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Abstract

We introduce a notion of dimension of an algebraic lattice and, treating such a
lattice as the congruence lattice of an algebra, we introduce the dimension of an
algebra, too. We define a star-product as a special kind of subdirect product.
We obtain the star-decomposition of algebras into one-dimensional factors, which
generalizes the known decomposition theorems e.g. for Abelian groups, linear
spaces, Boolean algebras.
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1. Introduction

In this paper we study properties of algebraic lattices in order to obtain
subdirect decomposition of algebras into a minimal number of irreducible
factors. The famous Grétzer-Schmidt theorem (see [6]) states that every al-
gebraic lattice is the congruence lattice of an algebra, so we study algebraic
lattices having in mind congruence lattices. Our main aim was to generalize
the known (in classical algebra) decomposition theorems to universal alge-
bra. For example, there are theorems on decomposition: of vector spaces
into one dimensional vector spaces, of finitely generated Abelian groups
into irreducible cyclic groups, or finitely generated Boolean algebras into
two-element Boolean algebras.
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In the context of decomposition of algebras, it is known the Birkhoff’s
Theorem (see [1]) which states that every algebra A is isomorphic to a
subdirect product of subdirectly irreducible algebras, but this theorem is
redundant and too general. To get irredundant decompositions we intro-
duce the notion of dimension of an algebraic lattice. We don’t know if
every algebraic lattice has the dimension, but we show that every balanced
algebraic lattice has the dimension (see Theorem 3.10), and there are also
non-balanced lattices with dimension (see Example 2.21). We define the
dimension of an algebra as the dimension of its congruence lattice. This
notion of dimension generalizes the so called Goldie dimension, which is
well defined in locally uniform lattices which are at least balanced. We
show in this paper that in balanced locally uniform lattices Goldie dimen-
sion is equal to our dimension. Goldie (see [4]) used the notion of uniform
modules to construct uniform dimension (Goldie dimension) of a module.
Goldie dimension generalizes some, but not all, aspects of the notion of
the dimension of a vector space. Goldie dimension in modular lattices were
studied by Grzeszczuk, Okniniski and Puczylowski in [8], [9], [7], [14], and in
balanced lattices - by Zolotarev and Krempa in [18], [19], [11], [12]. We use
terminology from these works such as uniform element, essential element,
independent set, balanced lattice.

We also observed that in some known decomposition theorems, for ex-
ample in finitely generated Abelian groups, there are irreducible factors,
namely the group of integers Z, that are not subdirectly irreducible. Such
algebras are finitely subdirectly irreducible. This kind of algebras is known
in the context of decomposition of algebras, for example see the paper of
Katrindk and El-Assar [10]. Tt is easy to see that every subdirectly irre-
ducible algebra is also finitely subdirectly irreducible. Finitely subdirectly
irreducible algebras are exactly one-dimensional algebras.

We introduced in this paper some new terminology and techniques.
The first tool is the omitting relation necessary in almost all proofs and
in definitions of ®-sets and ®-products, which define the decomposition
mentioned at the beginning. ®-sets and maximal independent sets are
used in the definition of a basis of an algebraic lattice and the dimension
of an algebra. We also introduced the notion of an anti-uniform element
in a lattice. In algebras with dimension we obtain a ®-decomposition into
one-dimensional algebras with number of factors equal to the dimension of
this algebra and, in some cases, a one algebra related to anti-uniform part
of the congruence lattice needs to be included in this ®-decomposition.
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The most interesting results are in the case of modular lattices, where
we obtained a full ®-decomposition (see Theorem 4.12) of algebras. This
theorem applies to many algebraic structures like modules, groups and
rings (noncommutative included) as their congruence lattices are modular.
In the case of congruence distributive algebras the ®-decompositions (see
Theorem 4.16) are unique. This theorem applies to algebraic structures
such as lattices, Boolean algebras and Heyting algebras.

1.1. Preliminaries

An algebra A of type F is an ordered pair (A, F'), where A is a nonempty
set and F' is a family of finitary operations on A.

A binary relation 6 on A is called a congruence on an algebra A of type
Fif it is an equivalence relation on A satisfying the compatibility property
i.e. for each n-ary operation f € F and elements a;,b; € A if (a;,b;) € 6
holds for i = 1,...,n then (f(a1,...,an), f(b1,...,by)) € 0. The set of all
congruences on an algebra A is denoted by ConA. It is known that ConA
ordered by inclusion is an algebraic lattice which is called the congruence
lattice of A. The least element 0 is the identity relation and the greatest
element 1 is A x A. According to terminology like ‘congruence modular
algebra’ and ‘congruence distributive algebra’, we will say that algebra is
a congruence ‘Property’ algebra if its congruence lattice has the property
‘Property’.

An algebra A is a subdirect product of a family (A;),.; of algebras
if A is a subalgebra of the product [](A;),.; and the projection maps
m; » A — A, are epimorphisms for each i € I.

We use two important properties of congruences. The first one states
that if & = ({0;}icr, then A/0 is a subdirect product of the algebras
(A/0;),c;. Hence if 0 = ({6;}icr, then A is a subdirect product of the
quotient algebras (A /6;),.;. The second one is The Correspondence The-
orem which states that for any algebra A and § € ConA the interval [6, 1]
is isomorphic to ConA/#.

An algebra A is finitely subdirectly irreducible iff 0 is a meet irreducible
element in ConA. If, additionaly, 0 is a completely meet irreducible element
in ConA, then A is called subdirectly irreducible. Every algebra with an
atomic congruence lattice with one atom is subdirectly irreducible.

For facts not recalled here see [3], [2], [5], [13].
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2. General case — algebraic lattices

We assume throughout the paper, that L is an algebraic lattice with the
least element denoted by 0 and the greatest element denoted by 1, and
where 0 # 1. This yields that if such an L is a congruence lattice of an
algebra A, then A is nontrivial, i.e. it has at least two elements.

If L is algebraic then it is complete by definition. In complete lattices
we have \/0 =0, A0=1,\VL=1, AL=0.

We use the fact that every algebraic lattice is upper continuous (see [15]),
i.e. for every up-directed subset D C L and a € L, a/\\7D = \7d€D(aAd),

where \7D denotes the join of an up-directed set D in L.

2.1. Independent sets, omitting relation and star-products

The idea of introducing independent sets has its origin in independent sets
of vectors in vector spaces. There are several definitions of independent
sets in lattices (see e.g. [12], [18], [7], [5]). We use the following:

DEFINITION 2.1. A subset X C L\{0} is independent if | X| =1, or | X| > 1
and for every z € X it holds that = A \/(X \ {z}) = 0.

y

Lattice 1 Lattice 2 Lattice 3

Fig. 1.

The definition given in Gréatzer's book [5] is that an X C L\ {0} is
independent iff \/ X1 A \/ Xy = V(X1 N X3) for any two finite subsets
X1,Xs € X. Notice that if X is independent in the sense of Grétzer’s
definition in an algebraic lattice then it is independent in the sense of
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Definition 2.1 in this lattice. However, the opposite doesn’t hold. For
example, the set X = {z,y, z} in Lattice 1 (see Fig. 1.) is independent, but
it is not independent in the sense of Grétzer’s definition, because \/{z,y} A

V{y,z} > V{y} =y

PROPOSITION 2.2. Let X C L and |X| > 1. Then X is an independent set
iff every finite nonempty subset Y C X 1is independent.

PROOF. = is trivial. To show < notice that for any x € X, \/(X \{z}) =

\7D, where D is an up-directed set of all the finite joins of elements from
X\ {z}, and  Ad = 0 for every d € D. Hence z A V(X \ {z}) =

Vaep(x Ad) =0 for any x € X.

Now, we introduce a kind of complementation, namely, the relation of
omitting of subsets, which plays a crucial role in this paper. We say that
an element y € L omits x € L iff y Ax = 0. An element y € L omits a
nonempty subset X C L iff y omits every element z € X. If X = () then
every element y € L omits X.

Using Zorn’s Lemma it can be shown that for any subset X C L (the
assumption that L is an algebraic lattice is important) there exists a max-
imal element omitting X. The set of all maximal elements omitting X is
denoted by M x and elements of this set are denoted by Mx. If X = {«}
then the set of all maximal elements omitting x is denoted by 90, and M,
denotes any element of 91,.

We consider also maximal elements in L omitting a given element My
using notation M )@? for any element of the set M ys, . Exceptionally, if X =
{x} then for a given M,, M? denotes any element of the set MP(M,) =
{z € My, + @ < 2}. Consequently, for given My and MY € My,
the symbol MY® denotes any element of the set MYy, (MY). Similarly,
for given Mx, MY € My, and MY® € MF, (MY), the symbol MPF®
denotes any element of imf[g (MZ®).

Look at the following intuitive example, where L is a lattice of sub-
spaces of a linear space V. Let () # X C L and let s =\/ X. Then M® is
the subspace generated by X and M is a completion subspace such that
the direct sum of M® and M is V.

PROPOSITION 2.3. 1. If x,y € L and = < y, then for any M, there is
an M, such that M, < M,.

2. Letxz,y € L and x <y. If M, omits y then M, = M, for some M,.
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3. For any M,, M, = M®® independently of the choice of M. More-
over, for any X C L and Mg?, M% = M)%@@ independently of the
choice of M)(?@,

4. Let ) # X C L and s = \/ X. Then for every My there exists a
choice of {M}rex such that My > My and then My < AN{M,}rex.-

5. Let ) # X C L. Then for any Mx there exists a choice of {My},ex
such that Mx = N{My}rex-

PROOF. (i) and (%) are obvious.

(111) By definition z < M®, M, < M®® and M®® omits z. Thus M, =
M®® by maximality of M,. To show the second part substitute My in
the place of x in the first part.

(iv) Notice that for any x € X, x < s and use (1).

(v) Take Mx and any x € X. Then My omits x, so there is M, such
that My < M, by maximality of M,. Hence Mx < A{M,}.ex and
N{ M, }rex omits X. Maximality of Mx yields the equality.

COROLLARY 2.4. For any algebra A, if 0 # X C ConA then for any
Mx there exists a choice of { My }rex such that A/Mx is isomorphic to a

subdirect product of algebras (A/M,),cx-

The above decomposition has too many factors. We aim to obtain more
specific irredundant decomposition of algebras, so we need to introduce
some more definitions and new terminology.

An element e € L is called essential in L if x N e # 0 for every
x € L\ {0}. This notion is known in module theory, where Goldie bases
were introduced in submodule lattices. The greatest element 1 is essential
in every lattice with 0 and 1. If = is essential in L then M, = 0. We say
that an element ¢ € L is essential in an element a € L iff e < g and e is
essential in the interval [0, a] C L.

DEFINITION 2.5. Let X, Y C L and X = {x;}ier, Y = {yiticr. We say
that the pair (X,Y) is a star pair (a ®-pair) in L iff

1. X is an independent set in L such that \/ X is essential in L,

2. ANY =0,

3. y; is a maximal element omitting x; such that \/(X \ {z;}) < y; is
essential in y;, for every i € I.
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Notice that if [I| = 1, then the only ®-pair is ({1},{0}). If |I| > 1
and (X,Y) is a ®-pair in L then there exists a choice of elements {M;X };c;
such that for every i € I, MX = y;. In Lattice 3 (see Fig. 1.) x Vy # 1 is
essential and ({z,y}, {z,y}) is a ®-pair.

EXAMPLE 2.6. 1. Let A = Ay X Ay be a direct product of nontrivial
algebras Ay, As. Let X =Y = {kerm, kermy}. Then (X,Y) is a
®-pair in ConA.

2. Let A = II(A;),.; be a direct product of a finite family of nontri-
vial algebras (A;),.;, I ={1,2,...,n}. Then the pair (X,Y), where
Y = {kerm;}icr and X = { A{kerm;}jcp (i} bier is a ®-pair in ConA.

Before we formulate the next example, notice that any vector space V
over a field K can be represented as an algebra determined on V with the
operation of adding vectors and a set of unary operations {fj }rcx such
that fi(v) = kv. This algebra has its congruence lattice isomorphic to its
subalgebra lattice and, to the subspace lattice of V, as well. Many algebraic
structures with external operations can be represented as algebras in this
way.

EXAMPLE 2.7. Let V = @ (V;),c; be a direct sum of nontrivial vector
subspaces. Let X = (X;),.;, where for every i € I, X; is a subspace of V
such that X; = {v € V :v; =0 for everyj # i}. Let Y = {Y;}icr, where
for every ¢ € I, Y, is a subspace of V such that Y; = {v € V : v; = 0}.
Then (X,Y) is a ®@-pair in the lattice of subspaces of V.

We will use notation 7 = A(Y \ {y}) and Y = {7: y € Y}.

DEFINITION 2.8. We say that Y = {y;}ics is a star-set (a ®-set) in L iff
(Y,Y) is a ®-pair in L.

Notice that in all cases in Examples 2.6 and 2.7, X =Y and Y is a
®-set in the appropriate lattice.

It is worth mentioning that every ®-set Y is irredundant, that is, AY =
0 and A(Y \{y}) =7 # 0 for any y € Y. Moreover, if |Y| > 1 then y # 0
and y is not essential in L for every y € Y.

DEFINITION 2.9. An algebra A is called a star-product (a ®-product) of
algebras (A;),.; if A is a subdirect product of this family such that the
set Y = {kerm; }icsr of congruences on A is a ®-set.
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If A is a ®-product of algebras (A;),.; we use notation C®(A;),.;.

COROLLARY 2.10. IfY = {0;}ics is a ®@-set in ConA then A ~ B (A;),.,.

2.2. Uniform and anti-uniform elements

We recall here the very important definition of a uniform element in a
lattice, known from papers of Grzeszczuk and Puczylowski [8], [9].

We say that an element u € L\ {0} is uniform in L if z Ay # 0 for any
z,y € (0, u]. The lattice L is uniform if 1 is uniform. The set of all uniform
elements in L will be denoted by U. We omit the subscript L because the
lattice will be known from the context. The set of all atoms will be denoted
by At. Every atom is uniform, so At C U.

Every chain lattice is uniform, the congruence lattice of any finitely
subdirectly irreducible algebra is uniform and the lattice of all subgroups
of the group of integers Z is uniform. The lattice of all subgroups of the
group Z X Z is not uniform. Generally, the lattice of all subgroups of
the power Z™,n > 2 is not uniform but there are infinitely many uniform
elements in Z™.

Fact 2.11. Let w € U in L. Then:

1. w is uniform in every interval [0, v] such that v > w,
2. if 0 < x < w then zx is uniform in L,
3. for any x € L if x Au # 0 then z A u is uniform in L.

PROPOSITION 2.12. Let u,v € U # () and u < v. Then for every x € L,
zAu=0iff t Nv =0, and thus M, = M,,.

PrOOF. Obviously, if z Av =0 then 2z A u = 0. Assume that x A u = 0.
IfxAv#0then 0 #uA(xAv)=xA(uAv)=xAu By Proposition 2.3
for any M, there exists an M, such that M, < M,. If M,, < M,,, then M,
doesn’t omit v, so 0 # M, Av < v. Hence 0 # (M, Av) Au= M, Au=0.
This contradiction yields M, = M,. Now, let us take any M,. Then
0 =M, ANu = (M, Av) A u, and since u is uniform, M, Av = 0. So,
M, < M,. If M,, < M,, then M, doesn’t omit u, which yields M, = M,.

Facr 2.13. 1. A congruence 6 # 1 in ConA is meet irreducible iff the
interval [0, 1] is a uniform lattice iff the quotient algebra A /6 is finitely
subdirectly irreducible.
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2. A congruence 6 # 1 in ConA is completely meet irreducible iff the in-
terval [0, 1] is an atomic lattice with exactly one atom iff the quotient
algebra A /6 is subdirectly irreducible.

THEOREM 2.14. Let w € U and a € At. Then for any M, and M, the
interval [My, 1] is uniform, while the interval [M,, 1] is atomic with exactly
one atom.

ProoF. Let 2,y € (My,1]. Then M, < x Ay. Thus, by maximality of
My, z Au # 0% yAu. As u is uniform, (x Au) A (yAu) = (2 Ay) Au # 0.
Hence M, < x Ay, so [My,1] is uniform. If @ is an atom, then a < z for
every x > My, s0 M, < N{v € L: x > M,} > a. Thus A{z € L: v > M,}
doesn’t omit a and this yields M, < A{x € L: x > M,}.

COROLLARY 2.15. Let w € U and a € At in ConA for some algebra A.
Then for any M,, M, in ConA, A/M, is finitely subdirectly irreducible
and A /M, is subdirectly irreducible.

Let us introduce here a new notion of an anti-uniform element in L.
We say that an element ¢t € L\ {0} is anti-uniform in L if there is no
uniform element in the interval [0, t]. Hence every anti-uniform element
omits U. In other words, ¢ is anti-uniform if for every 0 < s < ¢ there exist
nonzero elements x,y < s such that = Ay = 0. A lattice L with 0 and 1 is
anti-uniform if 1 is anti-uniform. The set of all anti-uniform elements in L
is denoted by T'. It is easy to see that every nonzero My is a maximal anti-
uniform element in L. The Lindenbaum-Tarski algebra with an infinite set
of variables is an anti-uniform lattice.

Fact 2.16. Let t be anti-uniform in a lattice L. Then:
1. t is anti-uniform in every interval [0, v] such that v > ¢,
2. if 0 < z <t then z is anti-uniform in L,
3. for any x € L if x At # 0 then = At is anti-uniform in L.

Facr 2.17. My A My =0 for any My and Myp.

We say that a lattice L is locally uniform if for every z € L\ {0}
there exists a uniform element u such that v < x. Atomic lattices and, in
consequence, finite lattices, the lattice of all subgroups of the power Z™,
the lattice of subspaces of the linear space R™ are locally uniform.
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Notice that if L is locally uniform then My = 0, M = My = 1. If
L is anti-uniform then My = 1, M¥ = My = 0. Moreover, if L is atomic
thenMAZMUZO, MZ?ZMT:]..

2.3. Bases and dimension of algebras

We say that a subset B C L is a U-independent set in L if B C U # () is
independent in L.

PROPOSITION 2.18. 1. For every independent set Y C L there exists a
maximal independent set X in L such that Y C X.
2. If U # 0 in L then for every independent set V. C U there exists a
mazimal U-independent set B in L such that V C B.

PROOF. (i) Take an independent set Y C L, and let In(Y) denote the
family of all independent sets in L containing Y. Let v C In(Y) be a
chain. Then Y C (J~, so it is enough to show that | J~ is independent in
L. Thus let Z C |J~v be a nonempty finite subset. Then there is C' € v
such that Z C C and hence Z is independent. Due to Proposition 2.2 | Jvy
is independent in L and the Zorn’s Lemma yields the claim.

(i) Take V' C U and let In(V') be the family of all U-independent sets in
L containing V. Let v C In(V) be a chain. Then V C |Jv and (J~v is
independent in L. Notice now, that every x € |J~ is a uniform element,
which yields that | J~ is U-independent in L.

The above proposition suggests to take a maximal U-independent set
of the minimal cardinality as a basis in the given lattice, and to define
the dimension of this lattice as the cardinality of this basis. However, this
doesn’t carry the information on the decomposition into one-dimensional
factors. So, we use the more adequate definition based on the notion of
@-sets (Definition 2.20).

DEFINITION 2.19. 1. A subset B C U # 0 is a U-basic set in L if B is
a maximal U-independent set in L and there is a ®-set {MP}cp.
2. A subset B C L is a basic set in L if B is a U-basic set in L or
B = BYU{M3}} is a maximal independent set in L such that BY C U
is U-independent and there is a ®-set {MP},cpv U {ME®}.
3. A subset B C L is a basis in L if B is a basic set in L of the minimal
cardinality.
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Let us define the dimension of algebraic lattices and algebras as follows:

DEFINITION 2.20. Let L be an algebraic lattice.

1. If 0 =11in L then Dim(L) = 0.

2. Dim(L) = |B] if there exists a basis B, which is U-basic in L.

3. Dim(L) = |BY|* if B = BY U{M}} is a basis in L and there is no
U-basic set in L.

4. It L = ConA then we define Dim(A) = Dim(ConA).

If L is locally uniform then Mp =1, Mq@ = 0 and then every U-basic
set is also a basic set in L. If L is anti-uniform then My = 0, and then
M =1 is a one-element basic set in L, and then Dim(L) = 0+.

ExXAMPLE 2.21. 1. Let L be the Lattice 2 on Fig. 1., where x,y, z are
atoms. Then the set {z,y} is a maximal U-independent set in L, but
is not basic. However the sets {z, z} and {y, z} are U-basic in L and
they are bases of L, as well. Hence Dim(L) = 2.

2. Let L be as Lattice 2 on Fig. 1., where z, z are atoms and y is anti-
uniform. Then the set {x, z} is U-basic in L and it is a basis of L as
well. Hence Dim(L) = 2.

3. Let L be as Lattice 2 on Fig. 1., where x,y are atoms and z is anti-
uniform. Then the sets {z,z} and {y, 2z} are not U-basic in L but
they are bases of L. Then Dim(L) = 1%.

PROPOSITION 2.22. 1. An algebra A is finitely subdirectly irreducible iff
Dim(A) =1.
2. If Dim(A) = n, then there exists a ®-decomposition of A into n
one-dimensional algebras.
3. If Dim(A) = n*, then there exists a ®-decomposition of A into n
one-dimensional algebras and the one algebra, which is related to the
‘anti-uniform part‘ of A.

2.4. Comparison of ®-products with other product
constructions — examples

At the end of this section we present examples which show how ®-products
behave in comparison with direct products, direct sums and weak direct
products. The definition of a weak direct product was given by Gritzer
in [5] and was studied by Walendziak [16], [17]. The weak direct product
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generalizes some kinds of direct sums and does not necessarily exist. For
example, a weak direct product of an infinite set of Boolean algebras doesn’t
exist.

EXAMPLE 2.23. If V is the algebra induced on the vector space V, then the
only one-dimensional algebras are one-dimensional vector spaces, which are
isomorphic to K'. The lattice SubV of subspaces of V is isomorphic to the
lattice of congruences ConV. The maximal subspaces omitting the given
one-dimensional subspace V7 is a subspace V+; (it corresponds uniquely
to a congruence) such that V.o~ V; @ V1. Hence, V ~ @ (Kl)iel ~
@(Kl)iel, where |I] is a linear dimension of V.

EXAMPLE 2.24. As in vector spaces, the lattice of subgroups is isomor-
phic to the lattice of congruences for any Abelian group. Let G be a
finitely generated Abelian group. Here, the only uniform subgroups(and
one-dimensional groups, as well) are Z and Zy., where p is a prime num-
ber. As in the above example, any maximal subgroup in G omitting given
uniform subgroup G is a subgroup G+, such that G ~ G; ®G=,. Hence,
G~ @ (Gi);c; ~B(Gy),c;, where (G;),.; are one-dimensional factors in
the direct decomposition of G.

ExAMPLE 2.25. The only one-dimensional finite Boolean algebra is the
two-element algebra 2. Then any finite Boolean algebra B ~ [[(2),.; ~

®)(2),c;, where |B| = 2/11,

EXAMPLE 2.26. Consider monounary algebras with the operation f such
that f(x) = x. For any algebra A the congruence lattice is isomorphic
to the equivalence lattice on A. Hence the only one-dimensional algebras
are two-element algebras, all of them are isomorphic to the two-element
algebra, denoted by 2. Then
1. every three-element algebra A is isomorphic to a ®-product of two
copies of 2 and every three-element subalgebra of 2 x 2 is isomorphic
to A,
2. the two-element subalgebras {(0,0),(1,1)}, {(0,1), (1,0)} are subdi-
rect products of two copies of 2, but they are not ®-products.

COROLLARY 2.27. 1. If an algebra A is a finite product (a weak product,
a direct sum) of some algebras then it is a ®-product of the same
algebras.
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2. There are subdirect products which are not ®-products.

3. There are ®-products of finitely many one-dimensional algebras which
are not isomorphic to the direct product of these algebras nor any weak
product of these algebras.

4. A ®-product of one-dimensional algebras can be non-uniquely embed-
ded into the direct product of these algebras.

5. Even in classes where direct sums exist, there can be ®-products of
one-dimensional algebras which are not isomorphic to the direct sums
of these algebras.

3. Balanced algebraic lattices

In this section we study properties of balanced lattices in the context of
independent sets, ®-products and dimension. The notion of a balanced
lattice was explored in papers of Zolotarev [18], [19] and Krempa [11], [12].

A lattice L is balanced iff for any x,y,z € L the following balance
condition is satisfied: if z Ay =0 and (xVy) Az =0 then (zVz)Ay=0.

A lattice L is modular iff for any z,y, z € L the following condition is
satisfied: if z <y then x V (yAz) = (xVy) Az

Throughout this section, we assume that L is an algebraic balanced
lattice. Uniform lattices, modular lattices, distributive lattices and N3 are
balanced. Notice, that the balance condition refers to the bottom of the
lattice, so it is enough to be 0-modular or O-distributive to be balanced. A
minimal non-balanced lattice (see [11]) is Lattice 2 on Fig. 1.

3.1. Independent sets in balanced algebraic lattices
First, let us consider maximal independent sets.

ProrosiTION 3.1. 1. If X is an independent set in L and y AN\ X =0
for some y € L\ {0}, then {y} U X is independent in L.

2. The following conditions are equivalent:
(a) X is a mazimal independent set in L,
(b) X is an independent set and \/ X is essential in L.

PROOF. Let X be independent in L, |X| > 1 and y A \/ X = 0. Then for
every z € X, y A (zVV(X \{z})) =0and 2 A/ (X \ {z}) =0. Thus the
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balance condition yields A (y V V(X \ {z})) = 0. Therefore {y} U X is
independent in L. (4) follows directly from (7).

Notice that the balance condition is necessary in the last proposition.
In Lattice 2 on Fig. 1, the set {z,y} is maximal independent, but = V y is
not essential.

If X is an independent set such that |X| > 1 then M denotes a
maximal element omitting  such that \/(X \ {z}) < MX.

THEOREM 3.2. If X is a maximal independent set in L such that | X| > 1
then {M:X} e x is a ®-set.

Proor. We have to show that:
L A{MF haex =0,
2. {Mf}mex is independent and \/{Mf}zex is essential in L, where
—X
Mz - /\{Mz}x}yGX\{m}a
3. M is a maximal element omitting Mf and \/{M;(}yEX\{m} is es-
sential in MX, for every = € X.
(i) Let X be a maximal independent set in L and o = A{MX},ex. Our
claim is that o A \/ X = 0. If it holds, then \/ X being essential yields
a = 0. By definition of MX, a Az = 0 for every x € X. Hence there exists

x

a maximal subset C' C X such that « A\/ C = 0. If C # X then for some
reX\C,VC <VX\{z}) and (aVVC)Ax < (aVV(X\{z})) Az <
MX Az = 0. By the balance condition we get a A (z V\/C) = 0. Tt
contradicts the maximality of C. Thus C' = X, hence A{MX}.cx = 0.
y ==X —X

(it) V{M, Yyex\foy A My < MEANMS }yexyfap = AMMS boex =0
for every x € X. Moreover, z < Mf for every x € X, hence \/ X <
\/{Mf}zex. Due to Proposition 3.1 \/ X is essential, so \/{Mf}rex is
essential, too.

(#ii) We get immediately that Mf AMY = N{M¥}yex\ (o3 AMGX = 0.
Hence M:X omits Hi{ and x < Mf By Proposition 2.3, M:X is a maximal
element omitting Mf To prove that \/{M;(}yex\{x} is essential in M:X
we will show that \/(X \ {z}) < V{M;}yGX\{z} is essential in M for
every © € X. So, take any a < M;X. Then oV \/(X \ {z}) < MX. If

a A V(X \ {z}) = 0 then by the balance condition \/ X Ao =0 and \/ X
being essential in L yields oo = 0.
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COROLLARY 3.3. A ~ ®{A/MX}.cx for any mazimal independent set
X in ConA.

PROPOSITION 3.4. 1. For any x, M, € L, xV M, 1s essential in L.

2. Let ) # X C L. Then for any Mx and M)@?, Mx Vv M)@? is essential
in L. Moreover, M)(?(@ = Mx.

PROOF. (i) If zA(xVM,) = 0 then, by the balance condition zA(zVM,) =
0. Hence z V M, omits x, so z = 0 by maximality of M.

(ii) Taking © = Mx in (i) we get that Mx V M¥ is essential in L. As
Mx < M)@?@) by definition, assume that My < M)%@. Then by maximality
of Mx thereis an z € X such that a = Mg’?(@/\x # 0. Then aVMyx < Mé’?®7
so (aV Mx) /\Mf? = 0. Thus a A Mx < z A Mx = 0 and the balance
condition yields (a V M) A Mx = 0. Thus a V MY omits My and the
maximality of M% yields a\/M)C? = Mﬁ?. Hence we get 0 # a < M)@/\M)@?@,
which is impossible. Hence M)%@ = Mx.

3.2. Uniform elements in balanced algebraic lattices

PRrROPOSITION 3.5. Let V' = {v; }ier and W = {w; }icr, where [I| > 0 be
sets of uniform elements such that v; < w; for everyi € I. Then

1. V is independent in L iff W is independent in L,

2. V is mazximal U-independent in L iff W is mazimal U-independent
m L.

PRrROOF. (i) It is obvious when |I| = 1, so let [I| > 1. Let J C I be a
finite nonempty subset of I and V' = {v; };e; and W’ = {w; };cs. Due to
Proposition 2.2 it is enough to show that V' is independent in L iff W’
is independent in L. This statement is obvious for |J| = 1. Assume that
[J] > 1. If W’ is independent then V' is independent since v; A \/(V"\
{v:}) <w; AW\ {w;}) =0, for every ¢ € J. If V' is independent in L
then for every i € J, v; A\ (V' \ {v;}) = 0. Moreover, \/(V'\ {v;}) < M.
Hence by Proposition 2.12 MZ.V' is a maximal element omitting w;, and thus
w; A\ (V'\ {v;}) = 0. By Proposition 3.1 {w; }U(V'\ {v;}) is independent.
By induction W’ is independent.

(#) If V is not maximal U-independent in L then there is u € U such that
V U {u} is independent. Then by (i) W U {u} is independent in L and
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thus W is not maximal U-independent. Analogously, the opposite side is
proved.

PROPOSITION 3.6. For any w € U # 0, every M® is a mazimal uniform
element in L.

Proor. Let z < M®. Then (zVu)ANM, < MPAM,=0. IfzAu=0
then by the balance condition (zV M,) Au = 0. So, x V M, omits v and
by maximality of M, =z < M, and z =2 A M, < M® A M, = 0. Thus
x Au # 0 for any z # 0. Now, let 0 # z,y < M®. Then z Au # 0 # y.
As w is uniform, we get that 0 # (z Au) A (y Au) = (2 Ay) Au. Hence
x Ay #0,s0o M® is uniform. If M® < v for some v € U, then M, omits
v, 80 v =M.

The balance condition in the above proposition is necessary. As ex-
ample, look at the nonbalanced Lattice 2 on Fig. 1. and take u = z and
M, = z. Then M® = z V y is not uniform.

PROPOSITION 3.7. For any My # 1, the interval [My, 1] is locally uniform.

PrROOF. For any x € (My, 1] there is a u € U with u < x, so My Vu < .
We will show that My V u is uniform in the interval [My, My V u).

If b € (My, My V u] then b A M§ # 0, by maximality of My. If
My A (uV (bAME)) # 0, then using the balance condition we get that
(My A(bAME))V ((My Vv (bAME)) Au) #0. But My A (bAME) =0,
$00# (MyV(bAME)Au<bAu. If My A(uV (bAMT)) =0 and
if uA (bA M) =0, then using the balance condition again, we get that
0= (MyVu)A(bAMS) =bAMY. It contradicts the fact that bA M # 0,
so0#uN(bAME) <bAu. Thus bAu#0. Let ¢ € (My, My Vu]. Then
0 # (bAu)A(eAu) = bAcAw and My < (bAcAu)V My < (bAc)VMy = bAc.
Hence bAc > My and hence My Vu is uniform in the interval [My, My Vu).

COROLLARY 3.8. Let A be a congruence balanced algebra with 0 # My # 1
in ConA. Then A ~ A/My ® A/My, where A/My is congruence locally
uniform.

The previous result is important because it allows to distinguish a lo-
cally uniform part of the given algebra. Unfortunately, this locally uniform
part depends on the choice of M. Notice also that [M, 1] need not to be
a balanced lattice.
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3.3. Bases in balanced algebraic lattices

A Goldie basis in L is a maximal U-independent set in L. According to
Krempa [11] every balanced locally uniform lattice has a Goldie basis. It is
also known that Goldie bases in the given balanced locally uniform lattice
have the same cardinality (see [18]). Earlier analogous results for modular
lattices were given in [9]. The Goldie dimension of a lattice L was defined
as the cardinality of any Goldie basis in L. More on the Goldie dimension
can be found in [19], [12], [8].

PROPOSITION 3.9. Assume that L is a balanced locally uniform algebraic
lattice. Then

1. B is a U-basic set in L iff B is a mazimal independent set in L,
2. B is a basis in L iff B is a Goldie basis in L,
3. Dim(L) is equal to the Goldie dimension of L.

PROOF. (i) is an immediate consequence of Proposition 3.1.

(i) Let B be a Goldie basis in L, so it is a maximal U-independent set
in L. If0# 2 € L and 2 A\/ B = 0, then L being locally uniform yields
u <z for some u € U and u A\/ B =0. Then {u} U B is a U-independent
set, which contradicts the maximality of B. Hence \/ B is essential in L.
Thus B is a U-basic set in L. As all Goldie bases have equal cardinality
we conclude that B is a basis in L and thus (#) is true.

This yields that every congruence locally uniform balanced algebra A
is a ®@-product of Dim(A) one-dimensional algebras. At the end of this
section we give the following basis existence theorem for any balanced al-
gebraic lattice.

THEOREM 3.10. FEwvery nontrivial balanced algebraic lattice has a basis.

PrROOF. Let L be a balanced algebraic lattice. If L is locally uniform,
then L has a basis. If L is anti-uniform, then {1} is a basis. If L is not
locally uniform nor anti-uniform then by definition, the interval [0, M|
is locally uniform for any Mp. Thus [0, M7] has a basis BT. If BT is a
U-basic set in L then it is a basic set in L, if not then BT can be extended
to a maximal U-independent set C = BT U B’, due to Proposition 2.18.
If 0 # a = \/ B A M7 then \/ BT being essential in [0, M7] yields 0 #
anV BT <\/B'A\/ BT =0. A contradiction. Thus \/ B’ A My = 0 and
hence there exists an My >\/ B'.
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We are going to show that B = {M¥} U BT is a maximal independent
set in L. As M;B AN\ BT < Mé@ A M7 = 0 we use Proposition 3.1 to get
that B is independent in L. We will show that \/ BT vV M is essential in L.
Due to Proposition 3.4 it is enough to show that Mq@ is a maximal element
omitting \/ BT, so assume that My, pr > Mj@. Then My, pr A Mr > 0.
But \/ BT is essential in [0, M|, hence 0 # My, gr AMp A\ BT = My, gr A
\/ BT = 0. A contradiction. Finally, by Theorem 3.2 {M;}ycp is a @-set
and by Proposition 3.4 My = MZ@Q Thus B is a basic set. Finally, there
exists a basis in L, which is any basic set of minimal cardinality.

4. Modular algebraic lattices

In this section let L represent a modular algebraic lattice with nonempty
sets U and T. Every modular lattice is balanced, so all the properties
described in the previous section hold in modular lattices. Goldie dimension
in modular lattices was investigated in [8], [9], [14].

Recall some properties of modular lattices.

M1 A lattice L is modular iff it satisfies the identity:
(xVy)A(zvz)=aV(yA(zVz))

M2 For any modular lattices L the Isomorphism Theorem holds, i.e. for
any a,b € L the intervals [a, a V b] and [a A b, b] are isomorphic and
the isomorphism is ¢p(2) = 2 A b, while the inverse isomorphism is
Ya() =2V a.

T,
5]

XA a

L2

Fig. 2.
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The modularity of a lattice and especially, the Isomorphism Theorem,
allow to simplify results of previous sections and to obtain some more
interesting properties concerning dimension and ®-decompositions. We
give below two lemmas useful in our proofs.

LEMMA 4.1. Let a,b,c € L\ {0} be such thataAb=aANc=bAc=0 and
let = (aVb)A(cVD)>b. Then aNa #0 and aNc# 0 and the intervals
[0, a Adal, [b, a], [0, & Ac] are isomorphic (see L1 Fig. 2).

Proor. Let a,b,c € L be such that aAb=aAc=aAc=0and a > b.
Then by property M1 o = (aVb)A(cVb) = bV (aA(cVb)) =bV(cA(aVd))
and (e Aa)Vb=((aVO)A(eVbd)Aa)Vb=((cVb) ANa)Vb=a. By
assumption we have that (¢ Aa) Ab = a A (aAb) = 0. Hence, by M2
[0, @ Aa] ~ [b, a]. Analogously, [0, a Ac] ~[b, a]. Thus aAa # 0 # aAc.

LEMMA 4.2. Let a,b,x € L\ {0} be such that aAb =0, xAa >0 andx >b
and let « = (x ANa) Vb (see L2 Fig. 2). Thenb<a=ax A (aVb) <aVb.

ProOOF. IfaAb=0and x Aa >0 then b < (zAa)Vb Modularity of L
and > bimply (zAa)Vb=xA(aVbd) <aVb.

The next proposition shows that it is possible to distribute uniform
elements (at least a part of each of them) to MY = My and anti-uniform

elements (at least a part of each of them) to My = M, independently of
the choice of My and M.

PROPOSITION 4.3. For any My and M[(”]9 the following holds:

1. My At#0 for everyt €T,

2. Mﬁ/\u#()for every u € U,

3. Mﬁ/\tzOfor everyt €T,

4. there exist My and Mz@ such that MZG? = Mp and My = M%B, and
conversely.

PrROOF. (i) If My At = 0 then My V¢ > My. By maximality of
My there exists an v € U such that v < My Vt. Use Lemma 4.1 where
a=u,b= My, c=t. Then o = (uWMy)AN(IEVMy) = MyV(uA(tVMy)) =
uV My > My. Hence a ANu= (MyVu)ANu=wuand aANt =1t <t and
[0, u] =~ [0,%'] what is impossible as u is uniform while ¢ is anti-uniform.

(ii) Assume that M Au = 0 for some u € U. Then M Vu > My and
hence My A(MZVu) > 0. Moreover, uA(My A (M Vu)) < uAMy =0, so
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uV (My A(uVME)) > u. Using Lemma 4.1 where a = My, b= u, ¢ = My
we get that o = (uV My) A (uV M) =uV (My A (uV M) > u. Hence
[0, aAMy] ~ [0, aAME]. As aAMy < My is anti-uniform, a A M is also
anti-uniform. Then (3) implies 0 < My A (a A MF) = My Aa A M = 0.
(i4i) If M At # 0 for some t € T then ¢/ = MF At < M is anti-uniform.
Thus by (i) 0 # My At < My A M = 0, which is impossible.

(iv) ng omits every anti-uniform, so M{}B < My for some Mr, but every
M7 omits My, so by maximality of M((’JB, Mg9 = Mp. Finally, by (i)
M = MJZ® = My.

We will show that in modular lattices all [My, 1] have the same dimen-
sion independently of the choice of My;. First, notice that for any My, My,
[O, MT] ~ []\4[]7 My Vv MT] - [MU, 1] and [0, MU] ~ [MT, My Vv MT] -
[Mr, 1].

ProrosiTiON 4.4. For any My, Mr:

1. the intervals [My, 1] and [0, My] are locally uniform,
2. the intervals [Mrp, 1] and [0, My] are anti-uniform.

PROOF. (i) By Proposition 3.7 [My, 1] is locally uniform, so [My, My V
Mr] is locally uniform, too.

(i) Obviously, [0, My] is anti-uniform. Assume that x is uniform in [0, M7]
then A My > 0 and we can use Lemma 4.2, wherea = My, b= Mp,x =z
getting M < (x AMy)V My =2 A(MrV My). Then x A (MrV My) <z
is uniform in [Mr, My V Mr] and .(z A (M7 vV My)) A My = = A My is
uniform in [0, My]. A contradiction.

LEMMA 4.5. Let z,y € L\ {0} and x Ay = 0.

1. Let the interval [0, x| be locally uniform. Then if B is a basis in [0, x]
then {bV y}eep is a basis in [y, xVyl, and if C is a basis in [y, x V y]
then {¢ A x}cec is basis in [0, z].

2. Let the interval [y, 1] be locally uniform and x = M,, y = M,. Then
if B is a basis in [y, 1] then {bA (x V y)}vep is a basis in [y, © V y],
and if C is a basis in [y, x V y] then C is a basis in [y, 1].

PRrROOF. (i) By M2 [0, z] ~ [y, « V y], so for any basis B in [0, z] the set
of isomorphic images {1y(b)}sep = {bV y}rep is a basis in [y,  V y] and
conversely, if C' is a basis in [y, x V y] then {¢.(c)}eec = {c A z}ece is a
basis in [0, z].
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(ii) Let B be a basis in [y, 1] then b > y for every b € B. The assumption
that y = M, yields bAxz > 0 and by Lemma 4.2 y < (bAz)Vy = bA(zVy) < b
for every b € B. Thus {bA(2Vy)}rep isabasisin [y, 1]. AsbA(xVy) < zVy
for every b € B, {bA (xVy)}tpep is a basis in [y, x Vy]. If C is a basis in
[y, x V y] then \/ C is essential in [y,  V y] and C' is independent in [y, 1].
We will show that \/ C is essential in [y, 1]. Take any z > y. Then zAz > 0
since y = M,. Hence y < (zAz)Vy=zA(xVy) <zVyby Lemma 4.2.
Finally, VCAz>\CA(zA(zVy)) >y.

PROPOSITION 4.6. For any My and My if B is a basis in [My, 1] then
the set {b A (My V Mr)}tvep is a basis in [My, My vV Mrp]. And then
{bA Mr}oep is a basis in [0, Mr|. And if C is a basis in [My, My vV Mr]
then C' is a basis in [My, 1].

Proor. Notice that My, My satisfy the assumptions of Lemma 4.5.

COROLLARY 4.7. For any My and My, Dim([My, 1]) = Dim([0, M7]).
Hence, for any congruence modular algebra A with () # U C ConA, the
quotients A /My have equal dimensions independently of the choice of My .

4.1. ®-decompositions in modular algebraic lattices

This subsection is devoted to describing the ®-decompositions of congru-
ence modular algebras.

PROPOSITION 4.8. For any mazimal U-independent set B in L and any
My, My it holds that:

1. B"={bA Mr}pep is a basis in [0, Mr|. Therefore, all the mazimal
U-independent sets in L are of the same cardinality,

2. for every b € B there exists an such that My, > My V\/ (B \{bAM7r})
and My = N{Ms}ven,

3. BPU{My} is a basis in L.

Proor. Let B be a maximal U-independent set in L.

(i) Then B’ is a maximal U-independent set in L and 0 < b A My <
My. Hence B’ is an independent set in [0, Mr]. By Proposition 3.1 it is
enough to show that \/ B’ is essential in [0, Mr]. So, let 0 < z < My and
x A\ B" = 0. Then there is a uniform element v < z and u A'\/ B’ = 0.
Hence {u} U B’ and {u} U B are U-independent sets in L. It contradicts
the maximality of B. As [0, Mr] is locally uniform all the bases in [0, Mr]
are of the same cardinality.
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(i) Let B’ be asin (7). Then B’ is independent in L and MyA\/ B < My A
M7 = 0 hence B' U {My} is independent in L and for every b € B we can
take an Mp such that MUV\/(B/\{bI}) < My. If My < /\{Mb’}bGB then
0< /\{Mb’}beB AN My = /\{Mb/ N MT}beB < 0. Thus My = /\{Mb’}beB-
As b < b, Proposition 2.12 yields My € My, for every b € B.

(iii) Let B’ be as in (i). Then {My} U B’ is independent in L and \/ B’ is
essential in [0, Mr]. We are going to show that My VvV \/ B is essential in
L. Let z € L\ {0} and = A My = 0. Then by Proposition 4.3 « ¢ T is not
and hence there is a uniform element v < x and 0 < u A My < 2 A M.
Hence 2 A\/ B’ > 0, so {My} U B’ is a maximal independent set in L. By
Theorem 3.2 {My }pep U {Mr} is a ®-set in L, where {My }pep are as in
(ii). Thus {My} U B’ is a basic set and by (%) it is also a basis in L.

PROPOSITION 4.9. Let B be a U-basic set in L. Then L is locally uniform
and B is a basis of L.

PROOF. By definition of a U-basic set the U # () and there exists a
®-set {MP}yep. Then L is not anti-uniform. Assume that 7' # (). Then
B’ = {bA Mr}pep is a U-basic set in L due to Proposition 2.12. Moreover,
0<b <b< Mf < Mb®. As M,? is uniform, MbB is uniform, too.
Moreover, {Mf}be B is a maximal independent set in L and thus B’ is a
maximal independent set in L. This contradicts the (4i) of Proposition 4.8.
Thus T = () what means that L is locally uniform and B is a basis of L.

PROPOSITION 4.10. 1. Let r € L\ {0} be a non-essential element in L
such that the interval [r, 1] is a uniform lattice. Then every M, is a
mazximal uniform element in L and r = M.

2. Let {y;}ier € L be a ®-set in L such that [y;, 1] is a uniform lattice
for every i € I. Then {7, }icr is a basis in L.

3. For any algebra A, if {y; }icr € ConA is a ®-set such that [y;, 1] is a
uniform lattice for every i € I, then A ~ ®(A;),.; and Dim(A;) =
1 for everyi € I.

4. If A ~ ®(A;),.; and Dim(A;) =1 for every i € I, then {kerm;}ics
is a ®-set in ConA and {kerm;}icr is a basis in ConA.

PROOF. (i) Let [r, 1] be a uniform lattice for some non-essential r # 0.

Then M, # 0 and r AM,. =0, so rV M, > r. Thus we get a uniform lattice
[r, 7V M,] ~ [0, M,], so M, € U. Assume that v > M, for some u € U.
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Asr A M, =0 we get r Au= 0 (by Proposition 2.12), so u # M,, what
means that M, is a maximal uniform element in L. By definition r < M.
If r < M® then [r, 1] being uniform yields r < M® A (r vV M,). Hence
0=rAM, < (M2A(rVM))AM, <MEAM,=0. A contradiction.
(ii) If |I| = 1 then y; = 0 and then §; = 1. If [I| > 1 then every 7, is a
nonzero non-essential element in L. Then by (i) My, is a maximal uniform
element and y; = M. This yields that §; = A{MJ }jer iy < My,. Thus
every ¥, is uniform and by definition of a ®-set, {7, }:cs is a U-basic set.
(i) By assumption A ~ (A /y;),c;- As every [y;, 1] is a uniform lattice,
we have that every A /y; is a one-dimensional algebra.

(iv) is an easy conclusion from (i)-(%ii).

ExaMpPLE 4.11. Let R be a commutative ring with unity. The ideal lat-
tice I(R) of R is modular. If P € I(R) is a prime ideal in R then the
interval [P, 1] is a uniform lattice, hence the integral domain R/P is a one-
dimensional commutative ring with unity. If {P;};e;r C I(R) is a ®-set
consisting of prime ideals in I(R) then R ~ &(R/P;),.; of its integral
domains. Moreover, {P;};cs is a U-basic set in I(R). As it can be seen

from Theorem 4.12 (Pi)iel is a basis in I(R).

Summarizing the results of this section we obtain the following theorem.

THEOREM 4.12. Assume that A is a congruence modular algebra.

1. The following conditions are equivalent:

(a) Dim(A) =n # 0, where n is a cardinal number,

(b) A~ B(A;),c;, where Dim(A;) =1 for everyi € I and |I| =7,

(¢) A is congruence locally uniform and |B| = n for every basis B
in ConA.

2. The following conditions are equivalent:

(a) Dim(A) =n*, where n is a cardinal number,

(b) ConA is not locally uniform and |B| = n for every mazimal
U-independent set B in ConA,

(c) A~ ®(Ab)beBU{T}7 where B is any mazimal U-independent set
in ConA and Dim(Ayp) =1 for every b € B, while Dim(A,) =
ot.
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4.2. Distributive algebraic lattices

Let as consider in this subsection algebraic distributive lattice L. In this
case all the facts concerning modular lattices are also true. The difference
is that in distributive lattice the maximal element omitting the given set is
uniquely determined. As every lattice is congruence distributive the results
obtained here are important in the lattice theory and logic.

PROPOSITION 4.13. For any X C L there exists exactly one Mx and exactly
one MY
X -

Proor. Let M and N be maximal elements in L omitting X. Then we
have a AM =2 AN =0and 2 A(MVN)=(xAM)V (xAN)=0 for
every x € X. Thus M V N omits X and maximality of M and N yields
M = N. The proof of the second part is similar.

COROLLARY 4.14. 1. For any u € U it holds that M® is the only maz-
imal uniform element such that u < Mf?.
2. My is the only maximal anti-uniform element.
3. My = ng 18 unique.

PRrROPOSITION 4.15. If L is an algebraic distributive locally uniform lattice
then the set V' off all maximal uniform elements in L is a basis in L.

PRrROOF. Let B C U be abasisin L and let u € V. We will show that there
exists b € B such that u A b # 0. If it holds then u A b < u = MSBMJ =b. If
|B| =1 then b € B is essential, so u Ab # 0. If |B| > 1 then u A\/ B > 0.
Assume that u A b = 0 for every b € B. Let C' C B be a maximal subset
such that u A \/{c}eec = 0. Let b€ B\ C. Then 0 # u A (bVVC) =
(uAD)V (uA\C). Hence u Ab # 0.

Theorem 4.12 can be directly applied to congruence distributive al-
gebras taking the set of all maximal uniform elements V' as a maximal
U-independent set.

THEOREM 4.16. Let A be a congruence distributive algebra and let V be
the set of all mazimal uniform elements in ConA..
1. The following conditions are equivalent:

(a) Dim(A) =n # 0, where n is a cardinal number,
(b) A is congruence locally uniform and |V] =,
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(c) VA0 and A ~ ®(A,),cy and Dim(A,) =1 for everyv € V.

Moreover, such a decomposition is unique.
2. The following conditions are equivalent:

(a) Dim(A) =n*, where n is a cardinal number,

(b) ConA is not locally uniform and |V | =n,

(c) A ~ ®(AU)UGVU{T} and for every v € V, Dim(A,) = 1
and Dim(A;) = 0%, where A, ~ A/My. Moreover, such a de-
composition s unique.
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