
Bulletin of the Section of Logic
Volume 54/4 (2025), pp. 607–642

https://doi.org/10.18778/0138-0680.2025.19

Yuki Nishimura 

AGENT-KNOWLEDGE LOGIC FOR ALTERNATIVE 
EPISTEMIC LOGIC

Presented by: Michał Zawidzki
Received: December 25, 2024, Received in revised form: December 13, 2025,
Accepted: December 29, 2025, Published online: March 13, 2026
© Copyright by the Author(s), 2025
Licensee University of Lodz – Lodz University Press, Lodz, Poland

This article is an open access article distributed under the terms and con­
ditions of the Creative Commons Attribution license CC-BY-NC-ND 4.0.

Abstract

Epistemic logic is known as a logic that captures the knowledge and beliefs of 
agents and has undergone various developments. In this paper, we propose a new 
logic called agent-knowledge logic by taking the product of individual knowledge 
structures and the set of relationships among agents. This logic is based on the 
Facebook logic and the Logic of Hide and Seek Game. We show two main results; 
one is that this logic can embed the standard epistemic logic, and the other is 
that there is a proof system of tableau calculus that works in finite time. We also 
discuss various sentences and inferences that this logic can express. 

Keywords: agent-knowledge logic, modal logic, epistemic logic, hybrid logic, 
tableau calculus.
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\begin {gather*}\infer [{[\neg _A]}^{*1}] {@_b @_k b} {@_a @_k \neg b} \qquad \infer [{[\neg _K]}^{*1}] {@_a @_l l} {@_a @_k \neg l} \\ \\ \infer [{[\land ]}] {\deduce {@_a @_k \psi } {@_a @_k \varphi }} {@_a @_k (\varphi \land \psi )} \qquad \infer [{[\lor ]}] {@_a @_k \varphi \mid @_a @_k \psi } {@_a @_k (\varphi \lor \psi )} \\ \\ \infer [{[\Dia _A]}^{*1, *2, *3}] {\deduce {@_b @_k \varphi }{@_a @_k \Dia _A b}} {@_a @_k \Dia _A \varphi } \qquad \infer [{[\Dia _K]}^{*1, *2, *4}] {\deduce {@_a @_l \varphi }{@_a @_k \Dia _K l}} {@_a @_k \Dia _K \varphi } \\ \\ \infer [{[\Box _A]}^{*5}] {@_b @_k \varphi } {\deduce {@_a @_k \Dia _A b}{@_a @_k \Box _A \varphi }} \qquad \infer [{[\Box _K]}^{*5}] {@_a @_l \varphi } {\deduce {@_a @_k \Dia _K l}{@_a @_k \Box _K \varphi }} \\ \\ \infer [{[@_A]}] {@_b @_k \varphi } {@_a @_k @_b \varphi } \quad \
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1. Introduction

Investigations into knowledge and beliefs form the part of philosophy, which 
is now called epistemology. This area has been the subject of various studies 
from a logical standpoint. One of these was conducted by applying modal 
logic, which is nowadays called epistemic logic. The operator Ki, which 
is the key element of this logic, constitutes formulas of the form Kiϕ, 
which express that “agent i knows that ϕ.” On this basis, it is possible 
to represent various concepts related to knowledge and belief in formal 
language. Hintikka did pioneering work on epistemic logic in 1962 [9], 
and there is a wide range of research today; see Fagin et al. [6] and van 
Benthem [18].

A more recent logic for human knowledge is Facebook logic, developed 
by Seligman et al. in 2011 [16]. This logic was invented to describe personal 
knowledge plus the friendships of agents in a two-dimensional hybrid logic. 
For instance, consider this sentence: “An agent is Andy’s friend, and Andy 
knows he has a pollen allergy. Then, one of the agent’s friends knows 
that they have a pollen allergy.” This inference can be written using the 
language of Facebook logic as follows:

⟨Friend⟩i ∧@i[Know]p→ ⟨Friend⟩[Know]p,

where p = “they have pollen allergy.” and i = “This is Andy.” The at sign @
in the logical formula is the operator of hybrid logic, where @ip can be read 
as “p holds at point i.” Facebook logic uses nominals, a tool of hybrid logic, 
to make reference to individual agents. For a thorough introduction to 
hybrid logics, we refer the reader to Blackburn & ten Cate [2], Indrzejczak 
[10], and Braüner [4]. Sano [14] provides further details on two-dimensional 
hybrid logic.

In fact, Facebook logic treats propositional variables differently from 
epistemic logic. The truth of a propositional variable p depends not only 
on the epistemic alternative but also on the agent under consideration. 
Therefore, the propositions represented by the propositional variables here 
are personal properties, such as, “I have a pollen allergy.”
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The new logic proposed in this paper — we will call it agent-knowledge 
logic — is a modification of the aforementioned Facebook logic. One feature 
of this logic is that the fragment of it is compatible with epistemic logic. 
This property allows us to use agent-knowledge logic as an alternative to 
epistemic logic. Indeed, this paper shows how to embed epistemic logic 
into our new logic. Furthermore, agent-knowledge logic is able to formalize 
a variety of sentences that cannot be represented by traditional epistemic 
logic, such as “one of an agent’s friends knows p.”

In this paper, we also introduce a proof system for the logic by con­
structing a suitable tableau calculus. The tableau calculus is not only a 
proof system but also a system for discovering a counterexample model in 
which the formula is not valid. In particular, by constructing a tableau 
calculus with the termination property — in short, that the proof ends in 
finite time — we can show that the logic is decidable.

This logic has two parents: one is Facebook logic, and the other is a 
logic which seems to have nothing to do with epistemic logic, namely the 
Logic of Hide and Seek Game (LHS, in short) created by Li et al. in 2021 
[11, 12]. This logic was originally invented to illustrate the hide and seek 
game (also known as cops and robbers). In LHS, propositional variables 
are split into two sets, which are related to hider and seeker, respectively. 
We borrow this idea to express the agent-free propositions (“the sun rises 
in the east,” for example).

We proceed as follows: Section 2 reviews the well-known epistemic logic 
and explains the parents of agent-knowledge logic, Facebook logic, and 
LHS, briefly. In Section 3, we introduce our new logic, that is, agent-
knowledge logic. Section 4 shows how we embed epistemic logic into our 
new logic. In Section 5, we construct a tableau calculus with the termina­
tion property and completeness. Finally, in Section 6, we write about some 
future prospects.
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2. Preliminary

2.1. Epistemic Logic

This section is mostly based on the work of Fagin et al. [6, Chapter 2].
In epistemic logic, we have another set A of agents besides a usual set 

Prop of propositional variables. The elements of A occur in a new operator 
Ki. The intuitive meaning of Kiϕ is that “agent i knows ϕ.”
Definition 2.1. We have two disjoint sets, Prop and A. A formula ϕ of 
the epistemic logic LEL is defined as follows:

ϕ ::= p | ¬ϕ | ϕ ∧ ϕ | Kiϕ

where p ∈ Prop and i ∈ A. 
We only use ¬ and ∧ as primitives since other Boolean operators, such 

as ∨ and →, can be defined as compounds of the first two operators.
Definition 2.2. A Kripke model for epistemic logic (we call it EL model) 
MEL is a tuple (W, (Ri)i∈A, V ) where:

• W  is a non-empty set.

• For each i ∈ A, Ri is a binary relation on W .

• V : Prop → P(W ).

Definition 2.3. Given an EL model MEL, its point w, and a formula 
ϕ ∈ LEL, the satisfaction relation MEL, w |= ϕ is defined inductively as 
follows:

MEL, w |= p ⇐⇒ w ∈ V (p), where p ∈ Prop

MEL, w |= ¬ϕ ⇐⇒ Not MEL, w |= ϕ (MEL, w ̸|= ϕ)

MEL, w |= ϕ ∧ ψ ⇐⇒ MEL, w |= ϕ and MEL, w |= ψ

MEL, w |= Kiϕ ⇐⇒ For all v ∈W,wRiv implies MEL, v |= ϕ.
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As for epistemic logic, we define the validity of a formula. Later we dis­
cuss embedding epistemic logic into our new logic, so the formal definition 
is needed.
Definition 2.4. A formula ϕ is valid with respect to the class of EL models 
(denoted by |=EL ϕ) if MEL, w |= ϕ for every model MEL and its every 
world w.

2.2. Facebook Logic

Facebook logic, first invented by Seligman et al. [16], has two characteristics 
compared to classical modal logic.

First, we have two modal operators, K and F . These modal operators 
correspond to knowledge and friendship, respectively. Correspondingly, a 
possible world is decomposed into two components: one representing an 
agent and the other representing an epistemic alternative of an individual.

Another addition is the introduction of special propositional variables 
called nominals. A nominal n is a proposition corresponding to only one 
agent, that is, it is a proposition for the name of the agent. In addition, we 
introduce the satisfaction operator @ used in hybrid logic. The intuitive 
meaning of @np is that “p holds for agent n.”

Let us introduce a formal definition. We have two disjoint infinite sets, 
Prop of propositional variables and Nom of nominals. A formula ϕ of the 
Facebook logic is defined as follows:

ϕ ::= p | n | ¬ϕ | ϕ ∧ ϕ | Kϕ | Fϕ | @nϕ,

where p ∈ Prop and n ∈ Nom. If needed, we can define the dual ⟨K⟩ and 
⟨F ⟩ of each modal operator as ⟨K⟩ϕ := ¬K¬ϕ and ⟨F ⟩ϕ := ¬F¬ϕ.

The semantics of Facebook logic is based on epistemic social network 
models. An epistemic social network model is a tuple (W,A, (∼a)a∈A,
(≍w)w∈W , V ), where:

• W  is a set of epistemic alternatives.

• A is a set of agents.

• For each a ∈ A, ∼a is an equivalence relation on W .
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• For each w ∈ W , ≍w is an irreflexive and symmetric relation of 
friendship on A.

• V  is a valuation function, which assigns a propositional variable p to 
a subset of W ×A and a nominal n to a set W ×{a} for some a ∈ A.

The reason for a relation ≍w over A being irreflexive and symmetric can be 
understood when we assume it as a friendship; no one is a friend to oneself, 
and if a person is your friend, then you are a friend of them.

Then, the truth of formulas in Facebook logic is defined inductively. 
The Boolean cases are omitted since they are the same as those in classical 
modal logic. Also, the element a ∈ A such that V (n) = W × {a} holds is 
abbreviated as nV .

M, w, a |= p ⇐⇒ (w, a) ∈ V (p) where p ∈ Prop,

M, w, a |= n ⇐⇒ nV = a,  where n ∈ Nom

M, w, a |= Kϕ ⇐⇒ M, v, a |= ϕ for every v ∼a w,

M, w, a |= Fϕ ⇐⇒ M, w, b |= ϕ for every b ≍w a,

M, w, a |= @nϕ ⇐⇒ M, w, nV |= ϕ.

As mentioned in the Introduction, the truth of a propositional variable 
depends on both an epistemic alternative and an agent.
Example 2.5. The following formulas of Facebook logic can be translated 
into natural language as follows:

• Kp: An agent knows that they are p.

• KFp: An agent knows that all of their friends are p.

• FKp: Each of an agent’s friends knows that they are p.

• ⟨F ⟩n: An agent has a friend n.

• @nKp: An agent n knows that they are p.

For readers who would like to study it deeper, Seligman et al. [16] and 
its sequel, Seligman et al. [17], should be of help.
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2.3. Logic of Hide and Seek Game

The logic of hide and seek game (LHS), as the name implies, is a logic 
for describing a hide and seek game. There are two players, a hider and 
a seeker, and a set of propositional variables PropH  and PropS for each 
player to describe their state. Moreover, there is a special propositional 
variable I. This is a proposition to describe that the hider and seeker are 
in the same place, i.e., expressing “I find you!”

The main difference from Facebook logic is that we use the same struc­
ture (W,R, V ) as in usual modal logic, which is appropriate considering 
that the hide and seek game is played by two players on the same board.

Here is a definition of a formula of LHS ϕ, where pH ∈ PropH  and 
pS ∈ PropS :

ϕ ::= pH | pS | I | ¬ϕ | ϕ ∧ ϕ | ♦Hϕ | ♦Sϕ.

The truth value of LHS formulas is defined inductively as follows (note 
that both x and y are elements of W ):

M, x, y |= pH ⇐⇒ x ∈ V (pH) where pH ∈ PropH

M, x, y |= pS ⇐⇒ y ∈ V (pS) where pS ∈ PropS

M, x, y |= I ⇐⇒ x = y

M, x, y |= ♦Hϕ ⇐⇒ there is some x′ such that xRx′ and M, x′, y |= ϕ

M, x, y |= ♦Sϕ ⇐⇒ there is some y′ such that yRy′ and M, x, y′ |= ϕ.

Using this language, we can describe the hide and seek game. For 
example, □H♦SI means that no matter how the hider moves, the seeker 
has a one-step move to catch the hider. This expression shows the existence 
of a winning strategy for the seeker.

In addition to the already mentioned Li et al. [11], Li et al. [12] may 
also help readers who want to know more about LHS.
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3. Agent-Knowledge Logic

Here, we introduce a new logic, called agent-knowledge logic. As you read 
in Section 1, this logic is a mixture of Facebook logic and LHS. We have 
two dimensions, which correspond to agents and their knowledge, respec­
tively. This structure and the intention behind it are very similar to that 
of Facebook logic. On the other hand, the idea that we use both PropA

and PropK is unique for LHS.

3.1. Agent-Knowledge Model

To construct the vocabulary, we require four sets of variables in total: 
two for propositional variables and two for nominals, each associated with 
agents and knowledge, respectively. Among these, pK ∈ PropK can be 
viewed as a proposition that does not depend on an agent, such as “the 
Earth goes around the Sun.” Furthermore, the two types of nominals, 
a ∈ NomA and k ∈ NomK , can be interpreted as an agent name and a 
label for an epistemic alternative, respectively. Interpreting the elements of 
PropA is somewhat more difficult by comparison, but pA ∈ PropA could 
be understood as a proposition representing some property of an agent, 
such as “an agent has a pollen allergy.”

Definition 3.1. We have four disjoint sets PropA, PropK , NomA, and 
NomK . A formula ϕ of the agent-knowledge logic LAK is defined as follows:

ϕ ::= pA | pK | a | k | ¬ϕ | ϕ ∧ ϕ | □Aϕ | □Kϕ | @aϕ | @kϕ,

where pA ∈ PropA, pK ∈ PropK , a ∈ NomA, and k ∈ NomK .

As we mentioned in Section 2.2, nominals in NomA and NomK point to 
a specific agent and a specific epistemic alternative, respectively. As well 
as ∨ and →, if we need, we can define ♦A and ♦K in the usual way.
Definition 3.2. An agent-knowledge model (AK model) MAK is a tuple
(WA ×WK , (Ry)y∈WK

, (Sx)x∈WA
, VA, VK) where:
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WA

WK

aV WA

WK

V (pK)

Figure 1: An agent-knowledge model.

• WA,WK are disjoint non-empty sets.

• For each y ∈WK , Ry is a binary relation on WA.

• For each x ∈WA, Sx is a binary relation on WK .

• VA : PropA ∪NomA → P(WA), where if a ∈ NomA, then VA(a) =
{x} for some x ∈WA.

• VK : PropK∪NomK → P(WK), where if k ∈ NomK , then VK(k) =
{y} for some y ∈WK .

Note that the image of a nominal NomA by VA is a singleton (the same 
fact holds for NomK and VK). Owing to this definition, a nominal behaves 
as a name for each possible world.

We can illustrate an agent-knowledge model as if we write Cartesian co­
ordinates in Figure 1. In this circumstance, a nominal is true in the worlds 
on the corresponding horizontal or vertical line. Likely, a propositional 
variable holds in the worlds on some set of parallel lines.

We write V  to express VA ∪ VK . For instance, V (pA) = VA(pA). More­
over, we abbreviate x ∈WA such that VA(a) = {x} by aV . We do the same 
for kV .
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Definition 3.3. Given a model MAK, its points (x, y) ∈ WA ×WK , and 
a formula ϕ ∈ LAK, the satisfaction relation MAK, (x, y) |= ϕ is defined 
inductively as follows:

MAK, (x, y) |= pA ⇐⇒ x ∈ V (pA), where pA ∈ PropA

MAK, (x, y) |= pK ⇐⇒ y ∈ V (pK), where pK ∈ PropK

MAK, (x, y) |= a ⇐⇒ x = aV , where a ∈ NomA

MAK, (x, y) |= k ⇐⇒ y = kV , where k ∈ NomK

MAK, (x, y) |= ¬ϕ ⇐⇒ Not MAK, (x, y) |= ϕ (MAK, (x, y) ̸|= ϕ)

MAK, (x, y) |= ϕ ∧ ψ ⇐⇒ MAK, (x, y) |= ϕ and MAK, (x, y) |= ψ

MAK, (x, y) |= □Aϕ ⇐⇒ For all x′ ∈WA, xRyx
′ implies 

MAK, (x
′, y) |= ϕ

MAK, (x, y) |= □Kϕ ⇐⇒ For all y′ ∈WK , ySxy
′ implies 

MAK, (x, y
′) |= ϕ

MAK, (x, y) |= @aϕ ⇐⇒ MAK, (a
V , y) |= ϕ

MAK, (x, y) |= @kϕ ⇐⇒ MAK, (x, k
V ) |= ϕ.

The truth of each propositional variable is determined by either x ∈WA

or y ∈ WK . Especially whether pK is true or false is independent of the 
element of WA, so pK can be assumed as an agent-free proposition.

The usage of the satisfaction operator @ should also be mentioned. It 
refers to a specific agent or epistemic alternative while ignoring the current 
one. For example, the meaning of @aϕ is “for an agent whose name is a, 
ϕ holds.” The current element of WA is no longer necessary information to 
determine the truth of that formula.
Definition 3.4. A formula ϕ is valid with respect to the class of MAK
(denoted by |=AK ϕ) if MAK, (x, y) |= ϕ for every model MAK and its 
every pair (x, y).

Before finishing this section, it is necessary to mention the globality of 
the satisfaction operator for readers familiar with hybrid logic. In ordinary 
(one-dimensional, you might say) hybrid logic, a formula of the form @iϕ
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has globality, that is, if @iϕ is true in any possible world, then it is true in 
every possible world.

On the other hand, this is not the case with agent-knowledge logic. 
Suppose MAK, (x, y) |= @aϕ (a ∈ NomA). Then, we have MAK, (a

V , y) |=
ϕ. However, it can be the case that there is some z ∈ WK such that 
MAK, (a

V , z) ̸|= ϕ. In this case, @aϕ is not true in (x, z). Likewise, 
@kϕ (k ∈ NomK) is not a global expression.

However, this does not mean that the agent-knowledge logic has com­
pletely lost its global expression. If we use two satisfaction operators to­
gether and create a formula @a@kϕ (a ∈ NomA, k ∈ NomK), then it has 
globality. In fact, MAK, (x, y) |= @a@kϕ is equivalent to MAK, (a

V , kV ) |=
ϕ, which shows that the truth of @a@kϕ does not depend at all on the cur­
rent state.

3.2. Examples

As we do in Facebook logic, we can compound friendship and knowledge in 
agent-knowledge logic. We read □Kϕ as “An agent knows ϕ,” and □Aϕ as 
“All of an agent’s friends are ϕ.” For example, we can write some sentences 
as follows:

• □A□KpK : All of an agent’s friends know pK .

• ♦A□KpK : Some of an agent’s friends know pK .

• □K♦A□KpK : An agent knows that some of their friends know pK .

Moreover, we can designate an individual by calling their name owing 
to nominals. Consider this sentence:

An agent is Andy’s friend, and if Andy knows that the Earth 
goes around the Sun, then one of the agent’s friends knows the 
heliocentric theory.

This inference can be symbolized in the agent-knowledge logic as follows:

♦Aa ∧@a□KpK → ♦A□KpK ,
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where pK shows “the Earth goes around the Sun” and a shows “This is 
Andy.”

The difference between agent-knowledge logic and Facebook logic be­
comes more pronounced when we assume that the binary relations over 
epistemic alternatives are equivalence relations. For example, in Facebook 
logic, the formula @nKp → p is not valid even if ≍w is an equivalence 
relation. Define M = (W,A, (∼a)a∈A, (≍w)w∈W , V ) as follows:

W = {w, v}
A = {a, b}

∼a =∼b=W ×W

≍w =≍v= A×A

V (p) = {(w, b), (v, b)}
V (n) =W × {b}.

Then, M, (w, a) |= @nKp holds but we have M, (w, a) ̸|= p. However, in 
agent-knowledge logic, the situation changes. 
Proposition 3.5. The formula @a□KpK → pK is valid with respect to 
the class of MAK where all of Sx are equivalence relations.
Proof: Suppose that MAK, (x, y) |= @a□KpK . Then, we have
MAK, (a

V , y) |= □KpK . By the reflexivity of Sy, especially we have 
MAK, (a

V , y) |= pK . Since the truth value of pK is determined only by 
an element of WK , we have MAK, (x, y) |= pK . □

This fact may be better understood if we interpret those formulas in 
natural language. Even though Andy knows he has a pollen allergy, it 
does not mean so do all agents. However, if he knows that the Earth goes 
around the Sun, then it is true; the Earth really goes around the Sun.

In addition to the relationships between epistemic alternatives, we can 
also impose restrictions on the relationships between agents as needed. 
For example, in Facebook logic, the relationship between agents should be 
irreflexive and symmetric. Also, we have another way to capture relation­
ships between agents, for example, to read xRyx

′ as “in the situation y, 
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the agent x can see the post of x′” on X1. Then, we can read □A□KpK as 
“all the people know pK , as far as I know.”

4. Embedding Epistemic Logic into Agent-Knowledge 
Logic

One of the aims of our new logic is to make it an alternative to Facebook 
logic. In fact, any sentence we can express in basic epistemic logic can be 
rewritten in this agent-knowledge logic. In this section, we show that we 
can embed epistemic logic into agent-knowledge logic.

To begin with, let us define how to translate a formula of epistemic 
logic.
Definition 4.1. We define a translation T : LEL → LAK as follows:

T : Prop ∋ p ↦→ pK ∈ PropK is a bijection
T : A ∋ i ↦→ a ∈ NomA is a bijection
T (¬ϕ) = ¬T (ϕ)

T (ϕ ∧ ψ) = T (ϕ) ∧ T (ψ)
T (Kiϕ) = @T (i)□KT (ϕ).

Example 4.2. Here is one example of translation:

T (Ki(p ∧Kj¬q)) = @ai
□K(pK ∧@aj

□K¬qK).

We write ai to abbreviate T (i) (i ∈ A).
In fact, the idea of rewriting Kiϕ as @T (i)□KT (ϕ) was presented in 

Sano’s review in 2011 [15]. This was written in Japanese to introduce the 
paper by Seligman et al. [16]. Unfortunately, this translation does not 
work for Facebook logic, but it does work when the target logic is agent-
knowledge logic.

We aim to prove the following theorem.

1Most of the readers are familiar with the name once it had: Twitter.
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Theorem 4.3. For all ϕ ∈ LEL,

|=EL ϕ ⇐⇒ |=AK T (ϕ).

First, we construct an AK model from an EL model.
Definition 4.4. Given an EL model MEL = (W, (Ri)i∈A, V ), the induced 
AK model Mα

AK is defined as follows:

Mα
AK = (A×W, ∅, (Ri)i∈A, V

α),

where:

• For any pA ∈ PropA, V α(pA) = ∅.

• For any pK ∈ PropK , V α(pK) = V (T−1(pK)).

• For any a ∈ NomA, V α(a) = {T−1(a)}.

• Take one y0 ∈W , and for any k ∈ NomK , V α(k) = {y0}.

Note that we do not care about the definitions of (Ry)y∈WK
, V α(pA),

and V α(k). It is because the formula translated by T  requires only PropK , 
NomA, Boolean operators, □K , and @a.
Lemma 4.5. For any ϕ ∈ LEL and for any i ∈ A, we have:

MEL, w |= ϕ ⇐⇒ Mα
AK, (i, w) |= T (ϕ).

Proof: By induction on the complexity of ϕ.

(ϕ = p) For all i ∈ A,

MEL, w |= p ⇐⇒ w ∈ V (p)

⇐⇒ w ∈ V α(T (p))

⇐⇒ Mα
AK, (i, w) |= T (p).

(ϕ = ¬ψ,ψ ∧ χ) Straightforward.

(ϕ = Kjψ) First, we prove the left-to-right direction.
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Suppose that MEL, w |= Kjψ. Then, for all v such that wRjv, we 
have MEL, v |= ψ. We divide the proof into two cases depending on 
whether such a world v ∈W  exists.

(i) If v ∈ W  reachable by Rj from w exists, take arbitrary one. 
Then, we have MEL, v |= ϕ. By the induction hypothesis, espe­
cially Mα

AK, (j, v) |= T (ϕ). Since we took v arbitrarily, it follows 
that Mα

AK, (j, w) |= □KT (ϕ). By the definition of V α, we finally 
get that Mα

AK, (i, w) |= @T (j)□KT (ϕ) for all i ∈ A.
(ii) If there is no v ∈ W  such that wRjv, we straightforwardly get 

that Mα
AK, (j, w) |= □KT (ϕ). In the same way as in the former 

case, we have Mα
AK, (i, w) |= @T (j)□KT (ϕ) for all i ∈ A.

In both cases, we can reach the result Mα
AK, (i, w) |= @T (j)□KT (ϕ)

for all i ∈ A. Therefore, we have Mα
AK, (i, w) |= T (Kjϕ).

Next, we prove the other direction. Take one i ∈ A and suppose 
that Mα

AK, (i, w) |= T (Kjψ). It means that for all v such that wRjv, 
Mα

AK, (j, v) |= T (ψ) holds. Take one v such that wRjv (if we cannot, 
then MEL, w |= Kjψ is straightforward). By the induction hypothe­
sis, we have MEL, v |= ψ. Since we took v arbitrarily, it follows that 
MEL, w |= Kjψ. □

Definition 4.6. Given an AK model MAK = (WA × WK , (Ry)y∈WK
,

(Sx)x∈WA
, V ), the induced EL model Mβ

EL is defined as follows:
Mβ

EL = (WK , (S
β
i )i∈A, V

β), where:

• A is the set used in Definition 2.1.

• ySβ
i z in Mβ

EL iff yST (i)V z in MAK.

• V β(p) = V (T (p)).

Let us consider a function β : WA → A such that β(T (i)V ) = i for all 
i ∈ A. It expresses the correspondence between an agent in WA and an 
agent in A. The illustration of this condition in Figure 2 may help your 
understanding.
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iA ∋ a ∈ Nom1

x ∈WAiA ∋

T

(·)V

β

idA

Figure 2: The condition β satisfies (idA is the identity on A).

Lemma 4.7. For any ϕ ∈ LEL and for any x ∈WA,

MAK, (x, y) |= T (ϕ) ⇐⇒ Mβ
EL, y |= ϕ.

Proof: By induction on the complexity of ϕ.

(ϕ = p) For all x ∈WA,

MAK, (x, y) |= T (p) ⇐⇒ y ∈ V (T (p))

⇐⇒ y ∈ V β(p)

⇐⇒ Mβ
EL, y |= p.

(ϕ = ¬ψ,ψ ∧ χ) Straightforward.

(ϕ = Kjψ) First, we prove the left-to-right direction.
Suppose that MAK, (x, y) |= T (Kjψ). That is, we assume that 
MAK, (x, y) |= @T (j)□KT (ψ). Then, for all z such that yST (j)V z, 
we have MAK, (T (j)

V , z) |= T (ψ). Bearing in mind the definition 
of Sβ

i , it suffices to pick up one z ∈ WK such that ySβ
j z (if we 

cannot, it is straightforward that Mβ
EL, y |= Kjψ holds). By the 

assumption, we have MAK, (T (j)
V , z) |= T (ψ). By the induction 

hypothesis, Mβ
EL, z |= ψ. Since we picked up z arbitrarily, we have 

Mβ
EL, y |= Kjψ.



Agent-Knowledge Logic for Alternative Epistemic Logic 623

Next, we prove the other direction. Suppose that Mβ
EL, y |= Kjψ. It 

means that for all z ∈WK such that ySβ
j z, M

β
EL, z |= ψ holds. Now, 

pick z ∈ WA such that yST (j)V z arbitrarily (if we cannot, we have 
MAK, (x, y) |= T (Kjψ) for all x ∈WA), and we have ySβ

j z. Then, we 
have MAK, z |= ψ. By the induction hypothesis, MAK, (T (j)

V , z) |=
T (ψ). Since we pick up z arbitrarily, it follows that MAK, (x, y) |=
@T (j)□KT (ψ) for any x ∈WA, which means MAK, (x, y) |= T (Kjψ).

□

Now, we are ready to prove the main theorem, Theorem 4.3. Here is 
the proof.

Proof: We prove it by showing the contraposition. To prove the left-to-
right direction, suppose that we have some ϕ such that ̸|=AK T (ϕ). Then, 
there is a model MAK and its pair of points (x, y) such that MAK, (x, y) |=
¬T (ϕ), which means that MAK, (x, y) |= T (¬ϕ). Then, by Lemma 4.7, we 
have Mβ

EL, y |= ¬ϕ, which leads us to the conclusion that ̸|=EL ϕ. The case 
of the other direction can be done by using Lemma 4.5. □

We usually treat binary relations of EL models as equivalence relations. 
Moreover, once we want to deal with beliefs by means of a modal operator, 
we impose yet another condition on accessibility relations. The following 
corollary shows how embedding can reflect these restrictions.
Proposition 4.8. We have the following properties:

(i) For every i ∈ A, if Ri in MEL is reflexive (or serial, symmetric, 
transitive, Euclidean), then so is Ri in Mα

AK.

(ii) For every x ∈ WA, if Sx in MAK is reflexive (or serial, symmetric, 
transitive, Euclidean), then so is Sβ

i  in Mβ
EL.

Proof: The former is obvious, and the latter is straightforward from the 
definition of Sβ

i . □
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5. Proof System

In this section, we introduce a tableau calculus as a proof system.
In constructing a tableau calculus for agent-knowledge logic, we have 

made significant use of that for hybrid logic. The primary reference is the 
work of Bolander and Blackburn [3]. We also refer to Nishimura [13], who 
studies tableau calculi for some two-dimensional hybrid logics.

For simplicity, this section deals only with the negation normal form 
(NNF, in short) of formulas. Moreover, if we write ¬ϕ, we assume it as 
its NNF. For the satisfaction operators, a formula ¬@aϕ is equivalent to 
@a¬ϕ. That is, for any model and its possible world (x, y), a formula ϕ, 
and a nominal a ∈ NomA, we have

MAK, (x, y) |= @a¬ϕ ⇐⇒ MAK, (x, y) |= ¬@aϕ.

The same equivalence holds for the case of k ∈ NomK . Transformations to 
the NNF involving Boolean and modal operators can be done in the usual 
way.

5.1. Tableau Calculus

Here we provide a tableau calculus of agent-knowledge logic, denoted by TAK.
Definition 5.1. A tableau is a well-founded tree constructed in the follow­
ing way:

• Start with a formula of the form @a@kϕ (called the root formula), 
where ϕ is a formula of agent-knowledge logic and a ∈ NomA, k ∈
NomK does not occur in ϕ.

• For each branch, extend it by applying rules (see Definition 5.3) to all 
nodes as often as possible. However, we can no longer add any formula 
in a branch if at least one of the following conditions is satisfied:

(i) Every new formula generated by applying any rule already exists 
in the branch.

(i) The branch is closed (see Definition 5.2).
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Here, a branch means a maximal path of a tableau. If a formula ϕ occurs 
in a branch Θ, we write ϕ ∈ Θ. 
Definition 5.2. A branch of a tableau Θ is closed if one of the following 
conditions holds:

(ii) There are a ∈ NomA, k, l ∈ NomK , and s ∈ PropA ∪NomA such 
that @a@ks,@a@l¬s ∈ Θ.

(ii) There are a, b ∈ NomA, k ∈ NomK , and t ∈ PropK ∪NomK such 
that @a@kt,@b@k¬t ∈ Θ.

We say that Θ is open if it is not closed. A tableau is called closed if all 
branches in the tableau are closed. 

Definition 5.3. We provide the rules of TAK in Figure 3. 
In these rules, the formulas above the line show the formulas that have 

already occurred in the branch, and the formulas below the line show the 
formulas that will be added to the branch. The vertical line in the [∨]
means that the branch splits to the left and right.
Definition 5.4 (provability). Given a formula ϕ, we say that ϕ is provable
in TAK if there is a closed tableau whose root formula is @a@k¬ϕ, where 
a ∈ NomA and k ∈ NomK do not occur in ϕ.

5.2. Termination

A tableau calculus has the termination property if, for any tableau con­
structed in the system, all branches have a finite length. We first prove 
that the tableau calculus TAK introduced above has the termination prop­
erty. This proof is based on the termination proof in [3]; however, it is 
more complicated because we are now dealing with two-dimensional cir­
cumstances.
Definition 5.5. Let @a@kϕ,@b@lψ (a, b ∈ NomA, k, l ∈ NomK) be 
formulas. We say that @a@kϕ is a prefixed subformula of @b@lψ if ϕ is a 
subformula of ψ.
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@a@k¬b
@b@kb

[¬A]
∗1 @a@k¬l

@a@ll
[¬K ]

∗1

@a@k(ϕ ∧ ψ)
@a@kϕ
@a@kψ

[∧] @a@k(ϕ ∨ ψ)
@a@kϕ | @a@kψ

[∨]

@a@k♦Aϕ

@a@k♦Ab
@b@kϕ

[♦A]
∗1,∗2,∗3 @a@k♦Kϕ

@a@k♦K l
@a@lϕ

[♦K ]
∗1,∗2,∗4

@a@k□Aϕ
@a@k♦Ab

@b@kϕ
[□A]

∗5

@a@k□Kϕ
@a@k♦K l

@a@lϕ
[□K ]

∗5

@a@k@bϕ

@b@kϕ
[@A]

@a@k@lϕ

@a@lϕ
[@K ]

@a@kϕ
@a@kb

@b@kϕ
[IdA]

∗2

@a@kϕ
@a@kl

@a@lϕ
[IdK ]

∗2

*1: This rule can be applied only one time per formula.
*2: The formula above the line is not an accessibility formula. Here, an accessibility 
formula is the formula of the form @a@k♦Ab (@a@k♦K l) generated by [♦A] ([♦K ]), 
where b (l) is a new nominal.
*3: b ∈ NomA does not occur in the branch.
*4: l ∈ NomK  does not occur in the branch.
*5: The second formula above the line is an accessibility formula.

Figure 3: The rules of TAK
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Lemma 5.6. For any formula @a@kϕ occurring in a branch Θ of a tableau, 
at least one of the following conditions holds:

• @a@kϕ is a prefixed subformula of the root formula.

• @a@kϕ is an accessibility formula.

Proof: By induction on the length of Θ. □

Definition 5.7. Let Θ be a branch. For every pair (a, k) (a ∈ NomA, k ∈
NomK) of nominals occurring in Θ, the set TΘ((a, k)) is defined as follows:

TΘ((a, k))={ϕ |@a@kϕ∈Θ is a prefixed subformula of the root formula}.

Since the number of prefixed subformulas is finite for any formula 
@a@kϕ, the set TΘ((a, k)) is finite for any pair (a, k) of nominals.
Definition 5.8. Let Θ be a branch of a tableau, and let a, b ∈ NomA

and k, l ∈ NomK be nominals occurring in Θ. A pair (b, l) of nominals is 
generated by (a, k) in Θ (denoted by (a, k) ≺Θ (b, l)) if one of the following 
conditions holds:

(i) k = l and b is introduced by applying [♦A] to @a@k♦Aϕ.

(ii) a = b and l is introduced by applying [♦K ] to @a@k♦Kϕ.

Observe that the following equivalences hold: (a, k) ≺Θ (b, l) if and only 
if one of the following conditions holds:

(i) k = l and there is an accessibility formula @a@k♦Ab ∈ Θ.

(ii) a = b and there is an accessibility formula @a@k♦K l ∈ Θ.

Thus far, the discussion has proceeded in nearly the same manner as 
in previous studies such as [3]. However, the situation changes from the 
following lemma.
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Lemma 5.9. Given a branch Θ of a tableau, we define a structure GΘ =
(NΘ,≺Θ) where:

• NΘ = {(a, k) | there is a ϕ such that @a@kϕ ∈ Θ} ,

• ≺Θ is the relation defined in Definition 5.8.

Then GΘ is a disjoint union of well-founded and finitely branching trees. 
Proof: Properties that G is well-founded and finitely branching are
proved in a similar way to the proof of [3, Lemma 4.2]. Then the rest 
of the proof is to show that G is a disjoint union of trees.

Suppose there are pairs (a, k) and (a′, k′) of nominals such that both 
(a, k) ≺Θ (b, l) and (a′, k′) ≺Θ (b, l). This proof is split into two cases.

(a) Suppose that k=k′= l and there are accessibility formulas @a@k♦Ab, 
@′

a@k♦Ab ∈ Θ. However, it never occurs since we have to introduce 
a new nominal whenever we apply [♦A] or [♦K ] to a branch.

(b) Suppose that k = l, a′ = b and there are accessibility formulas 
@a@k♦Ab,@a′@k′♦K l ∈ Θ. If @a@k♦Ab appears first, then the oc­
currence @a′@k′♦K l in Θ contradicts the restriction of [♦K ] since 
l = k already exists in Θ before adding @a′@k′♦K l. □

Note that, unlike [3, Lemma 6.4], the lemma shown above does not claim 
that there are only finitely many trees. In the tableau for one-dimensional 
hybrid logic, there can be only finitely many nominals that serve as roots 
in GΘ; they are restricted to those occurring in the root formula. Conse­
quently, if NΘ is infinite, we immediately obtain an infinite sequence of ≺Θ

by König’s Lemma. In the present case, however, if at least one member 
of the pair (a, k) is a nominal from the root formula, it has the potential 
to become a root of GΘ.

While this issue must be addressed, we first define a function mΘ for a 
pair of nominals (a, k) that returns the maximum length of formulas labeled 
by it, and then show that this value decreases along the transitions of ≺Θ.
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Definition 5.10. Let Θ be a branch of a tableau. For any pair (a, k) of 
nominals occurring in Θ. We define a function mΘ : NomA×NomK → N
as follows:

mΘ((a, k)) = max{|ϕ| | @a@kϕ ∈ Θ}.

Then, we want to show that (a, k) ≺Θ (b, l) implies mΘ((a, k)) >
mΘ((b, l)). However, directly proving it does not work well. Thus, we 
show an extended result as a lemma.
Lemma 5.11. Let Θ be a branch of a tableau.

(i) If (a, k) ≺Θ (b, k), then for all l ∈ NomK , we have mΘ((a, k)) >
mΘ((b, l)). 

(ii) If (a, k) ≺Θ (a, l), then for all b ∈ NomA, we have mΘ((a, k)) >
mΘ((b, l)). 

Proof: We only show (i). The other part of the lemma can be shown 
similarly.

Assume (a, k) ≺Θ (b, k). Take a nominal l ∈ NomK and a formula ϕ
such that mΘ((b, l)) ≥ mΘ((b, l

′)) for all l′ ∈ NomK and |ϕ| = mΘ((b, l)). 
We show that mΘ((a, k)) > |ϕ| or contradiction by dividing it into cases 
depending on which rule @b@lϕ was introduced by.

(a) Suppose that @b@lϕ is introduced by [¬A]. Straightforwardly, we 
have @b@lb ∈ Θ. This is obviously not an accessibility formula, so 
by Lemma 5.6, @b@lb is a prefixed subformula of the root formula 
of Θ. Then, b is in the root formula, which contradicts that b is a 
generated nominal.

(b) Suppose that @b@lϕ is introduced by [¬K ]. Then, we have ϕ = l
and there is another nominal l ∈ NomK such that @b@l′¬l ∈ Θ. 
However, it contradicts the maximality of l and ϕ.

(c) If @b@lϕ is introduced by [∧], then there is another formula ψ such 
that @b@l(ϕ ∧ ψ) ∈ Θ. However, it contradicts the maximality of ϕ. 
We can prove this in a similar way in the case of [∨].
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(d) Suppose that @b@lϕ is introduced by [♦A]. This means that there is 
another nominal b′ ∈ NomA (it may be different from a) such that 
@b@lϕ is introduced from @b′@l♦Aϕ. Then we have (b′, l) ≺Θ (b, l), 
which means b is introduced by some formula @b′@l♦Aϕ. However, 
since (a, k) ≺Θ (b, k) and G = (NΘ,≺Θ) defined in Lemma 5.9 is a 
disjoint union of trees, we have (b′, l) = (a, k). Therefore, it follows 
that

mΘ((a, k)) = mΘ((b
′, l)) ≥ |♦Aϕ| > |ϕ|.

We can prove this in a similar way in the case of [□A].

(e) Suppose that @b@lϕ is introduced by [♦K ]. Then we have that there 
is another nominal l′ ∈ NomK such that @b@l′♦Kϕ ∈ Θ. However, 
it contradicts the maximality of l and ϕ. We can prove this in a 
similar way in the case of [□K ].

(f) If @b@lϕ is introduced by [@A], then there is another nominal b′ ∈
NomA such that @b′@l@bϕ ∈ Θ. By Lemma 5.6, @bϕ is a prefixed 
subformula of the root formula of Θ. Then, b is in the root formula, 
which contradicts that b is a generated nominal.

(g) If @b@lϕ is introduced by [@K ], then there is another nominal l′ ∈
NomK such that @b@l′@lϕ ∈ Θ. However, it contradicts the maxi­
mality of l and ϕ.

(h) Suppose that @b@lϕ is introduced by [IdA]. Then, we have another 
nominal b′ ∈ NomA such that @b′@lb ∈ Θ. Thus, by Lemma 5.6, b is 
in the root formula, which contradicts that b is a generated nominal.

(i) Suppose that @b@lϕ is introduced by [IdK ]. Then, we have another 
nominal l′ ∈ NomK such that @b@l′ϕ ∈ Θ. In this case, take l′
instead and check which rule derives @b@l′ϕ. Note that this case 
cannot be applied infinitely. In this case, we also have @b@l′ l ∈ Θ, 
so l is in the root formula. However, the root formula contains only 
a finite number of nominals. □

Now, we address the remaining issue. As previously mentioned, GΘ can 
be an infinite disjoint union of trees. Therefore, we consider constructing a 
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single large tree by “grafting” the root of each tree onto a branch of another 
tree.
Definition 5.12. We define a relation ◁Θ over NomA×NomK . For each 
root (b, l) of GΘ, insert (a, k)◁Θ(b, l), where (a, k) is the earliest occurrence 
of a label in Θ among those satisfying the following conditions:

(i) @b@lψ is derived from @a@kϕ by either [¬M ], [@M ], or [IdM ] (M ∈
{A,K}) and 

(ii) mΘ((a, k)) ≥ mΘ((b, l)). 

The following lemma guarantees that the definition of ◁Θ works well. 
Lemma 5.13. Let (b, l) be a root of GΘ. If the root formula of Θ does not 
have the form @b@lϕ, i.e., (b, l) is not a label of the root formula of Θ, 
then there is at least one pair (b′, l′) satisfying the conditions (i) and (ii) 
in Definition 5.12. 
Proof: For any root (b, l) of GΘ, take a formula ψ such that |ψ| =
mΘ((b, l)). If @b@lψ is introduced by [∧] or [∨], then there is a formula 
@b@l(ψ ∧ χ) or @b@l(ψ ∨ χ) in Θ, which contradicts the maximality of ψ. 
Moreover, if @b@lψ is derived by [♦A], there exists a nominal b′ ∈ NomA

such that @b′@l♦Aψ,@b′@l♦Ab ∈ Θ. Then, we have (b′, l) ≺Θ (b, l), which 
contradicts that (b, l) is a root of GΘ (the same applies to the cases for 
[♦K ], [□A], and [□K ]).

Therefore, @b@lϕ must be derived by either [¬M ], [@M ], or [IdM ] (M ∈
{A,K}). If @b@lψ is derived by [¬A], we have ψ = b and there is another 
nominal b′ ∈ NomA such that @b′@l¬b ∈ Θ. Then, we have mΘ((b

′, l)) ≥
|¬b| ≥ |b| = |ψ|. If @b@lψ is derived by [@A], there is another nominal b′ ∈
NomA such that @b′@l@bψ ∈ Θ. Then, we have mΘ((b

′, l)) ≥ |@bψ| ≥ |ψ|. 
In the case for [IdA], there is b′ ∈ NomA such that @b′@lψ ∈ Θ. Then, 
we have mΘ((b

′, l)) ≥ |ψ|. We leave the remainder of the proof of the cases 
for [¬K ], [@K ], and [IdK ]. □

Recall that all the formulas in a tableau, except for accessibility formu­
las, are quasi-subformulas in the root formula. Observing the rules [¬M ], 
[@M ], and [IdM ] (M ∈ {A,K}), we have the following restriction:
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(R) If (a, k) ◁Θ (a, l) holds, l occurs in a root formula. Moreover, if 
(a, k)◁Θ (b, k) holds, b occurs in a root formula.

Since the number of nominals occurring in the root formula is finite, we 
cannot have the following infinite sequence

(a0, k0)◁Θ (a1, k1)◁Θ (a2, k2)◁Θ · · · ,

where (ai, ki) ̸= (aj , kj) (i ̸= j) for all i, j ∈ N.
Owing to ◁Θ, we can construct a single tree by grafting trees in GΘ.

Lemma 5.14. Given a branch Θ of a tableau, we define a structure G̃Θ =
(NΘ, (≺Θ ∪◁Θ)). Then G̃Θ is a finitely branching tree. 
Proof: When a new pair of nominals emerges in NΘ, we apply either 
[♦M ], [¬M ], [@M ], or [IdM ] (M ∈ {A,K}) to Θ. Thus, any node of G̃Θ, 
except for the pair of nominals that serves as a label for the root formula, 
has the antecedent by either ≺Θ or ◁Θ. Since all formulas in the tableau 
are derived from the root formula, any node of G̃Θ is connected to the label 
of the root formula.

We have checked that GΘ is finitely-branching. Moreover, from the 
fact (R) and the fact that a root formula of Θ has only a finite number of 
nominals, ◁Θ is also finitely-branching.

It is not the case that both (a, k) ≺Θ (b, l) and (a′, k′)◁Θ (b, l) hold—
otherwise, (b, l) would be and yet not be a root of GΘ. Also, by the 
definition of ◁Θ, any antecedent of (b, l) ∈ NΘ by ◁Θ is unique. Together 
with the fact that GΘ is a disjoint union of trees, we show that G̃Θ is a 
tree. □

We do not show that G̃ is well-founded. In fact, the following infinite 
ascending branch may occur:

(a0, k0)▷Θ (a1, k1)▷Θ (a2, k2)▷Θ . . . .

However, considering (R) and the finiteness of nominals occurring in the 
root formula, only a finite pair of nominals occurs in that sequence. Then, 
it may occur only as a finite loop. Therefore, this infinite ascending branch 
does not cause any problem in applying König’s lemma. Now, we are ready 
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to prove the main theorem.
Theorem 5.15. The tableau calculus TAK has the termination property.
Proof: By reductio ad absurdum.

Suppose that there is a branch Θ of a tableau that is infinite. If only 
a finite number of nominals occur in Θ, then a finite number of formulas 
occur in Θ by Lemma 5.6, which contradicts the infinity of Θ. Thus, Θ
contains infinitely many nominals, so NΘ is infinite. Since G̃Θ is a finitely 
branching tree, we find an infinite sequence

(a0, k0)◁
n0

Θ (a1, k1) ≺+
Θ (a2, k2)◁

n1

Θ (a3, k3) ≺+
Θ · · · ,

by König’s Lemma (note that we cannot make an infinite ascending chain 
by ◁Θ). Applying Lemma 5.11 and Definition 5.12, we have an infinite 
descent

mΘ((a0, k0)) ≥ mΘ((a1, k1)) > mΘ((a2, k2)) ≥ mΘ((a3, k3)) > · · · ,

which contradicts the definition of mΘ. □

5.3. Completeness

The soundness of TAK can be proved in a similar way to the method 
introduced in [13]. Then, we proceed to prove the completeness of TAK.

In preparation, we define some terminology. We say a branch Θ satu­
rated if every new formula generated by applying some rules already exists 
in Θ. Moreover, s ∈ NomA ∪NomK is a right nominal in a branch Θ if 
there are some a ∈ NomA and k ∈ NomK such that @a@ks ∈ Θ. From 
Lemma 5.6, it is straightforward that all the right nominals in Θ occur in 
the root formula of Θ.
Definition 5.16. Given a branch Θ of a tableau, we define binary relations 
∼A

Θ⊂ NomA×NomA and ∼K
Θ⊂ NomK×NomK on a set of right nominals 

in Θ as follows.

• a ∼A
Θ b if there is a nominal k ∈ NomK such that @a@kb ∈ Θ.

• k ∼K
Θ l if there is a nominal a ∈ NomA such that @a@kl ∈ Θ.
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We can show that if Θ is saturated, then both ∼A
Θ and ∼K

Θ  are equiva­
lence relations (see [13, Lemma 5.7]). Then, we define equivalence classes 
[a]AΘ and [k]KΘ  of a right nominal by the relation ∼A

Θ and ∼K
Θ , respectively. 

Moreover, if we arrange the elements in NomA and NomK in the order 
of occurrence in the branch, respectively, we can fix the minimal element 
min(A) for any subset A in NomA or NomK . They enable us to take a 
representative of nominals.
Definition 5.17. Let Θ be a saturated branch and s ∈ NomA ∪NomK

a nominal occurring in Θ. The urfather of s on Θ (denoted by uΘ(s)) is 
defined as follows:

uΘ(s) =

⎧⎪⎨⎪⎩
min([b]AΘ) if s ∈ NomA and @s@kb ∈ Θ

min([l]KΘ ) if s ∈ NomK and @a@sl ∈ Θ

s otherwise.

Given an s ∈ NomA ∪NomK , uΘ(s) is well-defined (see [13, Proposi­
tion 5.10]). Moreover, the following lemma holds like [13, Lemma 5.11].
Lemma 5.18. Let Θ be a saturated branch. Then, the following properties 
hold:

1. If a ∈ NomA is a right nominal in Θ, then there is some k ∈ NomK

such that @uΘ(a)@ka ∈ Θ. Likely, if k ∈ NomK is a right nominal 
in Θ, then there is some a ∈ NomA such that @a@uΘ(k)k ∈ Θ.

2. If @a@kb ∈ Θ (b ∈ NomA), then uΘ(a) = uΘ(b). Likely, if @a@kl ∈
Θ (l ∈ NomK), then uΘ(k) = uΘ(l).

3. For every prefixed subformula @a@kϕ ∈ Θ of the root formula of Θ, 
we have @uΘ(a)@uΘ(k)ϕ ∈ Θ.

Definition 5.19. Given an open saturated branch Θ, a model MΘ
AK =

(WΘ
A × WΘ

K , (R
Θ
y )y∈WΘ

K
, (SΘ

x )x∈WΘ
A
, V Θ) generated from Θ is defined as 

follows:
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WΘ
A = {uΘ(a) | a ∈ NomA occurs in Θ}

WΘ
K = {uΘ(k) | k ∈ NomK occurs in Θ}

RΘ
uΘ(k) = {(uΘ(a), uΘ(b)) | accessibility formula @a@k♦Ab ∈ Θ}

SΘ
uΘ(a) = {(uΘ(k), uΘ(l)) | accessibility formula @a@k♦K l ∈ Θ}

V Θ(pA) = {uΘ(a) | there is k ∈ NomK such that @a@kpA ∈ Θ},
where pA ∈ PropA

V Θ(pK) = {uΘ(k) | there is a ∈ NomA such that @a@kpK ∈ Θ},
where pK ∈ PropK

V Θ(a) = {uΘ(a)},  where a ∈ NomA

V Θ(k) = {uΘ(k)},  where k ∈ NomK .

Lemma 5.20. Let Θ be an open saturated branch and let @a@kϕ be a prefixed 
subformula of the root formula of Θ. Then, we have:

if @a@kϕ ∈ Θ, then MΘ
AK, (uΘ(a), uΘ(k)) |= ϕ.

Proof: By induction on the complexity of ϕ.

[ϕ = pA] Suppose that @a@kpA ∈ Θ. Then, by definition, we have uΘ(a) ∈
V Θ(pA). Therefore, MΘ

AK, (uΘ(a), uΘ(k)) |= pA holds. We can do the 
same in the case ϕ = pK .

[ϕ = ¬pA] Suppose that @a@k¬pA ∈ Θ. Since Θ is open, @a@lpA /∈ Θ is 
valid for all l ∈ NomK . This means that uΘ(a) /∈ V Θ(pA). There­
fore, we have MΘ

AK, (uΘ(a), uΘ(k)) |= ¬pA. We can do the same in 
the case ϕ = ¬pK .

[ϕ = b] Suppose that @a@kb ∈ Θ (b ∈ NomA). By Lemma 5.18, we have 
uΘ(a) = uΘ(b). Thus, we have MΘ

AK, (uΘ(a), uΘ(k)) |= b by the 
definition of V Θ(b). We can do the same in the case ϕ = l (l ∈
NomK).
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[ϕ = ¬b] Suppose that @a@k¬b ∈ Θ (b ∈ NomA). Since Θ is satu­
rated, we also have @b@kb ∈ Θ. Then by Lemma 5.18, it follows 
that @uΘ(a)@uΘ(k)¬b,@uΘ(b)@uΘ(k)b ∈ Θ. However, since Θ is open, 
uΘ(a) ̸= uΘ(b), which means MΘ

AK, (uΘ(a), uΘ(k)) |= ¬b. We can do 
the same in the case ϕ = ¬l (l ∈ NomK).

[ϕ = ψ ∧ χ, ψ ∨ χ] Straightforward.

[ϕ = ♦Aψ] If @a@k♦Aψ ∈ Θ, then there is a nominal b ∈ NomA such 
that @a@k♦Ab,@b@kψ ∈ Θ. It follows that uΘ(a)RΘ

uΘ(k)uΘ(b) from 
the former formula. Moreover, by the latter formula and the in­
duction hypothesis, MΘ

AK, (uΘ(b), uΘ(k)) |= ψ holds. Therefore, we 
have MΘ

AK, (uΘ(a), uΘ(k)) |= ♦Aψ. We can do the same in the case 
ϕ = ♦Kψ.

[ϕ = □Aψ] Suppose that @a@k□Aψ ∈ Θ. Now, assume that there is 
a nominal b ∈ NomA such that there is an accessibility formula 
@a@k♦Ab ∈ Θ (If not, then there is no state reachable from uΘ(a). 
Thus, MΘ

AK, (uΘ(a), uΘ(k)) |= □Aψ is straightforward). Then, from 
the definition of RΘ, we have uΘ(a)RΘ

uΘ(k)uΘ(b). Moreover, since Θ
is saturated, we obtain @b@kψ ∈ Θ. By the induction hypothesis, 
MΘ

AK, (uΘ(b), uΘ(k)) |= ψ holds. Since we pick up an arbitrary b, we 
have MΘ

AK, (uΘ(a), uΘ(k)) |= □Aψ. We can do the same in the case 
ϕ = □Kψ.

[ϕ = @bψ,@kψ] Straightforward. □

This lemma is called model existence lemma. Note that by combining 
it with the termination property of TAK, we can show the finite model 
property of agent-knowledge logic as well as the completeness.
Theorem 5.21. The tableau calculus TAK is complete for the class of all 
AK models.
Proof: We show the contraposition.

Suppose that ϕ is not provable in TAK. Then, we can find an open and 
saturated branch Θ with the root formula @a@k¬ϕ, where a ∈ NomA

and k ∈ NomK do not occur in ϕ. Then, by Lemma 5.20, we have 
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MΘ
AK, (uΘ(a), uΘ(k)) |= ¬ϕ. It means that there is an AK model and 

its possible world that falsifies ϕ. □

The termination property and completeness of the tableau calculus tell 
us about the decidability of logic. If ϕ is provable, then it is provable in 
finite time. By contrast, if ϕ is unprovable, we can make a finite counterex­
ample model. From them, the following corollary holds.
Corollary 5.22. The agent-knowledge logic is decidable.

6. Future Work and Perspective

6.1. Adding More Operators

One of the proposed future work to make agent-knowledge logic more fruit­
ful is to add new operators.

For example, let us imitate some operators of epistemic logic. Given 
a group G ⊆ A of agents, the everybody knows operator EG is defined as 
follows:

MEL, w |= EGϕ ⇐⇒ M, w |= Kiϕ for all i ∈ G.

Intuitively, this formula says that everyone in the group G knows ϕ. Re­
calling that a formula Kiϕ is translated into @T (i)□KT (ϕ), we can define 
the everybody knows operator in agent-knowledge logic as follows, where 
G is a subset of NomA:

MAK, (x, y) |= EGϕ ⇐⇒ M, (x, y) |= @a□Kϕ for all a ∈ G.

This definition works well even if two nominals a, b ∈ NomA point to the 
same agent, but only one of a or b is in G. If they point to the same agent, 
then the two formulas @aϕ and @bϕ are equivalent for any world in any 
model.

Based on these definitions, we may mimic other operators used in epis­
temic logic, such as the operator for common knowledge CG and the op­
erator for distributed knowledge DG. Can we analyze problems that have 
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been considered in epistemic logic, such as the muddy children puzzle, us­
ing agent-knowledge logic? Research in this direction may be able to reflect 
various results in epistemic logic in agent-knowledge logic as well.

Additionally, there is another direction to research agent-knowledge 
logic, to introduce a universal operator used in hybrid logic, which may 
enable us to symbolize more expressions in natural language. The defini­
tion of the universal operators AA and EA are as follows:

MAK, (x, y) |= AAϕ ⇐⇒ MAK, (z, y) |= ϕ for all z ∈WA,

MAK, (x, y) |= EAϕ ⇐⇒ there is some z ∈WA

such that MAK, (z, y) |= ϕ.

Owing to these operators, we can write some expressions as follows:

• EA□KpK : Someone knows pK .

• □KAA□KpK : An agent knows that all the people know pK .

• EA□A□KpK : There is a person all of whose friends know pK .

6.2. Seeking More Usage

Research in agent-knowledge logic is not merely about adding new opera­
tors. In contrast, some of the languages proposed in this paper lack effective 
application. For example, agent names in NomA and agent-independent 
propositions in PropK play essential roles to embed epistemic logic into 
agent-knowledge logic. However, this paper does not go so far as to present 
practical applications for the sets PropA and NomK , although it provides 
interpretations for the elements of them.

It might be an interesting direction to assign interpretations to the two 
sets other than agents and their epistemic alternative. For example, as 
often seen in modal logics applied to computer science, elements of WK

can be interpreted as states of a computer. In that case, WA can be seen 
as a set of named computers. Under this interpretation, agent-knowledge 
logic might be able to describe a system where computers mutually monitor 
each other’s behavior.
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6.3. Hilbert-Style Axiomatization

In this paper, we have given the tableau calculus for agent-knowledge logic 
as a proof system. We can give another proof system, for example, Hilbert-
style axiomatization.

Fortunately, there is already abundant prior research in related fields, 
such as the aforementioned Sano’s work [14] on two-dimensional hybrid 
logic (see also [1], which focused on Facebook logic). For LHS, recent 
research by Chen and Li [5] gives the axiomatization.

6.4. Complexity

In this paper, we have shown the decidability of the agent-knowledge logic 
using tableau calculus. But what about its computational complexity? As 
is already known, the satisfiability problem for epistemic logic is PSPACE-
complete [8]. If we want to use agent-knowledge logic as an alternative to 
epistemic logic, we expect it to be PSPACE-complete.

The analysis of computational complexity for a fusion in modal logic 
may provide a clue to solving this problem. An explanation for a fusion is 
in [7, p. 111]:

Let L1 and L2 be two multimodal logics formulated in lan­
guages L1 and L2, both containing the language L of classical 
propositional logic, but having disjoint sets of modal operators. 
Denote by L1 ⊗ L2 the union of L1 and L2. Then the fusion
L1 ⊗L2 of L1 and L2 is the smallest multimodal logic L in the 
language L1 ⊗ L2 containing L1 ∪ L2.

From the results of Halpern and Moses [8], we can obtain that the satis­
fiability problem for K ⊗K is PSPACE-complete. Since agent-knowledge 
logic is based on K ⊗ K, we may be able to answer the question with 
reference to this proof.
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   −  𝜑  (  𝑣  )  )  ⊃  𝑢        =  −   𝒬     𝑣  ) 


   𝜓  (    𝜄  𝒬   𝑥  −  𝜑  (  𝑥  )  ) 


   𝒬  =  {    𝜑  1   ,  .  .  .  ,    𝜑  𝑘   } 


     𝜑  𝑖   ,    𝜑  𝑗   ∈  𝒬 


   𝑖  ,  𝑗  ∈  {  1  ,  .  .  .  ,  𝑘  } 


   𝑖  ≠  𝑗 


       


                � 


       


                � 


       


                � 


       


                � 


   𝜄 


   ∃  𝑥  𝐴 


   {    𝜑  𝑖   }  ⊂    𝒬  ′   ⊂  𝒫 


     𝜑  𝑖   ∈  𝒫 


   𝑖  ∈  {  1  ,  .  .  .  ,  𝑘  } 


   𝒬  =  {    𝜑  𝑖   } 


   {  𝒟    }  ′  


   {  𝒟    }  ′   ⊂  {  𝒟  } 


       


                � 


   {    𝜑  𝑖   } 


   𝒫  ∖  {    𝜑  𝑖   } 


   𝑃  =    𝜑  𝑖  


   𝐵  =    𝜑  𝑗  


     𝜑  𝑖   ,    𝜑  𝑗   ∈    𝒬  ′  


   𝑃 


     𝒟  2   (  𝑖  ) 


     𝒟  2   (  𝑖  𝑖  ) 


     𝒟  2   (  𝑖  𝑖  𝑖  ) 


       


                � 


     𝜄  𝒫  


     𝜑  𝑗  


     𝜑  𝑗   (    𝜄  𝒫   𝑥    𝜑  𝑖   (  𝑥  )  ) 


       


                � 


     𝜄    𝒬  ′   


     𝜑  𝑗   (    𝜄    𝒬  ′    𝑥    𝜑  𝑖   (  𝑥  )  ) 


       


                � 


     𝜄    {    𝜑  𝑖   }   


     𝜑  𝑗   (    𝜄    {    𝜑  𝑖   }    𝑥    𝜑  𝑖   (  𝑥  )  ) 


   𝐵  𝑎  𝑙  𝑑  (    𝜄  𝒫   𝑥  𝑃  𝑜  𝑝  𝑒  (  𝑥  )  ) 


   −  𝑅  𝑒  𝑎  𝑙  (    𝜄  𝒫   𝑥  (  𝐾  𝑖  𝑛  𝑔 


   𝑜    𝑓  2   (  𝑥  ,  𝐹  𝑟  𝑎  𝑛  𝑐  𝑒  )  )  ) 


   𝐵  𝑎  𝑙  𝑑  (    𝜄    𝒬  ′    𝑥  𝐵  𝑖  𝑠  ℎ  𝑜  𝑝  (  𝑥  )  ) 


   𝐵  𝑟  𝑎  𝑣  𝑒  (    𝜄    {  𝐸  𝑛  𝑔  𝑙  𝑖  𝑠  ℎ  𝑚  𝑎  𝑛  }    𝑥  (  𝐸  𝑛  𝑔  𝑙  𝑖  𝑠  ℎ  𝑚  𝑎  𝑛  (  𝑥  )  ) 


   𝐻  𝑒  𝑎  𝑙  𝑡  ℎ  𝑦  (    𝜄    {  𝑆  𝑚  𝑜  𝑘  𝑒  𝑟  }    𝑥  (  −  𝑆  𝑚  𝑜  𝑘  𝑒  𝑟  (  𝑥  )  )  ) 


   ℒ    𝜄  a  


   𝜑  (    𝑥  1   ,  .  .  .  ,    𝑥  𝑚   ) 


   𝑖  ∈  {  1  ,  .  .  .  ,  𝑚  } 


     𝒬  1   ,  .  .  .  ,    𝒬  𝑛   ⊆  𝒫 


   𝜓  (    𝜄    𝒬  1      𝑥  1     𝜑  1   (    𝑥  1   )  ,  .  .  .  ,    𝜄    𝒬  𝑛      𝑥  𝑛     𝜑  𝑛   (    𝑥  𝑛   )  ) 


     =    𝑑  𝑒  𝑓   


   (  ∃    𝑥  1     𝜑  1   (    𝑥  1   ) 


   ∃    𝑥  𝑛     𝜑  𝑛   (    𝑥  𝑛   )  ) 


   = 


   (  ∀    𝑢  1   ∀    𝑣  1   (  (    𝜑  1   (    𝑢  1   )  &    𝜑  1   (    𝑣  1   )  )  ⊃    𝑢  1         =  +     𝒬  1        𝑣  1   ) 


   = 


     ∀    𝑢  𝑛   ∀    𝑣  𝑛   (  (    𝜑  𝑛   (    𝑢  𝑛   )  &    𝜑  𝑛   (    𝑣  𝑛   )  )  ⊃    𝑢  𝑛         =  +     𝒬  𝑛        𝑣  𝑛   )  ) 


   (  ∀    𝑤  1   .  .  .  ∀    𝑤  𝑛   (  (    𝜑  1   (    𝑤  1   ) 


     𝜑  𝑛   (    𝑤  𝑛   )  )  ⊃  𝜓  (    𝑤  1   ,  .  .  .  ,    𝑤  𝑛   )  )  ) 


   𝜓  (    𝜄    𝒬  1      𝑥  1   −    𝜑  1   (    𝑥  1   )  ,  .  .  .  ,    𝜄    𝒬  𝑛      𝑥  𝑛   −    𝜑  𝑛   (    𝑥  𝑛   )  ) 


   (  ∃    𝑥  1   −    𝜑  1   (    𝑥  1   ) 


   ∃    𝑥  𝑛   −    𝜑  𝑛   (    𝑥  𝑛   )  ) 


   = 


   (  ∀    𝑢  1   ∀    𝑣  1   (  (  −    𝜑  1   (    𝑢  1   )  &  −    𝜑  1   (    𝑣  1   )  )  ⊃    𝑢  1         =  −     𝒬  1        𝑣  1   ) 


   = 


     ∀    𝑢  𝑛   ∀    𝑣  𝑛   (  (  −    𝜑  𝑛   (    𝑢  𝑛   )  &  −    𝜑  𝑛   (    𝑣  𝑛   )  )  ⊃    𝑢  𝑛         =  −     𝒬  𝑛        𝑣  𝑛   )  ) 


   (  ∀    𝑤  1   .  .  .  ∀    𝑤  𝑛   (  (  −    𝜑  1   (    𝑤  1   ) 


   −    𝜑  𝑛   (    𝑤  𝑛   )  )  ⊃  𝜓  (    𝑤  1   ,  .  .  .  ,    𝑤  𝑛   )  )  ) 


   −  𝜓 


   𝐵  𝑙  𝑒  𝑠  𝑠  𝑒    𝑠  2   (    𝜄  𝒫   𝑥  (  𝑃  𝑜  𝑝  𝑒  (  𝑥  )  )  ,    𝜄  𝒬   𝑦  (  𝐵  𝑖  𝑠  ℎ  𝑜  𝑝  (  𝑦  )  )  ) 


   𝐷  𝑒  𝑠  𝑐  𝑒  𝑛  𝑑  𝑠 


   𝑓  𝑟  𝑜    𝑚  2   (    𝜄    {  𝐷  𝑜  𝑔  }    𝑥  (  𝐷  𝑜  𝑔  (  𝑥  )  )  ,    𝜄    {  𝑊  𝑜  𝑙  𝑓  }    𝑦  (  𝑊  𝑜  𝑙  𝑓  (  𝑦  )  )  ) 


   𝑃  𝑢  𝑡  𝑠 


   𝑜    𝑛  3   (    𝜄  𝒫   𝑥  (  𝑃  𝑜  𝑝  𝑒  (  𝑥  )  )  ,    𝜄    𝒬  ′    𝑦  (  𝑍  𝑢  𝑐  𝑐  ℎ  𝑒  𝑡  𝑡  𝑜  (  𝑦  )  )  ,    𝜄    𝒬    ′  ′     𝑧  (  𝑍  𝑢  𝑐  𝑐  ℎ  𝑒  𝑡  𝑡  𝑜  (  𝑧  )  )  ) 


     𝜄  𝒬   𝐴 


     𝒬  𝑘   ⊆  𝒫 


   𝑘  ∈  {  1  ,  .  .  .  ,  𝑛  } 


     𝐸  𝑘  


   ∃    𝑥  𝑘     𝜑  𝑘   (    𝑥  𝑘   ) 


   𝑄    𝑈  𝑘  


   = 


   ∀    𝑢  𝑘   ∀    𝑣  𝑘   (  (    𝜑  𝑘   (    𝑢  𝑘   )  &    𝜑  𝑘   (    𝑣  𝑘   )  )  ⊃    𝑢  𝑘         =  +     𝒬  𝑘        𝑣  𝑘   ) 


   ∀    𝑤  1   .  .  .  ∀    𝑤  𝑛   (  (    𝜑  1   (    𝑤  1   )  &  .  .  .  &    𝜑  𝑛   (    𝑤  𝑛   )  )  ⊃  𝜓  (    𝑤  1   ,  .  .  .  ,    𝑤  𝑛   )  ) 


   −    𝐸  𝑘  


   ∃    𝑥  𝑘   −    𝜑  𝑘   (    𝑥  𝑘   ) 


   −  𝑄    𝑈  𝑘  


   = 


   ∀    𝑢  𝑘   ∀    𝑣  𝑘   (  (  −    𝜑  𝑘   (    𝑢  𝑘   )  &  −    𝜑  𝑘   (    𝑣  𝑘   )  )  ⊃    𝑢  𝑘         =  −     𝒬  𝑘        𝑣  𝑘   ) 


   −  𝑃 


   ∀    𝑤  1   .  .  .  ∀    𝑤  𝑛   (  (  −    𝜑  1   (    𝑤  1   )  &  .  .  .  &  −    𝜑  𝑛   (    𝑤  𝑛   )  )  ⊃  𝜓  (    𝑤  1   ,  .  .  .  ,    𝑤  𝑛   )  ) 


     𝒟    1  𝑛   


     𝐸  1  


     𝐸  𝑛  


     𝒟    2  1   


     𝒟    2  𝑛   


   𝑄    𝑈  1  


   𝑄    𝑈  𝑛  


       𝑖  a  


       𝑘  a  


   𝑖  ∈  {  1  ,  .  .  .  ,  𝑛  } 


   −    𝐸  1  


   −    𝐸  𝑛  


   −  𝑄    𝑈  1  


   −  𝑄    𝑈  𝑛  


     𝜄    𝒬  −   


     𝒟    1  𝑘   


     𝒟    2  𝑘   


     𝑃  3   (    𝜄  𝒫   𝑥  (    𝑃  1   (  𝑥  )  )  ,    𝜄    𝒬  ′    𝑦  (    𝑍  1   (  𝑦  )  )  ,    𝜄    𝒬    ′  ′     𝑧  (    𝑍  1   (  𝑧  )  )  ) 


     𝒬  ′   ,    𝒬    ′  ′    ⊂  𝒫 


     𝒬  ′   ≠    𝒬    ′  ′   


       


                  �    �    �  


     𝒟    1  (  𝑄  𝑈  )   


   = 


   ∀    𝑢  1   ∀    𝑣  1   (  (    𝑃  1   (    𝑢  1   )  &    𝑃  1   (    𝑣  1   )  )  ⊃    𝑢  1         =  +   𝒫       𝑣  1   ) 


     𝒟    2  (  𝑄  𝑈  )   


   = 


   ∀    𝑢  2   ∀    𝑣  2   (  (    𝑍  1   (    𝑢  2   )  &    𝑍  1   (    𝑣  2   )  )  ⊃    𝑢  2         =  +     𝒬  ′        𝑣  2   ) 


       


                � 


     𝒟    3  (  𝑄  𝑈  )   


     𝒬    ′  ′   


       


                � 


   {    𝒟    (  𝐸  )    }  =  {    𝒟    1  (  𝐸  )    ,    𝒟    2  (  𝐸  )    ,    𝒟    3  (  𝐸  )    } 


   {    𝒟    (  𝑄  𝑈  )    }  =  {    𝒟    1  (  𝑄  𝑈  )    ,    𝒟    2  (  𝑄  𝑈  )    ,    𝒟    3  (  𝑄  𝑈  )    } 


       


                � 


   ℒ    𝜄  b  


     𝒬    1  1    ,  .  .  .  ,    𝒬    𝑛  𝑚    ⊆  𝒫 


   𝜓  (    𝜄    𝒬    𝑛  1       𝑥    𝑛  1      𝜑    𝑛  1    (    𝑥    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  .  .  .  )  ,  .  .  .  ,    𝜄    𝒬    𝑛  𝑚       𝑥    𝑛  𝑚      𝜑    𝑛  𝑚    (    𝑥    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚      𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  .  .  .  )  ) 


   (  ∃    𝑥    𝑛  1      𝜑    𝑛  1    (    𝑥    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  )  &  .  .  .  &  ∃    𝑥    𝑛  𝑚      𝜑    𝑛  𝑚    (    𝑥    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚      𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  )  & 


   = 


   (  ∀    𝑢    𝑛  1    ∀    𝑣    𝑛  1    (  (    𝜑    𝑛  1    (    𝑢    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  )  &    𝜑    𝑛  1    (    𝑣    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑  𝑛   (    𝑥    1  1    )  )  )  )  ⊃    𝑢    𝑛  1          =  +     𝒬    𝑛  1         𝑣    𝑛  1    )  &  .  .  .  &  ∀    𝑢    𝑛  𝑚    ∀    𝑣    𝑛  𝑚    (  (    𝜑    𝑛  𝑚    (    𝑢    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚      𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  &    𝜑    𝑛  𝑚    (    𝑣    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚      𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  )  ⊃    𝑢    𝑛  𝑚          =  +     𝒬    𝑛  𝑚         𝑣    𝑛  𝑚    )  )  & 


   (  ∀    𝑤    𝑛  1    .  .  .  ∀    𝑤    𝑛  𝑚    (    𝜑    𝑛  1    (    𝑤    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  )  &  .  .  .  &    𝜑    𝑛  𝑚    (    𝑤    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚      𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  ) 


   𝜓  (    𝑤    𝑛  1    ,  .  .  .  ,    𝑤    𝑛  𝑚    )  )  ) 


   𝜓  (    𝜄    𝒬    𝑛  1       𝑥    𝑛  1    −    𝜑    𝑛  1    (    𝑥    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1    −    𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1    −    𝜑    1  1    (    𝑥    1  1    )  )  .  .  .  )  ,  .  .  .  ,    𝜄    𝒬    𝑛  𝑚       𝑥    𝑛  𝑚    −    𝜑    𝑛  𝑚    (    𝑥    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚    −    𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚    −    𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  .  .  .  )  ) 


   (  ∃    𝑥    𝑛  1    −    𝜑    𝑛  1    (    𝑥    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1    −    𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1    −    𝜑    1  1    (    𝑥    1  1    )  )  )  &  .  .  .  &  ∃    𝑥    𝑛  𝑚    −    𝜑    𝑛  𝑚    (    𝑥    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚    −    𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚    −    𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  )  & 


   = 


   (  ∀    𝑢    𝑛  1    ∀    𝑣    𝑛  1    (  (  −    𝜑    𝑛  1    (    𝑢    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1    −    𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1    −    𝜑    1  1    (    𝑥    1  1    )  )  )  &  −    𝜑    𝑛  1    (    𝑣    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1    −    𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1    −    𝜑  𝑛   (    𝑥    1  1    )  )  )  )  ⊃    𝑢    𝑛  1          =  −     𝒬    𝑛  1         𝑣    𝑛  1    )  &  .  .  .  &  ∀    𝑢    𝑛  𝑚    ∀    𝑣    𝑛  𝑚    (  (  −    𝜑    𝑛  𝑚    (    𝑢    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚    −    𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚    −    𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  &  −    𝜑    𝑛  𝑚    (    𝑣    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚    −    𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚    −    𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  )  ⊃    𝑢    𝑛  𝑚          =  −     𝒬    𝑛  𝑚         𝑣    𝑛  𝑚    )  )  & 


   (  ∀    𝑤    𝑛  1    .  .  .  ∀    𝑤    𝑛  𝑚    (  −    𝜑    𝑛  1    (    𝑤    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1    −    𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1    −    𝜑    1  1    (    𝑥    1  1    )  )  )  &  .  .  .  &  −    𝜑    𝑛  𝑚    (    𝑤    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚    −    𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚    −    𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  ) 


   ⊃  𝜓  (    𝑤    𝑛  1    ,  .  .  .  ,    𝑤    𝑛  𝑚    )  )  ) 


   𝐿  𝑜  𝑣  𝑒    𝑠  2   (    𝜄    𝒬    2  1     𝑥  (  𝐾  𝑖  𝑛  𝑔 


   𝑜    𝑓  2   (  𝑥  ,    𝜄    𝒬    1  1     𝑦  (  𝐽  𝑢  𝑛  𝑔  𝑙  𝑒  (  𝑦  )  )  )  )  ,    𝜄    𝒬    2  2     𝑧  (  𝑄  𝑢  𝑒  𝑒  𝑛 


   𝑜    𝑓  2   (  𝑧  ,    𝜄    𝒬    1  2     𝑢  (  𝐷  𝑒  𝑠  𝑒  𝑟  𝑡  (  𝑢  )  )  )  )  ) 


   𝐻  𝑜  𝑙  𝑑    𝑠  2   (  𝐿  𝑒  𝑜  𝑋  𝐼  𝑉  ,    𝜄  𝒫   𝑥  (  𝑂  𝑓  𝑓  𝑖  𝑐  𝑒 


   𝑜    𝑓  2   (  𝑥  ,    𝜄  𝒫   𝑦  (  𝐵  𝑖  𝑠  ℎ  𝑜  𝑝 


   𝑜    𝑓  2   (  𝑦  ,  𝑅  𝑜  𝑚  𝑒  )  )  )  )  ) 


     𝜄  𝒬   𝐵 


   {    𝐸    1  𝑘    } 


         ∃    𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )   ⏟     𝐸    1  1    


   ,  .  .  .  , 


         ∃    𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )   ⏟     𝐸    1  𝑚    


   {    𝐸    2  𝑘    } 


         ∃    𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )   ⏟     𝐸    2  1    


         ∃    𝑥    2  𝑚      𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑  1   (    𝑥    1  𝑚    )  )   ⏟     𝐸    2  𝑚    


   ⋮ 


   {    𝐸    𝑛  𝑘    } 


         ∃    𝑥    𝑛  1      𝜑    𝑛  1    (    𝑥    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  )   ⏟     𝐸    𝑛  1    


         ∃    𝑥    𝑛  𝑚      𝜑    𝑛  𝑚    (    𝑥    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚      𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )   ⏟     𝐸    𝑛  𝑚    


     𝑃  1  


   ∀    𝑤    1  1    .  .  .  ∀    𝑤    1  𝑚    (  (    𝜑    1  1    (    𝑤    1  1    )  &  .  .  .  &    𝜑    1  𝑚    (    𝑤    1  𝑚    )  )  ⊃    𝜓  1   (    𝑤    1  1    ,  .  .  .  ,    𝑤    1  𝑚    )  ) 


     𝑃  2  


   ∀    𝑤    2  1    .  .  .  ∀    𝑤    2  𝑚    (  (    𝜑    2  1    (    𝑤    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  &  .  .  .  &    𝜑    2  𝑚    (    𝑤    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  ⊃    𝜓  2   (    𝑤    2  1    ,  .  .  .  ,    𝑤    2  𝑚    )  ) 


     𝑃  𝑛  


   ∀    𝑤    𝑛  1    .  .  .  ∀    𝑤    𝑛  𝑚    (  (    𝜑    𝑛  1      (    𝑤    𝑛  1      ,  .  .  .  ,    𝜄      𝒬    2  1          𝑥    2  1      𝜑    2  1      (    𝑤    2  1      ,  .  .  .  ,    𝜄      𝒬    1  1          𝑥    1  1      𝜑    1  1      (    𝑥    1  1    )  )  )  &  .  .  .  &    𝜑    𝑛  𝑚    (    𝑤    𝑛  𝑚    ,  .  .  .  ,    𝜄      𝒬    2  𝑚          𝑥    2  𝑚      𝜑    2  𝑚      (    𝑤    2  𝑚    ,  .  .  .  ,    𝜄      𝒬    1  𝑚          𝑥    1  𝑚      𝜑    1  𝑚      (    𝑥    1  𝑚      )  )  )  ) 


   ⊃    𝜓  𝑛   (    𝑤    𝑛  1    ,  .  .  .    𝑤    𝑛  𝑚    )  ) 


   −    𝜓  𝑗  


   𝑄    𝐷  1  


     𝜓  1   (    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  ) 


   𝑄    𝐷  2  


     𝜓  2   (    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚      𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑  1   (    𝑥    1  𝑚    )  )  ) 


   𝑄    𝐷  𝑛  


     𝜓  𝑛   (    𝜄    𝒬    𝑛  1       𝑥    𝑛  1      𝜑    𝑛  1    (    𝑥    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  .  .  .  )  ,  .  .  .  ,    𝜄    𝒬    𝑛  𝑚       𝑥    𝑛  𝑚      𝜑  𝑛   (    𝑥    𝑛  𝑚    ,  .  .  .  ,    𝜄    𝒬    2  𝑚       𝑥    2  𝑚      𝜑    2  𝑚    (    𝑥    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑  1   (    𝑥    1  𝑚    )  )  .  .  .  )  ) 


   {  𝑄    𝑈    1  𝑘    } 


   = 


         ∀    𝑢    1  1    ∀    𝑣    1  1    (  (    𝜑    1  1    (    𝑢    1  1    )  &    𝜑    1  1    (    𝑣    1  1    )  )    ⊃      𝑢    1  1            =  +     𝒬    1  1         𝑣    1  1    )   ⏟     𝑄    𝑈    1  1      ,  .  .  .  ,        ∀    𝑢    1  𝑚    ∀    𝑣    1  𝑚    (  (    𝜑    1  𝑚    (    𝑢    1  𝑚    )  &    𝜑    1  𝑚    (    𝑣    1  𝑚    )  )    ⊃      𝑢    1  𝑚            =  +     𝒬    1  𝑚         𝑣    1  𝑚    )   ⏟     𝑄    𝑈    1  𝑚     


   {  𝑄    𝑈    2  𝑘    } 


   = 


         ∀    𝑢    2  1    ∀    𝑣    2  1    (  (    𝜑    2  1    (    𝑢    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  &    𝜑    2  1    (    𝑣    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  )  ⊃    𝑢    2  1          =  +     𝒬    2  1         𝑣    2  1    )   ⏟     𝑄    𝑈    2  1     


   = 


         ∀    𝑢    2  𝑚    ∀    𝑣    2  𝑚    (  (    𝜑    2  𝑚    (    𝑢    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  &    𝜑    2  𝑚    (    𝑣    2  𝑚    ,  .  .  .  ,    𝜄    𝒬    1  𝑚       𝑥    1  𝑚      𝜑    1  𝑚    (    𝑥    1  𝑚    )  )  )  ⊃    𝑢    2  𝑚          =  +     𝒬    2  𝑚         𝑣    2  𝑚    )   ⏟     𝑄    𝑈    2  𝑚     


   {  𝑄    𝑈    𝑛  𝑘    } 


       ∀    𝑢    𝑛  1    ∀    𝑣    𝑛  1    (  (    𝜑    𝑛  1    (    𝑢    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,    𝜄    𝒬    1  1       𝑥    1  1      𝜑    1  1    (    𝑥    1  1    )  )  )  &    𝜑    𝑛  1    (    𝑣    𝑛  1    ,  .  .  .  ,    𝜄    𝒬    2  1       𝑥    2  1      𝜑    2  1    (    𝑥    2  1    ,  .  .  .  ,   


                          |        {              𝑄    𝑈    𝑛  1             z          …                  ,  .  .  .  ,                 |        {              𝑄    𝑈    𝑛  𝑚             z          …                      


   {    𝒟    1  1    } 


   {    𝒟    2  1    } 


     𝒟    3  1   


         𝑖  ,  1   b  


   {    𝒟    1  𝑛    } 


   {    𝒟    2  𝑛    } 


     𝒟    3  𝑛   


         𝑖  ,  𝑛   b  


   𝑄    𝐷  𝑗  


         𝑘  ,  𝑗   b  


     𝐸    𝑗  𝑘   


   𝑄    𝑈    𝑗  𝑘   


         𝑖  ,  𝑗   b  


     𝑃  𝑗  


   𝑗  ∈  {  1  ,  .  .  .  ,  𝑛  } 


   𝑘  ∈  {  1  ,  .  .  .  ,  𝑚  } 


   {  −    𝐸    1  𝑘    } 


   {  −  𝑄    𝑈    1  𝑘    } 


   −    𝑃  1  


   −  𝑄    𝐷  1  


   {  −    𝐸    𝑛  𝑘    } 


   {  −  𝑄    𝑈    𝑛  𝑘    } 


   −    𝑃  𝑛  


   −  𝑄    𝐷  𝑛  


   −  𝑄    𝐷  𝑗  


   −    𝐸    𝑗  𝑘   


   −  𝑄    𝑈    𝑗  𝑘   


   −    𝑃  𝑗  


         𝑘  ,  𝑛   b  


     𝐸    𝑛  𝑘   


   𝑄    𝑈    𝑛  𝑘   


     𝐿  2   (    𝜄    𝒬    2  1     𝑥  (    𝐾  2   (  𝑥  ,    𝜄    𝒬    1  1     𝑦  (    𝐽  1   (  𝑦  )  )  )  )  ,    𝜄    𝒬    2  2     𝑧  (    𝑄  2   (  𝑧  ,    𝜄    𝒬    1  2     𝑢  (    𝐷  1   (  𝑢  )  )  )  )  ) 


     𝒬    1  1    ,    𝒬    1  2    ,    𝒬    2  1    ,    𝒬    2  2    ⊆  𝒫 


     𝒟    1  (  𝐸  )   


   ∃  𝑦    𝐽  1   (  𝑦  ) 


   = 


   ∀    𝑢  1   ∀    𝑣  1   (  (    𝐽  1   (    𝑢  1   )  &    𝐽  1   (    𝑣  1   )  )  ⊃    𝑢  1         =  +     𝒬    1  1         𝑣  1   ) 


     𝒟    3  (  𝑃  )   


   ∀    𝑤  1   (    𝐽  1   (    𝑤  1   )  ⊃    𝐾  2   (    𝛼  1   ,    𝑤  1   )  ) 


     𝒟    1  (  𝐸  )   ′  


   ∃  𝑢    𝐷  1   (  𝑢  ) 


     𝒟    2  (  𝑄  𝑈  )   ′  


   = 


   ∀    𝑢  1  ′   ∀    𝑣  1  ′   (  (    𝐷  1   (    𝑢  1  ′   )  &    𝐷  1   (    𝑣  1  ′   )  )  ⊃    𝑢  1  ′         =  +     𝒬    1  2         𝑣  1  ′   ) 


     𝒟    3  (  𝑃  )   ′  


   ∀    𝑤  1  ′   (    𝐷  1   (    𝑤  1  ′   )  ⊃    𝑄  2   (    𝛼  2   ,    𝑤  1  ′   )  ) 


         2  ,  1   b  


     𝐾  2   (    𝛼  1   ,    𝜄    𝒬    1  1     𝑦  (    𝐽  1   (  𝑦  )  )  ) 


     𝒟    4  (  𝐸  )   


   ∃  𝑥  (    𝐾  2   (  𝑥  ,    𝜄    𝒬    1  1     𝑦  (    𝐽  1   (  𝑦  )  )  )  ) 


     𝒟    5  (  𝑄  𝑈  )   


   = 


   ∀    𝑢  2   ∀    𝑣  2   (  (    𝐾  2   (    𝑢  2   ,    𝜄    𝒬    1  1     𝑦  (    𝐽  1   (  𝑦  )  )  )  &    𝐾  2   (    𝑣  2   ,    𝜄    𝒬    1  1     𝑦  (    𝐽  1   (  𝑦  )  )  )  )  ⊃    𝑢  2         =  +     𝒬    2  1         𝑣  2   ) 


     𝑄  2   (    𝛼  2   ,    𝜄    𝒬    1  2     𝑢  (    𝐷  1   (  𝑢  )  )  ) 


     𝒟    4  (  𝐸  )   ′  


   ∃  𝑧  (    𝑄  2   (  𝑧  ,    𝜄    𝒬    1  2     𝑢  (    𝐷  1   (  𝑢  )  )  )  ) 


     𝒟    5  (  𝑄  𝑈  )   ′  


   = 


   ∀    𝑢  2  ′   ∀    𝑣  2  ′   (  (    𝑄  2   (    𝑢  2  ′   ,    𝜄    𝒬    1  2     𝑢  (    𝐷  1   (  𝑢  )  )  )  &    𝑄  2   (    𝑣  2  ′   ,    𝜄    𝒬    1  2     𝑢  (    𝐷  1   (  𝑢  )  )  )  )  ⊃    𝑢  2  ′         =  +     𝒬    2  2         𝑣  2  ′   ) 


   {    𝒟    (  𝐸  )    }  =  {    𝒟    4  (  𝐸  )    ,    𝒟    4  (  𝐸  )   ′   }  ,  {    𝒟    (  𝑄  𝑈  )    }  =  {    𝒟    5  (  𝑄  𝑈  )    ,    𝒟    5  (  𝑄  𝑈  )   ′   } 


     𝒟    6  (  𝑃  )   


   ∀    𝑤  2   ∀    𝑤  3   (  (    𝐾  2   (    𝑤  2   ,    𝜄    𝒬    1  1     𝑦  (    𝐽  1   (  𝑦  )  )  )  &  (    𝑄  2   (    𝑤  3   ,    𝜄    𝒬    1  2     𝑢  (    𝐷  1   (  𝑢  )  )  )  )  ⊃    𝐿  2   (    𝑤  2   ,    𝑤  3   )  ) 


       


                � 


   ℒ    𝜄  c  


   𝐶  (    𝑥    𝑗  𝑘    ) 


   −  𝐶  (    𝑥    𝑗  𝑘    ) 


   −  𝐶 


   𝐿  𝑜  𝑜  𝑘  𝑠 


   𝑎    𝑡  2   (    𝜄    𝒬  ′    𝑥  (  𝑅  𝑎  𝑏  𝑏  𝑖  𝑡  (  𝑥  ) 


   𝐼    𝑛  2   (  𝑥  ,    𝜄    𝒬  1    𝑦  (  𝐵  𝑜  𝑥  (  𝑦  )  )  )  )  ,    𝜄    𝒬    ′  ′     𝑧  (  𝑅  𝑎  𝑏  𝑏  𝑖  𝑡  (  𝑧  ) 


   𝐼    𝑛  2   (  𝑧  ,    𝜄    𝒬  2    𝑢  (  𝐻  𝑎  𝑡  (  𝑢  )  )  )  )  ) 


   𝐹  𝑟  𝑒  𝑛  𝑐  ℎ  (    𝜄    𝒬  3    𝑥  (  𝑀  𝑎  𝑛  (  𝑥  ) 


   𝑊  𝑒  𝑎  𝑟    𝑠  2   (  𝑥  ,    𝜄    𝒬  2    𝑦  (  𝐵  𝑒  𝑟  𝑒  𝑡  (  𝑦  ) 


   𝐻  𝑎    𝑠  2   (  𝑦  ,    𝜄    𝒬  1    𝑧  (  𝐵  𝑢  𝑡  𝑡  𝑜  𝑛  (  𝑧  )  )  )  )  )  )  ) 


   𝐹  𝑟  𝑒  𝑛  𝑐  ℎ  (    𝜄    𝒬  2    𝑥  (  𝑀  𝑎  𝑛  (  𝑥  )  &  𝑊  𝑒  𝑎  𝑟    𝑠  2   (  𝑥  ,    𝜄    𝒬  1    𝑦  (  𝐵  𝑒  𝑟  𝑒  𝑡  (  𝑦  )  )  ) 


   𝐶  𝑎  𝑟  𝑟  𝑖  𝑒    𝑠  2   (  𝑥  ,    𝜄    𝒬  1  ′    𝑧  (  𝑁  𝑒  𝑤  𝑠  𝑝  𝑎  𝑝  𝑒  𝑟  (  𝑧  )  )  )  )  ) 


   𝑊  𝑎  𝑙  𝑘    𝑠  2   (    𝜄    𝒬  2    𝑥  (  𝑀  𝑎  𝑛  (  𝑥  )  &  𝑊  𝑒  𝑎  𝑟    𝑠  2   (  𝑥  ,    𝜄    𝒬  1    𝑦  (  𝐵  𝑒  𝑟  𝑒  𝑡  (  𝑦  )  )  ) 


   𝐶  𝑎  𝑟  𝑟  𝑖  𝑒    𝑠  2   (  𝑥  ,    𝜄    𝒬  1  ′    𝑧  (  𝑁  𝑒  𝑤  𝑠  𝑝  𝑎  𝑝  𝑒  𝑟  (  𝑧  )  )  )  )  ,    𝜄    𝒬  3    𝑢  (  𝐷  𝑜  𝑔  (  𝑢  )  &  𝑂  𝑤  𝑛    𝑠  2   (    𝜄    𝒬  2    𝑥  (  𝑀  𝑎  𝑛  (  𝑥  )  &  (  𝑊  𝑒  𝑎  𝑟    𝑠  2   (  𝑥  ,      𝜄    𝒬  1    𝑦  (  𝐵  𝑒  𝑟  𝑒  𝑡  (  𝑦  )  )  )  &  𝐶  𝑎  𝑟  𝑟  𝑖  𝑒    𝑠  2   (  𝑥  ,      𝜄    𝒬  1  ′    𝑧  (  𝑁  𝑒  𝑤  𝑠  𝑝  𝑎  𝑝  𝑒  𝑟  (  𝑧  )  )  )  )  ,    𝑢  )  )  ) 


   𝑎    𝑡  2   (    𝜄    𝒬  2  ′    𝑥  (  𝑅  𝑎  𝑏  𝑏  𝑖  𝑡  (  𝑥  ) 


   𝐼    𝑛  2   (  𝑥  ,    𝜄    𝒬  1    𝑦  (  𝐵  𝑜  𝑥  (  𝑦  )  )  )  )  ,    𝜄    𝒬  2    ′  ′     𝑧  (  𝑅  𝑎  𝑏  𝑏  𝑖  𝑡  (  𝑧  ) 


   𝐼    𝑛  2   (  𝑧  ,    𝜄    𝒬  3  ′    𝑢  (  𝐻  𝑎  𝑡  (  𝑢  )  )  )  )  ) 


     𝜄  𝒬   𝐶 


         𝑖  ,  1   c  


         𝑖  ,  𝑛   c  


         𝑘  ,  𝑗   c  


         𝑖  ,  𝑗   c  


     𝐹  1   (    𝜄    𝒬  3    𝑥  (    𝑀  1   (  𝑥  ) 


     𝑊  2   (  𝑥  ,    𝜄    𝒬  2    𝑦  (    𝐵  1  1   (  𝑦  ) 


     𝐻  2   (  𝑦  ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  )  )  ) 


     𝒬  𝑗   ,    𝒬  𝑗  ′   ⊆  𝒫 


   ∃  𝑧    𝐵  2  1   (  𝑧  ) 


   = 


   ∀    𝑢  1   ∀    𝑣  1   (  (    𝐵  2  1   (    𝑢  1   )  &    𝐵  2  1   (    𝑣  1   )  )  ⊃    𝑢  1         =  +     𝒬  1        𝑣  1   ) 


   ∀    𝑤  1   (    𝐵  2  1   (    𝑤  1   )  ⊃    𝐻  2   (    𝛼  1   ,    𝑤  1   )  ) 


     𝒟  4  


     𝐵  1  1   (    𝛼  1   ) 


         2  ,  1   c  


     𝐻  2   (    𝛼  1   ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  ) 


     𝐵  1  1   (    𝛼  1   )  &    𝐻  2   (    𝛼  1   ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  ) 


     𝒟    5  (  𝐸  )   


   ∃  𝑦  (    𝐵  1  1   (  𝑦  )  &    𝐻  2   (  𝑦  ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  )  ) 


     𝒟    6  (  𝑄  𝑈  )   


   = 


   ∀    𝑢  2   ∀    𝑣  2   (  (  (    𝐵  1  1   (    𝑢  2   )  &    𝐻  2   (    𝑢  2   ,    𝜄  𝒬   𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  &  (    𝐵  1  1   (    𝑣  2   )  &    𝐻  2   (    𝑣  2   ,    𝜄  𝒬   𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  )  ⊃    𝑢  2         =  +     𝒬  2        𝑣  2   ) 


     𝒟    7  (  𝑃  )   


   ∀    𝑤  2   (  (    𝐵  1  1   (    𝑤  2   )  &    𝐻  2   (    𝑤  2   ,    𝜄  𝒬   𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  ⊃    𝑊  2   (    𝛼  2   ,    𝑤  2   )  ) 


     𝒟  8  


     𝑀  1   (    𝛼  2   ) 


         2  ,  2   c  


     𝑊  2   (    𝛼  2   ,    𝜄    𝒬  2    𝑦  (    𝐵  1  1   (  𝑦  ) 


     𝐻  2   (  𝑦  ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  ) 


     𝑀  1   (    𝛼  2   )  &    𝑊  2   (    𝛼  2   ,    𝜄    𝒬  2    𝑦  (    𝐵  1  1   (  𝑦  )  &    𝐻  2   (  𝑦  ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  ) 


     𝒟    9  (  𝐸  )   


   ∃  𝑥  (    𝑀  1   (  𝑥  )  &    𝑊  2   (  𝑥  ,    𝜄    𝒬  2    𝑦  (    𝐵  1  1   (  𝑦  )  &    𝐻  2   (  𝑦  ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  )  ) 


     𝒟     10   (  𝑄  𝑈  )   


   ∀    𝑢  3   ∀    𝑣  3   (  (  (    𝑀  1   (    𝑢  3   )  &    𝑊  2   (    𝑢  3   ,    𝜄    𝒬  2    𝑦  (    𝐵  1  1   (  𝑦  )  &    𝐻  2   (  𝑦  ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  )  ) 


   = 


   &  (    𝑀  1   (    𝑣  3   )  &    𝑊  2   (    𝑣  3   ,    𝜄    𝒬  2    𝑦  (    𝐵  1  1   (  𝑦  )  &    𝐻  2   (  𝑦  ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  )  )  )  ⊃    𝑢  3         =  +     𝒬  3        𝑣  3   ) 


     𝒟     11   (  𝑃  )   


   ∀    𝑤  3   (  (    𝑀  1   (    𝑤  3   )  &    𝑊  2   (    𝑤  3   ,    𝜄    𝒬  2    𝑦  (    𝐵  1  1   (  𝑦  )  &    𝐻  2   (  𝑦  ,    𝜄    𝒬  1    𝑧  (    𝐵  2  1   (  𝑧  )  )  )  )  )  )  ⊃    𝐹  1   (    𝑤  3   )  ) 


       


                � 


     𝑊  1  2   (    𝜄    𝒬  2    𝑥  (    𝑀  1   (  𝑥  )  &    𝑊  2  2   (  𝑥  ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  ) 


     𝐶  2   (  𝑥  ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  )  )  ,    𝜄    𝒬  3    𝑢  (    𝐷  1   (  𝑢  )  &    𝑂  2   (    𝜄    𝒬  2    𝑥  (    𝑀  1   (  𝑥  )  &  (    𝑊  2  2   (  𝑥  ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  ) 


     𝐶  2   (  𝑥  ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  )  )  ,  𝑢  )  )  ) 


   ∃  𝑦    𝐵  1   (  𝑦  ) 


   = 


   ∀    𝑢  1   ∀    𝑣  1   (  (    𝐵  1   (    𝑢  1   )  &    𝐵  1   (    𝑣  1   )  )  ⊃    𝑢  1         =  +     𝒬  1        𝑣  1   ) 


   ∀    𝑤  1   (    𝐵  1   (    𝑤  1   )  ⊃    𝑊  2  2   (    𝛼  1   ,    𝑤  1   )  ) 


   ∃  𝑧    𝑁  1   (  𝑧  ) 


   = 


   ∀    𝑢  1  ′   ∀    𝑣  1  ′   (  (    𝑁  1   (    𝑢  1  ′   )  &    𝑁  1   (    𝑣  1  ′   )  )  ⊃    𝑢  1  ′         =  +     𝒬  1  ′        𝑣  1  ′   ) 


   ∀    𝑤  1  ′   (    𝑁  1   (    𝑤  1  ′   )  ⊃    𝐶  2   (    𝛼  1   ,    𝑤  1  ′   )  ) 


     𝑀  1   (    𝛼  1   ) 


     𝑊  2  2   (    𝛼  1   ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  ) 


     𝐶  2   (    𝛼  1   ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  ) 


     𝑊  2  2   (    𝛼  1   ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  )  &    𝐶  2   (    𝛼  1   ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  ) 


     𝑀  1   (    𝛼  1   )  &    𝑊  2  2   (    𝛼  1   ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  )  &    𝐶  2   (    𝛼  1   ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  ) 


   ∃  𝑥  (          𝑀  1   (  𝑥  )  &    𝑊  2  2   (  𝑥  ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  )  &    𝐶  2   (  𝑥  ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  )   ⏟     =    𝐴  1   (  𝑥  )    ) 


   ∀    𝑢  2   ∀    𝑣  2   (  (    𝐴  1   (    𝑢  2   ) 


     𝐴  1   (    𝑣  2   )  ) 


   = 


     𝑢  2         =  +     𝒬  2        𝑣  2   ) 


   ∀    𝑤  2   (  (    𝑀  1   (    𝑤  2   )  &    𝑊  2  2   (    𝑤  2   ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  )  &    𝐶  2   (    𝑤  2   ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  )  )  ⊃    𝑂  2   (    𝑤  2   ,    𝛼  2   )  ) 


     𝐷  1   (    𝛼  2   ) 


     𝑂  2     (    𝜄    𝒬  2      𝑥  (    𝑀  1     (  𝑥  )  &    𝑊  2  2     (  𝑥  ,      𝜄    𝒬  1      𝑦  (    𝐵  1     (  𝑦  )  )  )  &    𝐶  2     (  𝑥  ,      𝜄    𝒬  1  ′      𝑧  (    𝑁  1     (  𝑧  )  )  )  )  ,      𝛼  2   ) 


     𝐷  1     (    𝛼  2   )  &    𝑂  2     (    𝜄    𝒬  2      𝑥  (    𝑀  1     (  𝑥  )  &    𝑊  2  2     (  𝑥  ,    𝜄    𝒬  1      𝑦  (    𝐵  1     (  𝑦  )  )  )  &    𝐶  2     (  𝑥  ,      𝜄    𝒬  1  ′      𝑧  (    𝑁  1     (  𝑧  )  )  )  )  ,      𝛼  2   ) 


   ∃  𝑢  (          𝐷  1     (  𝑢  )  &    𝑂  2     (    𝜄    𝒬  2      𝑥  (    𝑀  1     (  𝑥  )  &    𝑊  2  2     (  𝑥  ,      𝜄    𝒬  1      𝑦  (    𝐵  1     (  𝑦  )  )  )  &    𝐶  2     (  𝑥  ,      𝜄    𝒬  1  ′      𝑧  (    𝑁  1     (  𝑧  )  )  )  )  ,    𝑢  )   ⏟       𝐴  2     (  𝑢  )    ) 


   = 


   ∀    𝑢  3   ∀    𝑣  3   (  (    𝐴  2   (    𝑢  3   )  &    𝐴  2   (    𝑣  3   )  )  ⊃    𝑢  3         =  +     𝒬  3        𝑣  3   ) 


   ∀    𝑤  3   ∀    𝑤  4   (  (    𝑀  1   (    𝑤  3   )  &    𝑊  2  2   (    𝑤  3   ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  )  &    𝐶  2   (    𝑤  3   ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  )  ) 


   (    𝐷  1   (    𝑤  4   )  &    𝑂  2   (    𝜄    𝒬  2    𝑥  (    𝑀  1   (  𝑥  )  &    𝑊  2  2   (  𝑥  ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  &    𝐶  2   (  𝑥  ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  )  )  ,    𝑤  4   )  )  ) 


   ⊃    𝑊  1  2   (    𝑤  3   ,    𝑤  4   )  ) 


     𝒟    5  (  𝐸  )        𝒟    9  (  𝐸  )   


     𝒟    6  (  𝑄  𝑈  )        𝒟     10   (  𝑄  𝑈  )   


         2  ,  3   c  


     𝐶  2   (  𝑥  ,    𝜄    𝒬  1  ′    𝑧  (    𝑁  1   (  𝑧  )  )  )  )  , 


     𝜄    𝒬  3    𝑢  (    𝐷  1   (  𝑢  )  &    𝑂  2   (    𝜄    𝒬  2    𝑥  (    𝑀  1   (  𝑥  )  &  (    𝑊  2  2   (  𝑥  ,    𝜄    𝒬  1    𝑦  (    𝐵  1   (  𝑦  )  )  ) 



