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Abstract

Gentzen-style sequent calculi and Gentzen-style natural deduction systems are 
introduced for a family (C-family) of connexive logics over Wansing’s basic con­
structive connexive logic C. The C-family is derived from C by incorporating 
Peirce’s law, the law of excluded middle, and the generalized law of excluded 

1This paper is an extended and refined version of the preliminary short conference 
paper [16], which was published in the proceedings of the 11th International Conference 
on Non-Classical Logics – Theory and Applications (NCL’24). The results in Sections 4 
and 5, concerning natural deduction systems with general elimination rules and certain 
results on the N-family, are new contributions in this paper. Additionally, this paper 
includes newly added detailed proofs and further remarks in various sections, including 
a new concluding remarks section, Section 6. Some errors in the normalization proofs 
presented in [16] have also been corrected in this paper.
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$\NEG \LOR $


$\NEG \LOR $


${\mathcal E}_1$


${\mathcal E}_2$


$R'$


$\rhd $


$\ga $


$\rhd $


$\ga $


$N_1$


$N_2$


$N_3$


$N_4$


$S_1$


$S_2$


$S_3$


$S_4$


$^*$


$^*$


$i \in \{1, 2, 3, 4\}$


$\mathcal {D}$


$N_i$


$\mathcal {D}$


$=$


$\GA $


$\mathcal {D}$


$=$


$\be $


$S_i$


$\vdash $


$\GA  \Rightarrow \be $


$S_i$


$-$


$\vdash $


$\GA  \Rightarrow \be $


$\mathcal {D}'$


$N_i$


$\mathcal {D}'$


$\subseteq $


$\GA $


$\mathcal {D}'$


$=$


$\be $


$\mathcal {D}'$


$\mathcal {D}$


$N_i$


$\mathcal {D}$


$\GA $


$\mathcal {D}$


$\be $


$\mathcal {D}$


$\mathcal {D}$


$\relax \infer [{\rm (EM)}]{\ga }{ \infer *[{\mathcal {D}}_1]{\ga }{ [\NEG \al ] \GA _1 } & \infer *[{\mathcal {D}}_2]{\ga }{ [\al ] \GA _2 } }$


$\mathcal {D}$


$\GA _1 \cup \GA _2$


$\mathcal {D}$


$\ga $


$S_i$


$\vdash $


$\NEG \al , \GA _1 \Rightarrow \ga $


$S_i$


$\vdash $


$\al , \GA _2 \Rightarrow \ga $


$S_i$


$\vdash $


$\GA _1, \GA _2 \Rightarrow \ga $


$\relax \infer [(\mbox {\rm ex-middle})]{\SEQ {\GA _1, \GA _2}{\ga }}{ \infer *[(\mbox {\rm we})]{\SEQ {\NEG \al , \GA _1, \GA _2}{\ga }}{ \infer *[Ind.\, hyp.]{\SEQ {\NEG \al , \GA _1}{\ga }}{ } } & \infer *[(\mbox {\rm we})]{\SEQ {\al , \GA _1, \GA _2}{\ga }}{ \infer *[Ind.\, hyp.]{\SEQ {\al , \GA _2}{\ga }}{ } } }$


$S_i$


$-$


$\NEG \NEG $


$\mathcal {D}$


$\relax \infer [(\NEG \NEG {\rm E})]{\al }{ \infer *[{\mathcal {D}}_1]{\NEG \NEG \al }{ \GA } }$


$\mathcal {D}$


$\GA $


$\mathcal {D}$


$\al $


$S_i$


$\vdash $


$\GA  \Rightarrow \NEG \NEG \al $


$S_i$


$\vdash $


$\GA  \Rightarrow \al $


$\relax \infer [({\rm cut}).]{\SEQ {\GA }{\al }}{ \infer *[Ind.\, hyp.]{\SEQ {\GA }{\NEG \NEG \al }}{ } & \infer [(\NEG \NEG {\rm left})]{\SEQ {\NEG \NEG \al }{\al }}{ \infer *[Prop. \ref {initial-sequent-prop}]{\SEQ {\al }{\al }}{ } } }$


$\NEG \I $


$\mathcal {D}$


$\relax \infer [{\rm (\NEG \I I)}]{\NEG (\al \I \be )}{ \infer *[{\mathcal {D}}']{\NEG \be }{ \GA } }$


$\mathcal {D}$


$\GA $


$\mathcal {D}$


$\NEG (\al \I \be )$


$S_i$


$\vdash $


$\GA  \Rightarrow \NEG \be $


$S_i$


$\vdash $


$\GA  \Rightarrow \NEG (\al \I \be )$


$\relax \infer [(\NEG \I {\rm right})]{\SEQ {\GA }{\NEG (\al \I \be )}}{ \infer [\mbox {\rm (we)}]{\SEQ {\al , \GA }{\NEG \be }}{ \infer *[Ind. \, hyp.]{\SEQ {\GA }{\NEG \be }}{ } } }$


$S_i$


$-$


$\mathcal {D}$


$\relax \infer [(\NEG \I {\rm I})]{\NEG (\al \I \be )}{ \infer *[{\mathcal {D}'}]{\NEG \be }{ [\al ]~\GA } }$


$\mathcal {D}$


$\GA $


$\mathcal {D}$


$\NEG (\al \I \be )$


$S_i$


$\vdash $


$\al , \GA  \Rightarrow \NEG \be $


$S_i$


$\vdash $


$\GA  \Rightarrow \NEG (\al \I \be )$


$\relax \infer [(\NEG \I {\rm right}).]{\SEQ {\GA }{\NEG (\al \I \be )}}{ \infer *[Ind. \, hyp.]{\SEQ {\al , \GA }{\NEG \be }}{ } }$


$\NEG \I $


$\mathcal {D}$


$\relax \infer [(\NEG \I {\rm E})]{\NEG \be }{ \infer *[{\mathcal {D}}_1]{\NEG (\al \I \be )}{ \GA _1 } & \infer *[{\mathcal {D}}_2]{\al }{ \GA _2 } }$


$\mathcal {D}$


$\GA _1 \cup \GA _2$


$\mathcal {D}$


$\NEG \be $


$S_i$


$\vdash $


$\GA _1 \Rightarrow \NEG (\al \I \be )$


$S_i$


$\vdash $


$\GA _2 \Rightarrow \al $


$S_i$


$\vdash $


$\GA _1, \GA _2 \Rightarrow \NEG \be $


$\relax \infer [({\rm cut}).]{\SEQ {\GA _1, \GA _2}{\NEG \be }}{ \infer *[Ind. \, hyp.]{\SEQ {\GA _2}{\al }}{ } & \infer [({\rm cut})]{\SEQ {\al , \GA _1}{\NEG \be }}{ \infer *[Ind. \, hyp.]{\SEQ {\GA _1}{\NEG (\al \I \be )}}{ } & \infer [(\NEG \I {\rm left})]{\SEQ {\NEG (\al \I \be ), \al }{\NEG \be }}{ \infer *[Prop. \ref {initial-sequent-prop}]{\SEQ {\al }{\al }}{ } & \infer *[Prop. \ref {initial-sequent-prop}]{\SEQ {\NEG \be }{\NEG \be }}{ } } } }$


$\NEG \LAND $


$\mathcal {D}$


$\relax \infer [(\NEG \LAND {\rm E})]{\ga }{ \infer *[{\mathcal {D}}_1]{\NEG (\al \LAND \be )}{ \GA _1 } & \infer *[{\mathcal {D}}_2]{\ga }{ [\NEG \al ] \GA _2 } & \infer *[{\mathcal {D}}_3]{\ga }{ [\NEG \be ] \GA _3 } }$


$\mathcal {D}$


$\GA _1 \cup \GA _2 \cup \GA _3$


$\mathcal {D}$


$\ga $


$S_i$


$\vdash $


$\GA _1 \Rightarrow \NEG (\al \LAND \be )$


$S_i$


$\vdash $


$\NEG \al , \GA _2 \Rightarrow \ga $


$S_i$


$\vdash $


$\NEG \be , \GA _3 \Rightarrow \ga $


$S_i$


$\vdash $


$\GA _1, \GA _2, \GA _3 \Rightarrow \ga $


$\relax \infer [({\rm cut})]{\SEQ {\GA _1, \GA _2, \GA _3}{\ga }}{ \infer *[Ind. \, hyp.\!\!]{\SEQ {\GA _1}{\NEG (\al \LAND \be )}}{ } & \infer [(\NEG \LAND {\rm left})]{\SEQ {\NEG (\al \LAND \be ), \GA _2, \GA _3}{\ga }}{ \infer *[({\rm we})]{\SEQ {\NEG \al , \GA _2, \GA _3}{\ga }}{ \infer *[Ind. \, hyp.\!\!]{\SEQ {\NEG \al , \GA _2}{\ga }}{ } } & \infer *[({\rm we})]{\SEQ {\NEG \be , \GA _2, \GA _3}{\ga }}{ \infer *[Ind. \, hyp.]{\SEQ {\NEG \be , \GA _3}{\ga }}{ } } } }$


$S_i$


$-$


$\NEG \LOR $


$\mathcal {D}$


$\relax \infer [(\NEG \LOR {\rm I})]{\NEG (\al \LOR \be )}{ \infer *[{\mathcal {D}}_1]{\NEG \al }{ \GA _1 } & \infer *[{\mathcal {D}}_2]{\NEG \be }{ \GA _2 } }$


$\mathcal {D}$


$\GA _1 \cup \GA _2$


$\mathcal {D}$


$\NEG (\al \LOR \be )$


$S_i$


$\vdash $


$\GA _1 \Rightarrow \NEG \al $


$S_i$


$\vdash $


$\GA _2 \Rightarrow \NEG \be $


$S_i$


$\vdash $


$\GA _1, \GA _2 \Rightarrow \NEG (\al \LOR \be )$


$\relax \infer [(\NEG \LOR {\rm right})]{\SEQ {\GA _1, \GA _2}{\NEG (\al \LOR \be )}}{ \infer *[({\rm we})]{\SEQ {\GA _1, \GA _2}{\NEG \al }}{ \infer *[Ind.\, hyp.]{\SEQ {\GA _1}{\NEG \al }}{ } } & \infer *[({\rm we})]{\SEQ {\GA _1, \GA _2}{\NEG \be }}{ \infer *[Ind.\, hyp.]{\SEQ {\GA _2}{\NEG \be }}{ } } }$


$S_i$


$-$


$\mathcal {D}$


$\GA  \Rightarrow \be $


$S_i$


$-$


$\mathcal {D}$


$\mathcal {D}$


$\SEQ {\NEG p, \GA }{\NEG p}~({\rm init2})$


${\mathcal {D}}'$


$\NEG p$


${\mathcal {D}}'$


$\{ \NEG p \}$


$\subseteq $


$\{ \NEG p\}\cup \GA $


${\mathcal {D}}'$


$\NEG p$


$\mathcal {D}$


$\relax \infer [(\mbox {\rm ex-middle}).]{\SEQ {\GA }{\ga }}{ \infer *[{\mathcal {D}}_1]{\SEQ {\NEG \al , \GA }{\ga }}{ } & \infer *[{\mathcal {D}}_2]{\SEQ {\al , \GA }{\ga }}{ } }$


${\mathcal {E}}_1$


${\mathcal {E}}_2$


$N_i$


$\relax \infer *[{\mathcal {E}}_1]{\ga }{ (\NEG \al , \GA )^* } \quad \quad \quad \infer *[{\mathcal {E}}_2]{\ga }{ (\al , \GA )^* }$


${\mathcal {E}}_1$


$(\{ \NEG \al \} \cup \GA )^*$


$\subseteq $


$\{ \NEG \al \} \cup \GA $


${\mathcal {E}}_2$


$(\{ \al \} \cup \GA )^*$


$\subseteq $


$\{ \al \} \cup \GA $


${\mathcal {E}}_1$


$\ga $


${\mathcal {E}}_2$


$\ga $


$(\{ \NEG \al \} \cup \GA )^*$


$(\{ \al \} \cup \GA )^*$


$\NEG \al \not \in (\{ \NEG \al \} \cup \GA )^*$


$\al \not \in (\{ \al \} \cup \GA )^*$


$\NEG \al \in (\{ \NEG \al \} \cup \GA )^*$


$\al \in (\{ \al \} \cup \GA )^*$


${\mathcal {D}}'$


$N_i$


$\relax \infer *[{\mathcal {E}}_1]{\ga }{ \GA ^* }$


${\mathcal {D}}'$


$\GA ^*$


$\subseteq $


$\GA $


${\mathcal {D}}'$


$\ga $


${\mathcal {D}}'$


$N_i$


$\relax \infer *[{\mathcal {E}}_2]{\ga }{ \GA ^* }$


${\mathcal {D}}'$


$\GA ^*$


$\subseteq $


$\GA $


${\mathcal {D}}'$


$\ga $


${\mathcal {D}}'$


$N_i$


$\relax \infer [({\rm EM})]{\ga }{ \infer *[{\mathcal {E}}_1]{\ga }{ ([\NEG \al ]~\GA )^* } & \infer *[{\mathcal {E}}_2]{\ga }{ ([\al ]~\GA )^* } }$


${\mathcal {D}}'$


$\GA ^*$


$\subseteq $


$\GA $


${\mathcal {D}}'$


$\ga $


$\NEG \NEG $


$\mathcal {D}$


$\relax \infer [(\NEG \NEG {\rm left}).]{\SEQ {\NEG \NEG \al , \GA }{\ga }}{ \infer *[\mathcal {E}]{\SEQ {\al , \GA }{\ga }}{ } }$


$\mathcal {E}'$


$N_i$


$\relax \infer *[\mathcal {E}']{\ga }{ (\al , \GA )^* }$


$\mathcal {E}'$


$(\{\al \} \cup \GA )^*$


$\subseteq $


$\{\al \} \cup \GA $


$\mathcal {E}'$


$\ga $


$(\{\al \} \cup \GA )^*$


$\equiv $


$\{\al \} \cup \GA $


$\mathcal {D}'$


$N_i$


$\relax \infer *[\mathcal {E}']{\ga }{ \infer [(\NEG \NEG {\rm E})]{\al }{ \NEG \NEG \al } & \GA }$


$\mathcal {D}'$


$\{ \NEG \NEG \al \} \cup \GA $


$\mathcal {D}'$


$\ga $


$\NEG \I $


$\mathcal {D}$


$\relax \infer [(\NEG \I {\rm left}).]{\SEQ {\NEG (\al \I \be ), \GA , \DE }{\ga }}{ \infer *[{\mathcal {D}}_1]{\SEQ {\GA }{\al }}{ } & \infer *[{\mathcal {D}}_2]{\SEQ {\NEG \be , \DE }{\ga }}{ } }$


${\mathcal {E}}_1$


${\mathcal {E}}_2$


$N_i$


$\relax \infer *[{\mathcal {E}}_1]{\al }{ \GA ^* }$


$\relax \infer *[{\mathcal {E}}_2]{\ga }{ (\NEG \be , \DE )^* }$


${\mathcal {E}}_1$


$\GA ^*$


$\subseteq $


$\GA $


${\mathcal {E}}_1$


$\al $


${\mathcal {E}}_2$


$(\{\be \}\cup \DE )^*$


$\subseteq $


$\{\be \}\cup \DE $


${\mathcal {E}}_2$


$\ga $


$\GA ^*$


$\equiv $


$\GA $


$(\{\be \}\cup \DE )^*$


$\equiv $


$\{\be \}\cup \DE $


$\mathcal {D}'$


$N_i$


$\relax \infer *[{\mathcal {E}}_2]{\ga }{ \infer [(\NEG \I {\rm E})]{\NEG \be }{ \NEG (\al \I \be ) & \infer *[{\mathcal {E}}_1]{\al }{ \GA } } & \DE }$


$\mathcal {D}'$


$\{\NEG (\al \I \be )\}\cup \GA \cup \DE $


$\mathcal {D}'$


$\ga $


$\NEG \LAND $


$\mathcal {D}$


$\relax \infer [(\NEG \LAND {\rm left}).]{\SEQ {\NEG (\al \LAND \be ), \GA }{\ga }}{ \infer *[{\mathcal {D}}_1]{\SEQ {\NEG \al , \GA }{\ga }}{ } & \infer *[{\mathcal {D}}_2]{\SEQ {\NEG \be , \GA }{\ga }}{ } }$


${\mathcal {E}}_1$


${\mathcal {E}}_2$


$N_i$


$\relax \infer *[{\mathcal {E}}_1]{\ga }{ (\NEG \al , \GA )^* }$


$\relax \infer *[{\mathcal {E}}_2]{\ga }{ (\NEG \be , \GA )^* }$


${\mathcal {E}}_1$


$(\{\NEG \al \}\cup \GA )^*$


$\subseteq $


$\{\NEG \al \}\cup \GA $


${\mathcal {E}}_2$


$(\{\NEG \be \}\cup \GA )^*$


$\subseteq $


$\{\NEG \be \}\cup \GA $


${\mathcal {E}}_1$


${\mathcal {E}}_2$


$\ga $


$(\{\NEG \al \}\cup \GA )^*$


$\equiv $


$\{\NEG \al \}\cup \GA $


$(\{\NEG \be \}\cup \GA )^*$


$\equiv $


$\{\NEG \be \}\cup \GA $


$\mathcal {D}'$


$N_i$


$\relax \infer [(\NEG \LAND {\rm E})]{\ga }{ \NEG (\al \LAND \be ) & \infer *[{\mathcal {E}}_1]{\ga }{ [\NEG \al ] \GA } & \infer *[{\mathcal {E}}_2]{\ga }{ [\NEG \be ] \GA } }$


$\mathcal {D}'$


$\{\NEG (\al \LAND \be )\}\cup \GA $


$\mathcal {D}'$


$\ga $


$\NEG \LOR $


$\mathcal {D}$


$\relax \infer [(\NEG \LOR {\rm right}).]{\SEQ {\GA }{\NEG (\al \LOR \be )}}{ \infer *[{\mathcal {D}}_1]{\SEQ {\GA }{\NEG \al }}{ } & \infer *[{\mathcal {D}}_2]{\SEQ {\GA }{\NEG \be }}{ } }$


${\mathcal {E}}_1$


${\mathcal {E}}_2$


$N_i$


$\relax \infer *[{\mathcal {E}}_1]{\NEG \al }{ \GA ^* }$


$\relax \infer *[{\mathcal {E}}_2]{\NEG \be }{ \GA ^* }$


${\mathcal {E}}_1$


${\mathcal {E}}_2$


$\GA ^*$


$\subseteq $


$\GA $


${\mathcal {E}}_1$


$\NEG \al $


${\mathcal {E}}_2$


$\NEG \be $


$\GA ^* \equiv \GA $


$\mathcal {D}'$


$N_i$


$\relax \infer [(\NEG \LOR {\rm I})]{\NEG (\al \LOR \be )}{ \infer *[{\mathcal {E}}_1]{\NEG \al }{ \GA } & \infer *[{\mathcal {E}}_2]{\NEG \be }{ \GA } }$


$\mathcal {D}'$


$\GA $


$\mathcal {D}'$


$\NEG (\al \LOR \be )$


$\relax \square $


$N_1$


$N_2$


$N_3$


$N_4$


$S_1$


$S_2$


$S_3$


$S_4$


$^*$


$^*$


$\al $


$i \in \{1, 2, 3, 4\}$


$S_i$


$\vdash $


$\Rightarrow \al $


$\al $


$N_i$


$\emptyset $


$\GA $


$\relax \square $


$N$


$N$


$\mathcal {D}$


$N$


$\mathcal {D}'$


$N$


$\mathcal {D}'$


$\subseteq $


$\mathcal {D}$


$\mathcal {D}'$


$=$


$\mathcal {D}$


$N_1$


$N_2$


$N_3$


$N_4$


$S_1$


$S_2$


$S_3$


$S_4$


$^*$


$^*$


$i$


$1$


$2$


$3$


$4$


$\mathcal {D}$


$N_i$


$\mathcal {D}$


$\GA $


$\mathcal {D}$


$\be $


$S_i$


$\vdash $


$\GA  \Rightarrow \be $


$S_i$


$S_i$


$-$


$\vdash $


$\GA  \Rightarrow \be $


$\mathcal {D}'$


$N_i$


$\mathcal {D}'$


$\subseteq $


$\mathcal {D}$


$\mathcal {D}'$


$\mathcal {D}$


$\relax \square $


$^+$


$^+$


$^+$


$^+$


$\I $


$\LAND $


$\LAND $


$\relax \infer [(\I {\rm GE})]{\ga }{ \al \I \be & \al & \infer *[]{\ga }{ [\be ] } }$


$\relax \infer [(\LAND {\rm GE}).]{\ga }{ \al \LAND \be & \infer *[]{\ga }{ [\al , \be ] } }$


$^+$


$\NEG \NEG $


$\NEG \I $


$\NEG \LOR $


$\NEG \LOR $


$\relax \infer [(\NEG \NEG {\rm GE})]{\ga }{ \NEG \NEG \al & \infer *[]{\ga }{ [\al ] } }$


$\relax \infer [(\NEG \I {\rm GE})]{\ga }{ \NEG (\al \I \be ) & \al & \infer *[]{\ga }{ [\NEG \be ] } }$


$\relax \infer [(\NEG \LOR {\rm GE}).]{\ga }{ \NEG (\al \lor \be ) & \infer *[]{\ga }{ [\NEG \al , \NEG \be ] } }$


$\I $


$\LAND $


$\NEG \NEG $


$\NEG \I $


$\NEG \LOR $


$\ga $


$R$


$\rhd $


$\ga $


$R$


$\I $


$\ga $


$\al \I \be $


$\relax \infer [(\I {\rm GE})] {\ga }{ \infer [(\I {\rm I})] {\al \I \be }{ \infer *[{\mathcal D}] {\be }{ [\al ] } } & \infer *[{\mathcal E}_1]{\al }{ } & \infer *[{\mathcal E}_2]{\ga }{ [\be ] } }$


$\relax \infer *[{\mathcal E}_2]{\ga .}{ \infer *[{\mathcal D}]{\be }{ \infer *[{\mathcal E}_1]{\al }{ } } }$


$R$


$\LAND $


$\ga $


$\al _1\LAND \al _2$


$\relax \infer [(\LAND {\rm GE})]{\ga }{ \infer [(\LAND {\rm I})]{\al \LAND \be }{ \infer *[{\mathcal D}_1]{\al }{ } & \infer *[{\mathcal D}_2]{\be }{ } } & \infer *[{\mathcal E}]{\ga }{ [\al , \be ] } }$


$\relax \infer *[{\mathcal E}]{\ga .}{ \infer *[{\mathcal D}_1]{\al }{ } & \infer *[{\mathcal D}_2]{\be }{ } }$


$R$


$\LOR $


$\LOR $


$\ga $


$\al _1\LOR \al _2$


$R$


$\LOR $


$R$


$\NEG \NEG $


$\ga $


$\NEG \NEG \al $


$\relax \infer [(\NEG \NEG {\rm GE})]{\ga }{ \infer [(\NEG \NEG {\rm I})]{\NEG \NEG \al }{ \infer *[\mathcal {D}]{\al }{ } } & \infer *[{\mathcal E}]{\ga }{ [\al ] } }$


$\relax \infer *[{\mathcal E}]{\ga .}{ \infer *[\mathcal {D}]{\al }{ } }$


$R$


$\NEG \I $


$\ga $


$\NEG (\al \I \be )$


$\relax \infer [(\NEG \I {\rm GE})] {\ga }{ \infer [(\NEG \I {\rm I})] {\NEG (\al \I \be )}{ \infer *[{\mathcal D}] {\NEG \be }{ [\al ] } } & \infer *[{\mathcal E}_1]{\al }{ } & \infer *[{\mathcal E}_2]{\ga }{ [\NEG \be ] } }$


$\relax \infer *[{\mathcal E}_2]{\ga .}{ \infer *[{\mathcal D}]{\NEG \be }{ \infer *[{\mathcal E}_1]{\al }{ } } }$


$R$


$\NEG \LAND $


$\NEG \LAND $


$\ga $


$\NEG (\al _1\LAND \al _2)$


$R$


$\NEG \LAND $


$R$


$\NEG \LOR $


$\ga $


$\NEG (\al _1\LOR \al _2)$


$\relax \infer [(\NEG \LOR {\rm GE})]{\ga }{ \infer [(\NEG \LOR {\rm I})]{\NEG (\al \LOR \be )}{ \infer *[{\mathcal {D}}_1]{\NEG \al }{ } & \infer *[{\mathcal {D}}_2]{\NEG \be }{ } } & \infer *[{\mathcal E}]{\ga }{ [\NEG \al , \NEG \be ] } }$


$\relax \infer *[{\mathcal E}]{\ga .}{ \infer *[{\mathcal {D}}_1]{\NEG \al }{ } & \infer *[{\mathcal {D}}_2]{\NEG \be }{ } }$


$\rhd $


$\rhd $


$\ga $


$\rhd $


$\ga $


$R$


$\ga $


$\ga _1\I \ga _2$


$\ga _1\LAND \ga _2$


$\ga _1\LOR \ga _2$


$\NEG \NEG \ga '$


$\NEG (\ga _1\I \ga _2)$


$\NEG (\ga _1\LAND \ga _2)$


$\NEG (\ga _1\LOR \ga _2)$


$\relax \infer [R']{\de }{ \infer [({\rm EM})]{\ga }{ \infer *[{\mathcal D}_1]{\ga }{ [\NEG \al ] } & \infer *[{\mathcal D}_2]{\ga }{ [\al ] } } & \infer *[{\mathcal E}_1]{\de _1}{ } & \infer *[{\mathcal E}_2]{\de _2}{ } }$


$\relax \infer [({\rm EM})]{\de }{ \infer [R']{\de }{ \infer *[{\mathcal D}_1]{\ga }{ [\NEG \al ] } & \infer *[{\mathcal E}_1]{\de _1}{ } & \infer *[{\mathcal E}_2]{\de _2}{ } } & \infer [R']{\de }{ \infer *[{\mathcal D}_2]{\ga }{ [\al ] } & \infer *[{\mathcal E}_1]{\de _1}{ } & \infer *[{\mathcal E}_2]{\de _2}{ } } }$


$R'$


$\I $


$\LAND $


$\LOR $


$\NEG \NEG $


$\NEG \I $


$\NEG \LAND $


$\NEG \LOR $


${\mathcal E}_1$


${\mathcal E}_2$


$R'$


$\rhd $


$\ga $


$\rhd $


$\ga $


$R$


$\ga $


$\ga _1\I \ga _2$


$\ga _1\LAND \ga _2$


$\ga _1\LOR \ga _2$


$\NEG \NEG \ga '$


$\NEG (\ga _1\I \ga _2)$


$\NEG (\ga _1\LAND \ga _2)$


$\NEG (\ga _1\LOR \ga _2)$


\begin {equation*}\infer [R']{\de }{ \infer [({\rm GEM})]{\ga }{ \infer *[{\mathcal D}_1]{\ga }{ [\al \I \be ] } & \infer *[{\mathcal D}_2]{\ga }{ [\al ] } } & \infer *[{\mathcal E}_1]{\de _1}{ } & \infer *[{\mathcal E}_2]{\de _2}{ } }\end {equation*}


\begin {equation*}\quad \quad \rhd \quad \quad \infer [({\rm GEM})]{\de }{ \infer [R']{\de }{ \infer *[{\mathcal D}_1]{\ga }{ [\al \I \be ] } & \infer *[{\mathcal E}_1]{\de _1}{ } & \infer *[{\mathcal E}_2]{\de _2}{ } } & \infer [R']{\de }{ \infer *[{\mathcal D}_2]{\ga }{ [\al ] } & \infer *[{\mathcal E}_1]{\de _1}{ } & \infer *[{\mathcal E}_2]{\de _2}{ } } }\end {equation*}


$R'$


$\I $


$\LAND $


$\LOR $


$\NEG \NEG $


$\NEG \I $


$\NEG \LAND $


$\NEG \LOR $


${\mathcal E}_1$


${\mathcal E}_2$


$R'$


$\rhd $


$\ga $


$\rhd $


$\ga $


$G_1$


$G_2$


$G_3$


$G_4$


$S_1$


$S_2$


$S_3$


$S_4$


$^*$


$^*$


$i \in \{1, 2, 3, 4\}$


$\mathcal {D}$


$G_i$


$\mathcal {D}$


$=$


$\GA $


$\mathcal {D}$


$=$


$\be $


$S_i$


$\vdash $


$\GA  \Rightarrow \be $


$S_i$


$-$


$\vdash $


$\GA  \Rightarrow \be $


$\mathcal {D}'$


$G_i$


$\mathcal {D}'$


$\subseteq $


$\GA $


$\mathcal {D}'$


$=$


$\be $


$\mathcal {D}'$


$\mathcal {D}$


$G_i$


$\mathcal {D}$


$\GA $


$\mathcal {D}$


$\be $


$\mathcal {D}$


$\NEG \NEG $


$\mathcal {D}$


$\relax \infer [(\NEG \NEG {\rm GE})]{\ga }{ \infer *[{\mathcal {D}}_1]{\NEG \NEG \al }{ \GA _1 } & \infer *[{\mathcal {D}}_2]{\ga }{ [\al ] ~\GA _2 } }$


$\mathcal {D}$


$\GA _1\cup \GA _2$


$\mathcal {D}$


$\ga $


$\NEG \NEG $


$S_i$


$\vdash $


$\GA _2 \Rightarrow \ga $


$\relax \infer *[({\rm we})]{\SEQ {\NEG \NEG \al , \GA _1, \GA _2}{\ga }}{ \infer *[Ind.~hyp.]{\SEQ {\GA _2}{\ga }}{ } }$


$S_i$


$\al $


$\NEG \NEG $


$S_i$


$\vdash $


$\al , \GA _2 \Rightarrow \ga $


$\relax \infer [(\NEG \NEG {\rm left})]{\SEQ {\NEG \NEG \al , \GA _1, \GA _2}{\ga }}{ \infer *[({\rm we})]{\SEQ {\al , \GA _1, \GA _2}{\ga }}{ \infer *[Ind.~hyp.]{\SEQ {\al , \GA _2}{\ga }}{ } } }$


$S_i$


$\NEG \I $


$\mathcal {D}$


$\relax \infer [(\NEG \I {\rm GE})]{\ga }{ \infer *[{\mathcal {D}}_1]{\NEG (\al \I \be )}{ \GA _1 } & \infer *[{\mathcal {D}}_2]{\al }{ \GA _2 } & \infer *[{\mathcal {D}}_3]{\ga }{ [\NEG \be ]~\GA _3 } }$


$\mathcal {D}$


$\GA _1\cup \GA _2\cup \GA _3$


$\mathcal {D}$


$\ga $


$\NEG \I $


$S_i$


$\vdash $


$\GA _3 \Rightarrow \ga $


$\relax \infer *[({\rm we})]{\SEQ {\GA _1, \GA _2, \GA _3}{\ga }}{ \infer *[Ind.~hyp.]{\SEQ {\GA _3}{\ga }}{ } }$


$S_i$


$\NEG \be $


$\NEG \I $


$S_i$


$\vdash $


$\GA _1 \Rightarrow \NEG (\al \I \be )$


$S_i$


$\vdash $


$\GA _2 \Rightarrow \al $


$S_i$


$\vdash $


$\NEG \be , \GA _3 \Rightarrow \ga $


$\relax \infer [({\rm cut}).]{\SEQ {\GA _1, \GA _2, \GA _3}{\ga }}{ \infer *[Ind.~hyp.]{\SEQ {\GA _1}{\NEG (\al \I \be )}}{ } & \infer [(\NEG \I {\rm left})]{\SEQ {\NEG (\al \I \be ), \GA _2, \GA _3}{\ga }}{ \infer *[Ind.~hyp.]{\SEQ {\GA _2}{\al }}{ } & \infer *[Ind.~hyp.]{\SEQ {\NEG \be , \GA _3}{\ga }}{ } } }$


$\NEG \LOR $


$\mathcal {D}$


$\relax \infer [(\NEG \LOR {\rm GE})]{\ga }{ \infer *[{\mathcal {D}}_1]{\NEG (\al \LOR \be )}{ \GA _1 } & \infer *[{\mathcal {D}}_2]{\ga }{ [\NEG \al , \NEG \be ]~\GA _2 } }$


$\mathcal {D}$


$\GA _1\cup \GA _2$


$\mathcal {D}$


$\ga $


$\NEG \LOR $


$S_i$


$\vdash $


$\GA _2 \Rightarrow \ga $


$\relax \infer *[({\rm we})]{\SEQ {\GA _1, \GA _2}{\ga }}{ \infer *[Ind.~hyp.]{\SEQ {\GA _2}{\ga }}{ } }$


$S_i$


$\NEG \al $


$\NEG \be $


$\NEG \LOR $


$\NEG \be $


$\NEG \LOR $


$S_i$


$\vdash $


$\GA _1 \Rightarrow \NEG (\al \LOR \be )$


$S_i$


$\vdash $


$\NEG \be , \GA _2 \Rightarrow \ga $


$\relax \infer [({\rm cut})]{\SEQ {\GA _1, \GA _2}{\ga }}{ \infer *[Ind.~hyp.]{\SEQ {\GA _1}{\NEG (\al \LOR \be )}}{ } & \infer [(\NEG \LOR {\rm left})]{\SEQ {\NEG (\al \LOR \be ), \GA _2}{\ga }}{ \infer [({\rm we})]{\SEQ {\NEG \al , \NEG \be , \GA _2}{\ga }}{ \infer *[Ind.~hyp.]{\SEQ {\NEG \be , \GA _2}{\ga }}{ } } } }$


$S_i$


$\mathcal {D}$


$\GA  \Rightarrow \be $


$S_i$


$-$


$\mathcal {D}$


$\NEG \NEG $


$\mathcal {D}$


$\relax \infer [(\NEG \NEG {\rm left}).]{\SEQ {\NEG \NEG \al , \GA }{\ga }}{ \infer *[\mathcal {E}]{\SEQ {\al , \GA }{\ga }}{ } }$


$\mathcal {E'}$


$G_i$


$\relax \infer *[\mathcal {E'}]{\ga }{ (\al , \GA )^* }$


$\mathcal {E}'$


$(\{\al \} \cup \GA )^*$


$\subseteq $


$\{\al \} \cup \GA $


$\mathcal {E}'$


$\ga $


$(\{\al \} \cup \GA )^*$


$\equiv $


$\{\al \} \cup \GA $


$\mathcal {D}'$


$G_i$


$\relax \infer [(\NEG \NEG {\rm GE})]{\ga }{ \NEG \NEG \al & \infer *[\mathcal {E'}]{\ga }{ [\al ]~\GA } }$


$\mathcal {D}'$


$\{ \NEG \NEG \al \} \cup \GA $


$\mathcal {D}'$


$\ga $


$\NEG \I $


$\mathcal {D}$


$\relax \infer [(\NEG \I {\rm left}).]{\SEQ {\NEG (\al \I \be ), \GA , \DE }{\ga }}{ \infer *[{\mathcal {D}}_1]{\SEQ {\GA }{\al }}{ } & \infer *[{\mathcal {D}}_2]{\SEQ {\NEG \be , \DE }{\ga }}{ } }$


${\mathcal {D}}_1'$


${\mathcal {D}}_2'$


$G_i$


$\relax \infer *[{\mathcal {D}}_1']{\al }{ \GA ^* } \quad \quad \quad \infer *[{\mathcal {D}}_2']{\ga }{ (\NEG \be , \DE )^* }$


${\mathcal {E}}_1$


$\GA ^*$


$\subseteq $


$\GA $


${\mathcal {E}}_1$


$\al $


${\mathcal {E}}_2$


$(\{\NEG \be \}\cup \DE )^*$


$\subseteq $


$\{\NEG \be \}\cup \DE $


${\mathcal {E}}_2$


$\ga $


$\GA ^*$


$\equiv $


$\GA $


$(\{\NEG \be \}\cup \DE )^*$


$\equiv $


$\{\NEG \be \}\cup \DE $


$\mathcal {D}'$


$G_i$


$\relax \infer [(\NEG \I {\rm GE})]{\ga }{ \NEG (\al \I \be ) & \infer *[{\mathcal {D}}_1']{\al }{ \GA } & \infer *[{\mathcal {D}}_2']{\ga }{ [\NEG \be ]~\DE } }$


$\mathcal {D}'$


$\{\NEG (\al \I \be )\}\cup \GA \cup \DE $


$\mathcal {D}'$


$\ga $


$\NEG \LOR $


$\mathcal {D}$


$\relax \infer [(\NEG \LOR {\rm left}).]{\SEQ {\NEG (\al \LOR \be ), \GA }{\ga }}{ \infer *[\mathcal {E}]{\SEQ {\NEG \al , \NEG \be , \GA }{\ga }}{ } }$


$\mathcal {E'}$


$G_i$


$\relax \infer *[\mathcal {E'}]{\ga }{ (\NEG \al , \NEG \be , \GA )^* }$


$\mathcal {E'}$


$(\{\NEG \al , \NEG \be \} \cup \GA )^*$


$\subseteq $


$\{\NEG \al , \NEG \be \} \cup \GA $


$\mathcal {E'}$


$\ga $


$(\{\NEG \al , \NEG \be \} \cup \GA )^*$


$\equiv $


$\{\NEG \al , \NEG \be \} \cup \GA $


$\mathcal {D}'$


$G_i$


$\relax \infer [(\NEG \LOR {\rm GE})]{\ga }{ \NEG (\al \LOR \be ) & \infer *[\mathcal {E'}]{\ga }{ [\NEG \al , \NEG \be ]~\GA } }$


$\mathcal {D}'$


$\{ \NEG (\al \LOR \be ) \} \cup \GA $


$\mathcal {D}'$


$\ga $


$\relax \square $


$G_1$


$G_2$


$G_3$


$G_4$


$S_1$


$S_2$


$S_3$


$S_4$


$^*$


$^*$


$\al $


$i \in \{1, 2, 3, 4\}$


$S_i$


$\vdash $


$\Rightarrow \al $


$\al $


$G_i$


$\relax \square $


$G_1$


$G_2$


$G_3$


$G_4$


$N_1$


$N_2$


$N_3$


$N_4$


$\al $


$i \in \{1, 2, 3, 4\}$


$\al $


$G_i$


$\al $


$N_i$


$\relax \square $


$G$


$G$


$\relax \square $


$\NEG \I $


$\NEG \I $


\begin {equation*}\infer [{\rm (\NEG \I left^{\star })}]{\SEQ {\NEG (\al \I \be ), \GA }{\ga }}{ \SEQ {\al , \NEG \be , \GA }{\ga } } \quad \quad \infer [{\rm (\NEG \I right^{\star })}]{\SEQ {\GA }{\NEG (\al \I \be )}}{ \SEQ {\GA }{\al } & \SEQ {\GA }{\NEG \be } }\end {equation*}


$\NEG (\al \I \be ) \leftrightarrow \al \LAND \NEG \be $


$=$


$+$


$=$


$+$


$=$


$+$


$+$


$=$


$+$


$=$


$+$


$+$


\begin {equation*}\infer [(\mbox {\rm we-right})]{\SEQ {\GA }{\al }}{ \SEQ {\GA }{} } \quad \quad \infer [({\rm explosion}).]{\SEQ {\GA }{\ga }}{ \SEQ {\GA }{\NEG \al } & \SEQ {\GA }{\al } }\end {equation*}


$+$


$+$


$\GA  \Rightarrow \ga $


$\ga $


$+$


$\NEG \I $


$\NEG \I $


\begin {equation*}\infer [(\NEG \I {\rm I}^{\star })]{\NEG (\al \I \be )}{ \al & \NEG \be } \quad \quad \infer [(\NEG \I {\rm E1}^{\star })]{\al }{ \NEG (\al \I \be ) } \quad \quad \infer [(\NEG \I {\rm E2}^{\star })]{\NEG \be }{ \NEG (\al \I \be ) }\end {equation*}


$\NEG (\al \I \be ) \leftrightarrow \al \LAND \NEG \be $


$=$


$+$


$=$


$+$


$=$


$+$


$+$


$R$


$\NEG \I $


$\ga $


$\NEG (\al \I \be )$


$\relax \infer [(\NEG \I {\rm E1^{\star }})]{\al }{ \infer [(\NEG \I {\rm I}^{\star })]{\NEG (\al \I \be )}{ \infer *[{\mathcal {D}}_1]{\al }{ } & \infer *[{\mathcal {D}}_2]{\NEG \be }{ } } }$


$\relax \infer *[{\mathcal {D}}_1]{\al .}{ }$


$\relax \infer [(\NEG \I {\rm E2}^{\star })]{\NEG \be }{ \infer [(\NEG \I {\rm I}^{\star })]{\NEG (\al \I \be )}{ \infer *[{\mathcal {D}}_1]{\al }{ } & \infer *[{\mathcal {D}}_2]{\NEG \be }{ } } }$


$\relax \infer *[{\mathcal {D}}_2]{\NEG \be .}{ }$


$\I $


$\LAND $


$\LAND $


$\NEG \NEG $


$\NEG \LOR $


$\NEG \LOR $


$\NEG \I $


$^{\star }$


$\NEG \I $


$^{\star }$


$\I $


$\LAND $


$\NEG \NEG $


$\NEG \LOR $


\begin {equation*}\infer [(\NEG \I {\rm GE}^{\star }).]{\ga }{ \NEG (\al \I \be ) & \infer *[]{\ga }{ [\al , \NEG \be ] } }\end {equation*}


$=$


$+$


$=$


$+$


$=$


$+$


$+$


$R$


$\NEG \I $


$\ga $


$\NEG (\al \I \be )$


\begin {equation*}\infer [(\NEG \I {\rm GE}^{\star })]{\ga }{ \infer [(\NEG \I {\rm I}^{\star })]{\NEG (\al \I \be )}{ \infer *[{\mathcal {D}}_1]{\al }{ } & \infer *[{\mathcal {D}}_2]{\NEG \be }{ } } & \infer *[{\mathcal E}]{\ga }{ [\al , \NEG \be ] } } \quad \quad \rhd \quad \quad \infer *[{\mathcal E}]{\ga .}{ \infer *[{\mathcal {D}}_1]{\al }{ } & \infer *[{\mathcal {D}}_2]{\NEG \be }{ } }\end {equation*}


$^*$


$^*$


$^*$


$^*$


$^*$


$^*$


$\NEG \I $


$\NEG \I $


\begin {equation*}\infer [{\rm (\NEG \I left^c)}]{\SEQ {\NEG (\al \I \be ), \GA ,\DE }{\ga }}{ \SEQ {\GA }{\NEG \al } & \SEQ {\NEG \be , \DE }{\ga } } \quad \quad \infer [{\rm (\NEG \I right^c)}]{\SEQ {\GA }{\NEG (\al \I \be )}}{ \SEQ {\NEG \al , \GA }{\NEG \be } }\end {equation*}


$\NEG \I $


$^c$


$\NEG \I $


$^c$


$\NEG (\al \I \be ) \leftrightarrow \NEG \al \I \NEG \be $


$\CON (\al \I \be ) \leftrightarrow \CON \al \I \CON \be $


$\CON $


$\neg $


$\bot $


$^{\bot }$


$^{\bot }_3$


$^{ab}_{po}$


$^{ab}_{we}$


$^{ab}_{po}$


$^{ab}_{we}$


\begin {equation*}\infer [(\mbox {\rm po-omni})]{\SEQ {\GA }{}}{ \SEQ {\NEG \al ,\GA }{} & \SEQ {\al , \GA }{} } \quad \quad \infer [(\mbox {\rm we-neg})]{\SEQ {\GA }{\ga }}{ \SEQ {\NEG \al ,\GA }{\ga } & \SEQ {\al , \GA }{} }\end {equation*}


$\neg \neg (\NEG \al \lor \al )$


$\neg \al \I \NEG \al $


\begin {equation*}\infer [({\rm PO})]{\bot }{ \infer *[]{\bot }{ [\NEG \al ] } & \infer *[]{\bot }{ [\al ] } } \quad \quad \infer [({\rm WN}).]{\ga }{ \infer *[]{\ga }{ [\NEG \al ] } & \infer *[]{\bot }{ [\al ] } }\end {equation*}


$\neg \al $


$\neg \al := \al \I \bot $


$\bot $


$^{\bot }$


$^{\bot }_3$


$^{ab}_{po}$


$^{ab}_{wn}$
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middle. Natural deduction systems with general elimination rules are also in­
troduced for the C-family. Theorems establishing the equivalence between the 
proposed sequent calculi and natural deduction systems are demonstrated. Cut-
elimination and normalization theorems are established for the proposed sequent 
calculi and natural deduction systems, respectively. Additionally, similar results 
are obtained for a family (N-family) of paraconsistent logics over Nelson’s con­
structive four-valued logic N4. 

Keywords: connexive logic, cut-elimination theorem, normalization theorem.

2020 Mathematical Subject Classification: 03B50, 03B53.

1. Introduction

Connexive logics are recognized as philosophically plausible paraconsistent 
contradictory logics [3, 22, 40, 43]. A distinguishing feature of connexive 
logics is their validation of the so-called Aristotle’s theses: ∼(α→∼α) and 
∼(∼α→α), and the so-called Boethius’ theses: (α→β)→∼(α→∼β) and 
(α→∼β)→∼(α→β). On the one hand, the roots of connexive logics can 
be traced back to Aristotle and Boethius. On the other hand, modern 
perspectives on connexive logics were established by Angell [3] and Mc­
Call [22].

A basic constructive connexive logic referred to as C, considered a 
variant of Nelson’s constructive four-valued logic N4 [2, 24, 19], was in­
troduced by Wansing in [40]. Furthermore, C was extended by Wans­
ing in [40] to introduce a constructive connexive modal logic, serving as 
a constructive connexive analogue of the smallest normal modal logic K. 
For further details on connexive logics, including C, refer to, for example, 
[3, 22, 40, 4, 17, 20, 43, 30, 26] and the references therein.

In this study, a unified Gentzen-style framework for proving cut-eli­
mination and normalization theorems is employed to investigate several 
connexive logics over Wansing’s C. The term “unified Gentzen-style frame­
work” means that we can handle cut-elimination theorems in Gentzen-
style sequent calculi and normalization theorems in Gentzen-style natural 
deduction systems uniformly, with equivalences between these calculi and 
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systems. Additionally, natural deduction systems with general elimination 
rules are added to this framework.

The logics under consideration include Omori and Wansing’s connexive 
logic C3 [30], Wansing’s material connexive logic MC [43], and Cantwell’s 
connexive logic CN [4]. The relationships among these logics can be sum­
marized as follows: C3 is obtained from C by adding the law of excluded 
middle ¬α∨α, MC is obtained from C by adding Peirce’s law
((α→β)→α)→α, and CN is obtained from C3 by adding Peirce’s law.

On the one hand, Gentzen-style or G3-style sequent calculi for C, C3, 
CN and some intermediate logics between C and C3 have been introduced 
and investigated [40, 30, 6, 25], along with a Gentzen-style natural deduc­
tion system for the implicational fragment of C [13]. On the other hand, 
a unified Gentzen-style framework for C, C3, MC, and CN has not been 
established. Therefore, we construct such a framework in this study. This 
framework enables an integrated proof-theoretical treatment of these log­
ics and establishes a natural correspondence between sequent calculi and 
natural deduction systems for them.

We now discuss some related works on sequent calculi for connexive 
logics. The cut-elimination theorem for a Gentzen-style sequent calculus, 
referred to as sC, was proved by Wansing in [40], although the name sC was 
not used by him. The cut-elimination theorems for G3-style sequent cal­
culi, namely G3C and G3C3at for C and C3, respectively, were established 
by Omori and Wansing in [30]. In this context, G3C3at is a sequent cal­
culus that incorporates the rule of atomic excluded middle (at-ex-middle) 
in place of the rule of excluded middle (ex-middle). The admissibility of 
(ex-middle) in G3C3at was also demonstrated by them. Consequently, 
the cut-elimination theorem for a G3-style sequent calculus, referred to as 
G3C3, which is obtained from G3C3at by replacing (at-ex-middle) with 
(ex-middle), was also demonstrated by them in [26]. Additionally, the 
first-order extensions of G3C, G3C3at, and G3C3 were also introduced 
and investigated by them. The systems G3C, G3C3at, and G3C3 were also 
used by Niki and Wansing in [26] to explore the provable contradictions of 
C and C3.
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Several sequent calculi for some intermediate logics between C and C3 
have recently been studied by Niki in [25]. A three-sided sequent calculus 
for CN, under the name CC/TTm, has recently been introduced and in­
vestigated by Égré et al. in [6]. A natural deduction system, NC2, and 
a two-sorted typed λ-calculus, 2λ, were introduced and investigated by 
Wansing in [42] for the bi-connexive propositional logic 2C. Natural deduc­
tion systems for two variants of connexive logics concerning non-classical 
interpretations of a certain kind between negation and implication were 
studied by Francez in [9]. In addition, some extensions of C were studied 
by Olkhovikov in [27, 28] and by Omori in [29], although these studies are 
not concerned with sequent calculus or natural deduction system.

The structure of this paper is as follows.
In Section 2, we introduce Gentzen-style sequent calculi for C, C3, MC, 

and CN, referred to as sC, sC3, sMC, and sCN, respectively. Furthermore, 
we prove the cut-elimination theorems for these calculi. The calculi sC3, 
sMC, and sCN are obtained from sC by adding the excluded middle rule 
(ex-middle), the Peirce rule (Peirce), and both (ex-middle) and (Peirce), 
respectively. Moreover, we introduce alternative Gentzen-style sequent cal­
culi for MC and CN, referred to as sMC∗ and sCN∗, respectively. These 
calculi are obtained from sC by adding the generalized excluded middle rule 
(g-ex-middle) and both (ex-middle) and (g-ex-middle), respectively. We 
then prove a theorem establishing the cut-free equivalence between sMC∗

(sCN∗) and sMC (sCN, resp.), along with presenting the cut-elimination 
theorems for sMC∗ and sCN∗.

In Section 3, we introduce Gentzen-style natural deduction systems for 
C, C3, MC, and CN, referred to as nC, nC3, nMC, and nCN, respectively. 
We then prove a theorem establishing equivalence between nC, (nC3, nMC, 
and nCN), and sC, (sC3, sMC∗, and sCN∗, resp.). Furthermore, we prove 
the normalization theorems for nC, nC3, nMC, and nCN.

In Section 4, we introduce natural deduction systems with general elim­
ination rules [33, 37], for C, C3, MC, and CN, referred to as gC, gC3, gMC, 
and gCN, resp. We then prove a theorem establishing equivalence between 
gC, (gC3, gMC, and gCN), and sC, (sC3, sMC∗, and sCN∗, resp.). Further­
more, we prove the normalization theorems for gC, gC3, gMC, and gCN.
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In Section 5, we show some similar results on a family (N-family) of pa­
raconsistent logics over Nelson’s constructive four-valued logic N4 [2, 24]. 
The N-family is obtained from N4 by adding Peirce’s law, the law of ex­
cluded middle, and/or the law of generalized excluded middle.

In Section 6, we conclude this study and provide some final remarks.

2. Gentzen-style sequent calculi and cut-elimination 
theorems

Formulas of connexive logics are constructed using countably many propo­
sitional variables, the logical connectives ∧ (conjunction), ∨ (disjunction), 
→ (implication), and ∼ (connexive negation). We use small letters p, q, ...
to denote propositional variables, Greek small letters α, β, ... to denote for­
mulas, and Greek capital letters Γ,∆, ... to denote finite (possibly empty) 
sets of formulas. A sequent is an expression of the form Γ ⇒ γ. We use 
the expression L ⊢ S to represent the fact that a sequent S is provable in 
a sequent calculus L. We say that “a rule R of inference is admissible in a 
sequent calculus L” if the following condition is satisfied: For any instance

S1 · · ·Sn

S

of R, if L ⊢ Si for all i, then L ⊢ S. Furthermore, we say that “R is 
derivable in L” if there is a derivation from S1, · · · , Sn to S in L.

We introduce Gentzen-style sequent calculi LJ+ [34], sC [40], sC3, sMC, 
and sCN for positive intuitionistic logic, C [40], C3 [30], MC [43], and CN 
[4], respectively.
Definition 2.1 (LJ+, sC, sC3, sMC, and sCN).

1. LJ+ is defined by the initial sequents and structural and logical in­
ference rules of the following form, for any propositional variable p:

p,Γ ⇒ p (init1)

Γ ⇒ α α,Σ ⇒ γ

Γ,Σ ⇒ γ
(cut)
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Γ ⇒ α β,∆ ⇒ γ

α→β,Γ,∆ ⇒ γ
(→left)

α,Γ ⇒ β

Γ ⇒ α→β
(→right)

α, β,Γ ⇒ γ

α∧β,Γ ⇒ γ
(∧left)

Γ ⇒ α Γ ⇒ β

Γ ⇒ α∧β (∧right)

α,Γ ⇒ γ β,Γ ⇒ γ

α∨β,Γ ⇒ γ
(∨left)

Γ ⇒ α
Γ ⇒ α∨β (∨right1)

Γ ⇒ β

Γ ⇒ α∨β (∨right2).

2. sC is obtained from LJ+ by adding the negated initial sequents and 
logical inference rules of the following form, for any propositional 
variable p:

∼p,Γ ⇒ ∼p (init2)

α,Γ ⇒ γ

∼∼α,Γ ⇒ γ
(∼left) Γ ⇒ α

Γ ⇒ ∼∼α
(∼right)

Γ ⇒ α ∼β,∆ ⇒ γ

∼(α→β),Γ,∆ ⇒ γ
(∼→left)

α,Γ ⇒ ∼β

Γ ⇒ ∼(α→β)
(∼→right)

∼α,Γ ⇒ γ ∼β,Γ ⇒ γ

∼(α∧β),Γ ⇒ γ
(∼∧left)

Γ ⇒ ∼α
Γ ⇒ ∼(α∧β)

(∼∧right1)
Γ ⇒ ∼β

Γ ⇒ ∼(α∧β)
(∼∧right2)

∼α,∼β,Γ ⇒ γ

∼(α∨β),Γ ⇒ γ
(∼∨left)

Γ ⇒ ∼α Γ ⇒ ∼β

Γ ⇒ ∼(α∨β)
(∼∨right).

3. sC3 is obtained from sC by adding the excluded middle rule of the 
form:

∼α,Γ ⇒ γ α,Γ ⇒ γ

Γ ⇒ γ
(ex-middle).
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4. sMC is obtained from sC by adding the Peirce rule of the form:

α→β,Γ ⇒ α

Γ ⇒ α
(Peirce).

5. sCN is obtained from sC3 by adding (Peirce).

Remark 2.2.

1. It is known that single-succedent Gentzen-style sequent calculi for 
classical logic are obtained from Gentzen’s sequent calculus LJ (or 
other variants such as the G3-style sequent calculus G3ip) for in­
tuitionistic logic by adding one of (ex-middle), (Peirce), and their 
variants. These single-succeddent calculi have been studied by sev­
eral researchers [5, 7, 10, 1, 36, 23, 12, 15]. For a survey on these 
calculi, see, for example, [12, 15].

2. (ex-middle), which corresponds to the law of excluded middle ∼α∨α, 
was introduced and investigated by von Plato [36, 23], although the 
name (ex-middle) was not used by him. He showed that (ex-middle) 
can be restricted to the inference rule of the form:

∼p,Γ ⇒ γ p,Γ ⇒ γ

Γ ⇒ γ
(at-ex-middle)

where p is a propositional variable. Namely, (at-ex-middle) and (ex-
middle) are equivalent over intuitionistic logic. He proved the cut-
elimination theorems for some sequent calculi with (at-ex-middle) or 
(ex-middle).

3. (Peirce), which corresponds to the Peirce law ((α→β)→α)→α, was 
introduced and investigated by Curry [5], Felscher [7], Gordeev [10], 
and Africk [1]. The cut-elimination theorem for LJ + (Peirce) was 
proved by them. Specifically, Africk [1] obtained a simple embedding-
based proof of the cut-elimination theorem for LJ + (Peirce). The 
subformula property for a version of LJ + (Peirce) without the falsity 
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constant ⊥ was shown by Gordeev. Specifically, he proved in [10] 
that β in (Peirce) can be restricted to a subformula of some formulas 
in (Γ, α).

4. Gentzen’s LK for classical logic, LJ + (ex-middle), and LJ + (Peirce) 
are theorem-equivalent within the language {∧,∨,→,¬,⊥}. How­
ever, sC3, sMC, and sCN (and their corresponding logics C3, MC, 
and CN) are not logically-equivalent. This fact will be formally shown 
in Theorem 2.7.

Proposition 2.3.  Let L be LJ+, sC, sC3, sMC, or sCN. For any formula 
α and any set Γ of formulas, we have: L ⊢ α,Γ ⇒ α.
Proof: By induction on α. □

Proposition 2.4.  Let L be LJ+, sC, sC3, sMC, or sCN. The following 
rule is admissible in cut-free L:

Γ ⇒ γ

α,Γ ⇒ γ
(we).

Proof: By induction on the proofs P  of Γ ⇒ γ of (we) in cut-free L. □
The following cut-elimination theorems for LJ+ and sC are well-known.

Theorem 2.5 (Cut-elimination for LJ+ and sC [34, 40]).  Let L be LJ+
or sC. The rule (cut) is admissible in cut-free L.

We now show the cut-elimination theorems for sC3, sMC, and sCN.
Theorem 2.6 (Cut-elimination for sC3, sMC, and sCN).  Let L be sC3, 
sMC, or sCN. The rule (cut) is admissible in cut-free L.
Proof (Sketch): We give a sketch of the proof.

• First, we show the cut-elimination theorem for sC3. It is known that 
the cut-elimination theorem for the G3-style sequent calculus G3C3 for 
C3, which has (ex-middle), holds [30]. Then, we can show the cut-free 
equivalence between G3C3 and sC3. Thus, from this equivalence and the 
cut-elimination theorem for G3C3, we obtain the cut-elimination theorem 
for sC3.
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• Second, we show the cut-elimination theorem for sMC. It is known 
that the cut-elimination theorem for LJ + (Peirce) holds. This theorem was 
proved directly and indirectly by using the methods by Gordeev [10] and 
Africk [1]. Thus, the cut-elimination theorem for the negation-less fragment 
(i.e., LJ+ + (Peirce)) of LJ + (Peirce) holds because LJ + (Peirce) is a 
conservative extension of LJ+ + (Peirce) by the cut-elimination theorem 
for LJ + (Peirce). Then, we can show a theorem for embedding (cut-free) 
sMC into (cut-free) LJ+ + (Peirce), and by using this theorem, we can show 
the cut-elimination theorem for sMC. We will show this in the following.

Prior to showing the embedding theorem, we introduce a translation of 
sMC to LJ+ + (Peirce). Let Φ be a set of propositional variables and Φ′

be the set {p′ | p ∈ Φ} of propositional variables. Then, the language LMC

of sMC is defined using Φ, ∧, ∨, →, and ∼. The language LInt+ of LJ+
is obtained from LMC by replacing ∼ with Φ′. A mapping f  from LMC to 
LInt+ is defined inductively by:

1. for any p ∈ Φ, f(p) := p and f(∼p) := p′ ∈ Φ′,
2. f(α ♯ β) := f(α) ♯ f(β) with ♯ ∈ {∧,∨,→},
3. f(∼∼α) := f(α),
4. f(∼(α∧β)) := f(∼α)∨f(∼β),
5. f(∼(α∨β)) := f(∼α)∧f(∼β),
6. f(∼(α→β)) := f(α)→f(∼β).

An expression f(Γ) denotes the result of replacing every occurrence of 
a formula α in Γ by an occurrence of f(α). We remark that a similar 
translation defined as above has been used by Gurevich [11], Rautenberg 
[32] and Vorob’ev [38] to embed Nelson’s constructive logic [2, 24] into 
positive intuitionistic logic.

We then obtain the following theorem for embedding sMC into LJ+ +
(Peirce):

1. sMC ⊢ Γ ⇒ γ iff  LJ+ + (Peirce) ⊢ f(Γ) ⇒ f(γ),
2. sMC − (cut) ⊢ Γ ⇒ γ iff  LJ+ + (Peirce) − (cut) ⊢ f(Γ) ⇒ f(γ).

The proof of this theorem is almost the same as that for the theorem for em­
bedding sC or a Gentzen-style sequent calculus for Nelson’s paraconsistent 
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four-valued logic N4 into LJ+. For more information on these embedding 
theorems, see, for example, [18, 19, 17, 20, 14].

We are ready to prove of the cut-elimination theorem for sMC. Suppose 
that sMC ⊢ Γ ⇒ γ. Then, we have LJ+ + (Peirce) ⊢ f(Γ) ⇒ f(γ) by 
the statement (1) of the theorem, and hence LJ+ + (Peirce) − (cut) ⊢
f(Γ) ⇒ f(γ) by the cut-elimination theorem for LJ+ + (Peirce). Then, by 
the statement (2) of the theorem, we obtain sMC − (cut) ⊢ Γ ⇒ γ.

• Finally, the cut-elimination theorem for sCN can be proved in a similar 
way as for sMC. □

Theorem 2.7 (Separation of C, C3, MC, and CN).  The logics C, C3, MC, 
and CN are not logically-equivalent.
Proof: To show this, we use sC, sC3, sMC, sCN, and Theorem 2.6. Let 
p and q be distinct propositional variables. Then, we consider only the 
following facts:

1. ⇒ ((p→q)→p)→p is provable in cut-free sMC, but not provable in 
cut-free sC3,

2. ⇒ ∼p∨p is provable in cut-free sC3, but not provable in cut-free sMC.

The unprovabilities of these sequents are guaranteed by Theorem 2.6. We 
thus show the case for sMC − (cut) ⊢ ⇒ ((p→q)→p)→p by:

p ⇒ p (init1) q ⇒ q (init1)
p→q, p ⇒ q (→left)

p→q ⇒ p→q (→right) p ⇒ p (init1)

p→q, (p→q)→p ⇒ p
(→left)

(p→q)→p ⇒ p
(Peirce)

⇒ ((p→q)→p)→p
(→right)

and the case for sC3 − (cut) ⊢ ⇒ ∼p∨p by:

∼p ⇒ ∼p (init2)
∼p ⇒ ∼p∨p (∨right1)

p ⇒ p (init1)
p ⇒ ∼p∨p (∨right2)

⇒ ∼p∨p (ex-middle).
□
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Next, we introduce alternative Gentzen-style sequent calculi sMC∗ and 
sCN∗ for MC and CN, respectively. These calculi will be used to prove the 
normalization theorems for the natural deduction systems nMC and nCN 
for MC and CN, respectively.
Definition 2.8 (sMC∗ and sCN∗).

1. sMC∗ is obtained from sC by adding the generalized excluded middle 
rule of the form:

α→β,Γ ⇒ γ α,Γ ⇒ γ

Γ ⇒ γ
(g-ex-middle).

2. sCN∗ is obtained from sC3 by adding (g-ex-middle).

Remark 2.9.

1. (g-ex-middle), which corresponds to the generalized law of excluded 
middle (α→β)∨α, was introduced and investigated by Kamide in [12], 
although the name (g-ex-middle) was not used by him. He proved 
the cut-elimination theorem for LJ + (g-ex-middle) using the method 
by Africk [1].

2. LJ + (g-ex-middle) is regarded as a sequent calculus for classical logic. 
Actually, (g-ex-middle) and (ex-middle) are equivalent over positive 
intuitionistic logic. (g-ex-middle) is regarded as a generalization of 
(ex-middle) if we assume the falsity constant ⊥ and the definition 
∼α := α→⊥. (g-ex-middle) is also regarded as a generalization of 
(Peirce) and it was referred to as generalized Peirce rule (named (g-
Peirce)) in [12].

3. The following is an example proof of ⇒ (p→q)∨p in cut-free sMC∗:

p ⇒ p (init1) q ⇒ q (init1)
p→q, p ⇒ q (→left)

p→q ⇒ p→q (→right)

p→q ⇒ (p→q)∨p
(∨right1)

p ⇒ p (init1)

p ⇒ (p→q)∨p
(∨right2)

⇒ (p→q)∨p
(g-ex-middle).
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Proposition 2.10. Let L be sMC∗ or sCN∗. For any formula α and any 
set Γ of formulas, we have: L ⊢ α,Γ ⇒ α.
Proof: By induction on α. □

Proposition 2.11.  Let L be sMC∗ or sCN∗. The rule (we) is admissible 
in cut-free L.
Proof: Similar to the proof of Proposition 2.4. □

Theorem 2.12 (Equivalence between sMC (sCN) and sMC∗ (sCN∗)).  Let 
L1 and L2 be the sequent calculi sMC and sCN, respectively. Let L∗

1 and 
L∗
2 be the sequent calculi sMC∗ and sCN∗, respectively. For any i ∈ {1, 2}, 

we have:

1. Li ⊢ Γ ⇒ γ iff L∗
i ⊢ Γ ⇒ γ,

2. Li − (cut) ⊢ Γ ⇒ γ iff L∗
i − (cut) ⊢ Γ ⇒ γ.

Proof: We show only (2). The fact that Li − (cut) ⊢ Γ ⇒ γ implies L∗
i

− (cut) ⊢ Γ ⇒ γ is obvious because (Peirce) is an instance of (g-ex-middle). 
Thus, we show that L∗

i − (cut) ⊢ Γ ⇒ γ implies Li − (cut) ⊢ Γ ⇒ γ by 
induction on the proofs P  of Γ ⇒ γ in L∗

i − (cut). We distinguish the cases 
according to the last inference of P  and show only the following case.

Case (g-ex-middle): The last inference of P  is of the form:
....

α→β,Γ ⇒ γ

....
α,Γ ⇒ γ

Γ ⇒ γ
(g-ex-middle).

By induction hypotheses, we have: Li − (cut) ⊢ α→β,Γ ⇒ γ and Li −
(cut) ⊢ α,Γ ⇒ γ. Then, we obtain the required fact:

.... Ind.hyp.

α→β,Γ ⇒ γ

.... Ind.hyp.

α,Γ ⇒ γ

γ→α, α→β,Γ ⇒ γ
(→left)

α→β,Γ ⇒ γ
(Peirce).

□
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Theorem 2.13 (Cut-elimination for sMC∗ and sCN∗).Let L be sMC∗ or 
sCN∗. The rule (cut) is admissible in cut-free L.
Proof: By Theorems 2.6 and 2.12. □

3. Gentzen-style natural deduction systems
and normalization theorems

We now define Gentzen-style natural deduction systems NJ+, nC, nC3, 
nMC, and nCN for positive intuitionistic logic, C, C3, MC, and CN, re­
spectively. We use the notation [α] in the definitions of natural deduction 
systems to denote the discharged assumption (i.e., the formula α is a dis­
charged assumption by the underlying logical inference rule).
Definition 3.1 (NJ+, nC, nC3, nMC, and nCN).

1. NJ+ is defined as the logical inference rules of the form: 2

[α]....
β

α→β
(→I)

α→β α

β
(→E)

α β

α∧β (∧I) α∧β
α (∧E1)

α∧β
β

(∧E2)

α
α∨β (∨I1)

β

α∨β (∨I2) α∨β

[α]....
γ

[β]....
γ

γ (∨E).

2The discharge in (→I) can be vacuous. Namely, the following rule is an instance of 
(→I):

β

α→β.
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2. nC is obtained from NJ+ by adding the negated logical inference rules 
of the form:

α
∼∼α (∼∼I) ∼∼α

α (∼∼E)

[α]....
∼β

∼(α→β)
(∼→I)

∼(α→β) α

∼β
(∼→E)

∼α
∼(α∧β)

(∼∧I1)
∼β

∼(α∧β)
(∼∧I2)

∼(α∧β)

[∼α]....
γ

[∼β]....
γ

γ (∼∧E)

∼α ∼β

∼(α∨β)
(∼∨I) ∼(α∨β)

∼α (∼∨E1)
∼(α∨β)

∼β
(∼∨E2).

3. nC3 is obtained from nC by adding the rule of excluded middle of 
the form:

[∼α]....
γ

[α]....
γ

γ (EM).

4. nMC is obtained from nC by adding the generalized rule of excluded 
middle of the form:

[α→β]....
γ

[α]....
γ

γ (GEM).

5. nCN is obtained from nC3 by adding (GEM).
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Remark 3.2.

1. (EM) and its restricted version (EM-at) with the propositional vari­
able discharged assumptions were originally introduced by von Plato 
[36], and called there Gem (for generalized excluded middle) and Gem-
at, respectively. He proved normalization theorems for systems with 
(EM) or (EM-at).

2. Using (EM) and (GEM), we can prove the formulas ∼α∨α and
(α→β)∨α by:

[∼α]1

∼α∨α (∨I1)
[α]1

∼α∨α (∨I2)
∼α∨α (EM)1

[α→β]1

(α→β)∨α
(∨I1)

[α]1

(α→β)∨α
(∨I2)

(α→β)∨α (GEM)1.

3. Using (GEM), we can prove the formula ((α→β)→α)→α by:

[(α→β)→α]1 [α→β]2

α (→E) [α]2

α (GEM)2

((α→β)→α)→α
(→I∗)1.

4. The following Peirce rule was introduced by Curry [5] and studied by 
Zimmermann [44]:

[α→β]....
α
α (PE).

Natural deduction systems with (PE) were considered by them for 
classical logic and the normalization theorems for these systems were 
proved by them.
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5. (PE) is regarded as an instance of (GEM), and using (PE), we can 
prove the formula ((α→β)→α)→α by:

[(α→β)→α]1 [α→β]2

α (→E)

α (PE)2

((α→β)→α)→α
(→I)1.

6. In this study, we do not consider the natural deduction systems nC 
+ (PE) and nC + (EM) + (PE) because reduction conditions for 
nC + (PE) and nC + (EM) + (PE) cannot be defined in a similar 
and uniform way as for nMC and nCN. Moreover, we do not know 
if nC + (PE) (nC + (EM) + (PE)) and nMC (nCN, respectively) 
are logically-equivalent or not. Namely, we have not yet proved the 
equivalence (or difference) of nC + (PE) (nC + (EM) + (PE)) and 
nMC (nCN, respectively).

7. The {→,∼}-fragment of nC was introduced and investigated by Ka­
mide in [13], wherein the strong normalization theorem for the frag­
ment was proved.

Next, we define some notions for the natural deduction systems.
Definition 3.3. The inference rules (→I), (∧I), (∨I1), (∨I2), (∼∼I), (∼→I), 
(∼∧I1), (∼∧I2), (∼∨I), (EM), and (GEM) are called introduction rules, and 
the inference rules (→E), (∧E1), (∧E2), (∨E), (∼∼E), (∼→E), (∼∧E), 
(∼∨E1), and (∼∨E2) are called elimination rules. The notions of major 
and minor premises of the inference rules without (EM) and (GEM) are 
defined as usual. The notions of derivation, (open and discharged) assump­
tions of derivation, and end-formula of derivation are also defined as usual. 
Any derivation starts with an assumption α can be considered a derivation 
of α from itself. For a derivation D, we use the expression oa(D) to denote 
the set of open assumptions of D and the expression end(D) to denote the 
end-formula of D. A formula α is said to be provable in a natural deduction 
system N  if there exists a derivation in N  with no open assumptions whose 
end-formula is α.
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Remark 3.4. There are no notions of major and minor premises of (EM) 
and (GEM). Namely, both the premises of (EM) and (GEM) are neither 
major nor minor premise. In this study, (EM) and (GEM) are treated as 
introduction rules.

Next, we define a reduction relation ▷ on the set of derivations in the 
natural deduction systems. Prior to defining ▷, we define some notions 
concerning ▷.
Definition 3.5. Let L be nC, nC3, nMC, or nCN. Let α be a formula 
occurring in a derivation D in L. Then, α is called a maximum formula in 
D if α satisfies the following conditions:

1. α is the conclusion of an introduction rule, (∨E), or (∼∧E),
2. α is the major premise of an elimination rule.

A derivation is said to be normal if it contains no maximum formula. The 
notion of substitution of derivations to assumptions is defined as usual. We 
assume that the set of derivations is closed under substitution.
Definition 3.6 (Reduction relation).  Let γ be a maximum formula in a 
derivation that is the conclusion of an inference rule R.

1. The definition of the reduction relation ▷ at γ in nC is obtained by 
the following conditions.
(a) R is (→I) and γ is α→β:

[α].... D
β

α→β
(→I)

.... E
α

β
(→E)

▷

.... E
α.... D
β.

(b) R is (∧I) and γ is α1∧α2:
.... D1

α1

.... D2

α2

α1∧α2
(∧I)

αi
(∧Ei)  ▷ 

.... Di

αi

where i is 1 or 2.
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(c) R is (∨I1) or (∨I2) and γ is α1∨α2:
.... D
αi

α1∨α2
(∨Ii)

[α1].... E1
δ

[α2].... E2
δ

δ
(∨E)  ▷ 

.... D
αi.... Ei
δ

where i is 1 or 2.
(d) R is (∨E):

.... D1

α∨β

[α].... D2

γ

[β].... D3

γ
γ (∨E)

.... E1
δ1

.... E2
δ2

δ
R′

 ▷ 

.... D1

α∨β

[α].... D2

γ

.... E1
δ1

.... E2
δ2

δ
R′

[β].... D3

γ

.... E1
δ1

.... E2
δ2

δ
R′

δ
(∨E)

where R′ is an arbitrary inference rule, and both E1 and E2 are 
derivations of the minor premises of R′ if they exist.

(e) R is (∼∼I), and γ is ∼∼α:
.... D
α

∼∼α (∼∼I)

α (∼∼E) ▷

.... D
α.

(f) R is (∼→I) and γ is ∼(α→β):
[α].... D
∼β

∼(α→β)
(∼→I)

.... E
α

∼β
(∼→E)

▷

.... E
α.... D

∼β.
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(g) R is (∼∧I1) or (∼∧I2) and γ is ∼(α1∧α2):
.... D

∼αi

∼(α1∧α2)
(∼∧I1)

[∼α1].... E1
δ

[∼α2].... E2
δ

δ
(∼∧E)  ▷ 

.... D
∼αi.... Ei
δ

where i is 1 or 2.
(h) R is (∼∧E):

.... D1

∼(α∧β)

[∼α].... D2

γ

[∼β].... D3

γ
γ (∼∧E)

.... E1
δ1

.... E2
δ2

δ
R′

 ▷ 

.... D1

∼(α∧β)

[∼α].... D2

γ

.... E1
δ1

.... E2
δ2

δ
R′

[∼β].... D3

γ

.... E1
δ1

.... E2
δ2

δ
R′

δ
(∼∧E)

where R′ is an arbitrary inference rule, and both E1 and E2 are 
derivations of the minor premises of R′ if they exist.

(i) R is (∼∨I) and γ is ∼(α1∨α2):
.... D1

∼α1

.... D2

∼α2

∼(α1∨α2)
(∼∨I)

∼αi
(∼∨Ei) ▷

.... Di

∼αi

where i is 1 or 2.
(j) The set of derivations is closed under ▷.

2. The definition of the reduction relation ▷ at γ in nC3 is obtained 
from the conditions for the reduction relation ▷ at γ in nC by adding 
the following condition.
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(a) R is (EM) and γ is γ1→γ2, γ1∧γ2, γ1∨γ2, ∼∼γ′, ∼(γ1→γ2), 
∼(γ1∧γ2), or ∼(γ1∨γ2):

[∼α].... D1

γ

[α].... D2

γ
γ (EM)

.... E1
δ1

.... E2
δ2

δ
R′

 ▷ 

[∼α].... D1

γ

.... E1
δ1

.... E2
δ2

δ
R′

[α].... D2

γ

.... E1
δ1

.... E2
δ2

δ
R′

δ
(EM)

where R′ is (→E), (∧E1), (∧E2), (∨E), (∼∼E) (∼→E), (∼∧E), 
(∼∨E1), or (∼∨E2), and both E1 and E2 are derivations of the 
minor premises of R′ if they exist.

3. The definition of the reduction relation ▷ at γ in nMC is obtained 
from the conditions for the reduction relation ▷ at γ in nC by adding 
the following condition.

(a) R is (GEM) and γ is γ1→γ2, γ1∧γ2, γ1∨γ2, ∼∼γ′, ∼(γ1→γ2), 
∼(γ1∧γ2), or ∼(γ1∨γ2):

[α→β].... D1

γ

[α].... D2

γ
γ (GEM)

.... E1
δ1

.... E2
δ2

δ
R′

 ▷ 

[α→β].... D1

γ

.... E1
δ1

.... E2
δ2

δ
R′

[α].... D2

γ

.... E1
δ1

.... E2
δ2

δ
R′

δ
(GEM)
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where R′ is (→E), (∧E1), (∧E2), (∨E), (∼∼E) (∼→E), (∼∧E), 
(∼∨E1), or (∼∨E2), and both E1 and E2 are derivations of the 
minor premises of R′ if they exist.

4. The definition of the reduction relation ▷ at γ in nCN is obtained 
from the conditions for the reduction relation ▷ at γ in nC3 by adding 
the other conditions of nMC. Namely, it is defined as all the conditions 
for both nC3 and nMC.

Prior to proving the normalization theorems for nC, nC3, nMC, and 
nCN, we need the following lemma.
Lemma 3.7.  Let N1, N2, N3, and N4 be nC, nC3, nMC, and nCN, respec­
tively. Let S1, S2, S3, and S4 be sC, sC3, sMC∗, and sCN∗, respectively. 
For any i ∈ {1, 2, 3, 4}, the following hold.

1. If D is a derivation in Ni such that oa(D) = Γ and end(D) = β, then 
Si ⊢ Γ ⇒ β,

2. If Si − (cut) ⊢ Γ ⇒ β, then we can obtain a derivation D′ in Ni such 
that

(a) oa(D′) ⊆ Γ,
(b) end(D′) = β,
(c) D′ is normal.

Proof: 

1. We prove 1 by induction on the derivations D of Ni such that oa(D) 
= Γ and end(D) = β. We distinguish the cases according to the last 
inference of D. We show some cases.

(a) Case (EM): D is of the form:
[∼α]Γ1.... D1

γ

[α]Γ2.... D2

γ
γ (EM)
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where oa(D) = Γ1 ∪ Γ2 and end(D) = γ. By induction hypoth­
esis, we have Si ⊢ ∼α,Γ1 ⇒ γ and Si ⊢ α,Γ2 ⇒ γ. Then, we 
obtain the required fact Si ⊢ Γ1,Γ2 ⇒ γ:

.... Ind. hyp.

∼α,Γ1 ⇒ γ.... (we)
∼α,Γ1,Γ2 ⇒ γ

.... Ind. hyp.

α,Γ2 ⇒ γ.... (we)
α,Γ1,Γ2 ⇒ γ

Γ1,Γ2 ⇒ γ
(ex-middle)

where (we) is admissible in Si − (cut) by Propositions 2.4 and 
2.11.

(b) Case (∼∼E): D is of the form:
Γ.... D1

∼∼α
α (∼∼E)

where oa(D) = Γ and end(D) = α. By induction hypothesis, we 
have Si ⊢ Γ ⇒ ∼∼α. Then, we obtain the required fact Si ⊢
Γ ⇒ α:

.... Ind. hyp.

Γ ⇒ ∼∼α

.... Prop.2.3
α ⇒ α

∼∼α ⇒ α (∼∼left)

Γ ⇒ α
(cut).

(c) Case (∼→I): We divide this case into two subcases.
i. Subcase 1: D is of the form:

Γ.... D′

∼β

∼(α→β)
(∼→I)

where oa(D) = Γ and end(D) = ∼(α→β). By induction 
hypothesis, we have Si ⊢ Γ ⇒ ∼β. Then, we obtain that Si

⊢ Γ ⇒ ∼(α→β):
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.... Ind. hyp.

Γ ⇒ ∼β

α,Γ ⇒ ∼β
(we)

Γ ⇒ ∼(α→β)
(∼→right)

where (we) is admissible in Si − (cut) by Propositions 2.4 
and 2.11.

ii. Subcase 2: D is of the form:
[α] Γ.... D′

∼β

∼(α→β)
(∼→I)

where oa(D) = Γ and end(D) = ∼(α→β). By induction 
hypothesis, we have Si ⊢ α,Γ ⇒ ∼β. Then, we obtain the 
required fact Si ⊢ Γ ⇒ ∼(α→β):

.... Ind. hyp.

α,Γ ⇒ ∼β

Γ ⇒ ∼(α→β)
(∼→right).

(d) Case (∼→E): D is of the form:
Γ1.... D1

∼(α→β)

Γ2.... D2

α

∼β
(∼→E)

where oa(D) = Γ1 ∪ Γ2 and end(D) = ∼β. By induction hy­
potheses, we have Si ⊢ Γ1 ⇒ ∼(α→β) and Si ⊢ Γ2 ⇒ α. Then, 
we obtain the required fact Si ⊢ Γ1,Γ2 ⇒ ∼β:

.... Ind. hyp.

Γ2 ⇒ α

.... Ind. hyp.

Γ1 ⇒ ∼(α→β)

.... Prop.2.3
α ⇒ α

.... Prop.2.3

∼β ⇒ ∼β

∼(α→β), α ⇒ ∼β
(∼→left)

α,Γ1 ⇒ ∼β
(cut)

Γ1,Γ2 ⇒ ∼β
(cut).
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(e) Case (∼∧E): D is of the form:
Γ1.... D1

∼(α∧β)

[∼α]Γ2.... D2

γ

[∼β]Γ3.... D3

γ
γ (∼∧E)

where oa(D) = Γ1 ∪ Γ2 ∪ Γ3 and end(D) = γ. By induction hy­
potheses, we have Si ⊢ Γ1 ⇒ ∼(α∧β), Si ⊢ ∼α,Γ2 ⇒ γ,
and Si ⊢ ∼β,Γ3 ⇒ γ. Then, we obtain the required fact
Si ⊢ Γ1,Γ2,Γ3 ⇒ γ:

.... Ind. hyp.

Γ1 ⇒ ∼(α∧β)

.... Ind. hyp.

∼α,Γ2 ⇒ γ.... (we)

∼α,Γ2,Γ3 ⇒ γ

.... Ind. hyp.

∼β,Γ3 ⇒ γ.... (we)

∼β,Γ2,Γ3 ⇒ γ

∼(α∧β),Γ2,Γ3 ⇒ γ
(∼∧left)

Γ1,Γ2,Γ3 ⇒ γ
(cut)

where (we) is admissible in Si − (cut) by Propositions 2.4 and 
2.11.

(f) Case (∼∨I): D is of the form:

Γ1.... D1

∼α

Γ2.... D2

∼β

∼(α∨β)
(∼∨I)

where oa(D) = Γ1 ∪ Γ2 and end(D) = ∼(α∨β). By induction 
hypotheses, we have Si ⊢ Γ1 ⇒ ∼α and Si ⊢ Γ2 ⇒ ∼β. Then, 
we obtain the required fact Si ⊢ Γ1,Γ2 ⇒ ∼(α∨β):

.... Ind. hyp.

Γ1 ⇒ ∼α.... (we)

Γ1,Γ2 ⇒ ∼α

.... Ind. hyp.

Γ2 ⇒ ∼β.... (we)

Γ1,Γ2 ⇒ ∼β

Γ1,Γ2 ⇒ ∼(α∨β)
(∼∨right)
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where (we) is admissible in Si − (cut) by Propositions 2.4 and 
2.11.

2. We prove 2 by induction on the derivations D of Γ ⇒ β in Si −
(cut). We distinguish the cases according to the last inference of D. 
We show some cases.
(a) Case (init2): D is of the form:

∼p,Γ ⇒ ∼p (init2).

In this case, we obtain a required normal derivation D′ by:
∼p

where oa(D′) = {∼p} ⊆ {∼p} ∪ Γ and end(D′) = ∼p.
(b) Case (ex-middle): D is of the form:

.... D1

∼α,Γ ⇒ γ

.... D2

α,Γ ⇒ γ

Γ ⇒ γ
(ex-middle).

By induction hypotheses, we have normal derivations E1 and E2
in Ni of the form:

(∼α,Γ)∗.... E1
γ

(α,Γ)∗.... E2
γ

where oa(E1) = ({∼α} ∪ Γ)∗ ⊆ {∼α} ∪ Γ, oa(E2) = ({α} ∪ Γ)∗

⊆ {α}∪Γ, end(E1) = γ, and end(E2) = γ. Then, we distinguish 
the cases according to ({∼α}∪Γ)∗ and ({α}∪Γ)∗. We consider 
the following cases: (1) ∼α ̸∈ ({∼α} ∪ Γ)∗, (2) α ̸∈ ({α} ∪ Γ)∗, 
and (3) ∼α ∈ ({∼α} ∪ Γ)∗ and α ∈ ({α} ∪ Γ)∗.

i. Subcase (1): We obtain a required normal derivation D′ in 
Ni by:

Γ∗
.... E1
γ

where oa(D′) = Γ∗ ⊆ Γ and end(D′) = γ.
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ii. Subcase (2): We obtain a required normal derivation D′ in 
Ni by:

Γ∗
.... E2
γ

where oa(D′) = Γ∗ ⊆ Γ and end(D′) = γ.
iii. Subcase (3): We obtain a required normal derivation D′ in 

Ni by:
([∼α] Γ)∗.... E1

γ

([α] Γ)∗.... E2
γ

γ (EM)

where oa(D′) = Γ∗ ⊆ Γ and end(D′) = γ.

(c) Case (∼∼left): D is of the form:
.... E

α,Γ ⇒ γ

∼∼α,Γ ⇒ γ
(∼∼left).

By induction hypothesis, we have a normal derivation E ′ in Ni

of the form:
(α,Γ)∗.... E ′

γ

where oa(E ′) = ({α} ∪Γ)∗ ⊆ {α} ∪Γ and end(E ′) = γ. In what 
follows, we show only the case for ({α} ∪Γ)∗ ≡ {α} ∪Γ. In this 
case, we obtain a required normal derivation D′ in Ni by:

∼∼α
α (∼∼E) Γ.... E ′

γ

where oa(D′) = {∼∼α} ∪ Γ and end(D′) = γ.
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(d) Case (∼→left): D is of the form:
.... D1

Γ ⇒ α

.... D2

∼β,∆ ⇒ γ

∼(α→β),Γ,∆ ⇒ γ
(∼→left).

By induction hypotheses, we have normal derivations E1 and E2
in Ni of the form:

Γ∗
.... E1
α

(∼β,∆)∗.... E2
γ

where oa(E1) = Γ∗ ⊆ Γ, end(E1) = α, oa(E2) = ({β} ∪ ∆)∗ ⊆
{β} ∪ ∆, and end(E2) = γ. In what follows, we show only the 
case for Γ∗ ≡ Γ and ({β} ∪ ∆)∗ ≡ {β} ∪ ∆. In this case, we 
obtain a required normal derivation D′ in Ni by:

∼(α→β)

Γ.... E1
α

∼β
(∼→E)

∆.... E2
γ

where oa(D′) = {∼(α→β)} ∪ Γ ∪∆ and end(D′) = γ.
(e) Case (∼∧left): D is of the form:

.... D1

∼α,Γ ⇒ γ

.... D2

∼β,Γ ⇒ γ

∼(α∧β),Γ ⇒ γ
(∼∧left).

By induction hypotheses, we have normal derivations E1 and E2
in Ni of the form:

(∼α,Γ)∗.... E1
γ

(∼β,Γ)∗.... E2
γ
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where oa(E1) = ({∼α}∪Γ)∗ ⊆ {∼α}∪Γ, oa(E2) = ({∼β}∪Γ)∗

⊆ {∼β} ∪ Γ, and end(E1) = end(E2) = γ. In what follows, we 
show only the case for ({∼α}∪Γ)∗ ≡ {∼α}∪Γ and ({∼β}∪Γ)∗

≡ {∼β}∪Γ. In this case, we obtain a required normal derivation 
D′ in Ni by:

∼(α∧β)

[∼α]Γ.... E1
γ

[∼β]Γ.... E2
γ

γ (∼∧E)

where oa(D′) = {∼(α∧β)} ∪ Γ and end(D′) = γ.
(f) Case (∼∨right): D is of the form:

.... D1

Γ ⇒ ∼α

.... D2

Γ ⇒ ∼β

Γ ⇒ ∼(α∨β)
(∼∨right).

By induction hypotheses, we have normal derivations E1 and E2
in Ni of the form:

Γ∗
.... E1

∼α

Γ∗
.... E2

∼β

where oa(E1) = oa(E2) = Γ∗ ⊆ Γ, end(E1) = ∼α, and end(E2) 
= ∼β. In what follows, we show only the case for Γ∗ ≡ Γ. In 
this case, we obtain a required normal derivation D′ in Ni by:

Γ.... E1
∼α

Γ.... E2
∼β

∼(α∨β)
(∼∨I)

where oa(D′) = Γ and end(D′) = ∼(α∨β).
□
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We then obtain the following theorems.
Theorem 3.8 (Equivalence between nC-family and sC-family).  Let N1, 
N2, N3, and N4 be nC, nC3, nMC, and nCN, respectively. Let S1, S2, S3, 
and S4 be sC, sC3, sMC∗, and sCN∗, respectively. For any formula α and 
any i ∈ {1, 2, 3, 4}, Si ⊢ ⇒ α iff α is provable in Ni.
Proof: Taking ∅ as Γ in Lemma 3.7, we obtain the claim. □

Theorem 3.9 (Normalization for nC, nC3, nMC, and nCN).  Let N  be nC, 
nC3, nMC, or nCN. All derivations in N  are normalizable. More precisely, 
if a derivation D in N  is given, then we can obtain a normal derivation D′

in N  such that oa(D′) ⊆ oa(D) and end(D′) = end(D).
Proof: Let N1, N2, N3, and N4 be nC, nC3, nMC, and nCN, respec­
tively. Let S1, S2, S3, and S4 be sC, sC3, sMC∗, and sCN∗, respectively. 
Let i be 1, 2, 3, or 4. Suppose that a derivation D in Ni is given, and 
assume that oa(D) = Γ and end(D) = β. Then, by Lemma 3.7 (1), we 
obtain Si ⊢ Γ ⇒ β. By the cut-elimination theorem for Si (i.e., Theorems 
2.5, 2.6, and 2.13), we obtain Si − (cut) ⊢ Γ ⇒ β. Then, by Lemma 3.7 
(2), we can obtain a normal derivation D′ in Ni such that oa(D′) ⊆ oa(D) 
and end(D′) = end(D). □

4. Natural deduction systems with general 
elimination rules and normalization theorems

We define natural deduction systems with general elimination rules, re­
ferred to as gNJ+, gC, gC3, gMC, and gCN, for positive intuitionistic 
logic, C, C3, MC, and CN, respectively. For these systems, we use the 
same notations and notions as those for the previously introduced systems.
Definition 4.1 (gNJ+, gC, gC3, gMC, and gCN).

1. gNJ+ is obtained from NJ+ by replacing (→E), (∧E1), and (∧E2) 
with the general elimination rules of the form:
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α→β α

[β]....
γ

γ (→GE)
α∧β

[α, β]....
γ

γ (∧GE).

2. gC is obtained from gNJ+ by adding (∼∼E), (∼→E), (∼∨E1),
(∼∨E2), and the negated general elimination rules of the form:

∼∼α

[α]....
γ

γ (∼∼GE)
∼(α→β) α

[∼β]....
γ

γ (∼→GE)

∼(α ∨ β)

[∼α,∼β]....
γ

γ (∼∨GE).

3. gC3 is obtained from gC by adding (EM).

4. gMC is obtained from gC by adding (GEM).

5. gCN is obtained from gC3 by adding (GEM).

Remark 4.2. The rules (→GE), (∧GE), (∼∼GE), (∼→GE), and (∼∨GE) 
are referred to as general elimination rules. These rules are considered as 
elimination rules. For more information on general elimination rules and 
systems incorporating them, see [33, 37, 23].

Next, we define reduction relations on the set of derivations in natural 
deduction systems with general elimination rules. We employ the same 
notions, such as the maximum formula and normal derivation, as those 
used for nC, nC3, nMC, or nCN.
Definition 4.3 (Reduction relation).  Let γ be a maximum formula in a 
derivation that is the conclusion of an inference rule R.

1. The definition of the reduction relation ▷ at γ in gC is obtained by 
the following conditions.
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(a) R is (→I) and γ is α→β:

[α].... D
β

α→β
(→I)

.... E1
α

[β].... E2
γ

γ (→GE)  ▷ 

.... E1
α.... D
β.... E2
γ.

(b) R is (∧I) and γ is α1∧α2:
.... D1

α

.... D2

β

α∧β (∧I)

[α, β].... E
γ

γ (∧GE)  ▷ 

.... D1

α

.... D2

β.... E
γ.

(c) R is (∨I1) or (∨I2) and γ is α1∨α2: The same condition as the 
one defined in Definition 3.6.

(d) R is (∨E): The same condition as the one defined in Definition 
3.6.

(e) R is (∼∼I), and γ is ∼∼α:
.... D
α

∼∼α (∼∼I)

[α].... E
γ

γ (∼∼GE)  ▷ 

.... D
α.... E
γ.

(f) R is (∼→I) and γ is ∼(α→β):

[α].... D
∼β

∼(α→β)
(∼→I)

.... E1
α

[∼β].... E2
γ

γ (∼→GE)  ▷ 

.... E1
α.... D
∼β.... E2
γ.

(g) R is (∼∧I1) or (∼∧I2) and γ is ∼(α1∧α2): The same condition 
as the one defined in Definition 3.6.
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(h) R is (∼∧E): The same condition as the one defined in Definition 
3.6.

(i) R is (∼∨I) and γ is ∼(α1∨α2):
.... D1

∼α

.... D2

∼β

∼(α∨β)
(∼∨I)

[∼α,∼β].... E
γ

γ (∼∨GE)  ▷ 

.... D1

∼α

.... D2

∼β.... E
γ.

(j) The set of derivations is closed under ▷.

2. The definition of the reduction relation ▷ at γ in gC3 is obtained 
from the conditions for the reduction relation ▷ at γ in gC by adding 
the following condition.

(a) R is (EM) and γ is γ1→γ2, γ1∧γ2, γ1∨γ2, ∼∼γ′, ∼(γ1→γ2), 
∼(γ1∧γ2), or ∼(γ1∨γ2):

[∼α].... D1

γ

[α].... D2

γ
γ (EM)

.... E1
δ1

.... E2
δ2

δ
R′

 ▷ 

[∼α].... D1

γ

.... E1
δ1

.... E2
δ2

δ
R′

[α].... D2

γ

.... E1
δ1

.... E2
δ2

δ
R′

δ
(EM)

where R′ is (→GE), (∧GE), (∨E), (∼∼GE) (∼→GE), (∼∧E), 
or (∼∨GE), and both E1 and E2 are derivations of the minor 
premises of R′ if they exist.

3. The definition of the reduction relation ▷ at γ in gMC is obtained 
from the conditions for the reduction relation ▷ at γ in gC by adding 
the following condition.
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(a) R is (GEM) and γ is γ1→γ2, γ1∧γ2, γ1∨γ2, ∼∼γ′, ∼(γ1→γ2), 
∼(γ1∧γ2), or ∼(γ1∨γ2):

[α→β].... D1

γ

[α].... D2

γ
γ (GEM)

.... E1
δ1

.... E2
δ2

δ
R′

▷

[α→β].... D1

γ

.... E1
δ1

.... E2
δ2

δ
R′

[α].... D2

γ

.... E1
δ1

.... E2
δ2

δ
R′

δ
(GEM)

where R′ is (→GE), (∧GE), (∨E), (∼∼GE) (∼→GE), (∼∧E), or (∼∨GE), 
and both E1 and E2 are derivations of the minor premises of R′ if they exist.

4. The definition of the reduction relation ▷ at γ in gCN is obtained 
from the conditions for the reduction relation ▷ at γ in gC3 by adding 
the other conditions of gMC.

Lemma 4.4.  Let G1, G2, G3, and G4 be gC, gC3, gMC, and gCN, respec­
tively. Let S1, S2, S3, and S4 be sC, sC3, sMC∗, and sCN∗, respectively. 
For any i ∈ {1, 2, 3, 4}, the following hold.

1. If D is a derivation in Gi such that oa(D) = Γ and end(D) = β, then 
Si ⊢ Γ ⇒ β,

2. If Si − (cut) ⊢ Γ ⇒ β, then we can obtain a derivation D′ in Gi such 
that

(a) oa(D′) ⊆ Γ,

(b) end(D′) = β,

(c) D′ is normal.
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Proof: 

1. We prove 1 by induction on the derivations D of Gi such that oa(D) 
= Γ and end(D) = β. We distinguish the cases according to the last 
inference of D. We show some cases.

(a) Case (∼∼E): D is of the form:

Γ1.... D1

∼∼α

[α] Γ2.... D2

γ
γ (∼∼GE)

where oa(D) = Γ1 ∪ Γ2 and end(D) = γ.
i. Subcase (1): The discharge of (∼∼GE) is vacuous. In this 

case, by induction hypothesis, we have Si ⊢ Γ2 ⇒ γ. We 
then obtain the required fact by:

.... Ind. hyp.

Γ2 ⇒ γ.... (we)

∼∼α,Γ1,Γ2 ⇒ γ

where (we) is admissible in cut-free Si by Proposition 2.4.

ii. Subcase (2): α is the discharged assumption of (∼∼GE). In 
this case, by induction hypothesis, we have Si ⊢ α,Γ2 ⇒ γ. 
We then obtain the required fact by:

.... Ind. hyp.

α,Γ2 ⇒ γ.... (we)

α,Γ1,Γ2 ⇒ γ

∼∼α,Γ1,Γ2 ⇒ γ
(∼∼left)

where (we) is admissible in cut-free Si by Proposition 2.4.
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(b) Case (∼→GE): D is of the form:
Γ1.... D1

∼(α→β)

Γ2.... D2

α

[∼β] Γ3.... D3

γ
γ (∼→GE)

where oa(D) = Γ1 ∪ Γ2 ∪ Γ3 and end(D) = γ.
i. Subcase (1): The discharge of (∼→GE) is vacuous. In this 

case, by induction hypothesis, we have Si ⊢ Γ3 ⇒ γ. We 
then obtain the required fact by:

.... Ind. hyp.

Γ3 ⇒ γ.... (we)

Γ1,Γ2,Γ3 ⇒ γ

where (we) is admissible in cut-free Si by Proposition 2.4.
ii. Subcase (2): ∼β is the discharged assumption of (∼→GE). 

In this case, by induction hypotheses, we have the following: 
Si ⊢ Γ1 ⇒ ∼(α→β), Si ⊢ Γ2 ⇒ α, and Si ⊢ ∼β,Γ3 ⇒ γ. We 
then obtain the required fact by:

.... Ind. hyp.

Γ1 ⇒ ∼(α→β)

.... Ind. hyp.

Γ2 ⇒ α

.... Ind. hyp.

∼β,Γ3 ⇒ γ

∼(α→β),Γ2,Γ3 ⇒ γ
(∼→left)

Γ1,Γ2,Γ3 ⇒ γ
(cut).

(c) Case (∼∨GE): D is of the form:
Γ1.... D1

∼(α∨β)

[∼α,∼β] Γ2.... D2

γ
γ (∼∨GE)

where oa(D) = Γ1 ∪ Γ2 and end(D) = γ.
i. Subcase (1): The discharge of (∼∨GE) is vacuous. In this 

case, by induction hypothesis, we have Si ⊢ Γ2 ⇒ γ. We 
then obtain the required fact by:
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.... Ind. hyp.

Γ2 ⇒ γ.... (we)

Γ1,Γ2 ⇒ γ

where (we) is admissible in cut-free Si by Proposition 2.4.
ii. Subcase (2): ∼α and/or ∼β is (are) the discharged assump­

tion(s) of (∼∨GE). We show only the case that ∼β is only 
the discharged assumption of (∼∨GE). In this case, by in­
duction hypotheses, we have Si ⊢ Γ1 ⇒ ∼(α∨β) and Si ⊢
∼β,Γ2 ⇒ γ. We then obtain the required fact by:

.... Ind. hyp.

Γ1 ⇒ ∼(α∨β)

.... Ind. hyp.

∼β,Γ2 ⇒ γ

∼α,∼β,Γ2 ⇒ γ
(we)

∼(α∨β),Γ2 ⇒ γ
(∼∨left)

Γ1,Γ2 ⇒ γ
(cut)

where (we) is admissible in cut-free Si by Proposition 2.4.

2. We prove 2 by induction on the derivations D of Γ ⇒ β in Si −
(cut). We distinguish the cases according to the last inference of D. 
We show some cases.

(a) Case (∼∼left): D is of the form:
.... E

α,Γ ⇒ γ

∼∼α,Γ ⇒ γ
(∼∼left).

By induction hypothesis, we have a normal derivation E ′ in Gi

of the form:

(α,Γ)∗.... E ′

γ
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where oa(E ′) = ({α} ∪Γ)∗ ⊆ {α} ∪Γ and end(E ′) = γ. In what 
follows, we show only the case for ({α} ∪Γ)∗ ≡ {α} ∪Γ. In this 
case, we obtain a required normal derivation D′ in Gi by:

∼∼α

[α] Γ.... E ′

γ
γ (∼∼GE)

where oa(D′) = {∼∼α} ∪ Γ and end(D′) = γ.
(b) Case (∼→left): D is of the form:

.... D1

Γ ⇒ α

.... D2

∼β,∆ ⇒ γ

∼(α→β),Γ,∆ ⇒ γ
(∼→left).

By induction hypotheses, we have normal derivations D′
1 and 

D′
2 in Gi of the form:

Γ∗
.... D′

1
α

(∼β,∆)∗.... D′
2

γ

where oa(E1) = Γ∗ ⊆ Γ, end(E1) = α, oa(E2) = ({∼β} ∪∆)∗ ⊆
{∼β} ∪∆, and end(E2) = γ. In what follows, we show only the 
case for Γ∗ ≡ Γ and ({∼β} ∪∆)∗ ≡ {∼β} ∪∆. In this case, we 
obtain a required normal derivation D′ in Gi by:

∼(α→β)

Γ.... D′
1

α

[∼β] ∆.... D′
2

γ
γ (∼→GE)

where oa(D′) = {∼(α→β)} ∪ Γ ∪∆ and end(D′) = γ.
(c) Case (∼∨left): D is of the form:

.... E
∼α,∼β,Γ ⇒ γ

∼(α∨β),Γ ⇒ γ
(∼∨left).
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By induction hypothesis, we have a normal derivation E ′ in Gi

of the form:
(∼α,∼β,Γ)∗.... E ′

γ

where oa(E ′) = ({∼α,∼β}∪Γ)∗ ⊆ {∼α,∼β}∪Γ and end(E ′) = 
γ. In what follows, we show only the case for ({∼α,∼β} ∪ Γ)∗

≡ {∼α,∼β} ∪ Γ. In this case, we obtain a required normal 
derivation D′ in Gi by:

∼(α∨β)

[∼α,∼β] Γ.... E ′

γ
γ (∼∨GE)

where oa(D′) = {∼(α∨β)} ∪ Γ and end(D′) = γ. □

Theorem 4.5 (Equivalence between gC-family and sC-family).  Let G1, 
G2, G3, and G4 be gC, gC3, gMC, and gCN, respectively. Let S1, S2, S3, 
and S4 be sC, sC3, sMC∗, and sCN∗, respectively. For any formula α and 
any i ∈ {1, 2, 3, 4}, Si ⊢ ⇒ α iff α is provable in Gi.
Proof: By Lemma 4.4. □

Theorem 4.6 (Equivalence between gC-family and nC-family). Let G1, 
G2, G3, and G4 be gC, gC3, gMC, and gCN, respectively. Let N1, N2, N3, 
and N4 be nC, nC3, nMC, and nCN, respectively. For any formula α and 
any i ∈ {1, 2, 3, 4}, α is provable in Gi iff α is provable in Ni.
Proof: By Theorems 3.8 and 4.5. □

Theorem 4.7 (Normalization for gC, gC3, gMC, and gCN).  Let G be gC, 
gC3, gMC, or gCN. All derivations in G are normalizable.
Proof: Similar to the proof of Theorem 3.9. We use Lemma 4.4 and 
Theorems 2.5, 2.6, and 2.13. □
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5. Systems and theorems for N-family

5.1. Gentzen-style sequent calculi and cut-elimination theorems

A Gentzen-style sequent calculus sN4 for N4 is obtained from sC by replac­
ing (∼→left) and (∼→right) with the negated logical inference rules of the 
form:

α,∼β,Γ ⇒ γ

∼(α→β),Γ ⇒ γ
(∼→left⋆)

Γ ⇒ α Γ ⇒ ∼β

Γ ⇒ ∼(α→β)
(∼→right⋆)

which correspond to the axiom scheme ∼(α→β) ↔ α∧∼β. For more in­
formation on this calculus, see, for example, [18, 19].

We then obtain the following Gentzen-style sequent calculi for the N-
family in a similar way as for the C-family:

1. sN4e = sN4 + (ex-middle),

2. sN4p = sN4 + (Peirce),

3. sN4ep = sN4 + (ex-middle) + (Peirce),

4. sN4g = sN4 + (g-ex-middle),

5. sN4eg = sN4 + (ex-middle) + (g-ex-middle).

Then, we obtain the cut-elimination theorems for these calculi, the cut-
free equivalence between sN4p (sN4ep) and sN4g (sN4eg, resp.), and the 
separation theorem for the N4-based logics that correspond to sN4, sN4e, 
sN4p, and sN4ep.
Remark 5.1. As presented in [15], a single-succedent Gentzen-style sequent 
calculus for classical logic is obtained from a single-succedent Gentzen-
style sequent calculus for N4 by adding (ex-middle) and the structural and 
logical inference rules of the following form:

Γ ⇒
Γ ⇒ α

(we-right) Γ ⇒ ∼α Γ ⇒ α
Γ ⇒ γ

(explosion).
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Namely, sN4e + (we-right) + (explosion) becomes a sequent calculus for 
classical logic, although the definition of sequent should be modified as 
Γ ⇒ γ where γ is a formula or the empty set. Additionally, we remark that 
sC + (explosion) becomes a sequent calculus for trivial logic (i.e., it is a 
meaningless logic).

5.2. Gentzen-style natural deduction systems
and normalization theorems

A Gentzen-style natural deduction system nN4 for N4 is obtained from nC 
by replacing (∼→I), and (∼→E) with the negated logical inference rules 
of the form:

α ∼β

∼(α→β)
(∼→I⋆) ∼(α→β)

α (∼→E1⋆)
∼(α→β)

∼β
(∼→E2⋆)

which correspond to the axiom scheme ∼(α→β) ↔ α∧∼β. For more in­
formation on this system, see, for example, [31, 39, 13].

We then obtain the following Gentzen-style natural deduction systems 
for the N-family in a similar way as for the C-family:

1. nN4e = nN4 + (EM),

2. nN4g = nN4 + (GEM),

3. nN4eg = nN4 + (EM) + (GEM).
Of course, we must introduce the appropriate reduction relations with 

respect to these systems, modifying the reduction relations with respect to 
nC, nC3, nMC, and nCN. For example, we must introduce the following 
reduction conditions for the case when R is (∼→I) and γ is ∼(α→β), 
instead of the condition for the same case in nC, nC3, nMC, and nCN:

1. Subcase 1:
.... D1

α

.... D2

∼β

∼(α→β)
(∼→I⋆)

α (∼→E1⋆)  ▷ 

.... D1

α.



Cut-elimination and Normalization Theorems for Connexive Logics… 197

2. Subcase 2:

.... D1

α

.... D2

∼β

∼(α→β)
(∼→I⋆)

∼β
(∼→E2⋆)  ▷ 

.... D2

∼β.

Then, we obtain the normalization theorems for these systems and the 
equivalence between nN4-family and sN4-family.
Remark 5.2. Natural deduction systems for a family of many-valued logics 
including Nelson’s constructive three-valued logic N3 [2, 24] has recently 
been introduced and investigated by Kürbis and Petrukhin in [21]. For 
more information on natural deduction systems for N4, N3, and related 
logics, see, for example, [31, 39, 35, 13, 41].

5.3. Natural deduction systems with general elimination rules 
and normalization theorems

A natural deduction system with general elimination rules, gN4, for N4 
is obtained from nN4 by replacing (→E), (∧E1), (∧E2), (∼∼E), (∼∨E1), 
(∼∨E2), (∼→E1⋆), and (∼→E2⋆) with (→GE), (∧GE), (∼∼GE), (∼∨GE), 
and the negated general elimination rule of the form:

∼(α→β)

[α,∼β]....
γ

γ (∼→GE⋆).

For more information on this system, see, [13].
We then obtain the following natural deduction systems with general 

elimination rules, for the N-family in a similar way as for the C-family:

1. gN4e = gN4 + (EM),
2. gN4g = gN4 + (GEM),
3. gN4eg = gN4 + (EM) + (GEM).
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Of course, we must introduce the appropriate reduction relations with 
respect to these systems, modifying the reduction relations with respect to 
nN4, nN4e, nN4g, and nN4eg. For example, we must introduce the follow­
ing reduction condition for the case when R is (∼→I) and γ is ∼(α→β), 
instead of the condition for the same case in nN4, nN4e, nN4g, and nN4eg:

.... D1

α

.... D2

∼β

∼(α→β)
(∼→I⋆)

[α,∼β].... E
γ

γ (∼→GE⋆) ▷

.... D1

α

.... D2

∼β.... E
γ.

Then, we obtain the normalization theorems for these systems and the 
equivalence between gN4-family and sN4-family. Additionally, we also ob­
tain the equivalence between gN4-family and nN4-family.

6. Concluding remarks

In this study, we introduced the Gentzen-style sequent calculi sC, sC3, 
sMC, and sCN for the C-family: C, C3, MC, and CN, respectively. We 
proved the cut-elimination theorems for these calculi. We also introduced 
alternative Gentzen-style sequent calculi sMC∗ and sCN∗ for MC and CN, 
respectively. We then proved the theorem for cut-free equivalence between 
sMC∗ (sCN∗) and sMC (sCN, respectively) and the cut-elimination theo­
rem for sMC∗ and sCN∗.

Furthermore, we introduced the Gentzen-style natural deduction sys­
tems nC, nC3, nMC, and nCN for the C-family. We then proved the 
normalization theorems for nC, nC3, nMC, and nCN. Additionally, we in­
troduced the natural deduction systems with general elimination rules, gC, 
gC3, gMC, and gCN for the C-family. We then proved the normalization 
theorems for gC, gC3, gMC, and gCN.

Additionally, we have shown similar results for the N-family of paracon­
sistent logics based on Nelson’s constructive four-valued logic N4. Thus, 
we have demonstrated that the proposed proof-theoretic framework can 
handle a wide range of non-classical logics, including connexive and para­
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consistent logics. We have established a unified method for proving the 
cut-elimination and normalization theorems for these logics. In particular, 
we have obtained computational interpretations for the standard connexive 
logics C, C3, MC, and CN using the proposed natural deduction systems.

We remark that similar results can also be obtained for the family of 
paraconsistent logics with the conflation connective [8]. Specifically, we can 
consider a Gentzen-style sequent calculus for such a logic, derived from sC 
by replacing (∼→left) and (∼→right) with negated logical inference rules 
of the form:

Γ ⇒ ∼α ∼β,∆ ⇒ γ

∼(α→β),Γ,∆ ⇒ γ
(∼→leftc)

∼α,Γ ⇒ ∼β

Γ ⇒ ∼(α→β)
(∼→rightc)

where (∼→leftc) and (∼→rightc) correspond to the axiom ∼(α→β) ↔
∼α→∼β of conflation. This conflation axiom is generally denoted as
−(α→β) ↔ −α→−β using the conflation connective − [8], which serves 
as the logical counterpart of the conflation operator used in the algebraic 
structure of bilattices.

In future work, we intend to obtain similar results for extended interme­
diate connexive logics with the intuitionistic negation connective ¬ or the 
absurdity constant ⊥. These extended connexive logics include C⊥, C⊥

3 , 
and Niki’s intermediate connexive logics, Cab

po and Cab
we [25]. As discussed 

by Niki, Gentzen-style sequent calculi for Cab
po and Cab

we are considered to 
include logical inference rules, referred to as the potential omniscience rule 
and weak negation rules, respectively, of the form:

∼α,Γ ⇒ α,Γ ⇒
Γ ⇒ (po-omni)

∼α,Γ ⇒ γ α,Γ ⇒
Γ ⇒ γ

(we-neg)

which correspond to the axiom ¬¬(∼α∨α) of potential omniscience and the 
axiom ¬α→∼α of weak negation, respectively. The corresponding natural 
deduction rules for (po-omni) and (we-neg) can be considered respectively 
of the form:
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[∼α]....
⊥

[α]....
⊥

⊥ (PO)

[∼α]....
γ

[α]....
⊥

γ (WN).

where ¬α can be defined as ¬α := α→⊥ using ⊥.
In other future work, from a technical perspective, we aim to prove the 

strong normalization and Church-Rosser theorems for the proposed natural 
deduction systems nC, nC3, nMC, nCN, gC, gC3, gMC, gCN, nN4e, nN4g, 
nN4eg, gN4e, gN4g, gN4eg, as well as for natural deduction systems for the 
intermediate connexive logics, including C⊥, C⊥

3 , Cab
po, and Cab

wn. However, 
these issues remain unresolved at present.
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