aVb e P, then z Ay A (aVb) € P. So we
have (z Ay A (aV b)) ® (21 A z2) € H. But:

(AyA(aVd)®(z1A22)=((zAyANa)V(zAYyAD)) @ (21 A 2z2) =
=(@AyNa)®(z1A2z2) V(T AYyAD) R (21 A 22)

So, since H is a prime filter, (zAyAa)®(z1Az2) € H or (zAyAb)@(z1A\22) €
H. Because H is a filter, then (x Aa)® 21 € H or (y Ab) ® 2o € H. This
contradicts the assumptions. Hence, a € P or b € P.

We put I/ = P. We show that there exists G’ such that G C G’ and
{r®y:x € F and y € G’} C H analogously. O

3.3. Residuated frames

DEFINITION 3.11. Let § = (P, I, R). We say § is a residuated frame, when
I C P and R is a ternary relation on P and the following conditions hold:

(U1) v - (if R(z,y,z) and 2’ = z, then R(2/,y, 2))

z,x’y,2€

(U2) Y (if R(z,y,2) and ¥ =y, then R(z,y/, z))

z,y,y",2EP

(U3) N (if R(z,y,2) and z = 2/, then R(z,y,?2’))

z,y,2,2' €P

4 3
(V) ¥, 3 (R(@.y.2) and Rlz,.2))

(Us) V V (if R(z,y,z) or R(y,x,z), then z = z)

z,ze€P yel
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Residuated frames are the relational structures similar to groupoids.
Instead of a binary operation we use a ternary relation.

DEFINITION 3.12. Let B = (B, ®,\,/,V,A,~,1, T, L, <) be a partial resid-
uated Boolean algebra. We define the associated residuated frame §g =
(Z(B), IB,%B), where % (B) is the set of prime filters of B, .#p is the
set of all prime filters containing 1 and:

Zs(F,G,H) — ( ;VBifaEFandbGG, thena®b€H\/a®boo)
a,be

and ( }iBifaEFand a\b € G and a\b # oo, then b € H

N— "

and ( bVBifb/aeFandaEGand a/b# oo, thenbe H
a,bc

ProrosiTiON 3.13. Let B be a residuated Boolean algebra and let F' €
F(B). Then, there exist prime filters P, Q) € .#(B) such that Zg(F, P, F)
and Z(Q,F,F)and 1 € P,1 € Q.

PrROOF: Let F' € % (L), we show there exists a prime filter P such that
1€ P and #Z1(F, P, F). The proof for Zy(Q, F, F) is similar.

Let &£ be the family of filters of L such that for every filter G € £ we
have 1 € Gand f®g € F for all f € F and g € G. Clearly, all filters in
& are proper. This family is nonempty, since [1) € £. One shows that | JC
is a filter for every nonempty chain C' C £ analogously like in the proof
of Theorem 3.8. We show | JC € £. Clearly, 1 € |JC. Let f € F and
g€ JC. Then, g € G for some G € C. So, fRge F.

By Kuratowski—Zorn’s lemma, there exists P € £, which is a maximal
element of £. We show that P is a prime filter. Assume aVb € P. Suppose
a,b¢ P.

We consider P, and P,. Clearly, P C P, and P C P,. Since P is a
maximal element of £, then P,, P, ¢ .

We have 1 € P,, P,. Then, for some f, € F and some x € P, we
have f, ® (x Aa) ¢ F and for some f, € F and some y € P we have
@ (yAb) ¢ F. Since fo,fp € F, then f, A fp € F, by (F2). Since
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aVbe P, then (x Ay)A(aVd)=(zAyAa)V(zAyAb) € P.
So, (fa N fo) @ [(x Aa)V (yAb)] € F. As a consequence:

(fanfo)@[@Aa)V(yAb)] = ((farAfo)@(@Aa)V((fa A fo) @ (yAD))

Because F' is a prime filter, then (fu A fy) @(zAa) € F or (foAfy)@(yAb) €
F. Assume (fo A fp) @ (x Aa) € F. Then f, ® (x Aa) € F, by (F1) and
monotonicity of ®. Assume (f, A fy) ® (yAb) € F. Then f, ® (yAb) € F.
Both possibilites lead to the contradiction with assumptions. Hence, a € P
orbe P.

Therefore, %1, (F, P, F). O

LEMMA 3.14. Let B be a total residuated Boolean algebra and §B =
(Z(B),C, %) its associated residuated frame. Then, for F,G, H € #(B),
the following are equivalent:

(i) ifa € F and b€ G, thena®b € H for all a,b € B
(ii) if a € F and a\b € G, then b € H for all a,b € B
(iii) if b/a € F and a € G, then b € H for all a,b € B

PrROOF: We assume (i). Let a € F and a\b € G. Since #Z5(F,G, H),
a ® (a\b) € H and then b € H, because a ® (a\b) < b. Hence (ii) holds.
Now we assume (ii). Let a € F and b € G. Since b < a\(a ® b), then
a\(a®b) € G, so, by (ii), a®b € H and (i) holds. The proof of equivalence
of (i) and (iii) is similar. O
COROLLARY 3.15. Let B be a total residuated Boolean algebra and let
F, G be proper filters of L and H be a prime filter of H such that {x ® y :
x € Fandy € G} C H. Then, there exist prime filters F’ and G’ such
that F C F' and G C G’ and ZL(F',G', H).

PRrROOF: First, we construct F’ such that {x®y : 2 € F/ and y € G} C H,
by Theorem 3.10. Then, we construct G’ such that {x @y : 2z € F’' and y €
G’} C H, by Theorem 3.10. Then, by Theorem 3.14, %y, (F',G', H). O

We construct a residuated Boolean algebras from the arbitrary residu-
ated frame § = (P, I, R). Let X, Y C P, we define:
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X®'Y = {zeP: HepxeXanderand R(gc,y,z)}
@y

xX\'Y = {yeP: vV if R(x,y,z) and z € X, theanY}

x,z€

Y/'X = {x epP: Vpif R(x,y,z) and y € X, then z € Y}
Y,2€

Then, Bz = (Z(P),®',\',//,u,n, < I, P,),C) is a residuated Boolean al-

gebra, where X¢ = Z(P)\ X for all X € £(P). We call it the complex

Boolean algebra of the residuated frame §.

LEMMA 3.16. Let B be a total residuated Boolean algebra and §g =
(#(B),C,%B) its associated residuated frame. Let a,b € B.

(i) If He #(B) and a®b € H, then there exist F,G € % (B) such that
a€eF,beG and #s(F,G,H).

(i) If G € F(B) and a\b &€ G, then there exist F,H € % (B) such that
a€F,b¢ H and #s(F,G, H).

(iii) If F € #(B) and b/a & F, then there exist G, H € % (B) such that
a€G,b¢ H and #s(F,G, H).

PrOOF: We show (i). Since a® b € H, then z ® y € H for all < z and
b<wy.So, {x®y:x€la)and y € [b)} C H and, by Corollary 3.15, there
exist prime filters F, G such that Zg(F,G, H).

We show (ii). Let G be a prime filter such that a\b ¢ G. We consider
aG = {a®@x :z € G}. We extend aG to be filter. Let Q = {z € L :

EHGy < z}. Clearly, (F1) holds. Let «,y € Q. Then, for some ',y € G
yEa

we have a ® 2’ < z and a ® 3y’ < y. Since 2’,y € G, then 2’ Ay’ € G and
a® (' ANy') € aG. So:

a® @ ANY)< (@@ )A(a®y) <z Ay

Hence, z Ay € Q. We show b ¢ Q. Suppose b € @Q, then, for some x € G,
a®x <b. By (RES), z < a\b. Hence, a\b € G — contradiction. So, Q is a
filter and b ¢ Q. By Theorem 3.8, there exists a prime filter H such that
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Q CHandb¢ H. So, we have {z®y: 2 € [a)andy € G} C H. By
Theorem 3.10, there exists a prime filter F' such that ZL(F,G, H).
One shows (iii) analogously. (]

LEMMA 3.17. Let B be a partial residuated Boolean algebra and let a,b € L
be such that a £ b. There exists a prime filter ' C B such that a € F' and
b¢ F.

PROOF: By definition of a partial residuated Boolean algebra, there exists
a total residuated Boolean algebra B’ such that ¢ is an embedding of B
into B’. Then, by Corollary 3.9, there exists a prime filter F* C B’ such
that a € F and b ¢ F. Clearly, :~!(F) is a prime filter of B and a € t~(F)
and b ¢ 1 ~1(F). O

ProposITION 3.18.Let B = (B,®,\,/,V,A,~,1, T, L,<) be a partial
residuated Boolean algebra. Let Bz, be the complex Boolean algebra
of the associated residuated frame. We define v(a) = {F € Fp : a € F'} for
all a € B. Then, ¢ is an embedding.

PrOOF: Let a <b. Then, for all H € «(a), we have b € H, so H € 1(b).
Hence, t(a) C ¢(b). Let a £ b. By Theorem 3.17, there exists a prime filter
H such that « € H and b ¢ H. Hence, t(a) € ¢(b). Therefore, a < b iff
t(a) C u(b). As a consequence, ¢ is injective.

Since prime filters are proper filters, ¢(1) = (. T is an element of every
filter, so «(T) = .Z(B).

Let a,b € B and a ® b # co. By definition:

/!
t(a)®"(b) = {H € ﬁ(B)F.7GEHy(BF)' € t(a) and G € «(b) and Zg(F, G,H)} .
We show t(a ®b) C t(a) ® ¢(b). Let H € t(a®b). Then, a®b € H and by
Theorem 3.16(i), there exist F,G € .#(L) such that a € F, i.e. F € i(a)
and b € G, i.e. G € «(b) and Zg(F,G, H).

We show t(a) ® t(b) C t(a ®b). Let H € t(a) ® ¢(b). Then, for some
F € 1(a) and G € (b) we have Zg(F,G, H). In particular, a € F, b € G,
so a®b € H, by definition of Zg. Hence, H € t(a ® b).

For a\b and a/b we prove analogously, using (ii) and (iii) of Theo-
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rem 3.16 and Theorem 3.14.

Let a V b # co. We show «(a V b) C t(a) U (). Let H € t(a V b), then
aVbe H. Since H is a prime filter, a € H or b € H. Hence, H € 1(a) or
H € 1(b). Conversely, let a € H or b € H. Then, a Vb € H, by (F1). So,
t(a) Ue(b) Cela VD).

Let a Ab # oo. Let H € «(a Ab). Then, a € H and b € H, by (F1).
Hence, H € «(a) and H € 1(b), i.e. H € 1(a). Conversely, let H € 1(a).
Then, by (F2'), a Ab€ H,so H € 1(a A\D). O

The following theorem allows us to identify the partial residuated Boolean
algebras. Its proof is a merge of the proofs from [9] and [10]. We skip iden-
tical parts and we focus on nontrivial differences.

THEOREM 3.19. Let B = (B,®,\,/,V,A,—,1, T, L, <) be a partial struc-
ture such that —a # oo, ~a € B, aV-a =T, aNa = 1 and 1®a = a = a®1
for all a € B. Then, B is a partial residuated Boolean algebra if, and only
if, it is a partial bounded lattice and there exists a set F of prime filters of

B and a set T C F such that 1 € F for all F € T such that the following
conditions hold:

(S) a,l\YEL (zfa £ b, then Fé}_aeF andbg{F)

(M®) H\ZFG’Z‘YGL (zfa@bGH, the%gecjz?GF and beG and %L(F,G,H))

(M\) Gzra,bVeL (zf a\b # oo and a\b & G,
then 1 a€F andbg H and%L(F,G,H))
F,HEF

M) Y9, (if a/b# oo and a/b ¢ F,

then GJiETIe}_a eGandb¢ H and %’L(F,G,H))
1) w3 (%’L(F,Gl,F) and Ry (Go, F, F))

Proor: Let B = (B,®,\,/,V,A,—,1,T, 1, <) be a partial unital resid-
uated Boolean algebra and let A = (A, ®",\’,//,V/,A,=", 1/, T L'<) be
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a total unital residuated Boolean algebra and let ¢ be an embedding of B
into A. We show that there exists a set F of prime filters of B that satisfies
(S), M®), (M\), (M/) and (M1). We define:

F ={uYF): F is a prime filter of A}

For better readability we use the following notion: let F' be a prime filter
of A, then F, = 1 =1(F). We prove (S), (M®), (M\) and (M/) like in [9].
We show there exists Z C F such that (M1) holds. We define:

I={FeF:1cF}

Let F, € F, then, by Proposition 3.13 there exists a prime filter G of A
such that 1 € G and Za(F,G,F). Then, G, € T and #g(F,,G,, F,).
Similarly, there exists H such that H, € Z and #g(H,, F,, F)).

Now we assume B is a partial structure satisfying the assumptions of
the theorem. We construct the residuated Boolean algebra A and the
embedding of B into A. We see § = (F,Z,#g) satisfies (U1)—(U4). We
show (U5). Let F, H € F and G € T be such that Zg(F,G, H). Then, for
alla € F, since 1 € G, we have a® 1 € H, so FF C H. Suppose there exists
a € H such that a ¢ F. Then, by (FB), —a € F, which is impossible.

Let A = (Z(F),®,\,/,U,N, I, F,D,C) be the complex algebra of §.
We define the mapping ¢ for every a € L by t(a) ={F € F:a € F}. We
show ¢ is an embedding.

Let a,b € L and a < b. Then, t(a) C ¢(b), by (F1). Let a € b, then by
(S) there exists F' € F such that a € F and b € F, so t(a) € ¢(b). Hence
a < biff t(a) C ¢(b) and ¢ is injective.

One shows ¢ preserves ®,\, /,V, A, T, L, analogously like in [9].

We show «(1) = Z. The inclusion Z C (1) is trivial, since 1 belongs to
every element of Z. Let F € «(1). By (M1), there exists G € Z such that
Zs(F,G,F). Since 1 € F, then G C F. Suppose a € F and a ¢ G. Then,
by (FB), —a € G and then —a € F', which is impossible. So, G = F' and
Fel.

Let a € B, then «(-a) ={F € F:-ac€ F} ={F€F:a¢ F}, by
(FB). Thus, {F € F:a ¢ F} ={F € F:a € F}°. O
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4. The upper bound of complexity

In this section we show that the finitary consequence relation for BFNL is
decidable in exponential time.

LEMMA 4.1. Let B = (B,®,\,/,V,A,~,1, T, L, <) be a partial struc-
ture. We can verify whether B is a partial residuated Boolean algebra in
exponential time (depending on |B|).

By definition, B is a partial residuated Boolean algebra if it is embed-
dable in a total residuated Boolean algebra. Such a total algebra may have
the same set of elements, but may also have additional elements to satisfy
all the properties. Hence, to check if B is a partial residuated Boolean
algebra by definition, we need to embed B in every possible total structure
until we find one where all the properties of residuated Boolean algebra
hold. Even with the limit on the maximal size of such a structure, it would
be 2EXPTIME problem.

Hence, we use Theorem 3.19 to identify partial residuated Boolean al-
gebras.

ProoOF: We provide an algorithm to verify whether B is a partial resid-
uated Boolean algebra. We follow the analogous lemma and its proof
from [9].

Step 1. We check whether < is a partial order, T, L are bounds and the
lattice operators are compatible with <. If it fails, the algorithm
stops with negative answer. It can be done in the polynomial time.

Step 2. We check whether 1 ® a = a and a® 1 = a for all a € L. If it
fails, the algorithm stops with negative answer. It can be done in
the polynomial time.

Step 3. We check whether —a # oo, ma € B,aV-a=T and aA—a =1
for all a € B. If it fails, the algorithm stops with negative answer.
It can be done in the polynomial time.
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Step 4. We construct a descreasing sequence of families of filters F,,. We
construct the set Fy of all prime filters of B. For every subset S C B
we check the definition of prime filter. It can be done in O(22/5).

We set 7 = 0.

Step 4.1. We define Z; = {F € F; : 1 € F'}. For every prime filter
F € F; we check (M®), (M\), (M/) and (M1). If every of these
condition holds for F', then we add F to set ;1.

Step 4.2. If F;11 = (), then the algorithm stops with negative an-
swer. If F; = F;11, then the algorithm proceeds to the next
step. Else, the algorithm goes back to Step 0.1 with ¢ 4 1.

Checking conditions for arbitrary F' can be done in O(2%/8]). Num-
ber of filters in F; is O(2/Bl). Maximal i does not exceed 2!5l. So
this step can be done in O(2°5]).

Step 5. We check (S). If (S) does not hold, then the algorithm stops with
negative answer. If (S) does not hold for a family of filters, then it
does not hold for any smaller family. It can be done in O(|B|?2!B!)
time. ]

We notice that every sequent I' = C can be represented as G = C,
where G is a formula arising from I" by replacing every comma by ®, every
semicolon by A, € by 1 and é by T. So, we consider only sequents of this
form.

Let G = A be a sequent. We define the size of G = A as follows:

s(p) =1 s(1) =1
s(T) =1 s(L)=1
s(A® B) = s(A) + s(B) + 1
s(A\B) = s(A) + s(B)+1  s(A/B) = s(A)+s(B)+1

s(AANB)=s(A)+s(B)+1 s(AVB)=s(A)+s(B)+1
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s(mA) =s(4)+1 s(A— B)=s(A)+s(B)+1
s(G=A) =s(G) + s(A)

DEFINITION 4.2. Let A be a partial residuated Boolean algebra. Let p be
a partial function from the free algebra of L—formulas into A. We say p is
a valuation, if the following conditions hold:

e WM =T, pL) =1
o p(l) =1

o if u(D ® E) # oo, then u(D) # oo, u(E) # oo and u(D @ E) =
(D) @ p(E);

« if j(D\E) 00, then u(D) #00, p( E) # o0 and i D\E) = u(D)\u(E);
« if j(D/E)+00, then u(D) #00, p(E) # o0 and i(D/E) = u(D)/u(E);

. if(p()D /\(E) # 00, then p(D) # oo, u(E) # oo and pu(D A E) =

E);
o if (D V E) # oo, then pu(D) # oo, u(E) # oo and u(D V E) =
w(D) V u(E);

o if p(—D) # oo, then p(D) # oo and p(—D) = —u(D);

bl

bl

Let G = C be a sequent and p be a valuation. We say G = C' is
satisfied under the valuation p, if u(G) # oo, u(C') # oo and p(G) < p(C).

Now we are ready to prove the FXPTIME complexity of the conse-
quence relations. The following theorem was formulated in [9] in algebraic
terms of satisfiability of quantifier—free first—order formulas of the language
of residuated distributive lattices.

THEOREM 4.3. The finitary consequence relation of BFNL is EXPTIME.
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PROOF:

(i)

(1.2)

Let K be the class of residuated Boolean algebras, ® = {G; =
C1,G2 = Cs,...,Gr = Ci} be a set of sequents and G = C a
sequent. Let:

n:=2(s(G1 = C1)+s(G2 = Co)+- - +s(Gr, = Ci)+s(G = C))+4.

We show that ® entails G = C, if, and only if, for all A € K such
that |A] < n and all valuations p, if all sequents from ® are satisfied
in A under the valuation p and both p(G) and u(C) are defined,
then G = C is satisfied in A under the valuation pu.

Let A € KF, |A] < n and p be a valuation. Assume all sequents
from @ are satisfied in A under the valuation p and both u(G)
and u(C) are defined, but G = C' is not satisfied, i.e. u(G) £ u(C).
Then, for some A’ € K, we have an embedding ¢ of A into A’. Then,
(w(Gy)) <" o(w(Cy)) for all i = 1,....k and +(u(G)) £ o(u(C)) in
A’. Hence, for the valuation p' = ¢ o p all sequents from ® are
satisfied, but G = C is not satisfied in A’. Thus, ® does not entail
G=C.

Now let G = C not be satisfied in A’ € K under the valuation y’,
but all sequents from ® be satisfied under p/. We construct A € KF.

First, we define T as the set consisting of 1, T, L and all subfor-
mulas of G1,Ch,...,Gk,Cy,G,C. We put A = {/(D) : D €
TU{='W/ (D) : D € T}. In effect, negation is a total operation,
but doing this does not change final complexity. We define partial
operations as follows:

e ifDeT and D=E®F, then p/(E) @ (/' (F) := p/(E ® F);

e if DeT and D = E\F, then p/(E)\W/'(F) := W/ (E\F);
e f DeT and D = E/F, then u/(E)/u/'(F) := W/ (E/F);
e if DeTand D=EVF, then p/(E) V i/ (F) := /' (EV F);
e if DeT and D= EAF, then ¢/ (E) A/ (F) := p/(ENF);
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We define l1®a:=aand a®1:=a and —a :=-"aand aV-a:=T
and a A —a := L for all a € A.

We also define <= <’ N A% By the construction, |A| < n and
A € KP. We define pu = ,uiT. Clearly, p satisfies the conditions of
Definition 4.2 and p(G;) < u(C;) for i =1,...,k and p(G) £ u(C)
and both u(G) and pu(C) are defined.

(ii) Thus, to verify whether ® - G = C we check whether G = C' is
satisfied in all A € K under every valuation u such that |A| < n
and all sequents from ® are satisfied in A under p and both u(G)
and p(C) are defined.

We construct all partial residuated Boolean algebras with cardi-
nality not exceeding n. Each such a structure can be encoded by
matrices. Every binary operation and order is encoded by a matrix
of size O(n?) and negation is encoded by matrix of size O(n). Each
entry in the matrix can take O(n) values (including co). Hence, we
have O(QL”S) possibilities, where L is a positive integer. We check
whether such a structure is a partial residuated Boolean algebra,
using Theorem 4.1. This step can be done in (’)(2L”3 25m),

For a given residuated Boolean algebra A the number of all possible
valuations is O(]A|™). Checking if all sequents from ® and G = C
are satisfied under the arbitrary valuation is O(n). Hence, checking
whether ® entails G = C' in A is (’)(2"3).

The time of the whole algorithm is O(2L7° 25n9n”) = O(2(L+1)n*+5n)
t

The analogous result for BFL (associative version of BFNL) does not
hold. BFL is a strongly conservative extension of L and the consequence
relation of L is undecidable [1].

If we exclude the constant 1 from BFNL, the result remains true. More-
over, for 1-free BFNL the lower bound of complexity of the consequence
relation is also EXPTIME, since 1-free BENL is a strongly conservative ex-
tension of 1-free DFNL which is EXPTIME-complete [9]. The lower bound
of complexity for BEFNL or DFNL with 1 remains an open problem.
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5. Complexity of HFNL

In this section, we provide detailed instructions on how to prove the same
result for HFNL, modifying the definitions, theorems and proofs from pre-
vious sections.

We start with the following definition.

DEFINITION 5.1. Let H = (H,®,\, /,V,A,—,1, T, L, <) be a partial struc-
ture. We say H is a partial residuated Heyting algebra, if there exists a total
residuated Heyting algebra such that H is embeddable into it. One notices
that (H,®,\,/,V,A,1, T, L, <) is a partial bounded distributive residuated
lattice.

One sees that the definition is analogous to the definition of partial
residuated Boolean algebra. The most important is that it is still a partial
distributive lattice. Therefore, we can define filters in the analogous way.

Let H= (H,®,\,/,V,A,—,1, T, L, <) be a partial residuated Heyting
algebra and F C H. We say F is a filter, if (F1), (F2’) and the following
condition are satisfied.

(FH) fa »b#occanda € Fanda — b€ F,thenbe F

We notice that (FB) follows from (F1) and (F2’) in total residuated Heyting
algebras. A filter is prime if it is proper and satisfies (F3).

We define associated residuated frames to partial residuated Heyting
algebras the same way we defined them for partial residuated Boolean
algebras, since the definition again does not depend on negation.

Theorems 3.8, 3.10 and 3.14, corollaries 3.9 and 3.15, and proposi-
tion 3.13 do not depend on negation, so they remain true for (partial)
residuated Heyting algebras.

The first nontrivial difference is the construction of total residuated
Heyting algebra from residuated frames. Let § = (P, I, R) be an arbitrary
residuated frame and X,Y C P, we define:
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X®'Y = {zeP: HepxeXanderand R(gc,y,z)}
@y

xX\'Y = {yeP: vV if R(x,y,z) and z € X, then 2 € Y

}
|

Y/'X = {xEP: V if R(z,y,z) and y € X, then z € Y

y,z€P

X-'y=\J{IzezP):XnzcY}

Then Hz = (£(P),&,\,/,U,Nn, =", I,P,0,C) is a residuated Heyting
algebra.

The analogues of theorems 3.16 and 3.17 are true, since the proofs do
not use negations.

The most important difference lies in the formulation of the following
theorem.

THEOREM 5.2. Let H= (H,®,\,/,V,A\,—,1,T, L, <) be a partial struc-
ture such that 1®@a=a=a® 1 for alla € H. Then, H is a partial unital
residuated Heyting algebra if, and only if, it is a partial bounded lattice and
there exists a set F of prime H-filters of H such that (S), (M®), (M\),
(M/) are satisfied and there exists a set T C F such that 1 € F for all
F €T and (M1) is satisfied, and the following conditions hold:

) <
(H1) a’bVG’Hzfa%b;éoo, thenb<a—b

(H2) sza,le(zfaﬁb#oo anda &€ F anda —b¢& F,

then 3 (FCF anda€F anda—b¢ F'))
F'eF

The proof is similar. We show only the important parts.

Proor: Let H = (H,®,\,/,V,A,—,T,L1,<) be a partial residuated
Heyting algebra and let A = (A, ®",\’, //,V/, N, =/, T', L', <') be a residu-
ated Heyting algebra and let ¢ be an embedding of H into A. Clearly, (H1)
holds. We show that there exists a set F of prime filters of H satisfying
(S), (H2), (M®), (M\) and (M/). We define:
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F={"Y(F): F is a prime filter of A}

We prove (H2). Let a,b € H be such that a — b # oo. Assume
a,a — b ¢ F, for some prime filter F' of A. Then, ¢(a),t(a — b) ¢ F. We
have t(a — b) = t(a) =" 1(b). We take F,(,), so t(a) € F,4). Suppose,
t(a) =" 1(b) € F,q). Then, for some x € F, t(a) ANz <" 1(a) =" (D).
By residuation law, t(a) A t(a) Az <’ «(b). Clearly, t(a) A t(a) ANz =
t(a) Nz, so t(a) ANz <" u(b) and = <’ 1(a) =’ ¢(b). Hence, t(a) =" 1(b) €
F, which contradicts the assumption. Thus, t(a) =’ «(b) ¢ F,,). By
Theorem 3.8, there exists a prime filter ' of A such that F,,) C F’ and
t(a) =" 1(b) ¢ F.

The rest of this part proceeds like in Theorem 3.19.

Now we assume H is a partial structure satisfying the assumptions of
the theorem. We construct the residuated Heyting algebra A and the
embedding ¢ of H into A. We see § = (F, <, %Zu) is a residuated frame.
Let A = (2(F),®,\,/,U,N, =", F,0,C) be the complex algebra of §. We
define the mapping ¢ for every a € H by 1(a) = {F € F : a € F'}. We show
¢ is an embedding.

Since F satisfies (S), (M®), (M\) and (M/), we need to prove only that
t(a = b) = t(a) =’ ¢(b). The rest can be shown in a similar way like in
Theorem 3.19. Let a,b € H and a — b # co. We recall that:

t(a) =" u(b) = U{X eF:ua)NX Cu(b)}

We show ¢(a — b) = t(a) — ¢(b). One notices F' € t(a)Ni(a — b) iffa € F
and a - b€ F. By (FH), b € F, so F € (b). Hence, t(a — b) C t(a) =’
t(b).

Let {X;};er be an arbitrary family such that X; = N{c(c; ;) : 7 € Ji}
and ¢(a) N X; C u(b) for some family {¢; ;} ey, for all i € I. Then, for all
F € F such that a € F and {¢; j}jes, C F we have b € F, since F' € i(a)
and F' € X.

Let F € X;. Assume a € F, then b € F and F € «(b). By (HI),
b<a—bsoa—beFand F € t(a = b). Assume a ¢ F and suppose
a—b¢ F. By (H2), there exists F’ € F such that FF C F’ and a € F’ and
a—b¢ F'. Then, b ¢ F'. But {c; ;}jes; € F C F’, which contradicts
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b¢ F'. Hence,a - be F.

Let X = J{X; :4 € I}. Clearly, t(a)NX = J{e(a)NX; : 5 € I} C u(b).
For every i € I we have X; C v(a — b), hence X C v(a — b). Thus,
t(a) = u(b) C tla —b). O

Now we are ready to provide the complexity results.

LeEmMMA 5.3. LetH = (H,®,\,/,V,A\,—,1, T, L, <) be a partial structure.
We can verify whether H is a partial unital residuated Heyting algebra in
exponential time (depending on |H|).

Proor: We modify the algorithm provided in the proof of Theorem 4.1.

Step 1. We check whether < is a partial order, T, L are bounds and the
lattice operators are compatible with <. If it fails, the algorithm
stops with negative answer. It can be done in the polynomial time.

Step 2. We check whether 1 ® a =aand a®1 =a forall a € L. If it
fails, the algorithm stops with negative answer. It can be done in
the polynomial time.

Step 3. We check (H1) in polynomial time.

Step 4. We construct a descreasing sequence of families of filters F,,. We
construct the set Fy of all prime filters of B. For every subset S C B
we check the definition of prime filter. It can be done in O(221#1).

We set 7 = 0.

Step 4.1. We define Z; = {F € F; : 1 € F'}. For every prime filter
F € F; we check (M®), (M\), (M/), (M1) and (H2). If every
of these condition holds for F'; then we add F to set F;11.

Step 4.2. If F;11 = (), then the algorithm stops with negative an-
swer. If F; = F;41, then the algorithm proceeds to the next
step. Else, the algorithm goes back to Step 0.1 with 7 + 1.

Checking conditions for arbitrary F' can be done in O(23/#1). Num-
ber of filters in F; is O(2/*!). Maximal 7 does not exceed 21|, So
this step can be done in O(2°1111).
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Step 5. We check (S). If (S) does not hold, then the algorithm stops with
negative answer. If (S) does not hold for a family of filters, then it

does not hold for any smaller family. It can be done in O(|H|?2/11)
time.
Hence, time of the whole algorithm remains O(2°171). 0

THEOREM 5.4. The finitary consequence relation of HFNL is EXPTIME.

The proof is analogous. We just skip the parts regarding negations and
add a new connective — similarly as the rest of binary connectives.

The analogous result for HFL (associative version of HFNL) does not
hold. HFL is a strongly conservative extension of L. and the consequence
relation of L is undecidable [1].

If we exclude the constant 1 from HFNL, the result remains true. More-
over, for 1-free HFNL the lower bound of complexity of the consequence
relation is also EXPTIME, since 1-free HFNL is a strongly conservative ex-
tension of 1-free DFNL which is EXPTIME-complete [9]. The lower bound
of complexity for HFNL remains an open problem.
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   −  𝑅  𝑒  𝑎  𝑙  (    𝜄  𝒫   𝑥  (  𝐾  𝑖  𝑛  𝑔 


   𝑜    𝑓  2   (  𝑥  ,  𝐹  𝑟  𝑎  𝑛  𝑐  𝑒  )  )  ) 


   𝐵  𝑎  𝑙  𝑑  (    𝜄    𝒬  ′    𝑥  𝐵  𝑖  𝑠  ℎ  𝑜  𝑝  (  𝑥  )  ) 


   𝐵  𝑟  𝑎  𝑣  𝑒  (    𝜄    {  𝐸  𝑛  𝑔  𝑙  𝑖  𝑠  ℎ  𝑚  𝑎  𝑛  }    𝑥  (  𝐸  𝑛  𝑔  𝑙  𝑖  𝑠  ℎ  𝑚  𝑎  𝑛  (  𝑥  )  ) 


   𝐻  𝑒  𝑎  𝑙  𝑡  ℎ  𝑦  (    𝜄    {  𝑆  𝑚  𝑜  𝑘  𝑒  𝑟  }    𝑥  (  −  𝑆  𝑚  𝑜  𝑘  𝑒  𝑟  (  𝑥  )  )  ) 


   ℒ    𝜄  a  


   𝜑  (    𝑥  1   ,  .  .  .  ,    𝑥  𝑚   ) 


   𝑖  ∈  {  1  ,  .  .  .  ,  𝑚  } 


     𝒬  1   ,  .  .  .  ,    𝒬  𝑛   ⊆  𝒫 


   𝜓  (    𝜄    𝒬  1      𝑥  1     𝜑  1   (    𝑥  1   )  ,  .  .  .  ,    𝜄    𝒬  𝑛      𝑥  𝑛     𝜑  𝑛   (    𝑥  𝑛   )  ) 


     =    𝑑  𝑒  𝑓   


   (  ∃    𝑥  1     𝜑  1   (    𝑥  1   ) 


   ∃    𝑥  𝑛     𝜑  𝑛   (    𝑥  𝑛   )  ) 


   = 


   (  ∀    𝑢  1   ∀    𝑣  1   (  (    𝜑  1   (    𝑢  1   )  &    𝜑  1   (    𝑣  1   )  )  ⊃    𝑢  1         =  +     𝒬  1        𝑣  1   ) 


   = 


     ∀    𝑢  𝑛   ∀    𝑣  𝑛   (  (    𝜑  𝑛   (    𝑢  𝑛   )  &    𝜑  𝑛   (    𝑣  𝑛   )  )  ⊃    𝑢  𝑛         =  +     𝒬  𝑛        𝑣  𝑛   )  ) 


   (  ∀    𝑤  1   .  .  .  ∀    𝑤  𝑛   (  (    𝜑  1   (    𝑤  1   ) 


     𝜑  𝑛   (    𝑤  𝑛   )  )  ⊃  𝜓  (    𝑤  1   ,  .  .  .  ,    𝑤  𝑛   )  )  ) 


   𝜓  (    𝜄    𝒬  1      𝑥  1   −    𝜑  1   (    𝑥  1   )  ,  .  .  .  ,    𝜄    𝒬  𝑛      𝑥  𝑛   −    𝜑  𝑛   (    𝑥  𝑛   )  ) 


   (  ∃    𝑥  1   −    𝜑  1   (    𝑥  1   ) 


   ∃    𝑥  𝑛   −    𝜑  𝑛   (    𝑥  𝑛   )  ) 


   = 


   (  ∀    𝑢  1   ∀    𝑣  1   (  (  −    𝜑  1   (    𝑢  1   )  &  −    𝜑  1   (    𝑣  1   )  )  ⊃    𝑢  1         =  −     𝒬  1        𝑣  1   ) 


   = 


     ∀    𝑢  𝑛   ∀    𝑣  𝑛   (  (  −    𝜑  𝑛   (    𝑢  𝑛   )  &  −    𝜑  𝑛   (    𝑣  𝑛   )  )  ⊃    𝑢  𝑛         =  −     𝒬  𝑛        𝑣  𝑛   )  ) 


   (  ∀    𝑤  1   .  .  .  ∀    𝑤  𝑛   (  (  −    𝜑  1   (    𝑤  1   ) 


   −    𝜑  𝑛   (    𝑤  𝑛   )  )  ⊃  𝜓  (    𝑤  1   ,  .  .  .  ,    𝑤  𝑛   )  )  ) 


   −  𝜓 


   𝐵  𝑙  𝑒  𝑠  𝑠  𝑒    𝑠  2   (    𝜄  𝒫   𝑥  (  𝑃  𝑜  𝑝  𝑒  (  𝑥  )  )  ,    𝜄  𝒬   𝑦  (  𝐵  𝑖  𝑠  ℎ  𝑜  𝑝  (  𝑦  )  )  ) 


   𝐷  𝑒  𝑠  𝑐  𝑒  𝑛  𝑑  𝑠 


   𝑓  𝑟  𝑜    𝑚  2   (    𝜄    {  𝐷  𝑜  𝑔  }    𝑥  (  𝐷  𝑜  𝑔  (  𝑥  )  )  ,    𝜄    {  𝑊  𝑜  𝑙  𝑓  }    𝑦  (  𝑊  𝑜  𝑙  𝑓  (  𝑦  )  )  ) 


   𝑃  𝑢  𝑡  𝑠 


   𝑜    𝑛  3   (    𝜄  𝒫   𝑥  (  𝑃  𝑜  𝑝  𝑒  (  𝑥  )  )  ,    𝜄    𝒬  ′    𝑦  (  𝑍  𝑢  𝑐  𝑐  ℎ  𝑒  𝑡  𝑡  𝑜  (  𝑦  )  )  ,    𝜄    𝒬    ′  ′     𝑧  (  𝑍  𝑢  𝑐  𝑐  ℎ  𝑒  𝑡  𝑡  𝑜  (  𝑧  )  )  ) 


     𝜄  𝒬   𝐴 


     𝒬  𝑘   ⊆  𝒫 


   𝑘  ∈  {  1  ,  .  .  .  ,  𝑛  } 


     𝐸  𝑘  


   ∃    𝑥  𝑘     𝜑  𝑘   (    𝑥  𝑘   ) 


   𝑄    𝑈  𝑘  


   = 


   ∀    𝑢  𝑘   ∀    𝑣  𝑘   (  (    𝜑  𝑘   (    𝑢  𝑘   )  &    𝜑  𝑘   (    𝑣  𝑘   )  )  ⊃    𝑢  𝑘         =  +     𝒬  𝑘        𝑣  𝑘   ) 


   ∀    𝑤  1   .  .  .  ∀    𝑤  𝑛   (  (    𝜑  1   (    𝑤  1   )  &  .  .  .  &    𝜑  𝑛   (    𝑤  𝑛   )  )  ⊃  𝜓  (    𝑤  1   ,  .  .  .  ,    𝑤  𝑛   )  ) 


   −    𝐸  𝑘  


   ∃    𝑥  𝑘   −    𝜑  𝑘   (    𝑥  𝑘   ) 


   −  𝑄    𝑈  𝑘  


   = 


   ∀    𝑢  𝑘   ∀    𝑣  𝑘   (  (  −    𝜑  𝑘   (    𝑢  𝑘   )  &  −    𝜑  𝑘   (    𝑣  𝑘   )  )  ⊃    𝑢  𝑘         =  −     𝒬  𝑘        𝑣  𝑘   ) 


   −  𝑃 


   ∀    𝑤  1   .  .  .  ∀    𝑤  𝑛   (  (  −    𝜑  1   (    𝑤  1   )  &  .  .  .  &  −    𝜑  𝑛   (    𝑤  𝑛   )  )  ⊃  𝜓  (    𝑤  1   ,  .  .  .  ,    𝑤  𝑛   )  ) 


     𝒟    1  𝑛   


     𝐸  1  


     𝐸  𝑛  


     𝒟    2  1   


     𝒟    2  𝑛   


   𝑄    𝑈  1  


   𝑄    𝑈  𝑛  


       𝑖  a  


       𝑘  a  


   𝑖  ∈  {  1  ,  .  .  .  ,  𝑛  } 


   −    𝐸  1  


   −    𝐸  𝑛  


   −  𝑄    𝑈  1  


   −  𝑄    𝑈  𝑛  


     𝜄    𝒬  −   


     𝒟    1  𝑘   


     𝒟    2  𝑘   


     𝑃  3   (    𝜄  𝒫   𝑥  (    𝑃  1   (  𝑥  )  )  ,    𝜄    𝒬  ′    𝑦  (    𝑍  1   (  𝑦  )  )  ,    𝜄    𝒬    ′  ′     𝑧  (    𝑍  1   (  𝑧  )  )  ) 


     𝒬  ′   ,    𝒬    ′  ′    ⊂  𝒫 


     𝒬  ′   ≠    𝒬    ′  ′   


       


                  �    �    �  


     𝒟    1  (  𝑄  𝑈  )   


   = 


   ∀    𝑢  1   ∀    𝑣  1   (  (    𝑃  1   (    𝑢  1   )  &    𝑃  1   (    𝑣  1   )  )  ⊃    𝑢  1         =  +   𝒫       𝑣  1   ) 


     𝒟    2  (  𝑄  𝑈  )   


   = 


   ∀    𝑢  2   ∀    𝑣  2   (  (    𝑍  1   (    𝑢  2   )  &    𝑍  1   (    𝑣  2   )  )  ⊃    𝑢  2         =  +     𝒬  ′        𝑣  2   ) 


       


                � 


     𝒟    3  (  𝑄  𝑈  )   


     𝒬    ′  ′   


       


                � 


   {    𝒟    (  𝐸  )    }  =  {    𝒟    1  (  𝐸  )    ,    𝒟    2  (  𝐸  )    ,    𝒟    3  (  𝐸  )    } 


   {    𝒟    (  𝑄  𝑈  )    }  =  {    𝒟    1  (  𝑄  𝑈  )    ,    𝒟    2  (  𝑄  𝑈  )    ,    𝒟    3  (  𝑄  𝑈  )    } 


       


                � 


   ℒ    𝜄  b  


     𝒬    1  1    ,  .  .  .  ,    𝒬    𝑛  𝑚    ⊆  𝒫 


   𝜓  (    𝜄    𝒬    𝑛  1       𝑥    𝑛  1      𝜑    𝑛  1    (    𝑥    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  .  .  .  )  ,  .  .  .  ,    𝜄    𝒬    𝑛  𝑚       𝑥    𝑛  𝑚      𝜑    𝑛  𝑚    (    𝑥    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚      𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  .  .  .  )  ) 


   (  ∃    𝑥    𝑛  1      𝜑    𝑛  1    (    𝑥    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  )  &  .  .  .  &  ∃    𝑥    𝑛  𝑚      𝜑    𝑛  𝑚    (    𝑥    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚      𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  )  & 


   = 


   (  ∀    𝑢    𝑛  1    ∀    𝑣    𝑛  1    (  (    𝜑    𝑛  1    (    𝑢    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  )  &    𝜑    𝑛  1    (    𝑣    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑  𝑛   (    𝑥    1  1    )  )  )  )  ⊃    𝑢    𝑛  1          =  +     𝒬    𝑛  1         𝑣    𝑛  1    )  &  .  .  .  &  ∀    𝑢    𝑛  𝑚    ∀    𝑣    𝑛  𝑚    (  (    𝜑    𝑛  𝑚    (    𝑢    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚      𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  &    𝜑    𝑛  𝑚    (    𝑣    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚      𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  )  ⊃    𝑢    𝑛  𝑚          =  +     𝒬    𝑛  𝑚         𝑣    𝑛  𝑚    )  )  & 


   (  ∀    𝑤    𝑛  1    .  .  .  ∀    𝑤    𝑛  𝑚    (    𝜑    𝑛  1    (    𝑤    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  )  &  .  .  .  &    𝜑    𝑛  𝑚    (    𝑤    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚      𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  ) 


   𝜓  (    𝑤    𝑛  1    ,  .  .  .  ,    𝑤    𝑛  𝑚    )  )  ) 


   𝜓  (    𝜄    𝒬    𝑛  1       𝑥    𝑛  1    −    𝜑    𝑛  1    (    𝑥    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1    −    𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1    −    𝜑    1  1    (    𝑥    1  1    )  )  .  .  .  )  ,  .  .  .  ,    𝜄    𝒬    𝑛  𝑚       𝑥    𝑛  𝑚    −    𝜑    𝑛  𝑚    (    𝑥    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚    −    𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚    −    𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  .  .  .  )  ) 


   (  ∃    𝑥    𝑛  1    −    𝜑    𝑛  1    (    𝑥    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1    −    𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1    −    𝜑    1  1    (    𝑥    1  1    )  )  )  &  .  .  .  &  ∃    𝑥    𝑛  𝑚    −    𝜑    𝑛  𝑚    (    𝑥    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚    −    𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚    −    𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  )  & 


   = 


   (  ∀    𝑢    𝑛  1    ∀    𝑣    𝑛  1    (  (  −    𝜑    𝑛  1    (    𝑢    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1    −    𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1    −    𝜑    1  1    (    𝑥    1  1    )  )  )  &  −    𝜑    𝑛  1    (    𝑣    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1    −    𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1    −    𝜑  𝑛   (    𝑥    1  1    )  )  )  )  ⊃    𝑢    𝑛  1          =  −     𝒬    𝑛  1         𝑣    𝑛  1    )  &  .  .  .  &  ∀    𝑢    𝑛  𝑚    ∀    𝑣    𝑛  𝑚    (  (  −    𝜑    𝑛  𝑚    (    𝑢    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚    −    𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚    −    𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  &  −    𝜑    𝑛  𝑚    (    𝑣    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚    −    𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚    −    𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  )  ⊃    𝑢    𝑛  𝑚          =  −     𝒬    𝑛  𝑚         𝑣    𝑛  𝑚    )  )  & 


   (  ∀    𝑤    𝑛  1    .  .  .  ∀    𝑤    𝑛  𝑚    (  −    𝜑    𝑛  1    (    𝑤    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1    −    𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1    −    𝜑    1  1    (    𝑥    1  1    )  )  )  &  .  .  .  &  −    𝜑    𝑛  𝑚    (    𝑤    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚    −    𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚    −    𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  ) 


   ⊃  𝜓  (    𝑤    𝑛  1    ,  .  .  .  ,    𝑤    𝑛  𝑚    )  )  ) 


   𝐿  𝑜  𝑣  𝑒    𝑠  2   (    𝜄    𝒬    2  1     𝑥  (  𝐾  𝑖  𝑛  𝑔 


   𝑜    𝑓  2   (  𝑥  ,    𝜄    𝒬    1  1     𝑦  (  𝐽  𝑢  𝑛  𝑔  𝑙  𝑒  (  𝑦  )  )  )  )  ,    𝜄    𝒬    2  2     𝑧  (  𝑄  𝑢  𝑒  𝑒  𝑛 


   𝑜    𝑓  2   (  𝑧  ,    𝜄    𝒬    1  2     𝑢  (  𝐷  𝑒  𝑠  𝑒  𝑟  𝑡  (  𝑢  )  )  )  )  ) 


   𝐻  𝑜  𝑙  𝑑    𝑠  2   (  𝐿  𝑒  𝑜  𝑋  𝐼  𝑉  ,    𝜄  𝒫   𝑥  (  𝑂  𝑓  𝑓  𝑖  𝑐  𝑒 


   𝑜    𝑓  2   (  𝑥  ,    𝜄  𝒫   𝑦  (  𝐵  𝑖  𝑠  ℎ  𝑜  𝑝 


   𝑜    𝑓  2   (  𝑦  ,  𝑅  𝑜  𝑚  𝑒  )  )  )  )  ) 


     𝜄  𝒬   𝐵 


   {    𝐸    1  𝑘    } 


         ∃    𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )   ⏟     𝐸    1  1    


   ,  .  .  .  , 


         ∃    𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )   ⏟     𝐸    1  𝑚    


   {    𝐸    2  𝑘    } 


         ∃    𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )   ⏟     𝐸    2  1    


         ∃    𝑥    2  𝑚      𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑  1   (    𝑥    1  𝑚    )  )   ⏟     𝐸    2  𝑚    


   ⋮ 


   {    𝐸    𝑛  𝑘    } 


         ∃    𝑥    𝑛  1      𝜑    𝑛  1    (    𝑥    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  )   ⏟     𝐸    𝑛  1    


         ∃    𝑥    𝑛  𝑚      𝜑    𝑛  𝑚    (    𝑥    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚      𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )   ⏟     𝐸    𝑛  𝑚    


     𝑃  1  


   ∀    𝑤    1  1    .  .  .  ∀    𝑤    1  𝑚    (  (    𝜑    1  1    (    𝑤    1  1    )  &  .  .  .  &    𝜑    1  𝑚    (    𝑤    1  𝑚    )  )  ⊃    𝜓  1   (    𝑤    1  1    ,  .  .  .  ,    𝑤    1  𝑚    )  ) 


     𝑃  2  


   ∀    𝑤    2  1    .  .  .  ∀    𝑤    2  𝑚    (  (    𝜑    2  1    (    𝑤    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  &  .  .  .  &    𝜑    2  𝑚    (    𝑤    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  ⊃    𝜓  2   (    𝑤    2  1    ,  .  .  .  ,    𝑤    2  𝑚    )  ) 


     𝑃  𝑛  


   ∀    𝑤    𝑛  1    .  .  .  ∀    𝑤    𝑛  𝑚    (  (    𝜑    𝑛  1      (    𝑤    𝑛  1      ,  .  .  .  ,    𝜄      𝒬    2  1          𝑥    2  1      𝜑    2  1      (    𝑤    2  1      ,  .  .  .  ,    𝜄      𝒬    1  1          𝑥    1  1      𝜑    1  1      (    𝑥    1  1    )  )  )  &  .  .  .  &    𝜑    𝑛  𝑚    (    𝑤    𝑛  𝑚    ,  .  .  .  ,    𝜄      𝒬    2  𝑚          𝑥    2  𝑚      𝜑    2  𝑚      (    𝑤    2  𝑚    ,  .  .  .  ,    𝜄      𝒬    1  𝑚          𝑥    1  𝑚      𝜑    1  𝑚      (    𝑥    1  𝑚      )  )  )  ) 


   ⊃    𝜓  𝑛   (    𝑤    𝑛  1    ,  .  .  .    𝑤    𝑛  𝑚    )  ) 


   −    𝜓  𝑗  


   𝑄    𝐷  1  


     𝜓  1   (    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  ) 


   𝑄    𝐷  2  


     𝜓  2   (    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚      𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑  1   (    𝑥    1  𝑚    )  )  ) 


   𝑄    𝐷  𝑛  


     𝜓  𝑛   (    𝜄    𝒬    𝑛  1       𝑥    𝑛  1      𝜑    𝑛  1    (    𝑥    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  .  .  .  )  ,  .  .  .  ,    𝜄    𝒬    𝑛  𝑚       𝑥    𝑛  𝑚      𝜑  𝑛   (    𝑥    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚      𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑  1   (    𝑥    1  𝑚    )  )  .  .  .  )  ) 


   {  𝑄    𝑈    1  𝑘    } 


   = 


         ∀    𝑢    1  1    ∀    𝑣    1  1    (  (    𝜑    1  1    (    𝑢    1  1    )  &    𝜑    1  1    (    𝑣    1  1    )  )    ⊃      𝑢    1  1            =  +     𝒬    1  1         𝑣    1  1    )   ⏟     𝑄    𝑈    1  1      ,  .  .  .  ,        ∀    𝑢    1  𝑚    ∀    𝑣    1  𝑚    (  (    𝜑    1  𝑚    (    𝑢    1  𝑚    )  &    𝜑    1  𝑚    (    𝑣    1  𝑚    )  )    ⊃      𝑢    1  𝑚            =  +     𝒬    1  𝑚         𝑣    1  𝑚    )   ⏟     𝑄    𝑈    1  𝑚     


   {  𝑄    𝑈    2  𝑘    } 


   = 


         ∀    𝑢    2  1    ∀    𝑣    2  1    (  (    𝜑    2  1    (    𝑢    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  &    𝜑    2  1    (    𝑣    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  )  ⊃    𝑢    2  1          =  +     𝒬    2  1         𝑣    2  1    )   ⏟     𝑄    𝑈    2  1     


   = 


         ∀    𝑢    2  𝑚    ∀    𝑣    2  𝑚    (  (    𝜑    2  𝑚    (    𝑢    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  &    𝜑    2  𝑚    (    𝑣    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  ⊃    𝑢    2  𝑚          =  +     𝒬    2  𝑚         𝑣    2  𝑚    )   ⏟     𝑄    𝑈    2  𝑚     


   {  𝑄    𝑈    𝑛  𝑘    } 


       ∀    𝑢    𝑛  1    ∀    𝑣    𝑛  1    (  (    𝜑    𝑛  1    (    𝑢    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  )  &    𝜑    𝑛  1    (    𝑣    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,   


                          |        {              𝑄    𝑈    𝑛  1             z          …                  ,  .  .  .  ,                 |        {              𝑄    𝑈    𝑛  𝑚             z          …                      


   {    𝒟    1  1    } 


   {    𝒟    2  1    } 


     𝒟    3  1   


         𝑖  ,  1   b  


   {    𝒟    1  𝑛    } 


   {    𝒟    2  𝑛    } 


     𝒟    3  𝑛   


         𝑖  ,  𝑛   b  


   𝑄    𝐷  𝑗  


         𝑘  ,  𝑗   b  


     𝐸    𝑗  𝑘   


   𝑄    𝑈    𝑗  𝑘   


         𝑖  ,  𝑗   b  


     𝑃  𝑗  


   𝑗  ∈  {  1  ,  .  .  .  ,  𝑛  } 


   𝑘  ∈  {  1  ,  .  .  .  ,  𝑚  } 


   {  −    𝐸    1  𝑘    } 


   {  −  𝑄    𝑈    1  𝑘    } 


   −    𝑃  1  


   −  𝑄    𝐷  1  


   {  −    𝐸    𝑛  𝑘    } 


   {  −  𝑄    𝑈    𝑛  𝑘    } 


   −    𝑃  𝑛  


   −  𝑄    𝐷  𝑛  


   −  𝑄    𝐷  𝑗  


   −    𝐸    𝑗  𝑘   


   −  𝑄    𝑈    𝑗  𝑘   


   −    𝑃  𝑗  


         𝑘  ,  𝑛   b  


     𝐸    𝑛  𝑘   


   𝑄    𝑈    𝑛  𝑘   


     𝐿  2   (    𝜄    𝒬    2  1     𝑥  (    𝐾  2   (  𝑥  ,    𝜄    𝒬    1  1     𝑦  (    𝐽  1   (  𝑦  )  )  )  )  ,    𝜄    𝒬    2  2     𝑧  (    𝑄  2   (  𝑧  ,    𝜄    𝒬    1  2     𝑢  (    𝐷  1   (  𝑢  )  )  )  )  ) 


     𝒬    1  1    ,    𝒬    1  2    ,    𝒬    2  1    ,    𝒬    2  2    ⊆  𝒫 


     𝒟    1  (  𝐸  )   


   ∃  𝑦    𝐽  1   (  𝑦  ) 


   = 


   ∀    𝑢  1   ∀    𝑣  1   (  (    𝐽  1   (    𝑢  1   )  &    𝐽  1   (    𝑣  1   )  )  ⊃    𝑢  1         =  +     𝒬    1  1         𝑣  1   ) 


     𝒟    3  (  𝑃  )   


   ∀    𝑤  1   (    𝐽  1   (    𝑤  1   )  ⊃    𝐾  2   (    𝛼  1   ,    𝑤  1   )  ) 


     𝒟    1  (  𝐸  )   ′  


   ∃  𝑢    𝐷  1   (  𝑢  ) 


     𝒟    2  (  𝑄  𝑈  )   ′  


   = 


   ∀    𝑢  1  ′   ∀    𝑣  1  ′   (  (    𝐷  1   (    𝑢  1  ′   )  &    𝐷  1   (    𝑣  1  ′   )  )  ⊃    𝑢  1  ′         =  +     𝒬    1  2         𝑣  1  ′   ) 


     𝒟    3  (  𝑃  )   ′  


   ∀    𝑤  1  ′   (    𝐷  1   (    𝑤  1  ′   )  ⊃    𝑄  2   (    𝛼  2   ,    𝑤  1  ′   )  ) 


         2  ,  1   b  


     𝐾  2   (    𝛼  1   ,    𝜄    𝒬    1  1     𝑦  (    𝐽  1   (  𝑦  )  )  ) 


     𝒟    4  (  𝐸  )   


   ∃  𝑥  (    𝐾  2   (  𝑥  ,    𝜄    𝒬    1  1     𝑦  (    𝐽  1   (  𝑦  )  )  )  ) 


     𝒟    5  (  𝑄  𝑈  )   


   = 


   ∀    𝑢  2   ∀    𝑣  2   (  (    𝐾  2   (    𝑢  2   ,    𝜄    𝒬    1  1     𝑦  (    𝐽  1   (  𝑦  )  )  )  &    𝐾  2   (    𝑣  2   ,    𝜄    𝒬    1  1     𝑦  (    𝐽  1   (  𝑦  )  )  )  )  ⊃    𝑢  2         =  +     𝒬    2  1         𝑣  2   ) 


     𝑄  2   (    𝛼  2   ,    𝜄    𝒬    1  2     𝑢  (    𝐷  1   (  𝑢  )  )  ) 


     𝒟    4  (  𝐸  )   ′  


   ∃  𝑧  (    𝑄  2   (  𝑧  ,    𝜄    𝒬    1  2     𝑢  (    𝐷  1   (  𝑢  )  )  )  ) 


     𝒟    5  (  𝑄  𝑈  )   ′  


   = 


   ∀    𝑢  2  ′   ∀    𝑣  2  ′   (  (    𝑄  2   (    𝑢  2  ′   ,    𝜄    𝒬    1  2     𝑢  (    𝐷  1   (  𝑢  )  )  )  &    𝑄  2   (    𝑣  2  ′   ,    𝜄    𝒬    1  2     𝑢  (    𝐷  1   (  𝑢  )  )  )  )  ⊃    𝑢  2  ′         =  +     𝒬    2  2         𝑣  2  ′   ) 


   {    𝒟    (  𝐸  )    }  =  {    𝒟    4  (  𝐸  )    ,    𝒟    4  (  𝐸  )   ′   }  ,  {    𝒟    (  𝑄  𝑈  )    }  =  {    𝒟    5  (  𝑄  𝑈  )    ,    𝒟    5  (  𝑄  𝑈  )   ′   } 


     𝒟    6  (  𝑃  )   


   ∀    𝑤  2   ∀    𝑤  3   (  (    𝐾  2   (    𝑤  2   ,    𝜄    𝒬    1  1     𝑦  (    𝐽  1   (  𝑦  )  )  )  &  (    𝑄  2   (    𝑤  3   ,    𝜄    𝒬    1  2     𝑢  (    𝐷  1   (  𝑢  )  )  )  )  ⊃    𝐿  2   (    𝑤  2   ,    𝑤  3   )  ) 


       


                � 


   ℒ    𝜄  c  


   𝐶  (    𝑥    𝑗  𝑘    ) 


   −  𝐶  (    𝑥    𝑗  𝑘    ) 


   −  𝐶 


   𝐿  𝑜  𝑜  𝑘  𝑠 


   𝑎    𝑡  2   (    𝜄    𝒬  ′    𝑥  (  𝑅  𝑎  𝑏  𝑏  𝑖  𝑡  (  𝑥  ) 


   𝐼    𝑛  2   (  𝑥  ,    𝜄    𝒬  1    𝑦  (  𝐵  𝑜  𝑥  (  𝑦  )  )  )  )  ,    𝜄    𝒬    ′  ′     𝑧  (  𝑅  𝑎  𝑏  𝑏  𝑖  𝑡  (  𝑧  ) 


   𝐼    𝑛  2   (  𝑧  ,    𝜄    𝒬  2    𝑢  (  𝐻  𝑎  𝑡  (  𝑢  )  )  )  )  ) 


   𝐹  𝑟  𝑒  𝑛  𝑐  ℎ  (    𝜄    𝒬  3    𝑥  (  𝑀  𝑎  𝑛  (  𝑥  ) 


   𝑊  𝑒  𝑎  𝑟    𝑠  2   (  𝑥  ,    𝜄    𝒬  2    𝑦  (  𝐵  𝑒  𝑟  𝑒  𝑡  (  𝑦  ) 


   𝐻  𝑎    𝑠  2   (  𝑦  ,    𝜄    𝒬  1    𝑧  (  𝐵  𝑢  𝑡  𝑡  𝑜  𝑛  (  𝑧  )  )  )  )  )  )  ) 


   𝐹  𝑟  𝑒  𝑛  𝑐  ℎ  (    𝜄    𝒬  2    𝑥  (  𝑀  𝑎  𝑛  (  𝑥  )  &  𝑊  𝑒  𝑎  𝑟    𝑠  2   (  𝑥  ,    𝜄    𝒬  1    𝑦  (  𝐵  𝑒  𝑟  𝑒  𝑡  (  𝑦  )  )  ) 


   𝐶  𝑎  𝑟  𝑟  𝑖  𝑒    𝑠  2   (  𝑥  ,    𝜄    𝒬  1  ′    𝑧  (  𝑁  𝑒  𝑤  𝑠  𝑝  𝑎  𝑝  𝑒  𝑟  (  𝑧  )  )  )  )  ) 


   𝑊  𝑎  𝑙  𝑘    𝑠  2   (    𝜄    𝒬  2    𝑥  (  𝑀  𝑎  𝑛  (  𝑥  )  &  𝑊  𝑒  𝑎  𝑟    𝑠  2   (  𝑥  ,    𝜄    𝒬  1    𝑦  (  𝐵  𝑒  𝑟  𝑒  𝑡  (  𝑦  )  )  ) 


   𝐶  𝑎  𝑟  𝑟  𝑖  𝑒    𝑠  2   (  𝑥  ,    𝜄    𝒬  1  ′    𝑧  (  𝑁  𝑒  𝑤  𝑠  𝑝  𝑎  𝑝  𝑒  𝑟  (  𝑧  )  )  )  )  ,    𝜄    𝒬  3    𝑢  (  𝐷  𝑜  𝑔  (  𝑢  )  &  𝑂  𝑤  𝑛    𝑠  2   (    𝜄    𝒬  2    𝑥  (  𝑀  𝑎  𝑛  (  𝑥  )  &  (  𝑊  𝑒  𝑎  𝑟    𝑠  2   (  𝑥  ,      𝜄    𝒬  1    𝑦  (  𝐵  𝑒  𝑟  𝑒  𝑡  (  𝑦  )  )  )  &  𝐶  𝑎  𝑟  𝑟  𝑖  𝑒    𝑠  2   (  𝑥  ,      𝜄    𝒬  1  ′    𝑧  (  𝑁  𝑒  𝑤  𝑠  𝑝  𝑎  𝑝  𝑒  𝑟  (  𝑧  )  )  )  )  ,    𝑢  )  )  ) 


   𝑎    𝑡  2   (    𝜄    𝒬  2  ′    𝑥  (  𝑅  𝑎  𝑏  𝑏  𝑖  𝑡  (  𝑥  ) 


   𝐼    𝑛  2   (  𝑥  ,    𝜄    𝒬  1    𝑦  (  𝐵  𝑜  𝑥  (  𝑦  )  )  )  )  ,    𝜄    𝒬  2    ′  ′     𝑧  (  𝑅  𝑎  𝑏  𝑏  𝑖  𝑡  (  𝑧  ) 


   𝐼    𝑛  2   (  𝑧  ,    𝜄    𝒬  3  ′    𝑢  (  𝐻  𝑎  𝑡  (  𝑢  )  )  )  )  ) 


     𝜄  𝒬   𝐶 


         𝑖  ,  1   c  


         𝑖  ,  𝑛   c  


         𝑘  ,  𝑗   c  


         𝑖  ,  𝑗   c  


     𝐹  1   (    𝜄    𝒬  3    𝑥  (    𝑀  1   (  𝑥  ) 


     𝑊  2   (  𝑥  ,    𝜄    𝒬  2    𝑦  (    𝐵  1  1   (  𝑦  ) 


     𝐻  2   (  𝑦  ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  )  )  ) 


     𝒬  𝑗   ,    𝒬  𝑗  ′   ⊆  𝒫 


   ∃  𝑧    𝐵  2  1   (  𝑧  ) 


   = 


   ∀    𝑢  1   ∀    𝑣  1   (  (    𝐵  2  1   (    𝑢  1   )  &    𝐵  2  1   (    𝑣  1   )  )  ⊃    𝑢  1         =  +     𝒬  1        𝑣  1   ) 


   ∀    𝑤  1   (    𝐵  2  1   (    𝑤  1   )  ⊃    𝐻  2   (    𝛼  1   ,    𝑤  1   )  ) 


     𝒟  4  


     𝐵  1  1   (    𝛼  1   ) 


         2  ,  1   c  


     𝐻  2   (    𝛼  1   ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  ) 


     𝐵  1  1   (    𝛼  1   )  &    𝐻  2   (    𝛼  1   ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  ) 


     𝒟    5  (  𝐸  )   


   ∃  𝑦  (    𝐵  1  1   (  𝑦  )  &    𝐻  2   (  𝑦  ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  )  ) 


     𝒟    6  (  𝑄  𝑈  )   


   = 


   ∀    𝑢  2   ∀    𝑣  2   (  (  (    𝐵  1  1   (    𝑢  2   )  &    𝐻  2   (    𝑢  2   ,    𝜄  𝒬   𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  &  (    𝐵  1  1   (    𝑣  2   )  &    𝐻  2   (    𝑣  2   ,    𝜄  𝒬   𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  )  ⊃    𝑢  2         =  +     𝒬  2        𝑣  2   ) 


     𝒟    7  (  𝑃  )   


   ∀    𝑤  2   (  (    𝐵  1  1   (    𝑤  2   )  &    𝐻  2   (    𝑤  2   ,    𝜄  𝒬   𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  ⊃    𝑊  2   (    𝛼  2   ,    𝑤  2   )  ) 


     𝒟  8  


     𝑀  1   (    𝛼  2   ) 


         2  ,  2   c  


     𝑊  2   (    𝛼  2   ,    𝜄    𝒬  2    𝑦  (    𝐵  1  1   (  𝑦  ) 


     𝐻  2   (  𝑦  ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  ) 


     𝑀  1   (    𝛼  2   )  &    𝑊  2   (    𝛼  2   ,    𝜄    𝒬  2    𝑦  (    𝐵  1  1   (  𝑦  )  &    𝐻  2   (  𝑦  ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  ) 


     𝒟    9  (  𝐸  )   


   ∃  𝑥  (    𝑀  1   (  𝑥  )  &    𝑊  2   (  𝑥  ,    𝜄    𝒬  2    𝑦  (    𝐵  1  1   (  𝑦  )  &    𝐻  2   (  𝑦  ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  )  ) 


     𝒟     10   (  𝑄  𝑈  )   


   ∀    𝑢  3   ∀    𝑣  3   (  (  (    𝑀  1   (    𝑢  3   )  &    𝑊  2   (    𝑢  3   ,    𝜄    𝒬  2    𝑦  (    𝐵  1  1   (  𝑦  )  &    𝐻  2   (  𝑦  ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  )  ) 


   = 


   &  (    𝑀  1   (    𝑣  3   )  &    𝑊  2   (    𝑣  3   ,    𝜄    𝒬  2    𝑦  (    𝐵  1  1   (  𝑦  )  &    𝐻  2   (  𝑦  ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  )  )  )  ⊃    𝑢  3         =  +     𝒬  3        𝑣  3   ) 


     𝒟     11   (  𝑃  )   


   ∀    𝑤  3   (  (    𝑀  1   (    𝑤  3   )  &    𝑊  2   (    𝑤  3   ,    𝜄    𝒬  2    𝑦  (    𝐵  1  1   (  𝑦  )  &    𝐻  2   (  𝑦  ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  )  )  ⊃    𝐹  1   (    𝑤  3   )  ) 


       


                � 


     𝑊  1  2   (    𝜄    𝒬  2    𝑥  (    𝑀  1   (  𝑥  )  &    𝑊  2  2   (  𝑥  ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  ) 


     𝐶  2   (  𝑥  ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  )  )  ,    𝜄    𝒬  3    𝑢  (    𝐷  1   (  𝑢  )  &    𝑂  2   (    𝜄    𝒬  2    𝑥  (    𝑀  1   (  𝑥  )  &  (    𝑊  2  2   (  𝑥  ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  ) 


     𝐶  2   (  𝑥  ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  )  )  ,  𝑢  )  )  ) 


   ∃  𝑦    𝐵  1   (  𝑦  ) 


   = 


   ∀    𝑢  1   ∀    𝑣  1   (  (    𝐵  1   (    𝑢  1   )  &    𝐵  1   (    𝑣  1   )  )  ⊃    𝑢  1         =  +     𝒬  1        𝑣  1   ) 


   ∀    𝑤  1   (    𝐵  1   (    𝑤  1   )  ⊃    𝑊  2  2   (    𝛼  1   ,    𝑤  1   )  ) 


   ∃  𝑧    𝑁  1   (  𝑧  ) 


   = 


   ∀    𝑢  1  ′   ∀    𝑣  1  ′   (  (    𝑁  1   (    𝑢  1  ′   )  &    𝑁  1   (    𝑣  1  ′   )  )  ⊃    𝑢  1  ′         =  +     𝒬  1  ′        𝑣  1  ′   ) 


   ∀    𝑤  1  ′   (    𝑁  1   (    𝑤  1  ′   )  ⊃    𝐶  2   (    𝛼  1   ,    𝑤  1  ′   )  ) 


     𝑀  1   (    𝛼  1   ) 


     𝑊  2  2   (    𝛼  1   ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  ) 


     𝐶  2   (    𝛼  1   ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  ) 


     𝑊  2  2   (    𝛼  1   ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  )  &    𝐶  2   (    𝛼  1   ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  ) 


     𝑀  1   (    𝛼  1   )  &    𝑊  2  2   (    𝛼  1   ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  )  &    𝐶  2   (    𝛼  1   ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  ) 


   ∃  𝑥  (          𝑀  1   (  𝑥  )  &    𝑊  2  2   (  𝑥  ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  )  &    𝐶  2   (  𝑥  ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  )   ⏟     =    𝐴  1   (  𝑥  )    ) 


   ∀    𝑢  2   ∀    𝑣  2   (  (    𝐴  1   (    𝑢  2   ) 


     𝐴  1   (    𝑣  2   )  ) 


   = 


     𝑢  2         =  +     𝒬  2        𝑣  2   ) 


   ∀    𝑤  2   (  (    𝑀  1   (    𝑤  2   )  &    𝑊  2  2   (    𝑤  2   ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  )  &    𝐶  2   (    𝑤  2   ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  )  )  ⊃    𝑂  2   (    𝑤  2   ,    𝛼  2   )  ) 


     𝐷  1   (    𝛼  2   ) 


     𝑂  2     (    𝜄    𝒬  2      𝑥  (    𝑀  1     (  𝑥  )  &    𝑊  2  2     (  𝑥  ,      𝜄    𝒬  1      𝑦  (    𝐵  1     (  𝑦  )  )  )  &    𝐶  2     (  𝑥  ,      𝜄    𝒬  1  ′      𝑧  (    𝑁  1     (  𝑧  )  )  )  )  ,      𝛼  2   ) 


     𝐷  1     (    𝛼  2   )  &    𝑂  2     (    𝜄    𝒬  2      𝑥  (    𝑀  1     (  𝑥  )  &    𝑊  2  2     (  𝑥  ,    𝜄    𝒬  1      𝑦  (    𝐵  1     (  𝑦  )  )  )  &    𝐶  2     (  𝑥  ,      𝜄    𝒬  1  ′      𝑧  (    𝑁  1     (  𝑧  )  )  )  )  ,      𝛼  2   ) 


   ∃  𝑢  (          𝐷  1     (  𝑢  )  &    𝑂  2     (    𝜄    𝒬  2      𝑥  (    𝑀  1     (  𝑥  )  &    𝑊  2  2     (  𝑥  ,      𝜄    𝒬  1      𝑦  (    𝐵  1     (  𝑦  )  )  )  &    𝐶  2     (  𝑥  ,      𝜄    𝒬  1  ′      𝑧  (    𝑁  1     (  𝑧  )  )  )  )  ,    𝑢  )   ⏟       𝐴  2     (  𝑢  )    ) 


   = 


   ∀    𝑢  3   ∀    𝑣  3   (  (    𝐴  2   (    𝑢  3   )  &    𝐴  2   (    𝑣  3   )  )  ⊃    𝑢  3         =  +     𝒬  3        𝑣  3   ) 


   ∀    𝑤  3   ∀    𝑤  4   (  (    𝑀  1   (    𝑤  3   )  &    𝑊  2  2   (    𝑤  3   ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  )  &    𝐶  2   (    𝑤  3   ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  )  ) 


   (    𝐷  1   (    𝑤  4   )  &    𝑂  2   (    𝜄    𝒬  2    𝑥  (    𝑀  1   (  𝑥  )  &    𝑊  2  2   (  𝑥  ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  &    𝐶  2   (  𝑥  ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  )  )  ,    𝑤  4   )  )  ) 


   ⊃    𝑊  1  2   (    𝑤  3   ,    𝑤  4   )  ) 


     𝒟    5  (  𝐸  )        𝒟    9  (  𝐸  )   


     𝒟    6  (  𝑄  𝑈  )        𝒟     10   (  𝑄  𝑈  )   


         2  ,  3   c  


     𝐶  2   (  𝑥  ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  )  )  , 


     𝜄    𝒬  3    𝑢  (    𝐷  1   (  𝑢  )  &    𝑂  2   (    𝜄    𝒬  2    𝑥  (    𝑀  1   (  𝑥  )  &  (    𝑊  2  2   (  𝑥  ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  ) 



