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Abstract

Epistemic logic is known as a logic that captures the knowledge and beliefs of
agents and has undergone various developments. In this paper, we propose a new
logic called agent-knowledge logic by taking the product of individual knowledge
structures and the set of relationships among agents. This logic is based on the
Facebook logic and the Logic of Hide and Seek Game. We show two main results;
one is that this logic can embed the standard epistemic logic, and the other is
that there is a proof system of tableau calculus that works in finite time. We also
discuss various sentences and inferences that this logic can express.
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\begin {gather*}\infer [{[\neg _A]}^{*1}] {@_b @_k b} {@_a @_k \neg b} \qquad \infer [{[\neg _K]}^{*1}] {@_a @_l l} {@_a @_k \neg l} \\ \\ \infer [{[\land ]}] {\deduce {@_a @_k \psi } {@_a @_k \varphi }} {@_a @_k (\varphi \land \psi )} \qquad \infer [{[\lor ]}] {@_a @_k \varphi \mid @_a @_k \psi } {@_a @_k (\varphi \lor \psi )} \\ \\ \infer [{[\Dia _A]}^{*1, *2, *3}] {\deduce {@_b @_k \varphi }{@_a @_k \Dia _A b}} {@_a @_k \Dia _A \varphi } \qquad \infer [{[\Dia _K]}^{*1, *2, *4}] {\deduce {@_a @_l \varphi }{@_a @_k \Dia _K l}} {@_a @_k \Dia _K \varphi } \\ \\ \infer [{[\Box _A]}^{*5}] {@_b @_k \varphi } {\deduce {@_a @_k \Dia _A b}{@_a @_k \Box _A \varphi }} \qquad \infer [{[\Box _K]}^{*5}] {@_a @_l \varphi } {\deduce {@_a @_k \Dia _K l}{@_a @_k \Box _K \varphi }} \\ \\ \infer [{[@_A]}] {@_b @_k \varphi } {@_a @_k @_b \varphi } \quad \
\infer [{[@_K]}] {@_a @_l \varphi } {@_a @_k @_l \varphi } \quad \
\infer [{[\Id _A]}^{*2}] {@_b @_k \varphi } {\deduce {@_a @_k b} {@_a @_k \varphi }} \quad \
\infer [{[\Id _K]}^{*2}] {@_a @_l \varphi } {\deduce {@_a @_k l} {@_a @_k \varphi }}\end {gather*}
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$[\Dia _K]$


$l = k$


$\Theta $


$@_{a'} @_{k'} \Dia _K l$


$\relax \square $


$G^\Theta $


$N^\Theta $


$\prec _\Theta $


$(a, k)$


$G^\Theta $


$m_\Theta $


$(a, k)$


$\prec _\Theta $


$\Theta $


$(a, k)$


$\Theta $


$m_\Theta : \Nom _A \times \Nom _K \rightarrow \mathbb {N}$


\begin {equation*}m_\Theta ((a, k)) = \max \{ |\varphi | \mid @_a @_k \varphi \in \Theta \} .\end {equation*}


$(a, k) \prec _\Theta (b, l)$


$m_\Theta ((a, k)) > m_\Theta ((b, l))$


$\Theta $


$(a, k) \prec _\Theta (b, k)$


$l \in \Nom _K$


$m_\Theta ((a, k)) > m_\Theta ((b, l))$


$(a, k) \prec _\Theta (a, l)$


$b \in \Nom _A$


$m_\Theta ((a, k)) > m_\Theta ((b, l))$


$(a, k) \prec _\Theta (b, k)$


$l \in \Nom _K$


$\varphi $


$m_\Theta ((b, l)) \geq m_\Theta ((b, l'))$


$l' \in \Nom _K$


$|\varphi | = m_\Theta ((b, l))$


$m_\Theta ((a, k)) > |\varphi |$


$@_b @_l \varphi $


$@_b @_l \varphi $


$[\neg _A]$


$@_b @_l b \in \Theta $


$@_b @_l b$


$\Theta $


$b$


$b$


$@_b @_l \varphi $


$[\neg _K]$


$\varphi = l$


$l \in \Nom _K$


$@_b @_{l'} \neg l \in \Theta $


$l$


$\varphi $


$@_b @_l \varphi $


$[\land ]$


$\psi $


$@_b @_l (\varphi \land \psi ) \in \Theta $


$\varphi $


$[\lor ]$


$@_b @_l \varphi $


$[\Dia _A]$


$b' \in \Nom _A$


$a$


$@_b @_l \varphi $


$@_{b'} @_l \Dia _A \varphi $


$(b', l) \prec _\Theta (b, l)$


$b$


$@_{b'} @_l \Dia _A \varphi $


$(a, k) \prec _\Theta (b, k)$


$G = (N^\Theta , \prec _\Theta )$


$(b', l) = (a, k)$


\begin {equation*}m_\Theta ((a, k)) = m_\Theta ((b', l)) \geq |\Dia _A \varphi | > |\varphi | .\end {equation*}


$[\Box _A]$


$@_b @_l \varphi $


$[\Dia _K]$


$l' \in \Nom _K$


$@_b @_{l'} \Dia _K \varphi \in \Theta $


$l$


$\varphi $


$[\Box _K]$


$@_b @_l \varphi $


$[@_A]$


$b' \in \Nom _A$


$@_{b'} @_l @_b \varphi \in \Theta $


$@_b \varphi $


$\Theta $


$b$


$b$


$@_b @_l \varphi $


$[@_K]$


$l' \in \Nom _K$


$@_b @_{l'} @_l \varphi \in \Theta $


$l$


$\varphi $


$@_b @_l \varphi $


$[\Id _A]$


$b' \in \Nom _A$


$@_{b'} @_l b \in \Theta $


$b$


$b$


$@_b @_l \varphi $


$[\Id _K]$


$l' \in \Nom _K$


$@_b @_{l'} \varphi \in \Theta $


$l'$


$@_b @_{l'} \varphi $


$@_b @_{l'} l \in \Theta $


$l$


$\relax \square $


$G^\Theta $


$\precjump _\Theta $


$\Nom _A \times \Nom _K$


$(b, l)$


$G^\Theta $


$(a, k) \precjump _\Theta (b, l)$


$(a, k)$


$\Theta $


$@_b @_l \psi $


$@_a @_k \varphi $


$[\neg _M], [@_M],$


$[\Id _M] \ (M \in \{ A, K \})$


$m_\Theta ((a, k)) \geq m_\Theta ((b, l))$


$\precjump _\Theta $


$(b, l)$


$G^\Theta $


$\Theta $


$@_b @_l \varphi $


$(b, l)$


$\Theta $


$(b', l')$


$(b, l)$


$G^\Theta $


$\psi $


$|\psi | = m_\Theta ((b, l))$


$@_b @_l \psi $


$[\land ]$


$[\lor ]$


$@_b @_l (\psi \land \chi )$


$@_b @_l (\psi \lor \chi )$


$\Theta $


$\psi $


$@_b @_l \psi $


$[\Dia _A]$


$b' \in \Nom _A$


$@_{b'} @_l \Dia _A \psi , @_{b'} @_l \Dia _A b \in \Theta $


$(b', l) \prec _\Theta (b, l)$


$(b, l)$


$G^\Theta $


$[\Dia _K]$


$[\Box _A]$


$[\Box _K]$


$@_b @_l \varphi $


$[\neg _M]$


$[@_M]$


$[\Id _M] \ (M \in \{ A, K \})$


$@_b @_l \psi $


$[\neg _A]$


$\psi = b$


$b' \in \Nom _A$


$@_{b'} @_l \neg b \in \Theta $


$m_\Theta ((b', l)) \geq |\neg b| \geq |b| = |\psi |$


$@_b @_l \psi $


$[@_A]$


$b' \in \Nom _A$


$@_{b'} @_l @_b \psi \in \Theta $


$m_\Theta ((b', l)) \geq |@_b \psi | \geq |\psi |$


$[\Id _A]$


$b' \in \Nom _A$


$@_{b'} @_l \psi \in \Theta $


$m_\Theta ((b', l)) \geq |\psi |$


$[\neg _K]$


$[@_K]$


$[\Id _K]$


$\relax \square $


$[\neg _M]$


$[@_M]$


$[\Id _M] \ (M \in \{A, K\})$


$(a, k) \precjump _\Theta (a, l)$


$l$


$(a, k) \precjump _\Theta (b, k)$


$b$


\begin {equation*}(a_0, k_0) \precjump _\Theta (a_1, k_1) \precjump _\Theta (a_2, k_2) \precjump _\Theta \cdots ,\end {equation*}


$(a_i, k_i) \neq (a_j, k_j) \ (i \neq j)$


$i, j \in \mathbb {N}$


$\precjump _\Theta $


$G^\Theta $


$\Theta $


$\Tilde {G}^\Theta = (N^\Theta , (\prec _\Theta \cup \precjump _\Theta ))$


$\Tilde {G}^\Theta $


$N^\Theta $


$[\Dia _M]$


$[\neg _M]$


$[@_M]$


$[\Id _M]$


$(M \in \{A, K \})$


$\Theta $


$\Tilde {G}^\Theta $


$\prec _\Theta $


$\precjump _\Theta $


$\Tilde {G}^\Theta $


$G^\Theta $


$\Theta $


$\precjump _\Theta $


$(a, k) \prec _\Theta (b, l)$


$(a', k') \precjump _\Theta (b, l)$


$(b, l)$


$G^\Theta $


$\precjump _\Theta $


$(b, l) \in N^\Theta $


$\precjump _\Theta $


$G^\Theta $


$\Tilde {G}^\Theta $


$\relax \square $


$\Tilde {G}$


\begin {equation*}(a_0, k_0) \succjump _\Theta (a_1, k_1) \succjump _\Theta (a_2, k_2) \succjump _\Theta \ldots .\end {equation*}


$\tableauAK $


$\Theta $


$\Theta $


$\Theta $


$\Theta $


$\Theta $


$N^\Theta $


$\Tilde {G}^\Theta $


\begin {equation*}(a_0, k_0) \precjump _\Theta ^{n_0} (a_1, k_1) \prec _\Theta ^+ (a_2, k_2) \precjump _\Theta ^{n_1} (a_3, k_3) \prec _\Theta ^+ \cdots ,\end {equation*}


$\precjump _\Theta $


\begin {equation*}m_\Theta ((a_0, k_0)) \geq m_\Theta ((a_1, k_1)) > m_\Theta ((a_2, k_2)) \geq m_\Theta ((a_3, k_3)) > \cdots ,\end {equation*}


$m_\Theta $


$\relax \square $


$\tableauAK $


$\tableauAK $


$\Theta $


$\Theta $


$s \in \Nom _A \cup \Nom _K$


$\Theta $


$a \in \Nom _A$


$k \in \Nom _K$


$@_a @_k s \in \Theta $


$\Theta $


$\Theta $


$\Theta $


$\sim ^A_\Theta \subset \Nom _A \times \Nom _A$


$\sim ^K_\Theta \subset \Nom _K \times \Nom _K$


$\Theta $


$a \sim ^A_\Theta b$


$k \in \Nom _K$


$@_a @_k b \in \Theta $


$k \sim ^K_\Theta l$


$a \in \Nom _A$


$@_a @_k l \in \Theta $


$\Theta $


$\sim ^A_\Theta $


$\sim ^K_\Theta $


$[a]^A_\Theta $


$[k]^K_\Theta $


$\sim ^A_\Theta $


$\sim ^K_\Theta $


$\Nom _A$


$\Nom _K$


$\min (A)$


$A$


$\Nom _A$


$\Nom _K$


$\Theta $


$s \in \Nom _A \cup \Nom _K$


$\Theta $


$s$


$\Theta $


$u_\Theta (s)$


\begin {equation*}u_\Theta (s) = \begin {cases} \min ([b]^A_\Theta ) &\text {if } s \in \Nom _A \text { and } @_s @_k b \in \Theta \\ \min ([l]^K_\Theta ) &\text {if } s \in \Nom _K \text { and } @_a @_s l \in \Theta \\ s &\text {otherwise} . \end {cases}\end {equation*}


$s \in \Nom _A \cup \Nom _K$


$u_\Theta (s)$


$\Theta $


$a \in \Nom _A$


$\Theta $


$k \in \Nom _K$


$@_{u_\Theta (a)} @_k a \in \Theta $


$k \in \Nom _K$


$\Theta $


$a \in \Nom _A$


$@_a @_{u_\Theta (k)} k \in \Theta $


$@_a @_k b \in \Theta $


$b \in \Nom _A$


$u_\Theta (a) = u_\Theta (b)$


$@_a @_k l \in \Theta $


$l \in \Nom _K$


$u_\Theta (k) = u_\Theta (l)$


$@_a @_k \varphi \in \Theta $


$\Theta $


$@_{u_\Theta (a)} @_{u_\Theta (k)} \varphi \in \Theta $


$\Theta $


$\MAK ^\Theta = (W_A^\Theta \times W_K^\Theta , (R_y^\Theta )_{y \in W_K^\Theta }, (S_x^\Theta )_{x \in W_A^\Theta }, V^\Theta )$


$\Theta $


\begin {align*}W_A^\Theta &= \{ u_\Theta (a) \mid a \in \Nom _A \text { occurs in } \Theta \} \\ W_K^\Theta &= \{ u_\Theta (k) \mid k \in \Nom _K \text { occurs in } \Theta \} \\ R_{u_\Theta (k)}^\Theta &= \{ (u_\Theta (a), u_\Theta (b)) \mid \text {accessibility formula } @_a @_k \Dia _A b \in \Theta \} \\ S_{u_\Theta (a)}^\Theta &= \{ (u_\Theta (k), u_\Theta (l)) \mid \text {accessibility formula } @_a @_k \Dia _K l \in \Theta \} \\ V^\Theta (p_A) &= \{ u_\Theta (a) \mid \text {there is } k \in \Nom _K \text { such that } @_a @_k p_A \in \Theta \},\\ &\phantom {=\ \ }\text {where } p_A \in \Prop _A \\ V^\Theta (p_K) &= \{ u_\Theta (k) \mid \text {there is } a \in \Nom _A \text { such that } @_a @_k p_K \in \Theta \},\\ &\phantom {=\ \ }\text {where } p_K \in \Prop _K \\ V^\Theta (a) &= \{ u_\Theta (a) \}, \text { where } a \in \Nom _A \\ V^\Theta (k) &= \{ u_\Theta (k) \}, \text { where } k \in \Nom _K.\end {align*}


$\Theta $


$@_a @_k \varphi $


$\Theta $


\begin {equation*}\text {if } @_a @_k \varphi \in \Theta \text {, then } \MAK ^\Theta , (u_\Theta (a), u_\Theta (k)) \models \varphi .\end {equation*}


$\varphi $


$[\varphi = p_A]$


$@_a @_k p_A \in \Theta $


$u_\Theta (a) \in V^\Theta (p_A)$


$\MAK ^\Theta , (u_\Theta (a), u_\Theta (k)) \models p_A$


$\varphi = p_K$


$[\varphi = \neg p_A]$


$@_a @_k \neg p_A \in \Theta $


$\Theta $


$@_a @_l p_A \notin \Theta $


$l \in \Nom _K$


$u_\Theta (a) \notin V^\Theta (p_A)$


$\MAK ^\Theta , (u_\Theta (a), u_\Theta (k)) \models \neg p_A$


$\varphi = \neg p_K$


$[\varphi = b]$


$@_a @_k b \in \Theta \ (b \in \Nom _A)$


$u_\Theta (a) = u_\Theta (b)$


$\MAK ^\Theta , (u_\Theta (a), u_\Theta (k)) \models b$


$V^\Theta (b)$


$\varphi = l \ (l \in \Nom _K)$


$[\varphi = \neg b]$


$@_a @_k \neg b \in \Theta \ (b \in \Nom _A)$


$\Theta $


$@_b @_k b \in \Theta $


$@_{u_\Theta (a)} @_{u_\Theta (k)} \neg b, @_{u_\Theta (b)} @_{u_\Theta (k)} b \in \Theta $


$\Theta $


$u_\Theta (a) \neq u_\Theta (b)$


$\MAK ^\Theta , (u_\Theta (a), u_\Theta (k)) \models \neg b$


$\varphi = \neg l \ (l \in \Nom _K)$


$[\varphi = \psi \land \chi , \psi \lor \chi ]$


$[\varphi = \Dia _A \psi ]$


$@_a @_k \Dia _A \psi \in \Theta $


$b \in \Nom _A$


$@_a @_k \Dia _A b, @_b @_k \psi \in \Theta $


$u_\Theta (a) R^\Theta _{u_\Theta (k)} u_\Theta (b)$


$\MAK ^\Theta , (u_\Theta (b), u_\Theta (k)) \models \psi $


$\MAK ^\Theta , (u_\Theta (a), u_\Theta (k)) \models \Dia _A \psi $


$\varphi = \Dia _K \psi $


$[\varphi = \Box _A \psi ]$


$@_a @_k \Box _A \psi \in \Theta $


$b \in \Nom _A$


$@_a @_k \Dia _A b \in \Theta $


$u_\Theta (a)$


$\MAK ^\Theta , (u_\Theta (a), u_\Theta (k)) \models \Box _A \psi $


$R^\Theta $


$u_\Theta (a) R^\Theta _{u_\Theta (k)} u_\Theta (b)$


$\Theta $


$@_b @_k \psi \in \Theta $


$\MAK ^\Theta , (u_\Theta (b), u_\Theta (k)) \models \psi $


$b$


$\MAK ^\Theta , (u_\Theta (a), u_\Theta (k)) \models \Box _A \psi $


$\varphi = \Box _K \psi $


$[\varphi = @_b \psi , @_k \psi ]$


$\relax \square $


$\tableauAK $


$\tableauAK $


$\varphi $


$\tableauAK $


$\Theta $


$@_a @_k \neg \varphi $


$a \in \Nom _A$


$k \in \Nom _K$


$\varphi $


$\MAK ^\Theta , (u_\Theta (a), u_\Theta (k)) \models \neg \varphi $


$\varphi $


$\relax \square $


$\varphi $


$\varphi $


$G \subseteq \agent $


$E_G$


\begin {equation*}\MEL , w \models E_G \varphi \ \iff \ \Kmodel , w \models K_i \varphi \text { for all } i \in G .\end {equation*}


$G$


$\varphi $


$K_i \varphi $


$@_{T(i)} \Box _K T(\varphi )$


$G$


$\Nom _A$


\begin {equation*}\MAK , (x, y) \models E_G \varphi \ \iff \ \Kmodel , (x, y) \models @_a \Box _K \varphi \text { for all } a \in G .\end {equation*}


$a, b \in \Nom _A$


$a$


$b$


$G$


$@_a \varphi $


$@_b \varphi $


$C_G$


$D_G$


$\mathsf {A}_A$


$\mathsf {E}_A$


\begin {align*}\MAK , (x, y) \models \mathsf {A}_A \varphi \ &\iff \ \MAK , (z, y) \models \varphi \text { for all } z \in W_A, \\ \MAK , (x, y) \models \mathsf {E}_A \varphi \ &\iff \ \text {there is some } z \in W_A\\ &\phantom {\iff \quad }\text {such that } \MAK , (z, y) \models \varphi .\end {align*}


$\mathsf {E}_A \Box _K p_K$


$p_K$


$\Box _K \mathsf {A}_A \Box _K p_K$


$p_K$


$\mathsf {E}_A \Box _A \Box _K p_K$


$p_K$


$\Nom _A$


$\Prop _K$


$\Prop _A$


$\Nom _K$


$W_K$


$W_A$


$L_1$


$L_2$


$\mathcal {L}_1$


$\mathcal {L}_2$
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1. Introduction

Investigations into knowledge and beliefs form the part of philosophy, which
is now called epistemology. This area has been the subject of various studies
from a logical standpoint. One of these was conducted by applying modal
logic, which is nowadays called epistemic logic. The operator K;, which
is the key element of this logic, constitutes formulas of the form K;p,
which express that “agent ¢+ knows that ¢.” On this basis, it is possible
to represent various concepts related to knowledge and belief in formal
language. Hintikka did pioneering work on epistemic logic in 1962 [9],
and there is a wide range of research today; see Fagin et al. [6] and van
Benthem [18].

A more recent logic for human knowledge is Facebook logic, developed
by Seligman et al. in 2011 [16]. This logic was invented to describe personal
knowledge plus the friendships of agents in a two-dimensional hybrid logic.
For instance, consider this sentence: “An agent is Andy’s friend, and Andy
knows he has a pollen allergy. Then, one of the agent’s friends knows
that they have a pollen allergy.” This inference can be written using the
language of Facebook logic as follows:

(Friend)i A @Q;[Know|p — (Friend)[Know|p,

where p = “they have pollen allergy.” and ¢ = “This is Andy.” The at sign @Q
in the logical formula is the operator of hybrid logic, where @;p can be read
as “p holds at point ¢.” Facebook logic uses nominals, a tool of hybrid logic,
to make reference to individual agents. For a thorough introduction to
hybrid logics, we refer the reader to Blackburn & ten Cate [2], Indrzejczak
[10], and Braiiner [4]. Sano [14] provides further details on two-dimensional
hybrid logic.

In fact, Facebook logic treats propositional variables differently from
epistemic logic. The truth of a propositional variable p depends not only
on the epistemic alternative but also on the agent under consideration.
Therefore, the propositions represented by the propositional variables here
are personal properties, such as, “I have a pollen allergy.”
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The new logic proposed in this paper — we will call it agent-knowledge
logic — is a modification of the aforementioned Facebook logic. One feature
of this logic is that the fragment of it is compatible with epistemic logic.
This property allows us to use agent-knowledge logic as an alternative to
epistemic logic. Indeed, this paper shows how to embed epistemic logic
into our new logic. Furthermore, agent-knowledge logic is able to formalize
a variety of sentences that cannot be represented by traditional epistemic
logic, such as “one of an agent’s friends knows p.”

In this paper, we also introduce a proof system for the logic by con-
structing a suitable tableau calculus. The tableau calculus is not only a
proof system but also a system for discovering a counterexample model in
which the formula is not valid. In particular, by constructing a tableau
calculus with the termination property — in short, that the proof ends in
finite time — we can show that the logic is decidable.

This logic has two parents: one is Facebook logic, and the other is a
logic which seems to have nothing to do with epistemic logic, namely the
Logic of Hide and Seek Game (LHS, in short) created by Li et al. in 2021
[11, 12]. This logic was originally invented to illustrate the hide and seek
game (also known as cops and robbers). In LHS, propositional variables
are split into two sets, which are related to hider and seeker, respectively.
We borrow this idea to express the agent-free propositions (“the sun rises
in the east,” for example).

We proceed as follows: Section 2 reviews the well-known epistemic logic
and explains the parents of agent-knowledge logic, Facebook logic, and
LHS, briefly. In Section 3, we introduce our new logic, that is, agent-
knowledge logic. Section 4 shows how we embed epistemic logic into our
new logic. In Section 5, we construct a tableau calculus with the termina-
tion property and completeness. Finally, in Section 6, we write about some
future prospects.
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2. Preliminary

2.1. Epistemic Logic

This section is mostly based on the work of Fagin et al. [6, Chapter 2].

In epistemic logic, we have another set A of agents besides a usual set
Prop of propositional variables. The elements of A occur in a new operator
K;. The intuitive meaning of K;p is that “agent i knows ¢.”

DEFINITION 2.1. We have two disjoint sets, Prop and A. A formula ¢ of
the epistemic logic Lgy, is defined as follows:

pu=p|-p|leNe| Kip
where p € Prop and 7 € A.

We only use = and A as primitives since other Boolean operators, such
as V and —, can be defined as compounds of the first two operators.

DEFINITION 2.2. A Kripke model for epistemic logic (we call it EL model)
Mgy, is a tuple (W, (R;)ica, V) where:

o W is a non-empty set.

e For each i € A, R; is a binary relation on W.

e V:Prop — P(W).

DEFINITION 2.3. Given an EL model Mgy, its point w, and a formula
¢ € Lg1, the satisfaction relation Mgr,w = ¢ is defined inductively as
follows:

Mg, wEp <= w € V(p), where p € Prop
MzgL,w E ¢ <= Not Mg, w | ¢ (MgL,w £ ¢)
Mg, w =AY = Mgy, w = ¢ and Mg, w =9

<~

Mg, w = K;p For all v € W, wR;v implies Mgr, v | ¢.
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As for epistemic logic, we define the validity of a formula. Later we dis-
cuss embedding epistemic logic into our new logic, so the formal definition
is needed.

DEFINITION 2.4. A formula ¢ is valid with respect to the class of EL models
(denoted by gL ¢) if Mg, w | ¢ for every model Mgy, and its every
world w.

2.2. Facebook Logic

Facebook logic, first invented by Seligman et al. [16], has two characteristics
compared to classical modal logic.

First, we have two modal operators, K and F. These modal operators
correspond to knowledge and friendship, respectively. Correspondingly, a
possible world is decomposed into two components: one representing an
agent and the other representing an epistemic alternative of an individual.

Another addition is the introduction of special propositional variables
called mominals. A nominal n is a proposition corresponding to only one
agent, that is, it is a proposition for the name of the agent. In addition, we
introduce the satisfaction operator @ used in hybrid logic. The intuitive
meaning of @,,p is that “p holds for agent n.”

Let us introduce a formal definition. We have two disjoint infinite sets,
Prop of propositional variables and Nom of nominals. A formula ¢ of the
Facebook logic is defined as follows:

pu=pln|-ploAp|Kel|Fo|Qp,

where p € Prop and n € Nom. If needed, we can define the dual (K) and
(F) of each modal operator as (K)¢ = =K—p and (F)¢ = —~F—.

The semantics of Facebook logic is based on epistemic social network
models. An epistemic social network model is a tuple (W, A, (~g)aca,
(Xw)wGWa V)a where:

o W is a set of epistemic alternatives.
e Ais a set of agents.

e For each a € A, ~, is an equivalence relation on W.
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e For each w € W, x,, is an irreflexive and symmetric relation of
friendship on A.

e V is a valuation function, which assigns a propositional variable p to
a subset of W x A and a nominal n to a set W x {a} for some a € A.

The reason for a relation <,, over A being irreflexive and symmetric can be
understood when we assume it as a friendship; no one is a friend to oneself,
and if a person is your friend, then you are a friend of them.

Then, the truth of formulas in Facebook logic is defined inductively.
The Boolean cases are omitted since they are the same as those in classical
modal logic. Also, the element a € A such that V(n) = W x {a} holds is

abbreviated as n" .
M,w,alEp < (w,a) € V(p) where p € Prop,
Myw,aEn <~ n" = a, where n € Nom
Mw,aEKp <— M,v,al= @ for every v ~, w,
Mw,a =EFp — M,w,b= p for every b <, a,
Mw,al=Qup <= M,w,n" = .

As mentioned in the Introduction, the truth of a propositional variable
depends on both an epistemic alternative and an agent.

Ezample 2.5. The following formulas of Facebook logic can be translated
into natural language as follows:

e Kp: An agent knows that they are p.

e KFp: An agent knows that all of their friends are p.

e FKp: Each of an agent’s friends knows that they are p.
o (F)n: An agent has a friend n.

e @, Kp: An agent n knows that they are p.

For readers who would like to study it deeper, Seligman et al. [16] and
its sequel, Seligman et al. [17], should be of help.
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2.3. Logic of Hide and Seek Game

The logic of hide and seek game (LHS), as the name implies, is a logic
for describing a hide and seek game. There are two players, a hider and
a seeker, and a set of propositional variables Prop and Propg for each
player to describe their state. Moreover, there is a special propositional
variable I. This is a proposition to describe that the hider and seeker are
in the same place, i.e., expressing “I find you!”

The main difference from Facebook logic is that we use the same struc-
ture (W, R, V) as in usual modal logic, which is appropriate considering
that the hide and seek game is played by two players on the same board.

Here is a definition of a formula of LHS ¢, where py € Prop; and
ps € Propg:

pu=pu|ps|I|-ploANp|Oup|dsp.

The truth value of LHS formulas is defined inductively as follows (note
that both z and y are elements of W):

M,z,y Epg <= x € V(py) where py € Propy
M,z,y Eps <= y€V(ps) where ps € Propg
Myl <= z=y
M,z,y EOup <= there is some 2’ such that xRz’ and M, z’,y = ¢
M,z,y = Osp <= there is some y' such that yRy and M,z,y" = .

Using this language, we can describe the hide and seek game. For
example, g Osl means that no matter how the hider moves, the seeker
has a one-step move to catch the hider. This expression shows the existence
of a winning strategy for the seeker.

In addition to the already mentioned Li et al. [11], Li et al. [12] may
also help readers who want to know more about LHS.
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3. Agent-Knowledge Logic

Here, we introduce a new logic, called agent-knowledge logic. As you read
in Section 1, this logic is a mixture of Facebook logic and LHS. We have
two dimensions, which correspond to agents and their knowledge, respec-
tively. This structure and the intention behind it are very similar to that
of Facebook logic. On the other hand, the idea that we use both Prop 4
and Propy is unique for LHS.

3.1. Agent-Knowledge Model

To construct the vocabulary, we require four sets of variables in total:
two for propositional variables and two for nominals, each associated with
agents and knowledge, respectively. Among these, px € Propy can be
viewed as a proposition that does not depend on an agent, such as “the
Earth goes around the Sun.” Furthermore, the two types of nominals,
a € Nomy and k € Nompg, can be interpreted as an agent name and a
label for an epistemic alternative, respectively. Interpreting the elements of
Prop , is somewhat more difficult by comparison, but p4 € Prop, could
be understood as a proposition representing some property of an agent,
such as “an agent has a pollen allergy.”

DEFINITION 3.1. We have four disjoint sets Prop 4, Propy, Nom4, and
Nomyg. A formula ¢ of the agent-knowledge logic Laxk is defined as follows:

pu=palpk|alk|-p|one|Oap|Oke | Qup | Qrp,

where p4 € Propy, px € Propg, a € Nomy, and £ € Nomg.

As we mentioned in Section 2.2, nominals in Nom4 and Nompg point to
a specific agent and a specific epistemic alternative, respectively. As well
as V and —, if we need, we can define ¢ 4 and ¢k in the usual way.

DEFINITION 3.2. An agent-knowledge model (AK model) Maxk is a tuple
(WA X WK; (Ry)yEWKa (SI)IGWA) VAv VK) where:
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Wk

> --

g<
N
N

Figure 1: An agent-knowledge model.

o Wy, Wy are disjoint non-empty sets.
e For each y € Wk, R, is a binary relation on Wy4.
e For each x € W4, S, is a binary relation on Wiy

e V4 :Propy UNomy — P(W4), where if a € Nomy, then Vi(a) =
{z} for some x € Wy.

e Vi : PropyUNomg — P(Wk), where if K € Nomy, then Vi (k) =
{y} for some y € Wk.

Note that the image of a nominal Nomy4 by Vy is a singleton (the same
fact holds for Nomg and V). Owing to this definition, a nominal behaves
as a name for each possible world.

We can illustrate an agent-knowledge model as if we write Cartesian co-
ordinates in Figure 1. In this circumstance, a nominal is true in the worlds
on the corresponding horizontal or vertical line. Likely, a propositional
variable holds in the worlds on some set of parallel lines.

We write V' to express V4 U V. For instance, V(pa) = Va(pa). More-
over, we abbreviate z € W4 such that Va(a) = {z} by a”. We do the same
for kY.
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DEFINITION 3.3. Given a model Mk, its points (z,y) € W4 x Wk, and
a formula ¢ € Lak, the satisfaction relation Max, (z,y) = ¢ is defined
inductively as follows:

Maxk, (z,y) F pa x € V(pa), where ps € Propy

Maxk, (2,9) F pr y € V(pk), where px € Propy
Maxk, (z,y) Ea z=a", where a € Nomy
Mak, (z,y) F k y = kY, where k € Nomp

MAK7 (Z‘,y) ': 2
MAK) (%y) ': L)O/\w
MAKv (xvy) ): DASD

Not MAK7 (x7y) ': ¥ (MAKa (x,y) l7é (P)
MAK7 (xay) |: "2 and MAK? (-/E7 y) ): w
For all 2’ € Wy, xR, 2’ implies

MAK; (I/a y) ': ¥
For all ¢ € Wi, yS,y' implies

MAK7 (,’L‘,y/) ): 2
MAK7 (a’vvy) ': ¥
MAK7 ('Ta kv) ': ®-

[ O A A

Maxk, (z,y) = Ok

Max, (z,y) F Qup
MAKu ($7y) ': @kw

11

The truth of each propositional variable is determined by either x € W4
or y € Wg. Especially whether pg is true or false is independent of the
element of Wy, so px can be assumed as an agent-free proposition.

The usage of the satisfaction operator @ should also be mentioned. It
refers to a specific agent or epistemic alternative while ignoring the current
one. For example, the meaning of @, is “for an agent whose name is a,
¢ holds.” The current element of W, is no longer necessary information to
determine the truth of that formula.

DEFINITION 3.4. A formula ¢ is valid with respect to the class of Mak
(denoted by F=ak @) if Maxk,(z,y) = ¢ for every model Muak and its
every pair (z,y).

Before finishing this section, it is necessary to mention the globality of
the satisfaction operator for readers familiar with hybrid logic. In ordinary
(one-dimensional, you might say) hybrid logic, a formula of the form @;p
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has globality, that is, if @;¢ is true in any possible world, then it is true in
every possible world.

On the other hand, this is not the case with agent-knowledge logic.
Suppose Mk, (7,9) = @, (a € Nomy). Then, we have Max, (@, y) =
. However, it can be the case that there is some z € Wp such that
Mk, (@V,2) = . In this case, @Q,p is not true in (z,2). Likewise,
Qe (k € Nomg) is not a global expression.

However, this does not mean that the agent-knowledge logic has com-
pletely lost its global expression. If we use two satisfaction operators to-
gether and create a formula @,Q¢p (a € Nomy, k € Nomyg), then it has
globality. In fact, Mk, (z,y) E @,Qpyp is equivalent to Mk, (a¥, k") |=
©, which shows that the truth of @Q,@y¢p does not depend at all on the cur-
rent state.

3.2. Examples

As we do in Facebook logic, we can compound friendship and knowledge in
agent-knowledge logic. We read O ¢ as “An agent knows ¢,” and L4 as
“All of an agent’s friends are ¢.” For example, we can write some sentences
as follows:

e Oa0kpi: All of an agent’s friends know py .
e Oa0kpK: Some of an agent’s friends know pg .
e OxgOa0kpr: An agent knows that some of their friends know pg.

Moreover, we can designate an individual by calling their name owing
to nominals. Consider this sentence:

An agent is Andy’s friend, and if Andy knows that the Earth
goes around the Sun, then one of the agent’s friends knows the
heliocentric theory.

This inference can be symbolized in the agent-knowledge logic as follows:

QaaNQ,Uxpr — OaUxrpk,
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where px shows “the Earth goes around the Sun” and a shows “This is
Andy”

The difference between agent-knowledge logic and Facebook logic be-
comes more pronounced when we assume that the binary relations over
epistemic alternatives are equivalence relations. For example, in Facebook
logic, the formula @, Kp — p is not valid even if =<, is an equivalence
relation. Define M = (W, A, (~4)aca, (KXw)wew, V) as follows:

W = {w,v}
A ={a,b}
~g == W X W
= ==,=AXA
V(p) ={(w,b),(v,b)}
V(n) =W x {b}.

Then, M, (w,a) = @, Kp holds but we have M, (w,a) & p. However, in
agent-knowledge logic, the situation changes.

PropPoOSITION 3.5. The formula @,0xpx — px is valid with respect to
the class of Mk where all of S, are equivalence relations.

PROOF: Suppose that Maxk, (z,y) FE @Q,0xpx. Then, we have
Mak, (@¥,y) E Okpr. By the reflexivity of S, especially we have
Mk, (aV,y) | px. Since the truth value of pg is determined only by
an element of Wy, we have Max, (z,y) = pk- O

This fact may be better understood if we interpret those formulas in
natural language. Even though Andy knows he has a pollen allergy, it
does not mean so do all agents. However, if he knows that the Earth goes
around the Sun, then it is true; the Earth really goes around the Sun.

In addition to the relationships between epistemic alternatives, we can
also impose restrictions on the relationships between agents as needed.
For example, in Facebook logic, the relationship between agents should be
irreflexive and symmetric. Also, we have another way to capture relation-
ships between agents, for example, to read xRz’ as “in the situation y,
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the agent x can see the post of 2’7 on X'. Then, we can read 040k px as
“all the people know px, as far as I know.”

4. Embedding Epistemic Logic into Agent-Knowledge
Logic

One of the aims of our new logic is to make it an alternative to Facebook
logic. In fact, any sentence we can express in basic epistemic logic can be
rewritten in this agent-knowledge logic. In this section, we show that we
can embed epistemic logic into agent-knowledge logic.

To begin with, let us define how to translate a formula of epistemic
logic.

DEFINITION 4.1. We define a translation T : Lg1, — Lak as follows:

T : Prop > p — px € Propy is a bijection
T:A>i— ac Nomy is a bijection
T(~p) = T ()
T(entp) =T(e) NT(¢)
T(K;p) = QO T ().

Ezample 4.2. Here is one example of translation:
T(Kl(p A Kj_‘q)) = @aiDK(pK A @aj DKﬂQK)-

We write a; to abbreviate T'(7) (i € A).

In fact, the idea of rewriting K;p as Qp;)0xT(¢) was presented in
Sano’s review in 2011 [15]. This was written in Japanese to introduce the
paper by Seligman et al. [16]. Unfortunately, this translation does not
work for Facebook logic, but it does work when the target logic is agent-
knowledge logic.

We aim to prove the following theorem.

IMost of the readers are familiar with the name once it had: Twitter.
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THEOREM 4.3. For all ¢ € Lgg,,
Fere <= FaxT(p).

First, we construct an AK model from an EL model.

DEFINITION 4.4. Given an EL model Mgy, = (W, (R;)ica, V), the induced
AK model M§ is defined as follows:

Gk = (A X W,0,(R;)iea, V),
where:
o For any p4y € Prop,, V%(pa) = 0.
o For any px € Propy, V(px) = V(T (pk)).
e For any a € Nomy, V%(a) = {T*(a)}.
o Take one yg € W, and for any k¥ € Nompg, V(k) = {yo}.

Note that we do not care about the definitions of (Ry)yew,,V*(pa),
and V*(k). It is because the formula translated by T requires only Prop,
Nom 4, Boolean operators, (g, and @Q,,.

LEMMA 4.5. For any ¢ € Lgr, and for any i € A, we have:
MEL,'UJ ': p = M%KW (Z,U)) ': T((p)
PrOOF: By induction on the complexity of .
(p=p) Forallie A,
MgL,wEp <= we V(p)

— we V*(T(p)

— MXKa (Z,UJ) ): T(p)
(o = ), A x) Straightforward.

(¢ = K;3) First, we prove the left-to-right direction.
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Suppose that Mgr,,w = K;9. Then, for all v such that wR;v, we
have Mygr,,v = 1. We divide the proof into two cases depending on
whether such a world v € W exists.

(i) If v € W reachable by R; from w exists, take arbitrary one.
Then, we have Mgr, v = ¢. By the induction hypothesis, espe-
cially M% ., (4, v) = T'(¢). Since we took v arbitrarily, it follows
that MQk, (j,w) = OrT(p). By the definition of V', we finally
get that MRy, (i,w) | Qp;)OgT(p) for all i € A.

(ii) If there is no v € W such that wR;v, we straightforwardly get

that MQy, (J,w) = OgT(p). In the same way as in the former
case, we have MQy, (i,w) | Qp;)OxT(p) for all i € A.

In both cases, we can reach the result MQy, (i,w) | Qp;)OxT(p)
for all i € A. Therefore, we have MQy, (i,w) = T(K;p).

Next, we prove the other direction. Take one ¢ € A and suppose
that MQy, (i, w) = T(K;¢). It means that for all v such that wR;v,
Mk, (4,v) E T(¢) holds. Take one v such that wR;v (if we cannot,
then Mgr,, w |= K1 is straightforward). By the induction hypothe-
sis, we have Mgr,,v = 1. Since we took v arbitrarily, it follows that

Mg, w = K. 0

DEFINITION 4.6. Given an AK model Max = (Wa x Wik, (Ry)yewy
(Sz)zewa, V), the induced EL model MgL is defined as follows:
MgL = (Wk, (Siﬁ)ieA, V#), where:

e A is the set used in Definition 2.1.
° ySiﬁz in MgL iff yST(i)VZ in Maxk.
« V2(p)=V(T(p)).

Let us consider a function 8 : W4 — A such that S(T(i)") = i for all
1 € A. It expresses the correspondence between an agent in W4 and an
agent in A. The illustration of this condition in Figure 2 may help your
understanding.
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A> ié»a € Nom;
ida | l'()v

L
A> Z«Tm € Wy

Figure 2: The condition g satisfies (ida is the identity on A).

LEMMA 4.7. For any ¢ € Lgr, and for any x € Wy,
Mar, (2,9) ET(9) < My ke

PrOOF: By induction on the complexity of .
(o =p) Forall x € W4,

Maxk, (z,y) E T(p) <= yeV(T(p))
= yeVip)
— Mgy Ep.

(p = ), A x) Straightforward.

= K;v) First, we prove the left-to-right direction.

(b =K; g
Suppose that Max, (z,y) = T(K;v). That is, we assume that
Maxk, (z,y) F QpOxgT(). Then, for all z such that ySp;yvz,
we have Maxk, (T(j)V,2) | T(¢). Bearing in mind the definition
of Sf, it suffices to pick up one z € Wg such that ysz (if we
cannot, it is straightforward that /\/lgL,y = K¢ holds). By the
assumption, we have Mk, (T'(4)V,2) | T(¢). By the induction
hypothesis, MEL, z = 1. Since we picked up z arbitrarily, we have

My = K.
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Next, we prove the other direction. Suppose that MgL, y = K. It
means that for all z € Wx such that ysz, MEL, z = 1 holds. Now,
pick z € Wy such that ySp(;)vz arbitrarily (if we cannot, we have
Max, (z,y) = T(K;9) for all 2 € W4), and we have ysz. Then, we
have Mk, z |= 9. By the induction hypothesis, Maxk, (T(j)V,2) &
T(¢). Since we pick up z arbitrarily, it follows that Max, (z,y) E
QO T(¥) for any « € Wa, which means Mk, (z,y) E T(K;1).

O

Now, we are ready to prove the main theorem, Theorem 4.3. Here is
the proof.

ProoOF: We prove it by showing the contraposition. To prove the left-to-
right direction, suppose that we have some ¢ such that Fax T(¢). Then,
there is a model Mk and its pair of points (x, y) such that Mk, (z,y) &
—T'(¢), which means that Mk, (z,y) = T(—¢). Then, by Lemma 4.7, we
have MéL, y |= —p, which leads us to the conclusion that g, ¢. The case
of the other direction can be done by using Lemma 4.5. O

We usually treat binary relations of EL models as equivalence relations.
Moreover, once we want to deal with beliefs by means of a modal operator,
we impose yet another condition on accessibility relations. The following
corollary shows how embedding can reflect these restrictions.

ProproOSITION 4.8. We have the following properties:

(i) For every i € A, if R; in Mgy, is reflexive (or serial, symmetric,
transitive, Euclidean), then so is R; in MQ.

(ii) For every @ € Wy, if S, in Mk is reflexive (or serial, symmetric,
transitive, Euclidean), then so is Sl-B in M’gL.

ProoOF: The former is obvious, and the latter is straightforward from the
definition of Sf . (]
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5. Proof System

In this section, we introduce a tableau calculus as a proof system.

In constructing a tableau calculus for agent-knowledge logic, we have
made significant use of that for hybrid logic. The primary reference is the
work of Bolander and Blackburn [3]. We also refer to Nishimura [13], who
studies tableau calculi for some two-dimensional hybrid logics.

For simplicity, this section deals only with the negation normal form
(NNF, in short) of formulas. Moreover, if we write -, we assume it as
its NNF. For the satisfaction operators, a formula —@,¢ is equivalent to
@,—p. That is, for any model and its possible world (z,y), a formula ¢,
and a nominal a € Nom 4, we have

Mak, (2,y) F Qu=p <= Maxk, (z,y) | —Qqup.

The same equivalence holds for the case of & € Nomg. Transformations to
the NNF involving Boolean and modal operators can be done in the usual
way.

5.1. Tableau Calculus

Here we provide a tableau calculus of agent-knowledge logic, denoted by T sk .

DEFINITION 5.1. A tableau is a well-founded tree constructed in the follow-
ing way:

o Start with a formula of the form @,Qyp (called the root formula),
where ¢ is a formula of agent-knowledge logic and ¢ € Nomy, k €
Nompg does not occur in .

o For each branch, extend it by applying rules (see Definition 5.3) to all
nodes as often as possible. However, we can no longer add any formula
in a branch if at least one of the following conditions is satisfied:

(i) Every new formula generated by applying any rule already exists
in the branch.

(i) The branch is closed (see Definition 5.2).
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Here, a branch means a maximal path of a tableau. If a formula ¢ occurs
in a branch ©, we write ¢ € O.

DEFINITION 5.2. A branch of a tableau © is closed if one of the following
conditions holds:

(ii) There are a € Nom, k,I € Nomg, and s € Prop, U Nom4 such
that @,Qxs,@Q,@Q;—s € O.

(ii) There are a,b € Nomy, k € Nompg, and ¢t € Propy, U Nomy such
that @Q,Qt, Q,Q)—t € O.

We say that © is open if it is not closed. A tableau is called closed if all
branches in the tableau are closed.

DEFINITION 5.3. We provide the rules of Tak in Figure 3.

In these rules, the formulas above the line show the formulas that have
already occurred in the branch, and the formulas below the line show the
formulas that will be added to the branch. The vertical line in the [V]
means that the branch splits to the left and right.

DEFINITION 5.4 (provability). Given a formula ¢, we say that ¢ is provable
in Tk if there is a closed tableau whose root formula is @,@Qg—¢, where
a € Nomy and k € Nompg do not occur in ¢.

5.2. Termination

A tableau calculus has the termination property if, for any tableau con-
structed in the system, all branches have a finite length. We first prove
that the tableau calculus T pk introduced above has the termination prop-
erty. This proof is based on the termination proof in [3]; however, it is
more complicated because we are now dealing with two-dimensional cir-
cumstances.

DEFINITION 5.5. Let @Q,Qpp, @Q,@Q;%) (a,b € Nomy, k,I € Nomg) be
formulas. We say that Q,Qp is a prefived subformula of @,Q;v if ¢ is a
subformula of .
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@a@k_‘b *1 @a@k_‘l *1
@, @b [4] @, @l [x]
@a@k(ﬁa/\d’) [/\]
@a@k@ @a@k(@ \ 11)) [\/]
Q, Q1 Q,Qpp | @, Q1)
@,Qr0np [0 ]*1,*2,*3 Q. Q0K 0 ]*1,*2,*4
@, @ 040 VA @, Q0! VE
QpQpp Q,Qp
Q@,@,O4¢ Q, @0k
Q,Q1,O4b 5 Q,Q, 0kl 5
@0 4] @,ap 1OK]
@a@kso @a@kw
@a@k@bSD @a@k@lcp @a@kb 2 @a@kl 2
—— [@ —— (@ ———— [Id 4]" ———— [Idg]"
Gare (M Gap O Ga, AT g g, Ui

*1: This rule can be applied only one time per formula.

*2: The formula above the line is not an accessibility formula. Here, an accessibility
formula is the formula of the form @, Q0 b (@, QO K!) generated by [0a] ([Ok]),
where b (I) is a new nominal.

*3: b € Nom 4 does not occur in the branch.

*4: | € Nomp does not occur in the branch.

*5: The second formula above the line is an accessibility formula.

Figure 3: The rules of Tax
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LEMMA 5.6. For any formula @,Qgp occurring in a branch © of a tableau,
at least one of the following conditions holds:

e @Q,Qup is a prefized subformula of the root formula.
e @Q,Qup is an accessibility formula.

ProOOF: By induction on the length of ©. (]

DEFINITION 5.7. Let © be a branch. For every pair (a,k) (a € Nomy, k €
Nom ) of nominals occurring in ©, the set 79 ((a, k)) is defined as follows:

T°((a,k))={¢|Q,Qp €O is a prefixed subformula of the root formula}.
Since the number of prefixed subformulas is finite for any formula

@,Qpp, the set T ((a,k)) is finite for any pair (a, k) of nominals.

DEFINITION 5.8. Let © be a branch of a tableau, and let a,b € Nomy4
and k,! € Nomyg be nominals occurring in ©. A pair (b,1) of nominals is
generated by (a, k) in © (denoted by (a, k) <o (b,1)) if one of the following
conditions holds:

(i) k=1 and b is introduced by applying [0 4] to @, QO .

(ii) @ = b and ! is introduced by applying [0 k] to @,Q0 k.

Observe that the following equivalences hold: (a, k) <o (b,1) if and only
if one of the following conditions holds:

(i) k=1 and there is an accessibility formula @,Q;) b € ©.
(ii) @ = b and there is an accessibility formula @,@,0 k!l € O.

Thus far, the discussion has proceeded in nearly the same manner as
in previous studies such as [3]. However, the situation changes from the
following lemma.
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LEMMA 5.9. Given a branch © of a tableau, we define a structure G =
(N®, <o) where:

e N© ={(a,k) | there is a ¢ such that Q,Q,p € O} ,
e <o is the relation defined in Definition 5.8.

Then G® is a disjoint union of well-founded and finitely branching trees.

PROOF: Properties that G is well-founded and finitely branching are
proved in a similar way to the proof of [3, Lemma 4.2]. Then the rest
of the proof is to show that G is a disjoint union of trees.

Suppose there are pairs (a, k) and (a’, k") of nominals such that both
(a,k) <o (b,1) and (a’, k') <o (b,1). This proof is split into two cases.

(a) Suppose that k=Fk"=I and there are accessibility formulas @, @0 b,
Q! QL0 b € ©. However, it never occurs since we have to introduce
a new nominal whenever we apply [0 4] or [0 k] to a branch.

(b) Suppose that k = I, o’ = b and there are accessibility formulas
@,Q@,04b,Q,Q Ol € ©. If @,@,O4b appears first, then the oc-
currence @,/ Q. Ol in O contradicts the restriction of [Q ] since
[ = k already exists in © before adding Q. QO k. 0

Note that, unlike [3, Lemma 6.4], the lemma shown above does not claim
that there are only finitely many trees. In the tableau for one-dimensional
hybrid logic, there can be only finitely many nominals that serve as roots
in G®; they are restricted to those occurring in the root formula. Conse-
quently, if N© is infinite, we immediately obtain an infinite sequence of <g
by Koénig’s Lemma. In the present case, however, if at least one member
of the pair (a, k) is a nominal from the root formula, it has the potential
to become a root of G®.

While this issue must be addressed, we first define a function meg for a
pair of nominals (a, k) that returns the maximum length of formulas labeled
by it, and then show that this value decreases along the transitions of <g.
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DEFINITION 5.10. Let © be a branch of a tableau. For any pair (a, k) of
nominals occurring in ©. We define a function me : Nom 4 x Nomg — N
as follows:

me((a, k) = max{|p| | Q,Qup € O}

Then, we want to show that (a,k) <o (b,1) implies meo((a,k)) >
me((b,1)). However, directly proving it does not work well. Thus, we
show an extended result as a lemma.

LEMMA 5.11. Let © be a branch of a tableau.

(i) If (a,k) <o (b, k), then for all | € Nompg, we have mo((a,k)) >
me((b,1)).

(i) If (a,k) <o (a,l), then for all b € Nomy, we have me((a,k)) >
me((b,1)).

Proor: We only show (i). The other part of the lemma can be shown
similarly.

Assume (a,k) <o (b, k). Take a nominal [ € Nomg and a formula ¢
such that meg((b,1)) > me((b,1')) for all I’ € Nomyg and |¢| = me((b,1)).
We show that me((a,k)) > |¢| or contradiction by dividing it into cases
depending on which rule @,@;¢ was introduced by.

(a) Suppose that @,@Q;¢ is introduced by [—4]. Straightforwardly, we
have @,@;b € ©. This is obviously not an accessibility formula, so
by Lemma 5.6, @,@;b is a prefixed subformula of the root formula
of ©. Then, b is in the root formula, which contradicts that b is a
generated nominal.

(b) Suppose that @Q,@;¢ is introduced by [—k]|. Then, we have ¢ = I
and there is another nominal [ € Nompg such that @,@Q; -l € ©.
However, it contradicts the maximality of [ and (.

(c) If @p@Q;¢p is introduced by [A], then there is another formula ¢ such
that @,@;(p A ¢) € ©. However, it contradicts the maximality of ¢.
We can prove this in a similar way in the case of [V].
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Suppose that @,@Q;¢ is introduced by [0 4]. This means that there is
another nominal " € Nomy (it may be different from ) such that
@, Q¢ is introduced from @y @;O 4. Then we have (V,1) <o (b,1),
which means b is introduced by some formula @, @;$ 4. However,
since (a,k) <o (b,k) and G = (N®, <g) defined in Lemma 5.9 is a
disjoint union of trees, we have (V',1) = (a,k). Therefore, it follows
that

me((a,k)) = me((t',1)) = [0ap| > |¢l.
We can prove this in a similar way in the case of [(4].

Suppose that @,@Q;¢ is introduced by [0k ]. Then we have that there
is another nominal I’ € Nomy such that @,@Q; ¢ € ©. However,
it contradicts the maximality of [ and ¢. We can prove this in a
similar way in the case of [Ok].

If @,Q;¢ is introduced by [@4], then there is another nominal ¥’ €
Nomy such that @, @@, € ©. By Lemma 5.6, Qup is a prefixed
subformula of the root formula of ©. Then, b is in the root formula,
which contradicts that b is a generated nominal.

If @,Q;¢p is introduced by [@Qf], then there is another nominal I’ €
Nomyg such that @,@Q;@Q;p € ©. However, it contradicts the maxi-
mality of [ and ¢.

Suppose that @,Q;¢ is introduced by [Id 4]. Then, we have another
nominal &’ € Nomy such that @, @;b € ©. Thus, by Lemma 5.6, b is
in the root formula, which contradicts that b is a generated nominal.

Suppose that @,@;¢ is introduced by [Idk]. Then, we have another
nominal I’ € Nompg such that @Q,@Q.p € ©. In this case, take I’
instead and check which rule derives @,@; . Note that this case
cannot be applied infinitely. In this case, we also have @,Q;[ € O,
so [ is in the root formula. However, the root formula contains only
a finite number of nominals. ]

Now, we address the remaining issue. As previously mentioned, G® can
be an infinite disjoint union of trees. Therefore, we consider constructing a
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single large tree by “grafting” the root of each tree onto a branch of another
tree.

DEFINITION 5.12. We define a relation <lg over Nom 4 x Nomg. For each
root (b,1) of G®, insert (a, k) <o (b, 1), where (a, k) is the earliest occurrence
of a label in © among those satisfying the following conditions:

(i) @p@Q;1) is derived from @Q,Qp by either [—ps], [Qas], or [Idas] (M €
{A,K}) and

(ii) m@((avk)) > m@((b,l))

The following lemma guarantees that the definition of <ig works well.

LEMMA 5.13. Let (b,1) be a root of G®. If the root formula of © does not
have the form @Q,Q;p, i.e., (b,1) is not a label of the root formula of O,
then there is at least one pair (b',l') satisfying the conditions (i) and (i)
in Definition 5.12.

PrOOF: For any root (b,1) of G®, take a formula 1 such that || =
me((b,1)). If Q@1 is introduced by [A] or [V], then there is a formula
@,@; (¢ A x) or @,@;(¢ V x) in ©, which contradicts the maximality of 1.
Moreover, if @,@;1) is derived by [ 4], there exists a nominal b’ € Nom 4
such that @y @Q;¢ A1), Qp @O 4b € ©. Then, we have (V/,1) <o (b,1), which
contradicts that (b,1) is a root of G® (the same applies to the cases for
(O], [[a], and [Ok]).

Therefore, @,@;p must be derived by either [—p], [Qas], or [Idpy] (M €
{A, K}). If @Q,@;1) is derived by [—4], we have ¢ = b and there is another
nominal b’ € Nomy such that @, @;—b € ©. Then, we have me((V,1)) >
[-b] > |b] = || If @,@;4) is derived by [@4], there is another nominal b’ €
Nomy such that @, @;@,1) € ©. Then, we have mg((V',1)) > |Qpp| > |9].
In the case for [Id 4], there is &’ € Nomy such that @, @i € ©. Then,
we have mg((b',1)) > |[¢|. We leave the remainder of the proof of the cases
for [-k], [Qk], and [Idk]. O

Recall that all the formulas in a tableau, except for accessibility formu-
las, are quasi-subformulas in the root formula. Observing the rules [—as],
[@ps], and [Idps] (M € {A, K}), we have the following restriction:
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(R) If (a,k) <e (a,l) holds, I occurs in a root formula. Moreover, if
(a,k) <o (b, k) holds, b occurs in a root formula.

Since the number of nominals occurring in the root formula is finite, we
cannot have the following infinite sequence

(ap, ko) <e (a1, k1) <e (az, k2) <o - -+,

where (a;, k;) # (a;,k;) (i # j) for all ¢,j € N.
Owing to <lg, we can construct a single tree by grafting trees in G©.

LEMMA 5.14. Given a branch © of a tableau, we define a structure G® =
(N®, (<o U<g)). Then G® is a finitely branching tree.

PRrROOF: When a new pair of nominals emerges in N©, we apply either
[On], [mar], [@ar], or [Ida] (M € {A,K}) to ©. Thus, any node of G©,
except for the pair of nominals that serves as a label for the root formula,
has the antecedent by either <g or <lg. Since all formulas in the tableau
are derived from the root formula, any node of G® is connected to the label
of the root formula.

We have checked that G® is finitely-branching. Moreover, from the
fact (R) and the fact that a root formula of © has only a finite number of
nominals, <g is also finitely-branching.

It is not the case that both (a, k) <e (b,1) and (a’, k") <g (b,1) hold—
otherwise, (b,1) would be and yet not be a root of G®. Also, by the
definition of <lg, any antecedent of (b,1) € N® by <g is unique. Together
with the fact that G® is a disjoint union of trees, we show that G© is a
tree. U

We do not show that G is well-founded. In fact, the following infinite
ascending branch may occur:

(a0, ko) >e (a1, k1) e (az,k2) >o ...

However, considering (R) and the finiteness of nominals occurring in the
root formula, only a finite pair of nominals occurs in that sequence. Then,
it may occur only as a finite loop. Therefore, this infinite ascending branch
does not cause any problem in applying Koénig’s lemma. Now, we are ready
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to prove the main theorem.
THEOREM 5.15. The tableau calculus T sx has the termination property.

PROOF: By reductio ad absurdum.

Suppose that there is a branch © of a tableau that is infinite. If only
a finite number of nominals occur in O, then a finite number of formulas
occur in © by Lemma 5.6, which contradicts the infinity of ©. Thus, ©
contains infinitely many nominals, so N© is infinite. Since G© is a finitely
branching tree, we find an infinite sequence

(ao, ko) <9 (a1, k1) < (a2, ko) <@t (as, ks) <& -+

by Konig’s Lemma (note that we cannot make an infinite ascending chain
by <@). Applying Lemma 5.11 and Definition 5.12, we have an infinite
descent

me((ao, ko)) > me((a1,k1)) > me((az, k2)) > me((as, k3)) > -,

which contradicts the definition of me. O

5.3. Completeness

The soundness of Tax can be proved in a similar way to the method
introduced in [13]. Then, we proceed to prove the completeness of T ak.

In preparation, we define some terminology. We say a branch © satu-
rated if every new formula generated by applying some rules already exists
in ©. Moreover, s € Nomy U Nomyg is a right nominal in a branch © if
there are some a € Nomy and k € Nompg such that @Q,@Q,s € ©. From
Lemma 5.6, it is straightforward that all the right nominals in © occur in
the root formula of ©.

DEFINITION 5.16. Given a branch © of a tableau, we define binary relations
Né) C Nom 4 xNom 4 and NgC Nom g xNompg on a set of right nominals
in © as follows.

e a NS b if there is a nominal k € Nomyg such that @Q,Q.b € O.

o k Ng [ if there is a nominal a € Nomy4 such that @,Ql € ©.
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We can show that if © is saturated, then both NS and Ng are equiva-
lence relations (see [13, Lemma 5.7]). Then, we define equivalence classes
[a]4 and [k]& of a right nominal by the relation ~§ and ~& , respectively.
Moreover, if we arrange the elements in Nom 4 and Nomyg in the order
of occurrence in the branch, respectively, we can fix the minimal element
min(A) for any subset A in Nomy or Nomy. They enable us to take a
representative of nominals.

DEFINITION 5.17. Let © be a saturated branch and s € Nomy U Nomg
a nominal occurring in ©. The urfather of s on © (denoted by ug(s)) is
defined as follows:

min([b]5) if s € Nomy and @,Q.b € O
ue(s) = { min([l]5) if s € Nomg and @Q,Q ] € ©
5 otherwise.

Given an s € Nomy U Nomg, ue(s) is well-defined (see [13, Proposi-
tion 5.10]). Moreover, the following lemma holds like [13, Lemma 5.11].

LEMMA 5.18. Let © be a saturated branch. Then, the following properties
hold:

1. Ifa € Nomy is a right nominal in ©, then there is some k € Nomg
such that Q, (o)Qra € ©. Likely, if k € Nomp is a right nominal
in ©, then there is some a € Nomy such that Q,Q, )k € ©.

2. If@,Qrb € O (b€ Nomy), then ug(a) = ug(b). Likely, if Q,Qyl €
© (Il € Nomg ), then ug(k) = ue(l).

3. For every prefized subformula @Q,Qrp € © of the root formula of O,
we have Qg (q)Qyug )P € O.

DEFINITION 5.19. Given an open saturated branch ©, a model M%), =
(W9 x WE,(RS)yGWI?,(SS)xewg,V@) generated from © is defined as
follows:
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WS = {ue(a) | a € Nom, occurs in O}
)

W2 = {ue(k) | k € Nomg occurs in ©}
RS@(M = {(ue(a),ue(b)) | accessibility formula @,Q;O b € ©}
Sf?e(a) = {(ue(k),ue(l)) | accessibility formula @,Q; 0kl € O}

V@(pA) = {ug(a) | there is k € Nomg such that @,Q;p4 € O},
where p4 € Propy
VO (px) = {ue(k) | there is a € Nom 4 such that @,Q,px € O},
where px € Propy
V®(a) = {ue(a)}, where a € Nomy
VO (k) = {ue(k)}, where k € Nomg.

LEMMA 5.20. Let © be an open saturated branch and let @, Qg be a prefixed
subformula of the root formula of ©. Then, we have:

if Q,Qp € O, then M, (ue(a), ue(k)) = ¢.

PrOOF: By induction on the complexity of .

[ = pa] Suppose that @,Q;ps € O. Then, by definition, we have ug(a) €
VO (pa). Therefore, My, (ue(a),ue(k)) = pa holds. We can do the
same in the case ¢ = px.

[ = —pa] Suppose that @Q,Q,—py € O. Since O is open, @,Q;py ¢ O is
valid for all | € Nompg. This means that ug(a) ¢ VO (pa). There-
fore, we have My, (ue(a),ue(k)) E —pa. We can do the same in
the case ¢ = —pgk.

[¢ = b] Suppose that @,Q;b € © (b € Nomy). By Lemma 5.18, we have
ug(a) = ue(b). Thus, we have My, (ue(a),ue(k)) = b by the
definition of VO(b). We can do the same in the case ¢ = 1 (I €
Nomyg).
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[ = —b] Suppose that @,Q,-b € © (b € Nomy,). Since O is satu-
rated, we also have @Q,@Qpb € ©. Then by Lemma 5.18, it follows
that @, (0)Que k)70, Qug () Que (k)b € ©. However, since © is open,
ue(a) # ue(b), which means MYy, (ue(a), ue(k)) E —b. We can do
the same in the case ¢ = -l (I € Nomg).

[

(p =

[p=0at] If @Q,Qr041Y € O, then there is a nominal b € Nom4 such
that @Q,@;, 040, @Q,Qp1) € O. It follows that u@(a)RS(_)(k)u@(b) from
the former formula. Moreover, by the latter formula and the in-
duction hypothesis, My, (ue(b),ue(k)) = ¢ holds. Therefore, we
have M%)y, (ue(a),ue(k)) E Oahb. We can do the same in the case
0= Ok.

[ = Oa%] Suppose that @,@Q,049% € O. Now, assume that there is
a nominal b € Nom, such that there is an accessibility formula
Q,Q@L04b € O (If not, then there is no state reachable from ug(a).
Thus, My, (ue(a),ue(k)) | Ot is straightforward). Then, from
the definition of R®, we have ug (a)RSC_)(k)u@(b). Moreover, since ©
is saturated, we obtain @Q,@Qg1) € ©. By the induction hypothesis,
M8y, (ug(b),ue(k)) = ¢ holds. Since we pick up an arbitrary b, we
have M%y, (ue(a), ue(k)) E Oa1. We can do the same in the case
v =Ukvy.

[p = Qpep, @Qpep] Straightforward. O

This lemma is called model existence lemma. Note that by combining
it with the termination property of Tak, we can show the finite model
property of agent-knowledge logic as well as the completeness.

YA X, ¥V x] Straightforward.

THEOREM 5.21. The tableau calculus T ox is complete for the class of all
AK models.

PrROOF: We show the contraposition.

Suppose that ¢ is not provable in Tak. Then, we can find an open and
saturated branch © with the root formula @Q,@Q;—p, where a € Nom4
and k € Nomg do not occur in ¢. Then, by Lemma 5.20, we have
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M8y, (ue(a),ue(k)) = —p. It means that there is an AK model and
its possible world that falsifies . O

The termination property and completeness of the tableau calculus tell
us about the decidability of logic. If ¢ is provable, then it is provable in
finite time. By contrast, if ¢ is unprovable, we can make a finite counterex-
ample model. From them, the following corollary holds.

COROLLARY 5.22. The agent-knowledge logic is decidable.

6. Future Work and Perspective

6.1. Adding More Operators

One of the proposed future work to make agent-knowledge logic more fruit-
ful is to add new operators.

For example, let us imitate some operators of epistemic logic. Given
a group G C A of agents, the everybody knows operator E¢g is defined as
follows:

Mg, w = Egp <= M,w K;pforalliecG.

Intuitively, this formula says that everyone in the group G knows ¢. Re-
calling that a formula Ky is translated into Qp;)OxT (), we can define
the everybody knows operator in agent-knowledge logic as follows, where
G is a subset of Nomy 4:

Mak, (z,y) E Eqp <— M, (z,y) EQ,Okp for all a € G.

This definition works well even if two nominals a,b € Nom, point to the
same agent, but only one of ¢ or b is in G. If they point to the same agent,
then the two formulas @Q,¢ and @Qp are equivalent for any world in any
model.

Based on these definitions, we may mimic other operators used in epis-
temic logic, such as the operator for common knowledge C¢ and the op-
erator for distributed knowledge Dg. Can we analyze problems that have
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been considered in epistemic logic, such as the muddy children puzzle, us-
ing agent-knowledge logic? Research in this direction may be able to reflect
various results in epistemic logic in agent-knowledge logic as well.

Additionally, there is another direction to research agent-knowledge
logic, to introduce a universal operator used in hybrid logic, which may
enable us to symbolize more expressions in natural language. The defini-
tion of the universal operators A4 and E 4 are as follows:

Maxk, (z,y) E Asp < Mak, (2,y) E ¢ forall z € Wy,
Maxk, (z,y) E Eap <= there is some z € Wy
such that Maxk, (2,¥) F ¢.

Owing to these operators, we can write some expressions as follows:
o E Okpk: Someone knows pg.
o OxAAOkpk: An agent knows that all the people know pg .

o EA0040kpK: There is a person all of whose friends know pg.

6.2. Seeking More Usage

Research in agent-knowledge logic is not merely about adding new opera-
tors. In contrast, some of the languages proposed in this paper lack effective
application. For example, agent names in Nom 4 and agent-independent
propositions in Propj play essential roles to embed epistemic logic into
agent-knowledge logic. However, this paper does not go so far as to present
practical applications for the sets Prop 4 and Nomp, although it provides
interpretations for the elements of them.

It might be an interesting direction to assign interpretations to the two
sets other than agents and their epistemic alternative. For example, as
often seen in modal logics applied to computer science, elements of Wi
can be interpreted as states of a computer. In that case, W4 can be seen
as a set of named computers. Under this interpretation, agent-knowledge
logic might be able to describe a system where computers mutually monitor
each other’s behavior.
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6.3. Hilbert-Style Axiomatization

In this paper, we have given the tableau calculus for agent-knowledge logic
as a proof system. We can give another proof system, for example, Hilbert-
style axiomatization.

Fortunately, there is already abundant prior research in related fields,
such as the aforementioned Sano’s work [14] on two-dimensional hybrid
logic (see also [1], which focused on Facebook logic). For LHS, recent
research by Chen and Li [5] gives the axiomatization.

6.4. Complexity

In this paper, we have shown the decidability of the agent-knowledge logic
using tableau calculus. But what about its computational complexity? As
is already known, the satisfiability problem for epistemic logic is PSPACE-
complete [8]. If we want to use agent-knowledge logic as an alternative to
epistemic logic, we expect it to be PSPACE-complete.

The analysis of computational complexity for a fusion in modal logic
may provide a clue to solving this problem. An explanation for a fusion is
in [7, p. 111]:

Let L; and Lo be two multimodal logics formulated in lan-
guages £1 and Lo, both containing the language L of classical
propositional logic, but having disjoint sets of modal operators.
Denote by £1 ® Lo the union of £; and L5. Then the fusion
L1 ® Ly of Ly and L is the smallest multimodal logic L in the
language £1 ® Lo containing Ly U Ls.

From the results of Halpern and Moses [8], we can obtain that the satis-
fiability problem for K ® K is PSPACE-complete. Since agent-knowledge
logic is based on K ® K, we may be able to answer the question with
reference to this proof.
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   (  ∃    𝑥  1   −    𝜑  1   (    𝑥  1   ) 


   ∃    𝑥  𝑛   −    𝜑  𝑛   (    𝑥  𝑛   )  ) 


   = 


   (  ∀    𝑢  1   ∀    𝑣  1   (  (  −    𝜑  1   (    𝑢  1   )  &  −    𝜑  1   (    𝑣  1   )  )  ⊃    𝑢  1         =  −     𝒬  1        𝑣  1   ) 


   = 


     ∀    𝑢  𝑛   ∀    𝑣  𝑛   (  (  −    𝜑  𝑛   (    𝑢  𝑛   )  &  −    𝜑  𝑛   (    𝑣  𝑛   )  )  ⊃    𝑢  𝑛         =  −     𝒬  𝑛        𝑣  𝑛   )  ) 


   (  ∀    𝑤  1   .  .  .  ∀    𝑤  𝑛   (  (  −    𝜑  1   (    𝑤  1   ) 


   −    𝜑  𝑛   (    𝑤  𝑛   )  )  ⊃  𝜓  (    𝑤  1   ,  .  .  .  ,    𝑤  𝑛   )  )  ) 


   −  𝜓 


   𝐵  𝑙  𝑒  𝑠  𝑠  𝑒    𝑠  2   (    𝜄  𝒫   𝑥  (  𝑃  𝑜  𝑝  𝑒  (  𝑥  )  )  ,    𝜄  𝒬   𝑦  (  𝐵  𝑖  𝑠  ℎ  𝑜  𝑝  (  𝑦  )  )  ) 


   𝐷  𝑒  𝑠  𝑐  𝑒  𝑛  𝑑  𝑠 


   𝑓  𝑟  𝑜    𝑚  2   (    𝜄    {  𝐷  𝑜  𝑔  }    𝑥  (  𝐷  𝑜  𝑔  (  𝑥  )  )  ,    𝜄    {  𝑊  𝑜  𝑙  𝑓  }    𝑦  (  𝑊  𝑜  𝑙  𝑓  (  𝑦  )  )  ) 


   𝑃  𝑢  𝑡  𝑠 


   𝑜    𝑛  3   (    𝜄  𝒫   𝑥  (  𝑃  𝑜  𝑝  𝑒  (  𝑥  )  )  ,    𝜄    𝒬  ′    𝑦  (  𝑍  𝑢  𝑐  𝑐  ℎ  𝑒  𝑡  𝑡  𝑜  (  𝑦  )  )  ,    𝜄    𝒬    ′  ′     𝑧  (  𝑍  𝑢  𝑐  𝑐  ℎ  𝑒  𝑡  𝑡  𝑜  (  𝑧  )  )  ) 


     𝜄  𝒬   𝐴 


     𝒬  𝑘   ⊆  𝒫 


   𝑘  ∈  {  1  ,  .  .  .  ,  𝑛  } 


     𝐸  𝑘  


   ∃    𝑥  𝑘     𝜑  𝑘   (    𝑥  𝑘   ) 


   𝑄    𝑈  𝑘  


   = 


   ∀    𝑢  𝑘   ∀    𝑣  𝑘   (  (    𝜑  𝑘   (    𝑢  𝑘   )  &    𝜑  𝑘   (    𝑣  𝑘   )  )  ⊃    𝑢  𝑘         =  +     𝒬  𝑘        𝑣  𝑘   ) 


   ∀    𝑤  1   .  .  .  ∀    𝑤  𝑛   (  (    𝜑  1   (    𝑤  1   )  &  .  .  .  &    𝜑  𝑛   (    𝑤  𝑛   )  )  ⊃  𝜓  (    𝑤  1   ,  .  .  .  ,    𝑤  𝑛   )  ) 


   −    𝐸  𝑘  


   ∃    𝑥  𝑘   −    𝜑  𝑘   (    𝑥  𝑘   ) 


   −  𝑄    𝑈  𝑘  


   = 


   ∀    𝑢  𝑘   ∀    𝑣  𝑘   (  (  −    𝜑  𝑘   (    𝑢  𝑘   )  &  −    𝜑  𝑘   (    𝑣  𝑘   )  )  ⊃    𝑢  𝑘         =  −     𝒬  𝑘        𝑣  𝑘   ) 


   −  𝑃 


   ∀    𝑤  1   .  .  .  ∀    𝑤  𝑛   (  (  −    𝜑  1   (    𝑤  1   )  &  .  .  .  &  −    𝜑  𝑛   (    𝑤  𝑛   )  )  ⊃  𝜓  (    𝑤  1   ,  .  .  .  ,    𝑤  𝑛   )  ) 


     𝒟    1  𝑛   


     𝐸  1  


     𝐸  𝑛  


     𝒟    2  1   


     𝒟    2  𝑛   


   𝑄    𝑈  1  


   𝑄    𝑈  𝑛  


       𝑖  a  


       𝑘  a  


   𝑖  ∈  {  1  ,  .  .  .  ,  𝑛  } 


   −    𝐸  1  


   −    𝐸  𝑛  


   −  𝑄    𝑈  1  


   −  𝑄    𝑈  𝑛  


     𝜄    𝒬  −   


     𝒟    1  𝑘   


     𝒟    2  𝑘   


     𝑃  3   (    𝜄  𝒫   𝑥  (    𝑃  1   (  𝑥  )  )  ,    𝜄    𝒬  ′    𝑦  (    𝑍  1   (  𝑦  )  )  ,    𝜄    𝒬    ′  ′     𝑧  (    𝑍  1   (  𝑧  )  )  ) 


     𝒬  ′   ,    𝒬    ′  ′    ⊂  𝒫 


     𝒬  ′   ≠    𝒬    ′  ′   


       


                  �    �    �  


     𝒟    1  (  𝑄  𝑈  )   


   = 


   ∀    𝑢  1   ∀    𝑣  1   (  (    𝑃  1   (    𝑢  1   )  &    𝑃  1   (    𝑣  1   )  )  ⊃    𝑢  1         =  +   𝒫       𝑣  1   ) 


     𝒟    2  (  𝑄  𝑈  )   


   = 


   ∀    𝑢  2   ∀    𝑣  2   (  (    𝑍  1   (    𝑢  2   )  &    𝑍  1   (    𝑣  2   )  )  ⊃    𝑢  2         =  +     𝒬  ′        𝑣  2   ) 


       


                � 


     𝒟    3  (  𝑄  𝑈  )   


     𝒬    ′  ′   


       


                � 


   {    𝒟    (  𝐸  )    }  =  {    𝒟    1  (  𝐸  )    ,    𝒟    2  (  𝐸  )    ,    𝒟    3  (  𝐸  )    } 


   {    𝒟    (  𝑄  𝑈  )    }  =  {    𝒟    1  (  𝑄  𝑈  )    ,    𝒟    2  (  𝑄  𝑈  )    ,    𝒟    3  (  𝑄  𝑈  )    } 


       


                � 


   ℒ    𝜄  b  


     𝒬    1  1    ,  .  .  .  ,    𝒬    𝑛  𝑚    ⊆  𝒫 


   𝜓  (    𝜄    𝒬    𝑛  1       𝑥    𝑛  1      𝜑    𝑛  1    (    𝑥    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  .  .  .  )  ,  .  .  .  ,    𝜄    𝒬    𝑛  𝑚       𝑥    𝑛  𝑚      𝜑    𝑛  𝑚    (    𝑥    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚      𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  .  .  .  )  ) 


   (  ∃    𝑥    𝑛  1      𝜑    𝑛  1    (    𝑥    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  )  &  .  .  .  &  ∃    𝑥    𝑛  𝑚      𝜑    𝑛  𝑚    (    𝑥    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚      𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  )  & 


   = 


   (  ∀    𝑢    𝑛  1    ∀    𝑣    𝑛  1    (  (    𝜑    𝑛  1    (    𝑢    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  )  &    𝜑    𝑛  1    (    𝑣    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑  𝑛   (    𝑥    1  1    )  )  )  )  ⊃    𝑢    𝑛  1          =  +     𝒬    𝑛  1         𝑣    𝑛  1    )  &  .  .  .  &  ∀    𝑢    𝑛  𝑚    ∀    𝑣    𝑛  𝑚    (  (    𝜑    𝑛  𝑚    (    𝑢    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚      𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  &    𝜑    𝑛  𝑚    (    𝑣    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚      𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  )  ⊃    𝑢    𝑛  𝑚          =  +     𝒬    𝑛  𝑚         𝑣    𝑛  𝑚    )  )  & 


   (  ∀    𝑤    𝑛  1    .  .  .  ∀    𝑤    𝑛  𝑚    (    𝜑    𝑛  1    (    𝑤    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  )  &  .  .  .  &    𝜑    𝑛  𝑚    (    𝑤    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚      𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  ) 


   𝜓  (    𝑤    𝑛  1    ,  .  .  .  ,    𝑤    𝑛  𝑚    )  )  ) 


   𝜓  (    𝜄    𝒬    𝑛  1       𝑥    𝑛  1    −    𝜑    𝑛  1    (    𝑥    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1    −    𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1    −    𝜑    1  1    (    𝑥    1  1    )  )  .  .  .  )  ,  .  .  .  ,    𝜄    𝒬    𝑛  𝑚       𝑥    𝑛  𝑚    −    𝜑    𝑛  𝑚    (    𝑥    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚    −    𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚    −    𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  .  .  .  )  ) 


   (  ∃    𝑥    𝑛  1    −    𝜑    𝑛  1    (    𝑥    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1    −    𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1    −    𝜑    1  1    (    𝑥    1  1    )  )  )  &  .  .  .  &  ∃    𝑥    𝑛  𝑚    −    𝜑    𝑛  𝑚    (    𝑥    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚    −    𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚    −    𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  )  & 


   = 


   (  ∀    𝑢    𝑛  1    ∀    𝑣    𝑛  1    (  (  −    𝜑    𝑛  1    (    𝑢    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1    −    𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1    −    𝜑    1  1    (    𝑥    1  1    )  )  )  &  −    𝜑    𝑛  1    (    𝑣    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1    −    𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1    −    𝜑  𝑛   (    𝑥    1  1    )  )  )  )  ⊃    𝑢    𝑛  1          =  −     𝒬    𝑛  1         𝑣    𝑛  1    )  &  .  .  .  &  ∀    𝑢    𝑛  𝑚    ∀    𝑣    𝑛  𝑚    (  (  −    𝜑    𝑛  𝑚    (    𝑢    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚    −    𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚    −    𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  &  −    𝜑    𝑛  𝑚    (    𝑣    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚    −    𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚    −    𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  )  ⊃    𝑢    𝑛  𝑚          =  −     𝒬    𝑛  𝑚         𝑣    𝑛  𝑚    )  )  & 


   (  ∀    𝑤    𝑛  1    .  .  .  ∀    𝑤    𝑛  𝑚    (  −    𝜑    𝑛  1    (    𝑤    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1    −    𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1    −    𝜑    1  1    (    𝑥    1  1    )  )  )  &  .  .  .  &  −    𝜑    𝑛  𝑚    (    𝑤    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚    −    𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚    −    𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  ) 


   ⊃  𝜓  (    𝑤    𝑛  1    ,  .  .  .  ,    𝑤    𝑛  𝑚    )  )  ) 


   𝐿  𝑜  𝑣  𝑒    𝑠  2   (    𝜄    𝒬    2  1     𝑥  (  𝐾  𝑖  𝑛  𝑔 


   𝑜    𝑓  2   (  𝑥  ,    𝜄    𝒬    1  1     𝑦  (  𝐽  𝑢  𝑛  𝑔  𝑙  𝑒  (  𝑦  )  )  )  )  ,    𝜄    𝒬    2  2     𝑧  (  𝑄  𝑢  𝑒  𝑒  𝑛 


   𝑜    𝑓  2   (  𝑧  ,    𝜄    𝒬    1  2     𝑢  (  𝐷  𝑒  𝑠  𝑒  𝑟  𝑡  (  𝑢  )  )  )  )  ) 


   𝐻  𝑜  𝑙  𝑑    𝑠  2   (  𝐿  𝑒  𝑜  𝑋  𝐼  𝑉  ,    𝜄  𝒫   𝑥  (  𝑂  𝑓  𝑓  𝑖  𝑐  𝑒 


   𝑜    𝑓  2   (  𝑥  ,    𝜄  𝒫   𝑦  (  𝐵  𝑖  𝑠  ℎ  𝑜  𝑝 


   𝑜    𝑓  2   (  𝑦  ,  𝑅  𝑜  𝑚  𝑒  )  )  )  )  ) 


     𝜄  𝒬   𝐵 


   {    𝐸    1  𝑘    } 


         ∃    𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )   ⏟     𝐸    1  1    


   ,  .  .  .  , 


         ∃    𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )   ⏟     𝐸    1  𝑚    


   {    𝐸    2  𝑘    } 


         ∃    𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )   ⏟     𝐸    2  1    


         ∃    𝑥    2  𝑚      𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑  1   (    𝑥    1  𝑚    )  )   ⏟     𝐸    2  𝑚    


   ⋮ 


   {    𝐸    𝑛  𝑘    } 


         ∃    𝑥    𝑛  1      𝜑    𝑛  1    (    𝑥    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  )   ⏟     𝐸    𝑛  1    


         ∃    𝑥    𝑛  𝑚      𝜑    𝑛  𝑚    (    𝑥    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚      𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )   ⏟     𝐸    𝑛  𝑚    


     𝑃  1  


   ∀    𝑤    1  1    .  .  .  ∀    𝑤    1  𝑚    (  (    𝜑    1  1    (    𝑤    1  1    )  &  .  .  .  &    𝜑    1  𝑚    (    𝑤    1  𝑚    )  )  ⊃    𝜓  1   (    𝑤    1  1    ,  .  .  .  ,    𝑤    1  𝑚    )  ) 


     𝑃  2  


   ∀    𝑤    2  1    .  .  .  ∀    𝑤    2  𝑚    (  (    𝜑    2  1    (    𝑤    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  &  .  .  .  &    𝜑    2  𝑚    (    𝑤    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  ⊃    𝜓  2   (    𝑤    2  1    ,  .  .  .  ,    𝑤    2  𝑚    )  ) 


     𝑃  𝑛  


   ∀    𝑤    𝑛  1    .  .  .  ∀    𝑤    𝑛  𝑚    (  (    𝜑    𝑛  1      (    𝑤    𝑛  1      ,  .  .  .  ,    𝜄      𝒬    2  1          𝑥    2  1      𝜑    2  1      (    𝑤    2  1      ,  .  .  .  ,    𝜄      𝒬    1  1          𝑥    1  1      𝜑    1  1      (    𝑥    1  1    )  )  )  &  .  .  .  &    𝜑    𝑛  𝑚    (    𝑤    𝑛  𝑚    ,  .  .  .  ,    𝜄      𝒬    2  𝑚          𝑥    2  𝑚      𝜑    2  𝑚      (    𝑤    2  𝑚    ,  .  .  .  ,    𝜄      𝒬    1  𝑚          𝑥    1  𝑚      𝜑    1  𝑚      (    𝑥    1  𝑚      )  )  )  ) 


   ⊃    𝜓  𝑛   (    𝑤    𝑛  1    ,  .  .  .    𝑤    𝑛  𝑚    )  ) 


   −    𝜓  𝑗  


   𝑄    𝐷  1  


     𝜓  1   (    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  ) 


   𝑄    𝐷  2  


     𝜓  2   (    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚      𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑  1   (    𝑥    1  𝑚    )  )  ) 


   𝑄    𝐷  𝑛  


     𝜓  𝑛   (    𝜄    𝒬    𝑛  1       𝑥    𝑛  1      𝜑    𝑛  1    (    𝑥    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  .  .  .  )  ,  .  .  .  ,    𝜄    𝒬    𝑛  𝑚       𝑥    𝑛  𝑚      𝜑  𝑛   (    𝑥    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚      𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑  1   (    𝑥    1  𝑚    )  )  .  .  .  )  ) 


   {  𝑄    𝑈    1  𝑘    } 


   = 


         ∀    𝑢    1  1    ∀    𝑣    1  1    (  (    𝜑    1  1    (    𝑢    1  1    )  &    𝜑    1  1    (    𝑣    1  1    )  )    ⊃      𝑢    1  1            =  +     𝒬    1  1         𝑣    1  1    )   ⏟     𝑄    𝑈    1  1      ,  .  .  .  ,        ∀    𝑢    1  𝑚    ∀    𝑣    1  𝑚    (  (    𝜑    1  𝑚    (    𝑢    1  𝑚    )  &    𝜑    1  𝑚    (    𝑣    1  𝑚    )  )    ⊃      𝑢    1  𝑚            =  +     𝒬    1  𝑚         𝑣    1  𝑚    )   ⏟     𝑄    𝑈    1  𝑚     


   {  𝑄    𝑈    2  𝑘    } 


   = 


         ∀    𝑢    2  1    ∀    𝑣    2  1    (  (    𝜑    2  1    (    𝑢    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  &    𝜑    2  1    (    𝑣    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  )  ⊃    𝑢    2  1          =  +     𝒬    2  1         𝑣    2  1    )   ⏟     𝑄    𝑈    2  1     


   = 


         ∀    𝑢    2  𝑚    ∀    𝑣    2  𝑚    (  (    𝜑    2  𝑚    (    𝑢    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  &    𝜑    2  𝑚    (    𝑣    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  ⊃    𝑢    2  𝑚          =  +     𝒬    2  𝑚         𝑣    2  𝑚    )   ⏟     𝑄    𝑈    2  𝑚     


   {  𝑄    𝑈    𝑛  𝑘    } 


       ∀    𝑢    𝑛  1    ∀    𝑣    𝑛  1    (  (    𝜑    𝑛  1    (    𝑢    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  )  &    𝜑    𝑛  1    (    𝑣    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,   


                          |        {              𝑄    𝑈    𝑛  1             z          …                  ,  .  .  .  ,                 |        {              𝑄    𝑈    𝑛  𝑚             z          …                      


   {    𝒟    1  1    } 


   {    𝒟    2  1    } 


     𝒟    3  1   


         𝑖  ,  1   b  


   {    𝒟    1  𝑛    } 


   {    𝒟    2  𝑛    } 


     𝒟    3  𝑛   


         𝑖  ,  𝑛   b  


   𝑄    𝐷  𝑗  


         𝑘  ,  𝑗   b  


     𝐸    𝑗  𝑘   


   𝑄    𝑈    𝑗  𝑘   


         𝑖  ,  𝑗   b  


     𝑃  𝑗  


   𝑗  ∈  {  1  ,  .  .  .  ,  𝑛  } 


   𝑘  ∈  {  1  ,  .  .  .  ,  𝑚  } 


   {  −    𝐸    1  𝑘    } 


   {  −  𝑄    𝑈    1  𝑘    } 


   −    𝑃  1  


   −  𝑄    𝐷  1  


   {  −    𝐸    𝑛  𝑘    } 


   {  −  𝑄    𝑈    𝑛  𝑘    } 


   −    𝑃  𝑛  


   −  𝑄    𝐷  𝑛  


   −  𝑄    𝐷  𝑗  


   −    𝐸    𝑗  𝑘   


   −  𝑄    𝑈    𝑗  𝑘   


   −    𝑃  𝑗  


         𝑘  ,  𝑛   b  


     𝐸    𝑛  𝑘   


   𝑄    𝑈    𝑛  𝑘   


     𝐿  2   (    𝜄    𝒬    2  1     𝑥  (    𝐾  2   (  𝑥  ,    𝜄    𝒬    1  1     𝑦  (    𝐽  1   (  𝑦  )  )  )  )  ,    𝜄    𝒬    2  2     𝑧  (    𝑄  2   (  𝑧  ,    𝜄    𝒬    1  2     𝑢  (    𝐷  1   (  𝑢  )  )  )  )  ) 


     𝒬    1  1    ,    𝒬    1  2    ,    𝒬    2  1    ,    𝒬    2  2    ⊆  𝒫 


     𝒟    1  (  𝐸  )   


   ∃  𝑦    𝐽  1   (  𝑦  ) 


   = 


   ∀    𝑢  1   ∀    𝑣  1   (  (    𝐽  1   (    𝑢  1   )  &    𝐽  1   (    𝑣  1   )  )  ⊃    𝑢  1         =  +     𝒬    1  1         𝑣  1   ) 


     𝒟    3  (  𝑃  )   


   ∀    𝑤  1   (    𝐽  1   (    𝑤  1   )  ⊃    𝐾  2   (    𝛼  1   ,    𝑤  1   )  ) 


     𝒟    1  (  𝐸  )   ′  


   ∃  𝑢    𝐷  1   (  𝑢  ) 


     𝒟    2  (  𝑄  𝑈  )   ′  


   = 


   ∀    𝑢  1  ′   ∀    𝑣  1  ′   (  (    𝐷  1   (    𝑢  1  ′   )  &    𝐷  1   (    𝑣  1  ′   )  )  ⊃    𝑢  1  ′         =  +     𝒬    1  2         𝑣  1  ′   ) 


     𝒟    3  (  𝑃  )   ′  


   ∀    𝑤  1  ′   (    𝐷  1   (    𝑤  1  ′   )  ⊃    𝑄  2   (    𝛼  2   ,    𝑤  1  ′   )  ) 


         2  ,  1   b  


     𝐾  2   (    𝛼  1   ,    𝜄    𝒬    1  1     𝑦  (    𝐽  1   (  𝑦  )  )  ) 


     𝒟    4  (  𝐸  )   


   ∃  𝑥  (    𝐾  2   (  𝑥  ,    𝜄    𝒬    1  1     𝑦  (    𝐽  1   (  𝑦  )  )  )  ) 


     𝒟    5  (  𝑄  𝑈  )   


   = 


   ∀    𝑢  2   ∀    𝑣  2   (  (    𝐾  2   (    𝑢  2   ,    𝜄    𝒬    1  1     𝑦  (    𝐽  1   (  𝑦  )  )  )  &    𝐾  2   (    𝑣  2   ,    𝜄    𝒬    1  1     𝑦  (    𝐽  1   (  𝑦  )  )  )  )  ⊃    𝑢  2         =  +     𝒬    2  1         𝑣  2   ) 


     𝑄  2   (    𝛼  2   ,    𝜄    𝒬    1  2     𝑢  (    𝐷  1   (  𝑢  )  )  ) 


     𝒟    4  (  𝐸  )   ′  


   ∃  𝑧  (    𝑄  2   (  𝑧  ,    𝜄    𝒬    1  2     𝑢  (    𝐷  1   (  𝑢  )  )  )  ) 


     𝒟    5  (  𝑄  𝑈  )   ′  


   = 


   ∀    𝑢  2  ′   ∀    𝑣  2  ′   (  (    𝑄  2   (    𝑢  2  ′   ,    𝜄    𝒬    1  2     𝑢  (    𝐷  1   (  𝑢  )  )  )  &    𝑄  2   (    𝑣  2  ′   ,    𝜄    𝒬    1  2     𝑢  (    𝐷  1   (  𝑢  )  )  )  )  ⊃    𝑢  2  ′         =  +     𝒬    2  2         𝑣  2  ′   ) 


   {    𝒟    (  𝐸  )    }  =  {    𝒟    4  (  𝐸  )    ,    𝒟    4  (  𝐸  )   ′   }  ,  {    𝒟    (  𝑄  𝑈  )    }  =  {    𝒟    5  (  𝑄  𝑈  )    ,    𝒟    5  (  𝑄  𝑈  )   ′   } 


     𝒟    6  (  𝑃  )   


   ∀    𝑤  2   ∀    𝑤  3   (  (    𝐾  2   (    𝑤  2   ,    𝜄    𝒬    1  1     𝑦  (    𝐽  1   (  𝑦  )  )  )  &  (    𝑄  2   (    𝑤  3   ,    𝜄    𝒬    1  2     𝑢  (    𝐷  1   (  𝑢  )  )  )  )  ⊃    𝐿  2   (    𝑤  2   ,    𝑤  3   )  ) 


       


                � 


   ℒ    𝜄  c  


   𝐶  (    𝑥    𝑗  𝑘    ) 


   −  𝐶  (    𝑥    𝑗  𝑘    ) 


   −  𝐶 


   𝐿  𝑜  𝑜  𝑘  𝑠 


   𝑎    𝑡  2   (    𝜄    𝒬  ′    𝑥  (  𝑅  𝑎  𝑏  𝑏  𝑖  𝑡  (  𝑥  ) 


   𝐼    𝑛  2   (  𝑥  ,    𝜄    𝒬  1    𝑦  (  𝐵  𝑜  𝑥  (  𝑦  )  )  )  )  ,    𝜄    𝒬    ′  ′     𝑧  (  𝑅  𝑎  𝑏  𝑏  𝑖  𝑡  (  𝑧  ) 


   𝐼    𝑛  2   (  𝑧  ,    𝜄    𝒬  2    𝑢  (  𝐻  𝑎  𝑡  (  𝑢  )  )  )  )  ) 


   𝐹  𝑟  𝑒  𝑛  𝑐  ℎ  (    𝜄    𝒬  3    𝑥  (  𝑀  𝑎  𝑛  (  𝑥  ) 


   𝑊  𝑒  𝑎  𝑟    𝑠  2   (  𝑥  ,    𝜄    𝒬  2    𝑦  (  𝐵  𝑒  𝑟  𝑒  𝑡  (  𝑦  ) 


   𝐻  𝑎    𝑠  2   (  𝑦  ,    𝜄    𝒬  1    𝑧  (  𝐵  𝑢  𝑡  𝑡  𝑜  𝑛  (  𝑧  )  )  )  )  )  )  ) 


   𝐹  𝑟  𝑒  𝑛  𝑐  ℎ  (    𝜄    𝒬  2    𝑥  (  𝑀  𝑎  𝑛  (  𝑥  )  &  𝑊  𝑒  𝑎  𝑟    𝑠  2   (  𝑥  ,    𝜄    𝒬  1    𝑦  (  𝐵  𝑒  𝑟  𝑒  𝑡  (  𝑦  )  )  ) 


   𝐶  𝑎  𝑟  𝑟  𝑖  𝑒    𝑠  2   (  𝑥  ,    𝜄    𝒬  1  ′    𝑧  (  𝑁  𝑒  𝑤  𝑠  𝑝  𝑎  𝑝  𝑒  𝑟  (  𝑧  )  )  )  )  ) 


   𝑊  𝑎  𝑙  𝑘    𝑠  2   (    𝜄    𝒬  2    𝑥  (  𝑀  𝑎  𝑛  (  𝑥  )  &  𝑊  𝑒  𝑎  𝑟    𝑠  2   (  𝑥  ,    𝜄    𝒬  1    𝑦  (  𝐵  𝑒  𝑟  𝑒  𝑡  (  𝑦  )  )  ) 


   𝐶  𝑎  𝑟  𝑟  𝑖  𝑒    𝑠  2   (  𝑥  ,    𝜄    𝒬  1  ′    𝑧  (  𝑁  𝑒  𝑤  𝑠  𝑝  𝑎  𝑝  𝑒  𝑟  (  𝑧  )  )  )  )  ,    𝜄    𝒬  3    𝑢  (  𝐷  𝑜  𝑔  (  𝑢  )  &  𝑂  𝑤  𝑛    𝑠  2   (    𝜄    𝒬  2    𝑥  (  𝑀  𝑎  𝑛  (  𝑥  )  &  (  𝑊  𝑒  𝑎  𝑟    𝑠  2   (  𝑥  ,      𝜄    𝒬  1    𝑦  (  𝐵  𝑒  𝑟  𝑒  𝑡  (  𝑦  )  )  )  &  𝐶  𝑎  𝑟  𝑟  𝑖  𝑒    𝑠  2   (  𝑥  ,      𝜄    𝒬  1  ′    𝑧  (  𝑁  𝑒  𝑤  𝑠  𝑝  𝑎  𝑝  𝑒  𝑟  (  𝑧  )  )  )  )  ,    𝑢  )  )  ) 


   𝑎    𝑡  2   (    𝜄    𝒬  2  ′    𝑥  (  𝑅  𝑎  𝑏  𝑏  𝑖  𝑡  (  𝑥  ) 


   𝐼    𝑛  2   (  𝑥  ,    𝜄    𝒬  1    𝑦  (  𝐵  𝑜  𝑥  (  𝑦  )  )  )  )  ,    𝜄    𝒬  2    ′  ′     𝑧  (  𝑅  𝑎  𝑏  𝑏  𝑖  𝑡  (  𝑧  ) 


   𝐼    𝑛  2   (  𝑧  ,    𝜄    𝒬  3  ′    𝑢  (  𝐻  𝑎  𝑡  (  𝑢  )  )  )  )  ) 


     𝜄  𝒬   𝐶 


         𝑖  ,  1   c  


         𝑖  ,  𝑛   c  


         𝑘  ,  𝑗   c  


         𝑖  ,  𝑗   c  


     𝐹  1   (    𝜄    𝒬  3    𝑥  (    𝑀  1   (  𝑥  ) 


     𝑊  2   (  𝑥  ,    𝜄    𝒬  2    𝑦  (    𝐵  1  1   (  𝑦  ) 


     𝐻  2   (  𝑦  ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  )  )  ) 


     𝒬  𝑗   ,    𝒬  𝑗  ′   ⊆  𝒫 


   ∃  𝑧    𝐵  2  1   (  𝑧  ) 


   = 


   ∀    𝑢  1   ∀    𝑣  1   (  (    𝐵  2  1   (    𝑢  1   )  &    𝐵  2  1   (    𝑣  1   )  )  ⊃    𝑢  1         =  +     𝒬  1        𝑣  1   ) 


   ∀    𝑤  1   (    𝐵  2  1   (    𝑤  1   )  ⊃    𝐻  2   (    𝛼  1   ,    𝑤  1   )  ) 


     𝒟  4  


     𝐵  1  1   (    𝛼  1   ) 


         2  ,  1   c  


     𝐻  2   (    𝛼  1   ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  ) 


     𝐵  1  1   (    𝛼  1   )  &    𝐻  2   (    𝛼  1   ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  ) 


     𝒟    5  (  𝐸  )   


   ∃  𝑦  (    𝐵  1  1   (  𝑦  )  &    𝐻  2   (  𝑦  ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  )  ) 


     𝒟    6  (  𝑄  𝑈  )   


   = 


   ∀    𝑢  2   ∀    𝑣  2   (  (  (    𝐵  1  1   (    𝑢  2   )  &    𝐻  2   (    𝑢  2   ,    𝜄  𝒬   𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  &  (    𝐵  1  1   (    𝑣  2   )  &    𝐻  2   (    𝑣  2   ,    𝜄  𝒬   𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  )  ⊃    𝑢  2         =  +     𝒬  2        𝑣  2   ) 


     𝒟    7  (  𝑃  )   


   ∀    𝑤  2   (  (    𝐵  1  1   (    𝑤  2   )  &    𝐻  2   (    𝑤  2   ,    𝜄  𝒬   𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  ⊃    𝑊  2   (    𝛼  2   ,    𝑤  2   )  ) 


     𝒟  8  


     𝑀  1   (    𝛼  2   ) 


         2  ,  2   c  


     𝑊  2   (    𝛼  2   ,    𝜄    𝒬  2    𝑦  (    𝐵  1  1   (  𝑦  ) 


     𝐻  2   (  𝑦  ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  ) 


     𝑀  1   (    𝛼  2   )  &    𝑊  2   (    𝛼  2   ,    𝜄    𝒬  2    𝑦  (    𝐵  1  1   (  𝑦  )  &    𝐻  2   (  𝑦  ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  ) 


     𝒟    9  (  𝐸  )   


   ∃  𝑥  (    𝑀  1   (  𝑥  )  &    𝑊  2   (  𝑥  ,    𝜄    𝒬  2    𝑦  (    𝐵  1  1   (  𝑦  )  &    𝐻  2   (  𝑦  ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  )  ) 


     𝒟     10   (  𝑄  𝑈  )   


   ∀    𝑢  3   ∀    𝑣  3   (  (  (    𝑀  1   (    𝑢  3   )  &    𝑊  2   (    𝑢  3   ,    𝜄    𝒬  2    𝑦  (    𝐵  1  1   (  𝑦  )  &    𝐻  2   (  𝑦  ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  )  ) 


   = 


   &  (    𝑀  1   (    𝑣  3   )  &    𝑊  2   (    𝑣  3   ,    𝜄    𝒬  2    𝑦  (    𝐵  1  1   (  𝑦  )  &    𝐻  2   (  𝑦  ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  )  )  )  ⊃    𝑢  3         =  +     𝒬  3        𝑣  3   ) 


     𝒟     11   (  𝑃  )   


   ∀    𝑤  3   (  (    𝑀  1   (    𝑤  3   )  &    𝑊  2   (    𝑤  3   ,    𝜄    𝒬  2    𝑦  (    𝐵  1  1   (  𝑦  )  &    𝐻  2   (  𝑦  ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  )  )  ⊃    𝐹  1   (    𝑤  3   )  ) 


       


                � 


     𝑊  1  2   (    𝜄    𝒬  2    𝑥  (    𝑀  1   (  𝑥  )  &    𝑊  2  2   (  𝑥  ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  ) 


     𝐶  2   (  𝑥  ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  )  )  ,    𝜄    𝒬  3    𝑢  (    𝐷  1   (  𝑢  )  &    𝑂  2   (    𝜄    𝒬  2    𝑥  (    𝑀  1   (  𝑥  )  &  (    𝑊  2  2   (  𝑥  ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  ) 


     𝐶  2   (  𝑥  ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  )  )  ,  𝑢  )  )  ) 


   ∃  𝑦    𝐵  1   (  𝑦  ) 


   = 


   ∀    𝑢  1   ∀    𝑣  1   (  (    𝐵  1   (    𝑢  1   )  &    𝐵  1   (    𝑣  1   )  )  ⊃    𝑢  1         =  +     𝒬  1        𝑣  1   ) 


   ∀    𝑤  1   (    𝐵  1   (    𝑤  1   )  ⊃    𝑊  2  2   (    𝛼  1   ,    𝑤  1   )  ) 


   ∃  𝑧    𝑁  1   (  𝑧  ) 


   = 


   ∀    𝑢  1  ′   ∀    𝑣  1  ′   (  (    𝑁  1   (    𝑢  1  ′   )  &    𝑁  1   (    𝑣  1  ′   )  )  ⊃    𝑢  1  ′         =  +     𝒬  1  ′        𝑣  1  ′   ) 


   ∀    𝑤  1  ′   (    𝑁  1   (    𝑤  1  ′   )  ⊃    𝐶  2   (    𝛼  1   ,    𝑤  1  ′   )  ) 


     𝑀  1   (    𝛼  1   ) 


     𝑊  2  2   (    𝛼  1   ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  ) 


     𝐶  2   (    𝛼  1   ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  ) 


     𝑊  2  2   (    𝛼  1   ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  )  &    𝐶  2   (    𝛼  1   ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  ) 


     𝑀  1   (    𝛼  1   )  &    𝑊  2  2   (    𝛼  1   ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  )  &    𝐶  2   (    𝛼  1   ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  ) 


   ∃  𝑥  (          𝑀  1   (  𝑥  )  &    𝑊  2  2   (  𝑥  ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  )  &    𝐶  2   (  𝑥  ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  )   ⏟     =    𝐴  1   (  𝑥  )    ) 


   ∀    𝑢  2   ∀    𝑣  2   (  (    𝐴  1   (    𝑢  2   ) 


     𝐴  1   (    𝑣  2   )  ) 


   = 


     𝑢  2         =  +     𝒬  2        𝑣  2   ) 


   ∀    𝑤  2   (  (    𝑀  1   (    𝑤  2   )  &    𝑊  2  2   (    𝑤  2   ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  )  &    𝐶  2   (    𝑤  2   ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  )  )  ⊃    𝑂  2   (    𝑤  2   ,    𝛼  2   )  ) 


     𝐷  1   (    𝛼  2   ) 


     𝑂  2     (    𝜄    𝒬  2      𝑥  (    𝑀  1     (  𝑥  )  &    𝑊  2  2     (  𝑥  ,      𝜄    𝒬  1      𝑦  (    𝐵  1     (  𝑦  )  )  )  &    𝐶  2     (  𝑥  ,      𝜄    𝒬  1  ′      𝑧  (    𝑁  1     (  𝑧  )  )  )  )  ,      𝛼  2   ) 


     𝐷  1     (    𝛼  2   )  &    𝑂  2     (    𝜄    𝒬  2      𝑥  (    𝑀  1     (  𝑥  )  &    𝑊  2  2     (  𝑥  ,    𝜄    𝒬  1      𝑦  (    𝐵  1     (  𝑦  )  )  )  &    𝐶  2     (  𝑥  ,      𝜄    𝒬  1  ′      𝑧  (    𝑁  1     (  𝑧  )  )  )  )  ,      𝛼  2   ) 


   ∃  𝑢  (          𝐷  1     (  𝑢  )  &    𝑂  2     (    𝜄    𝒬  2      𝑥  (    𝑀  1     (  𝑥  )  &    𝑊  2  2     (  𝑥  ,      𝜄    𝒬  1      𝑦  (    𝐵  1     (  𝑦  )  )  )  &    𝐶  2     (  𝑥  ,      𝜄    𝒬  1  ′      𝑧  (    𝑁  1     (  𝑧  )  )  )  )  ,    𝑢  )   ⏟       𝐴  2     (  𝑢  )    ) 


   = 


   ∀    𝑢  3   ∀    𝑣  3   (  (    𝐴  2   (    𝑢  3   )  &    𝐴  2   (    𝑣  3   )  )  ⊃    𝑢  3         =  +     𝒬  3        𝑣  3   ) 


   ∀    𝑤  3   ∀    𝑤  4   (  (    𝑀  1   (    𝑤  3   )  &    𝑊  2  2   (    𝑤  3   ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  )  &    𝐶  2   (    𝑤  3   ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  )  ) 


   (    𝐷  1   (    𝑤  4   )  &    𝑂  2   (    𝜄    𝒬  2    𝑥  (    𝑀  1   (  𝑥  )  &    𝑊  2  2   (  𝑥  ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  &    𝐶  2   (  𝑥  ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  )  )  ,    𝑤  4   )  )  ) 


   ⊃    𝑊  1  2   (    𝑤  3   ,    𝑤  4   )  ) 


     𝒟    5  (  𝐸  )        𝒟    9  (  𝐸  )   


     𝒟    6  (  𝑄  𝑈  )        𝒟     10   (  𝑄  𝑈  )   


         2  ,  3   c  


     𝐶  2   (  𝑥  ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  )  )  , 


     𝜄    𝒬  3    𝑢  (    𝐷  1   (  𝑢  )  &    𝑂  2   (    𝜄    𝒬  2    𝑥  (    𝑀  1   (  𝑥  )  &  (    𝑊  2  2   (  𝑥  ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  ) 



