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L-MODULES

Abstract

In this paper, considering L-algebras, which include a significant number of
other algebraic structures, we present a definition of modules on L-algebras (L-
modules). Then we provide some examples and obtain some results on L-modules.
Also, we present definitions of prime ideals of L-algebras and L-submodules
(prime L-submodules) of L-modules, and investigate the relationship between
them. Finally, by proving a number of theorems, we provide some conditions for
having prime L-submodules.
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1. Introduction

In the study of set-theoretical solutions of the Yang-Baxter equation, the
cycloid equation, (z-y) - (z-2) = (y-z)- (y - 2), plays a fundamental role,
see for example [6, 15]. Finding a solution to the Young-Baxter equation is
a research topic for many authors. Rump’s research in order to find a solu-
tion for that equation led to the introduction of L-algebras [16]. L-algebras
are related to algebraic logic and quantum structures. They are closely
related to non-classical logical algebras and quantum Yang-Baxter equa-
tion solutions. It was shown that many non-classical logical algebras can
be unified into L-algebras. For instance, the pseudo MV-algebras can be
characterized as semiregular L-algebras with negation [21]; Orthomodular
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lattices can be characterized as L-algebras [20], and every lattice-ordered
effect algebra gives rise to an L-algebra [19]. Also, Rump showed that an
L-algebra can be represented as an interval in a lattice ordered group if
and only if it is semiregular with an smallest element and bijective nega-
tion [18]. In short, there are effective relationships between L-algebras and
other algebraic structures. For example, we can consider them as Hilbert
algebras, locales, hoops, pseudo MV -algebras, etc. Other recent results on
the structure of the category of L-algebras can be found in [8].
Discussions about modular structures on algebraic structures have long
been of interest to scientists. For instance, the notion of BCK-module was
introduced in 1994 as an action of a BCK-algebra over a commutative group
[2], and it was extended in 2014 [3]; The notion of MV-modules was intro-
duced as an action of a PMV-algebra over an MV-algebra in 2003 [1]; Also,
the notion of MV-semimodules was introduced in 2013 [14], and the new
definition of MV-semimodules was presented in 2021 [13]. As mentioned,
there are effective connections between most algebraic structures. These
connections show a relationship between the modular structures associated
with these algebras. L- Algebras under conditions can be equivalent to
other algebras such as BC K-algebras, MV -algebras, etc. Considering that
we have spent a relatively large amount of time studying modular struc-
tures (for instance, see [3, 4, 9, 10, 11, 12, 13]), in order to complete and
consolidate our study in this field, we have decided to define L-modules
as an action of an L-algebra over an Abelian group. We hope that this
definition can help us to clarify the structure of L-algebras.

2. Preliminaries

In this section, we review the material that we will use in the paper.

DEFINITION 2.1 ([7]). An L-algebra is an algebra (L; —, 1) of type (2,0)
satisfying

(L)) e —zxz=2—1=1,1— 2 =ux;

(L2) (z = y) = (z = 2) = (y = ) = (y = 2);

(L3) > y=y— x=11implies x =y, for all z,y,z € L.

The relation x < y if and only if x — y = 1, defines a partial order for any

L-algebra L. If L admits a smallest element 0, then it is called a bounded
L-algebra.
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Moreover, in the bounded L-algebra L, if the map ' : L — L defined, by
x — 2’ = x — 0 for every x € L, is bijective, then we say that L has
negation.

DEFINITION 2.2 ([17]). A K L-algebra is an L-algebra (L, —,1) such that

r—=(y—ax)=1 (K)
for every z,y € L.
A CL-algebra is an L-algebra (L,—, 1) such that
(—=—=2)—=2 = (@—2)=1 (O)
for every z,y,z € L.

DEFINITION 2.3 ([16]). Let (L;—, 1) be an L-algebra. Then a subset K of
L is called an L-subalgebra if x — y,y — x € K, for all x,y € K.
A subset I of L is called an ideal if the following hold for all z,y € L:

(I1) 1 €1,

12) z,x -y €I impliesy € I,

(12)
(I3) z € I implies (x —»y) >y € I,
(14)

I14) z € I implies y — =, y — (x — y) € 1. Denote by ZD(L) the set of
all ideals of L.

If L satisfies condition (K), then (I4) can be omitted. Also, if L satisfies
condition (C), then , (I3) and (I4) can be omitted.

DEFINITION 2.4 ([5]). For every subset Y C L, the smallest ideal of L
containing Y (i.e. the intersection of all ideals I € ZD(L) such that Y C I)
is called the ideal generated by Y and it will be denoted by [Y). If Y = {z}
we write [x) instead of [{z}). In this case [z) is called a principal ideal of L.

3. L-modules

In this section, we present our definition of L-modules, and obtain some
results on them. Then we introduce the concepts of L-submodules and
prime L-submodules in L-modules. Finally, we investigate some conditions
for having a prime L-submodule.
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Note. If L is an L-algebra, then we denote (I — u) — w by [ 1 u, for
every l,u € L.

DEFINITION 3.1. Let L = (L;—,0,1) be a bounded L-algebra, and M =
(M,+) be an Abelian group. Then M is called an L-module, if there is an
operation - : L x M — M by (I,m) — - m such that for every l,u € L
and m,n € M, we have:

(LM1) 1-m=m;
(LM2) I-(m+n)=1-m+1-n

(LM3) (I—=u)-m=10-m+u-m, for all pairs (I,u) with u # 1.
Moreover, if we have

(LM4) (11 u)-m=1-(u-m), for all pairs (I, u) with [ # 0,
then M is called an Extended L-module (or briefly E L-module).

Ezample 3.2. (i) Let L = {0,1} and define an operation ” — ” on L by

- |0 1
0 1 1
1 0o 1

Then L = (L;—,0,1) is a bounded L-algebra. The map ' : L — L by
0’ =1 and 1’ = 0 is bijective. Consider the operation - : L x Z — Z by
0-n=0and1-n=mn,for every n € Z. Then (LZ1) and (LZ2) are clear.
(LZ3) We have (0 — 0)n = 0'.n +0n, (1 —» 1).;n = I'.n 4+ 1.n and
(1 = 0).n =1".n+0.n, for every n € Z. Then Z is an L-module. Moreover,
(LZ4) We have (01 0).n = 0.(0.n) and (1 T 1).n = 1.(1.n), for every n € Z.
Therefore, Z is an EL-module.

(#7) Let A be a non-empty set. Then it is routine to see that (p(A); —, 0, A)
is a bounded L-algebra, where X — Y = X' UY, for every X,Y € p(A).
Since) = 0=0—-A=A—>A=Aand A— D=0, weget L ={0,A}is
an L-subalgebra of p(A) and so it is an L-algebra. Consider M = (p(A), A),
where XAY = X UY \ X NY, for every X,V € p(A). It is easy to see that
M is an abelian group. Now, let the operation - : L x M — M be defined
byT-Y=TNY,forany T € L and Y € M. Then

(LM1) A- Y =ANnY =Y, for every Y € M,
(LM?2) It is routine to see that
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T (X+Y)=TnN(XAY)=TnNX)ATNY)=(T-X)+ (T Y),
for every T' € L and X,Y € M;
(LM3) We have

(A= A).X = (Aud)NX=X=XNA=Xn(AAA)
(AANX)A(ANX)=A""X+A- X,

for every X € M. By the similar way, we have
0—=0)X=0-X+0-X and (A - 0)-X = A"~ X+0-X, for every X € M.
Hence, M is an L-module. Moreover,
(LM4) Since
AtA=(A—A) A=A UA) - A=(AnA)UA=A,

we have (A1 A)- X = A (A X), for every X € M. By the similar way,
we have (0 1 0)- X =0-(0-X), for every X € M. Therefore, M is an
EL-module.

Note. From now on, in this paper, we let L = (L; —, 1) be an L-algebra.

DEFINITION 3.3. If [ T u = u 11, for every [,u € L, then we say that L is
L-commutative.

Ezample 3.4. (i) Let L = {0,l,u,1} and define an operation “ — ” on L
by

— 0 l U 1
0 1 1 1 1
l U 1 U 1
U l l 1 1
1 0 l U 1

Then (L; —, 1) is an L-algebra. Moreover, L is L-commutative.
(7) According to Example 3.2 (i), L is L-commutative.
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(i#i) Let L ={0,1,u,t,1} and define operation “ — ” on L by

— 2~ o]
O+ 0O ro
~ = o~ | e
&~ = o~ o+ |
e e e

:HHN)—K:

Then (L;—,1) is an L-algebra. Since I Tt =(l —=t) =t=1#1=(t —
[) > 1l=t11, Lisnot L-commutative.

In the following, we present a general example of L-module.

PROPOSITION 3.5. Let L = (L;—,0,1) be bounded and L-commutative.
Then (L, +) is an Abelian group, where

I+u=(1—=u)1(u—=1), forevery l,u € L.
PrROOF: At first, we show that 0+ 1 =140 =, for every | € L. We have
I+40=(1—=0"10-=0)=0)Y1t1"=110=(1—=0—-0={") =1

By the similar way, we have 0+ =1 and so 0+ =140 = [, for every
l € L. Also, since

I+1l=>1—=1'1(1=0)=1'11"=010=0—0>0=1-0=0,

we conclude that every member of L has a counterpart in L. Now, with a
long and routine method, it can be seen

I+ (u+t)=(1+u)+t, for every l,u,t € L.
Finally, since L is L-commutative, we have
l+u=(Il—=u)tu—=0" =@w—=0)"1010—uu+l, for every l,u € L.
Therefore, (L,+) is an Abelian group. O

PROPOSITION 3.6. Let L = (L;A,V,’,0,1) be a Boolean-algebra. Then L
is a bounded L-algebra. Moreover, L is L-commutative.
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ProoF: We define I — u = 1"V u, for every l,u € L. Then
(L1) Tt is clear that | !l =1—1=1and 1 — =1, for every [ € L.
(L2) For every l,u € L, we have
—{l'vt)y=U"vu) v Vvt
'vty=(IAu)YVI)Vt
WV vet=1AW V)Vt

(l—=u)—=0=t) = ( )
= (Inu)
= ( )

(

On the other hand, by the similar way, we have (v — 1) = (v — t) =
(u' V1)Vt Hence

(l—=u)—=(l=t)=(u—1)— (u—t), for every l,u € L.

(L3) Let l 5u=u—1=1,forany l,u € L. Then'Vu=u"VIi=1
and so
INu=(INYVIAu)=IANT"Vu)=IA1=1.

This means that | < u. By the similar way, we have © <[ and so u = I.

Thus, (L,—,1) is an L-algebra. Note that 0 -1 =0VvIi=1vIi=1. So

0 <, for every | € L and so L is bounded. Moreover, we have

Itu = (I=uw—=u=0UVvVu)Vu=(>UAu)Vu=(IVu)A(uV)
= IVu=(IVuAIVI)=IV (uAl)=IV @@ V) =1V (u—1)
= (u—=1)—=1l=utl, forevery u,l € L.

Therefore, L is L-commutative. O

Ezample 3.7. Let L = (L;A,V,,0,1) be a Boolean-algebra. If [ — u # 1
implies u < [, for every u,l € L, then L is an L-module.

PrOOF: By Proposition 3.6, L is bounded and L-commutative, and by
Proposition 3.5, M = (L,+) is an Abelian group, where | +uv = (I = u) 1
(u = 1), for every l,u € L. We define the operation - : L x M — M by
l.m =1Am, for every [ € L and m € M. Then

(LM1) 1-m=1Am, for every m € M;
(LM?2) Since for every m,n € M,
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m+n = (m—n)tm—=>m)=((m—=n)—n-=>m))—(n-—>m)
= ((m'vn) —=mvm))—nvm)
= (Mva)V(nAm))VvVnAm)
= ((mAn YA Vm))V(nAm')
= ((mAn )V (nAm))A((nAm)V (0" Vm))
= ((mAR)YVR)A(m AR )VMm)A((RnVmVn)A(n'vVm' vm'))
= (nvm)AnVvn)A((mvVm')A@m va'))A(mAm)
= (nvm)A(m' vn')=((nvm)Am)V(nVvm)An)
= ((nAm )V mAm))V((nAn)V(mAR))
= (nAm)V(mAn'),

we have

I-(m+n) = IAN(nAM)V(mAR))=(IUARAM )V ({IAMAR)

= (Am)AIAR))V(IAmM) A(AR))
= (IAm)+({An)=1-m+1-n,

for every [ € L and m,n € M.
(LM3) Let I - u# 1 orl =w, for any I,u € L. Then v <! and so
wVI1=1and uAl=u. Thus, for every m € M,

m) + (uAm)
(" Am) A(wAm)) V(1" Am) A (unm))
Avm YN uwAm)) V(1" Am)A @ vm'))
(
(Lv

U!'.m+um

uAmADVuAmAM VI AmAL)YWVI AmAm))
uAmADV U AmAY)=mA((unl)V (I Ad))
IVu) = (I Au))m=(—u).m

(@A
(
(
(
(
(

Note that if [ — u = 1, then I < w. So by the similar way, we have
(I = w).m =1.m + u.m. Hence,

(I —=wu)-m=1-m+u-m, for all pairs (I,u) with u # 1.
Therefore, L is an L-module. O
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ProrosITION 3.8. Let L = (L;—,0,1) be bounded and L-commutative, I

be an ideal of L and L be an L-module. Then 7 is an L-module. Moreover,

if L is an FL-module, then % is an E'L-module.

L
PROOF: Since (L, +) is an Abelian group, it is easy to see that (T’ D) is

An abelian group, where [I] @ [u] = [l +u], for every I,u € L. We define the

L
operation e : L X T T by le[m] = [l-m], for every | € L and [m] € 7
Then

L L
(LYI) By (LL1), we have 1 e [m] = [m], for every [m] € 7

L L
(LTQ) By (LL2), for every | € L and [m],[n] € 7 we have

Le([m]@[n]) =le[m+n]=[I-(m+n)|=[l-m+In]=[[-m|®[l-n]=le[m]dle[n];

L L
(L73) By (LL3), for every [m] € 7 and for all pairs (I,u) with u # 1,

we have

(Il = w)elm] =[(l = u)-m] = [I""m+um] = [I"m]®[u-m] ="e[m]duem].

Then % is an L-module. Moreover,

L L
(L74) By (LL4), for every [m] € 7 and for all pairs (I, u) with | # 0,

we have

(tu)e[m]=[ITu)-m]=[l-(u-m)]=1lefu-m]=1le(uelm]).

Therefore, % is an E'L-module. O

Note. From now on, in this paper, we let M be an Abelian group.

Let I € ID(L). The relation ~ on L is defined by

u~lsu—1ll—uel, for every u,l € L.
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L
It was proved that ~ is a congruence on L. Then (7, —,[1]) is an L-algebra,

where [u] — [I] = [u — ], for every u,l € L (see [16]).

THEOREM 3.9. Let M be an L-module, and I be an ideal of L such that
I C Annp (M), where Annp (M) ={l€ L:1-m =0, for every m € M}.

L
Then M is an T—module. Moreover, if M is an EL-module, then M is an

L
ET—module.
. L L S
PRroOF: Consider ’ : T T by ([I]) = [I'], for every | € L which is a
L
bijective mapping. Define the operation e : 7% M — M by [lJem =
L
[ -m, for every [I] € 7 and m € M. Let [l] = [u] and m = n, for every

L
[, [u] € 7 and m,n € M. Then ! — u,u — 1 € I C Anng(M) and

so(l 2 u)-m=(u—=1)-m=0, for every m € M. It results that
' m4+u-m=v -m+Il-m=0andsol-m—u-m=10-m-—u-m and
I-m=—v"m. Hencel- m—u-m=0'"m+l-m=(0—1)-m=1-mand
sol-m—wu-m=1-m. By the similar way, we have u-m —1{-m=1-m.
It results that - m —u-m =u-m—1-m and so [ -m = u-m. It means
that e is well defined. Now, we have:

L
(TMl) By (LM1), it is clear that [1] e m = m, for every m € M;

L
(7M2) By (LM2), we have

[Je(m+4+n)=1-(m+n)=1l-m+l-n=[em+len,

L
for every [I] € 7 and m,n € M;

L
(TM?)) By (LM3), for every m € M and for all pairs ([I], [u]) with
[u] # [1], we have

([ = [u)em=[l = ulem=(1—=u)-m=1-m+u-m=][l] em+[u]em.
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L
Note that [ # 1 implies [I] # [1]. Hence, M is an Y—module. Moreover,

L
(7M4) by (LM4), for every m € M and for all pairs ([I], [u]) with

[l] # [0], we have
([ 1 [ul)om = [I 1 ulem = (I T u)-m = I-(u-m) = [l]o(u-m) = [l]e([u]em).

L
Note that ! = 0 implies [I] = [0]. Therefore, M is an ET—module. O

DEFINITION 3.10. Let M be an L-module, and S be a subgroup of M. If
S satisfies
l-se S, foreveryl € L and s € 5,

then it is called an L-submodule of M.

Ezample 3.11. (i) By Example 3.2 (i), 2Z is an L-submodule of M.
(i7) According to Example 3.2 (i7), consider A = {a,b}. Then S; = {0, {a}}
and Sy = {0, {b}} are L-submodules of M.

Let M be an L-module, and S be an L-submodule of M. Since (M, +)
is an Abelian group and S is a subgroup of M, we can apply the module

theory to present quotient L-module. So it is clear that (g,GB) is an
Abelian group, where (m+5S)@ (n+S5) = (m+n)® S, for every m,n € M.

ProPOSITION 3.12. Let M be an L-module, and S be an L-submodule of
M. Then M is an L-module. Moreover, if M is an EL-module, then %
is an FL-module.
. M M
PROOF: We define the operation e : L x < g by le(m+S) =1-m+S,
M
for every l € L and m+ S € 35 It is routine to see that e is well defined.
M M
By (LM1) and (LM?2), the proofs of (Lgl) and (L§2) are routine.

M
(ng) By (LM3), for all pairs (I,u) with u # 1, we have
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(l—ue(m+S) = (I—=u)-m+S=0 -m+u-m)+S5
= (I'"'m+S)®@w-m+S)
l'e(m+S)®due(m+.59),

M
for]\e/[very m+ S e 5 Then 5
(L§4) by (LM4), for all pairs (I, u) with [ # 0, we have

is an L-module. Moreover,

(Ttu)ye(m+S) = (tu)- m+S=1l-(u-m)+S
= loe(u-m+S)=le(ue(m+59)),
M M
for every m+ S € 5 Therefore, Kl is an F L-module. O

LEMMA 3.13. Let M be an EL-module, and I be an ideal of L. Then
IL(M) = {E;L:lti -m; : 0 7é tiel,m; € M,nec N}
is an L-submodule of M.

PROOF: Tt is clear that I (M) is a subgroup of M. Now, for every | € L
and X7 t; - m; € I(S), by (LM2), we have

1-30 gt omy=1-(t1-my)+1-(ta-ma)+ - +1(tn -my)
and so by (LM4),
-2 qtiomy=({Tt) mi+((Tt) mat -+ Ttn): my.
Since by (I3), t;-m; € I, for every 1 < i <n, we get - X% t;-m; € I,(M).

Therefore, Ir,(M) is an L-submodule of M. O

DEFINITION 3.14. Let I be a proper ideal of L. Then [ is called a prime
ideal of L, if [ Tu € I impliesl € I or uw € I, where [,u € L.

Ezample 3.15. According to Example 3.4 (i), it is easy to see that I =
{1,1} and Iy = {1, u} are prime ideals of L.
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THEOREM 3.16. Let M be an EL-module, S be an L-submodule of M and
P be a prime ideal of L. Then

SNJ:’:{TTLGMZC-WLEPL(M)-FS, EO#CE(L\P)U{I}}
is an L-submodule of M and P,(M)+S C Sn.p.

PRrROOF: Let m,n € Sy p. Then there are ¢1,co € (L '\ P)U {1} such that
0#c1,0#ccandcy-m, cg-n € P-M+S. Consider ¢ = ¢; T ¢co. It is
clear that ¢ € (L \ P) U {1}. Then by (LM4), we have

c(m-n) = (cte)(m—n)=c(cz-(m—n))

= c¢1-(carm—co-n)=cy-(cag-m)—cy-(ca-n)
and so by Lemma 3.13, ¢- (m —n) € PL(M) + S. Now, for every | € L
and m € Sy p, we show that [ -m € Sy p. Since m € Sy p, there is

0+#ce (L\P)U{1} such that ¢- m € Pr(M). Then by Lemma 3.13 and
(LM4),

c-(I-m)y=(ctl)-m=(U1c)-m=1-(c-m) € Pr(M).

Hence, Sy p is an L-submodule of M. Finally, let ¢ - m € Pr(M). Then
we have 1- (t-m) € P,(M) + S, where c =1 € (L\ P)U{1}. Therefore,
t-meSMp and so PL(M)QSNJD. O

THEOREM 3.17. Let I be an ideal of L, and M be an EL-module. Then

M L M
is an E—-module. Moreover, if M is an EL-module, then ————
I (M) . I / I (M)
is an E—-module.
M
PRrROOF: The module T (D) can be defined by Lemma 3.13. Then we
L
define the operation
L M M

7 I (M) — I.(M) by [l]e (m+ 1 (M)) =1-m+I(M), for every

L .
] €7 and m+ I (M) € .00 Since
I.% — {e(m+TIu(M):l€LmeM}

= {Il-m+Iy(M):le Lyme M}=1,(M),
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we have I C Annyp( ) and so with a proof similar to the proof of

M
I, (M)
Theorem 3.9, e is well defined.

(%%1) By (LM1), [1]e(m+Ip(M)) = 1-m-+T1(M) = m+Ip,(M),

for every m € M,

(ilLJ(V[]\/I)Q) By (LM2), we have
[[le((m+IL(M))®(n+1L(M))) = []e(m+n+I.(M))
I-(m+n)+1I,(M)
=1l-m+l-n+I,(M)
= (-m+IpM)® (- n+I(M))
= [lJo(m+1I,(M))[l] e (n+ I(M)),
M .
I (M)’

L M M
(YW?)) By (LM3), for every m + I (M) € To(0)

pairs ([I], [u]) with [u] # [1], we have

for every [I] € % and (m+ I (M)), (n+ IL(M)) €

and for all

(1] = [u]) o (m+ To(M)) = [ —u] e (m+ T (M))
= (= u)m o+ I (M)
= (' m+u-m)+I,(M)
(I'-m+I(M))® (u-m+I(M))
— [ o (m+ TL(M)) @ [u] o (m + T (M)):

L
Hence, M is an T—module. Moreover,

(%%4) by (LM4), for every m~+1Ip,(M) € IL](?/[)
(7], [w]) with [I] # [0], we have

([ 1 [ul) & (m + IL(M))

and for all pairs

(L1u]e(m~+IL(M)=(1u) m+I(M)
l-(u m)+IL( ):[] (u-m+IL(M))
= [ o([u] @ (m+IL(M)).
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Therefore, isan F %—module. O

M
I, (M)
DEFINITION 3.18. Let M be an L-module and S be a proper L-submodule
of M. Then S is called a prime L-submodule of M, if by [-m € S, we have
meSorle(S:M)={leL:1-MCS}.

Ezample 3.19. By Example 3.2(i), 2Z is a prime L-submodule of Z.

Note. Let M be an L-module, I C L and D C M. Then we set ID =
{i-d:ielTandde D},and ; ={a€L:t—a=1} foreveryte L. It
is clear that 1,t € I; and so I; # 0.

THEOREM 3.20. Let L be bounded and L-commutative, M be an L-module

and S be a proper L-submodule of M. Then S is a prime L-submodule
of M if and only if LD C S implies D C S or I, C (S : M), for any
L-submodule D of M andt € L.

PROOF: (=) Let S be a prime L-submodule of M and I;D C S, where D
is an L-submodule of M and ¢t € L. We show that D C S or I; C (S : M).
Let I,  (S: M) and D ¢ S. Then there are x € I, and d € D such that
z-M ¢ Sandd¢ S. Since ID C S, we have x-d € S and so by d ¢ S,
we get x € (S : M), which is a contradiction.

(<) Let by It D C S, we have D C S or I; C (S : M), for any L-submodule
D of M and t € L. Suppose x-m € S and m ¢ S, for any € L and
m € M. For every a € I, we have

am = lIoa)ym=(r—-a)—ma)m=@ta)- m=(alz) m
= a-(x-m)es.

Now, consider D =< m == {y-m:y € L}. Then
LD={a-(y-m):ayel}={y-(«-m):a,yc€ L} C S

and so I, C (S: M)or D CS. Since m ¢ S, we have I, C (S : M) and so
x € (S : M). Therefore, S is a prime L-submodule of M. O

ProrosiTioN 3.21. For every z,y € L,
(1) 2’ = (z—=y) =1

(i7) (x = y) > =(@y—ax)—=y.



140 Simin Saidi Goraghani, Rajab Ali Borzooei

Proor: (i) By (L2), we have

= rz-oy=—-20=>—-2y=0—22—>0—=2y=1->1=
1, for every z,y € L. (ii) By (L2), we have

(z—=y) ===y =>@—-0=Y—2)—>y—0=H—>z) —
y', for every z,y € L. O

LEMMA 3.22. Let L be a bounded K L-algebra, M be an EL-module and S
be a proper L-submodule of M. Then Pg = (S : M)U{1} is an ideal of L.

PROOF: (I1) It is clear that 1 € Ps.
(12) Let z,2 — y € Pg. Because of the nature of the definition of Pg, we
need to consider three cases:

(1) Ifx=1,theny=1—-y=2—y € Ps.

(2) Let £ — y = 1. Then for y = 1, the problem is solved. Thus, let
y # 1. In this case, if x = 0, then by (LM3), m=1-m=(0 = y) -m =
1-m+y-m=m+y-mandsoy- -m =0, for every m € M. It means
that y € (S : M) and so y € Ps. Hence, suppose z # 0 and y # 1. Since
y=1—-y=(rx—y) —»y=xty, by (LM4), we have

y-m=(xty) - m=@wtx)- m=y-(x-m)eS, for every m € M.
Thus, y € (S: M) and so y € Ps.

(3) Let « #1 and 2 — y # 1. Then z-m,(z — y) -m € S, for every
m € M. Tt results that z-m + (x — y) -m € S, for every m € M. Now,
by Proposition 3.21(¢) and (LM3), for every m € M, we have

m=1-m=(x" - (x—y) m=z-m+@—y) -mes,
which is a contradiction.
Therefore, Ps = (S : M) U {1} is an ideal of L. O

DEFINITION 3.23. Let L be bounded and M be an L-module. Then M is
called a torsion free L-module, if [-m = 0 implies [ = 0 or m = 0, for every
leLand me M.

Ezample 3.24. By Example 3.2(ii), M is a torsion free L-module.
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THEOREM 3.25. Let L be a bounded K L-algebra, M be an EL-module and
S be a proper L-submodule of M. Then S is a prime L-submodule of M if

M
and only if Ps = (S : M) U{1} is a prime ideal of L and 5 is a torsion

-module.

free

PROOF: (=) Let S is a prime L-submodule of M. By Lemma 3.22, Pg
is an ideal of L. At first, we show that Pg is a prime ideal of L. Let
x Ty € Pg, for any x,y € Pg. We consider three cases:

(1) fz=1ory=1, then z € Ps or y € Ps.

(2) fxty#1,x#1and y # 1, then by (LM4), we have z - (y-m) =
(xty) -meS, for every m € S. Hence, z € (S: M) ory-m € S, for
every m € M. It results that x € Pg or y € Ps.

(B) Let zty=1,z#1and y# 1. Then (zr - y) 2y=aty=1
and so x — y < y. Since y < x — y, we have x — y = y and so by (LM3),

(x —>y) - m=x2"-m+y-m=y-m, for every, m € M.

Then ¢/ -m=0¢€ S and so 2’ € (S: M) or m € S, for every m € M. If
m € S, for every m € M, then M = S, which is a contradiction. Thus,
' € (S: M) C Ps and so by (I3), we have y =2 -y =9y — 2’ € Ps.
Hence, Ps is a prime ideal of L.

L M M
Now, we define the operation e : BXg g by [l|e(m+S) =1-m+S,
S

L M
for every [l] € o and m+ S € < By the similar way to the proof of
]

M L
Theorem 3.17, Kl is an P——module. Finally, let [I[] e (m + S) = S, for any
S

L M

[Z]EP— andm—l—SEg. Thenl-m+S =S andsol-m e S. It results
S

that [ € (S: M) C Ps or m € S and so [l] = Ps or m+ S = S. Therefore,

35 is a torsion free -module.

S
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M
(<) Let Ps = (S : M)U{1} be a prime ideal of L and < be a torsion free

L
7 -module. If [-m € S, for any [ € L and m € S, then [[] e (m + 5) =
S

Il-m+4+S =Sandso[l] = Ps =[] or m+S = S. It means that
l=1—1¢€ Pg. Therefore, S is a prime L-submodule of M. O

4. Conclusions and future works

In this paper, we have presented the definitions of L-modules, L-submodules
and prime L-submodules, and some results about prime L-submodules. We
intend to study L-modules in specific cases, too. For examples, free L-
modules, projective(injective) L-modules, and so on. Because L-algebras
cover a number of algebraic structures (such as BC K-algebras, etc.), the
results of this paper can be generalized to those algebraic structures. We
hope that we have taken an effective step in this regard.
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