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Abstract

The notions of a C-energetic subset and (anti) permeable C-value in BCK-
algebras are introduced, and related properties are investigated. Conditions for
an element ¢ in [0, 1] to be an (anti) permeable C-value are provided. Also con-
ditions for a subset to be a C-energetic subset are discussed. We decompose
BC K-algebra by a partition which consists of a C-energetic subset and a com-
mutative ideal.
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1. Introduction

Jun et al. [3] introduced the notions of energetic (resp. right vanished, right
stable) subsets and (anti) permeable values in BCK/BCI-algebras. Using
the notion of (anti) fuzzy subalgebras/ideals of BCK/BCI-algebras, they
investigated relations among subalgebras/ideals, energetic subsets, (anti)
permeable values, right vanished subsets and right stable subsets.

*Corresponding author.
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In this article, we introduce the notions of a C-energetic subset and
(anti) permeable C-value in BC K-algebras, and investigate related prop-
erties. We provide conditions for an element ¢ in [0, 1] to be an (anti) per-
meable C-value. We also discuss conditions for a subset to be a C-energetic
subset. We show that a BC K-algebra is decomposed by a partition which
consists of a C-energetic subset and a commutative ideal.

2. Preliminaries

A BCK/BCI-algebra is an important class of logical algebras introduced
by K. Iséki and was extensively investigated by several researchers.
An algebra (X;#,0) of type (2,0) is called a BCT-algebra it satisfies
the following conditions
(1) (Vo,y,2 € X) ((zxy) * (xx2))* (zxy) =0),
(I) (Va,y € X) ((x* (z*y))xy =0),
(III) (Vz € X) (z*x =0),
(IV) (Ve,ye X) (z*xy=0,yxx=0 = x=y).
If a BCl-algebra X satisfies the following identity
(V) VzeX) (0xx=0),
then X is called a BCK -algebra. Any BC'K/BCI-algebra X satisfies the
following axioms
(Vo € X) (240 =a), (2.1
Ve,y,ze X) (e <y = zxz<yxz, zxy<zxzx), (2.2
(Vo,y,2 € X)((x*xy)*x2= (v*2)xy), (2.3
(Vo,y,z€ X) ((xx2)x (y*2) <z*y) (2.4
where x < y if and only if zxy = 0. A nonempty subset S of a BCK/BCI-
algebra X is called a subalgebra of X if x «xy € S for all z,y € S. A subset
I of a BCK/BC1TI-algebra X is called an ideal of X if it satisfies
0€el, (2.5)
VeeX)Vyel)(zxyel = z€l). (2.6)
A subset I of a BC'K-algebra X is called a commutative ideal (see [5])
of X if it satisfies (2.5) and

Ve,ye X)(Vzel)((zxy)xzel = xx(yx(yxx))el). (2.7)
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Observe that every commutative ideal is an ideal, but the converse is not
true (see [6]).

We refer the reader to the books [2, 6] for further information regarding
BCK/BCI-algebras.

The concept of fuzzy sets was introduced by Zadeh [7]. Let X be a set.
The mapping f : X — [0,1] is called a fuzzy set in X.

A fuzzy set f in a BCK/BCI-algebra X is called a fuzzy subalgebra of
X if it satisfies

(Va,y € X) (f(z +y) = min{f(z), f(y)}) - (2.8)

A fuzzy set fin a BCK/BCI-algebra X is called a fuzzy ideal of X if
it satisfies

(Ve € X) (f(0) = f(x))- (2.9)
(Va,y € X) (f(z) =2 min{f(z xy), f(y)}) .- (2.10)

Note that every fuzzy ideal f of a BCK/BCI-algebra X satisfies
(VoyeX) <y = f(z)> f(y)). (2.11)

A fuzzy set f in a BC K-algebra X is called a fuzzy commutative ideal
(see [4]) of X if it satisfies (2.9) and

(Va,y,2 € X) (f(z * (y* (y x ) = min{ f((z +y) * 2), f(2)}) . (2.12)

For a fuzzy set f in X and t € [0, 1], the (strong) upper (resp. lower)
t-level sets are defined as follows:

Ufst) i={ze X | f(z) 2 t}, U(f;t) :={z e X | [f(z)>1},
L(f;t) :={z e X | f(x) <t}, L*(f;t) :={x e X | f(x) <t}.

3. Commutative energetic subsets

In what follows, let X denote a BCK-algebra unless otherwise specified.

DEFINITION 3.1 ([3]). A non-empty subset A of X is said to be S-energetic
if it satisfies

(Va,be X) (axbe A = {a,b}NA#0). (3.1)

DEFINITION 3.2 ([3]). A non-empty subset A of X is said to be I-energetic
if it satisfies

Vz,ye X)(ye A = {z,yxz}NA#0). (3.2)
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LEMMA 3.3 ([3]). For any subset A of X, if X \ A is an ideal of X, then
A is I-energetic.

DEFINITION 3.4. A non-empty subset A of X is said to be commutative
energetic (briefly, C-energetic) if it satisfies
(Vo,y,z € X)(wx (y=(y*a) €A = {2z, (xxy)x2}NAF£D). (3.3)

ExaMPLE 3.5. Let X ={0,1,2,3,4} be a BCK -algebra with the following
Cayley table

*10 1 2 3 4
0/0 0 0 0 O
110 0 0 O
212 1 0 0 0
313 3 3 00
414 4 4 3 0

It is routine to verify that A := {3,4} is a C-energetic subset of X.
We consider relations between an I-energetic subset and a C-energetic
subset.
THEOREM 3.6. Every C-energetic subset is I-energetic.
ProOF: Let A be a C-energetic subset of X. Let z,y € X be such that
y€ A Then yx (0% (0xy)) =y € A, and so {z,(y*0)*xxz} N A # 0 by
(3.3). It follows from (2.1) that {z,y*x}NA # (). Hence A is an I-energetic
subset of X. O
The converse of Theorem 3.6 is not true as seen in the following exam-
ples.
EXAMPLE 3.7. Let X ={0,1,2,3,4} be a BCK -algebra with the following
Cayley table

*10 1 2 3 4
0j0 0 0 0 O
111 0 0 1 O
2121 0 2 0
313 3 3 0 3
414 4 4 4 0

Take A = {1,2,4}. Then X \ A = {0,3} is an ideal of X. Hence, by
Lemma 3.3, A is an I-energetic subset of X. But it is not C-energetic
since
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Ix(4x(4x1))=1€ A and {3, (1x4)*x3}NA=0.

THEOREM 3.8. For any nonempty subset A of X, if X\ A is a commutative

ideal of X, then A is C'-energetic.

PrOOF: Assume that A is not C-energetic. Then for any z,y € X with

xx(y*(yxx)) € A,

there exists z € X such that {z, (z*y)*2z}NA=0. It follows that
(xxy)xze X\ Aand z € X\ A

Since X \ A is a commutative ideal of X, we have x x (y x (yxz)) € X \ A,

that is, x*(y*(y*x)) ¢ A. This is a contradiction, and so A is a C-energetic

subset of X. O

COROLLARY 3.9. For any nonempty subset A of X, if X \ A is a commu-

tative ideal of X, then A is I-energetic.

THEOREM 3.10. Let A be a nonempty subset of X with 0 ¢ A. If A is

C-energetic, then X \ A is a commutative ideal of X.

PROOF: Obviously 0 € X \ A. Let x,y,z € X be such that z € X \ A and

(zxy)*xz € X\ A. Assume that zx(y*(y*z)) € A. Then {z, (z*y)*z}NA # ()

by (3.3), which implies that z € A or (xxy)*z € A. This is a contradiction,

and so x % (y x (y xx)) € X \ A. This shows that X \ A is a commutative

ideal of X. O]

COROLLARY 3.11. Let A be a nonempty subset of X with 0 ¢ A. If A is

C-energetic, then X \ A is an ideal and hence a subalgebra of X.

THEOREM 3.12. If f is a fuzzy commutative ideal of X, then the nonempty

lower t-level set L(f;t) is a C-energetic subset of X.

PRrROOF: Assume that L(f;t) # 0 for ¢t € [0,1]. Let =,y € X be such that

x* (y*(y*x)) € L(f;t). Then

t = flwx(y*(y*)) =min{f((z*y)*2), f(2)}

for all z € X, which implies that f((x xy) *z) <t or f(z) < t, that is,
(zxy)*z € L(f;t) or z € L(f;t). Thus {z, (z*y)* 2z} N L(f;t) #0, and
therefore L(f;t) is a C-energetic subset of X. O
COROLLARY 3.13. If f is a fuzzy commutative ideal of X, then the nonempty
strong lower t-level set L*(f;t) is a C-energetic subset of X.

Since L(f;t) UU*(f;t) = X and L(f;t) NU*(f;t) = 0 for all ¢ € [0, 1],
we have the following corollary.
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COROLLARY 3.14. If f is a fuzzy commutative ideal of X, then U*(f;t) is
empty or a commutative ideal of X for all t € [0, 1].

DEFINITION 3.15 ([1]). A fuzzy set f in X is called an anti fuzzy ideal of
X if it satisfies

(Vo e X) (£(0) < f(x)). (3-4)
(Va,y € X) (f(x) < max{f(z*y), f(y)})- (3-5)

DEFINITION 3.16. A fuzzy set f in X is called an anti fuzzy commutative
ideal of X if it satisfies (3.4) and

(Va,y,2 € X) (f(2* (y * (y + ) < max{f((z*xy) * 2), f(2)}).  (3.6)

EXAMPLE 3.17. Consider a BCK-algebra X = {0, a,b,c} with the follow-
ing Cayley table

* ‘ 0 a b ¢
00 0 0 O
ala 0 0 a
blb a 0 b
cle ¢ ¢ 0
Define a fuzzy set f in X as follows
to if x = 0,

f:X—=1001], z—¢ t; frx=c
to if x € {a,b}

where ty < t1 < tg in [0,1]. It is routine to verify that f is an anti fuzzy
commutative ideal of X.
THEOREM 3.18. FEvery anti fuzzy commutative ideal is an anti fuzzy ideal.

PROOF: Let f be an anti fuzzy commutative ideal of X. If we put y = 0
in (3.6), then

max{f(z * z), f(2)} = max{f((z +0) * 2), f(2)}
> [z (0 (0% 2))) = f().

Hence f is an anti fuzzy ideal of X. O

The converse of Theorem 3.18 is not true as seen in the following ex-
ample.
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EXAMPLE 3.19. Let X = {0,1,2,3,4} be a BCK -algebra with the following
Cayley table

*10 1 2 3 4
0j0 0 0 0 O
1110 1 0 O
212 2 0 0 0
313 3 3 00
414 4 4 3 0

Define a fuzzy set f in X as follows

S0 if z = 0,
f:X—=100,1, z—<q s ifx=1,
s ifx e {2,3,4}
where sg < s1 < s2 in [0,1]. Then f is an anti fuzzy ideal of X. But it is
not an anti fuzzy commutative ideal of X since

f(2% (3% (3%2))) £ max{f(0), f((2%3) x0)}.

We provide a characterization of an anti fuzzy commutative ideal.
THEOREM 3.20. For a fuzzy set f in X, the following are equivalent.

(1) f is an anti fuzzy commutative ideal of X.
(2) f is an anti fuzzy ideal of X satisfying the following condition

(Vz,y € X) (f(z* (y*(y*2))) < flrxy)). (3.7)

PROOF: Assume that f is an anti fuzzy commutative ideal of X. Then f
is an anti fuzzy ideal of X (see Theorem 3.18). Taking z = 0 in (3.6) and
using (3.4) and (2.1), we have (3.7).

Conversely, suppose that (2) is valid. Then

f(@xy) <max{f((z*y)*2), f(2)} (3-8)
for all z,y,z € X. Combining (3.7) and (3.8), we get (3.6). The proof is
complete. O

DEFINITION 3.21 ([3]). Let f be a fuzzy set in X. A number ¢ € [0,1] is
called a permeable I-value for f if U(f;t) # 0 and the following assertion
is valid.

(Vaz,y € X) (f(y) >t = max{f(y*x), f(x)} > 1). (3.9)
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DEFINITION 3.22. Let f be a fuzzy set in X. A number t € [0,1] is called
a permeable C-value for f if U(f;t) # 0 and the following assertion is
valid.

flax(yx(yxx))) >t = max{f((z*xy)*z2), f(z)} >t (3.10)
forall x,y,z € X.
ExaMpLE 3.23. Consider a BCK-algebra X = {0,a,b,c} which is given
in Example 3.17. Let [ be a fuzzy set in X defined by f(0) = 0.3, f(a) =
f(b) =0.7 and f(c) = 0.5. If t € (0.5,0.7], then U(f;t) = {a,b} and it is
easy to check that t is a permeable C'-value for f.
THEOREM 3.24. Let f be a fuzzy commutative ideal of X. Ift € [0,1] 4

0,1] s
a permeable C-value for f, then the nonempty upper t-level set U(f;t) is
a C-energetic subset of X.
PRrROOF: Assume that U(f;t) # 0 for ¢t € [0,1]. Let =,y € X be such that
zx(y* (yxx)) € U(ft).

Then f(z*(y=*(y=*z))) > t, and so max{f((z*y)*z), f(2)} > ¢ by (3.10).
It follows that f((x *y)*z) >t or f(z) >t, that is, (z*y) * 2 € U(f;?)
or z € U(f;t). Hence {z, (xxy) 2z} NU(f;t) # 0, and therefore U(f;t) is
a C-energetic subset of X. O

Since U(f;t) UL*(f;t) = X and U(f;¢) N L*(f;t) =0 for all ¢ € [0, 1],
we have the following corollary.
COROLLARY 3.25. Let f be a fuzzy commutative ideal of X. Ift € [0,1] is
a permeable C-value for f, then L*(f;t) is empty or a commutative ideal
of X.
THEOREM 3.26. For a fuzzy set f in X, if there exists a subset K of [0,1]
such that {U(f;t), L*(f;t)} is a partition of X and L*(f;t) is a commuta-
tive ideal of X for allt € K, then t is a permeable C-value for f.

PROOF: Assume that f(z* (y* (y*x))) >t for any z,y € X. Then
zx (y* (y*z)) € U(f3t),
and so {z, (z*xy)*x 2} NU(f;t) # 0 since U(f;t) is a C-energetic subset of
X. Tt follows that z € U(f;t) or (z*y) * 2z € U(f;t) and so that
max{f((z + ) * 2), f(2)} > .

Therefore ¢ is a permeable C-value for f. O
THEOREM 3.27. Let f be a fuzzy set in X with U(f;t) # 0 fort € [0,1]. If
fis an anti fuzzy commutative ideal of X, then t is a permeable C-value

for f.
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PROOF: Let x,y,z € X be such that f(z* (y* (y*x))) >t. Then

t< flax(y=(y*r)) <max{f((z+y)*2), f(2)}

by (3.6). Hence ¢ is a permeable C-value for f. |
THEOREM 3.28. If f is an anti fuzzy commutative ideal of X, then

(Ve € [0,1))(U(f5t) #0 = U(f;t) is a C-energetic subset of X) .

PROOF: Let z,y,z € X be such that = x (y x (y xz)) € U(f;t). Then
fl@s(y = (y*x)) =1,
which implies from (3.6) that

t< flzx(y* (y*x))) <max{f((x*y)*2),f(z)}

Hence f((x*y)*z) > tor f(z) > t, that is, (xxy)xz € U(f;t) or z € U(f;1).
Thus {z,(z *y) * 2z} NU(f;t) # 0, and therefore U(f;t) is a C-energetic
subset of X. O

THEOREM 3.29. For any fuzzy set f in X, every permeable C-value for f
is a permeable I-value for f.

PrROOF: Let t € [0,1] be a permeable C-value for f. Assume that f(y) >t
for all y € X. Then

t< f(y) = f((y* (0 (0xy)))
by (V) and (2.1), and so

t <max{f((y *0) x 2), f(2)} = max{f(y * 2), f(2)}
for all y,z € X by (3.10) and (2.1). Therefore t is a permeable I-value for
7. 0
DEFINITION 3.30 ([3]). Let f be a fuzzy set in X. A number t € [0,1]
is called an anti permeable I-value for f if L(f;t) # 0 and the following
assertion is valid.
(Vo,y € X) (f(y) <t = min{f(y+x), f(z)} <1). (3.11)

THEOREM 3.31. Let f be a fuzzy set in X with L(f;t) # 0 fort € [0,1]. If
f is a fuzzy ideal of X, then t is an anti permeable I-value for f.

PrROOF: Let f(y) <t for y € X. Then
min{f(y *z), f(x)} < f(y) <t
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for all z € X by (2.10). Hence ¢ is an anti permeable I-value for f. O

DEFINITION 3.32. Let f be a fuzzy set in X. A number t € [0,1] is called
an anti permeable C-value for f if L(f;t) # 0 and the following assertion
1s valid.

flax(yx(y*x)) <t = min{f((zxy)*2), f(z)} <t (3.12)

forall x,y,z € X.

THEOREM 3.33. Let f be a fuzzy set in X with L(f;t) # 0 fort € [0,1]. If
fis a fuzzy commutative ideal of X, then t is an anti permeable C'-value
for f.

PRrROOF: Let z,y € X be such that f(x * (y* (y=*x))) <t. Then

mind f((z + y)  2), f(2)} < Flao* (y* (y*a)) <t

for all z € X by (2.12). Hence ¢ is an anti permeable C-value for f. O

THEOREM 3.34. Let f be an anti fuzzy commutative ideal of X. Ift € [0,1]
is an anti permeable C-value for f, then the lower t-level set L(f;t) is a
C-energetic subset of X.

PROOF: Let 2,y € X be such that x x (y x (y xx)) € L(f;t). Then f(z *
(y* (y=*x))) <tand so min{f((z*y)x2), f(2)} <t by (3.12). It follows
that (x*xy)*z € L(f;t) or 2 € L(f;t). Hence {z, (zxy) x 2z} N L(f;t) # 0,
and therefore L(f;t) is a C-energetic subset of X. O
COROLLARY 3.35. Let f be an anti fuzzy commutative ideal of X. If
t € [0,1] is an anti permeable C-value for f, then U*(f;t) is empty or
a commutative ideal of X .
THEOREM 3.36. For a fuzzy set f in X, if there exists a subset K of
[0,1] such that {U*(f;t), L(f;t)} is a partition of X and U*(f;t) is a
commutative ideal of X for allt € K, then t is an anti permeable C-value
for f.
PROOF: Assume that f(m * (y*(y=xx))) <tforany z,y € X. Then
* (y = (y*x)) € L(f31),

and so {z, (x*y)*z}ﬂL(f, t) # 0 for all z € X since L(f;t) is a C-energetic
subset of X. Tt follows that f(z) <t or f((x*y)x*z) <t, and so that

min{f((z *y) * 2), f(2)} < ¢,

Therefore ¢ is an anti permeable C-value for f. O
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